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Discrete-time approximation of BSDEs and
probabilistic schemes for fully nonlinear PDEs

Bruno Bouchard, Romuald Elie, and Nizar Touzi

Abstract. The aim of this paper is to provide a survey on recent advameg@sobabilistic numerical
methods for nonlinear PDEs, which serve as an alternativdasical deterministic schemes and
allow to handle a large class of multidimensional nonlingablems. These probabilistic schemes
are based on the stochastic representation of semiline&s B means of backward SDEs, which
can be viewed as an extension of the well-known Feynman—&euia to the semilinear case. In
this context, we first explain how smoothness propertiesearbtained for non-reflected BSDEs set
in the whole domain by using purely probabilistic technigjirgroduced in Ma and Zhang [59], and
how they can be exploited to provide convergence rates ofetis time Euler-type approximation
schemes. We then present some recent extensions to BSOEsimits, reflected BSDEs, BSDESs
with horizon given by a finite stopping time, and second oBI8DES. The extension to fully non-
linear PDEs requires to enlarge the definition of backwar&&DHowever, a natural probabilistic
numerical scheme can be introduced formally by evaluatiegionlinear PDE along the trajectory
of some chosen underlying diffusion. This point of view sBam intimate connection between the
probabilistic numerical schemes reviewed in this paperthadtandard finite differences methods.
In particular, convergence and error estimates are prdvigiaising the monotone schemes methods
from the theory of viscosity solutions.

Key words. Backward stochastic differential equations, numericabhation, conditional expecta-
tion, monte carlo methods.
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1 Introduction

The application field offered by the resolution of BSDEs is wide and dévefs no-
ticed by Bismut [12], Backward Stochastic Differential Equations (&ftee BSDES)
cover in particular the field of stochastic optimal control problems anddahespond-
ing Hamilton—Jacobi—Bellman equations. See also [67], [72] for optinatrol of dif-

fusions with jumps, and [15] and [51] for optimal switching problemsng&amuently,
these techniques are of great interest for applications in economiissisfarticularly
true in finance, where their use was popularised by El Karoui, PenQardez [48].
In incomplete markets, it can be used to solve optimal management m®blework-
ing along the lines presented in, e.g., El Kaouri, Peng and Quenefd@é8jcursive
utilities, El Karoui and Rouge [50] for indifference pricing, see alsorniwe recent
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paper [46] and the references therein, and Peng [68] for riskumesisAdding jumps
to financial assets dynamics can be done as in [10] or [36]. BSDEs withglare
also used for the valuation of financial derivatives with default riske Valuation of
American or game options follows from the resolution of reflected BSIBEs,[47].
The list of potential applications is long.

More generally, it is well known that the so-called Feynman Kac reptaten ex-
tends to second order semilinear PDEs which can be interpreted in tedesafpled
Forward-Backward SDEs, see Pardoux and Peng [63, 64] addt?aj62]. The term
“decoupled” refers to the fact that the dynamic of the forward p®degs not depend
on the solution of the Backward SDE. Hence, solving a BSDE or the relatailisear
PDE is essentially the same. It was actually first proposed by Ma, ProiteYe@ng
[58], see also [34], to use an estimation of the solution of the semilineat®pidvide
an approximation of the solution of Forward-Backward SDEs. Howeatving PDES
in high dimension by finite-difference or finite-element schemes is a cluatlg task
and any deterministic procedure suffers from the so-called “cursinténsionality”
which, very quickly, prevents from a good approximation of the soluticthe PDE.

As a powerful alternative to classical purely deterministic techniquese mmba-
bilistic approaches, directly based on the resolution of BSDESs, haveiigeduced
these last years. We can essentially classify them in two categories. Jtranfircon-
cerns the approximation of the driving Brownian motion by a random wali @nite
tree. Such techniques have been widely studied, see e.g. [1], 228lof [57], how-
ever they can be efficient only in low dimension since the size of the treledeg
exponentially with the dimension. The second one is based on Monte-Cpedagh-
niques. The main idea consists in simulating the Forward process by uaimdpasd
Euler schemes and then computing backward the solution of the BSDEiatssloto
the simulated forward paths by: 1. Discretising in time the BSDE and writinguéerE
type backward scheme which involves conditional expectations, 2.0xppating the
conditional expectations by using non-parametric regression metbeeg22], [56],
[27], [43] or integration by parts based estimators, see [55], [1d@][26]. The main
advantage of such methods is that, like other Monte-Carlo type methodsprkier-
gence rate does not depend a-priori on the dimension of the problerihey should
therefore less suffer from the curse of dimensionality. In practiceydhieance and/or
the convergence rate of the estimators of the conditional expectatioakyudepends
on the complexity/dimension of the problem, and the above comment hasteorh
pered. There is actually a third class of methods which lies in between the¢wioys
ones and which were developed in a series of papers by Bally, Pag&iatems, see
e.g. [3], [4] and the references therein. In this approach, the atiffimward process
is replaced by a quantised version in discrete time, i.e. a projection on adiniie
whose associated Backward SDE can be computed by backward induidtie differ-
ence with the random walk technique is that the grid is computed in some optayal
which allows to consider high dimension problems with a limited number of points
see the above quoted papers.

We shall not detail the pure numerical parts in this paper but rather iristise
first step of all these algorithms: the discrete time approximation of the B&iéh
leads to a Backward Euler-type scheme.
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Not surprisingly, the discrete time approximation error depends heavithereg-
ularity of the solution itself. The good news is that it essentially only depends o
Therefore, all the analysis breaks down to that of the regularity of theico of the
BSDE. This has been first observed by Zhang [73, 74] and Boddad Touzi [20],
who exploited the regularity results of Ma and Zhang [59] to provitie ' converge
rate for decoupled Forward-Backward SDEs with Lipschitz coefficjeioisa time-
grid modulugr|. Various extensions have been then developed in the literature and are
reviewed in this paper: reflected BSDES, the presence of a jump canpand the
corresponding Dirichlet problem.

More recently, the backward schemes suggested by the discretisaB&Dafs have
also been extended to the case of fully nonlinear PDEs by Fahim, Tod2i\anin
[37]. The connection with an extended class of BSDEs, namely seaded BSDES,
was outlined in [25]. The last section of this paper provides a presentafitime
probabilistic numerical schemes which avoids BSDEs and only requiesstoate the
nonlinear PDE along the trajectory of some chosen underlying diffussiigparticular,
this point of view highlights the relationship of the probabilistic schemes studied
this paper with the corresponding standard deterministic schemes. Mhergence
results and the corresponding error estimates in the fully nonlinear caisevéewed
in the final section of this paper, and are based on the monotone schestiesd
initiated within the theory of viscosity solutions by Barles and Souganidis [8]lok
[52, 53, 54], and Barles and Jakobsen [6, 7, 8].

To conclude, we should note that the case of coupled Forward-BadiREs has
been considered in e.g. [31], [32], see also the references thérbanature of the
analysis being very different from the ones carried out here, wik sbiadiscuss this
case here (although it is important). See also [11] for Picard type itesatchniques.

Notations: Any element ofR¢ is viewed as a column vector and we denote bye
transpositionM? (resp.S,;) denotes the set af x d (resp. symmetric) matrices. For
a smooth functiorit, x) — ¢(t, z), we denote by, its first derivative with respect
to t, and by Dy and D?¢ its Jacobian and Hessian matrix with respecttolt the
function depends on more than one space variable, wys®,, etc... to denote
the partial Jacobian with respect to a specific argument.

2 Numerical approximation of decoupled forward
backward SDE

Let us first consider the simplest case of decoupled Forward-Back&DE on the
whole domain:

X, = ac—l—/tb(Xs)ds—/to(Xs)dWS (2.1)
0 0

"1 1
o= g0+ [ v zads - [ ziaw., e @2)
t

t
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where W is d-dimensional Brownian Motion on some probability spd€e 7, P),
whose associated complete and right-continuous filtration is denotBd=byF, ),<1.
Here,b : R — R?, ¢ : R? — M¢, g : R — Randh : R? x R x R — R are some
Lipschitz continuous functions.

2.1 Discrete time approximation

The discrete-time approximation is constructed as follows.

Euler scheme for the Forward processiven a time-gridr := {0 =tg < t; < --- <
t, = 1} of [0, 1] with modulus|r|, we first approximate the Forward procesdy its
Euler schemeX™ defined as

Xg =2, and X[ ., = b(X])At; +o(X])AW;, for i <n,  (2.3)

whereAt; := tiy1 — t; andAW,, .= W,

Euler scheme for the Backward procegss for the solution(Y, Z) of the BSDE, we
first approximate the terminal conditiah = ¢g(X;) by simply replacingX by its Euler
scheme ¥; ~ ¢g(XT). Then, motivated by the formal Euler discretisation:

— W,

i

tit1
v, = Ymﬂr/ h(XS,YS,ZS)ds—/ Z'dW,

ti ti

"t Y;5i+1 +h(XtT:7Y;5thi)Aﬁi - ZéiAWt“

we define the discrete-time approximation of the BSDE as follows:
1. Taking expectation conditionally t6;, on both sides leads to

}/ti ~ E I:}/ti+1 | fti] + h(XZ:a}/thtJAti .
2. Pre-multiplying byAT;, and then taking conditional provides
0 ~ E[Yi AW, | F.] — Zi At .

This formal approximation argument leads to a Backward Euler sctigfhez) of
the form

Zr = L E[YT AW | R o
vro= B[V R (XY ZE) AL '

with terminal condition given byry" = ¢g(XT). The reason why we denote tie
component byZ™, and not simplyZ™, will become clear in Remark 2.1.2 below.

Remark 2.1.1(Explicit or implicit schemes). Note that the above scheme is implicit
asY;T appears in both sides of the equation. Sihde assumed to be Lipschitz and
since it is multiplied byAt;, which is intended to be small, the equation can however
be solved numerically very quickly by standard fixed point methodseNkeless, we
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could also consider an explicit version of this scheme by replacing tlrmdegjuation
in (2.4) by
Y7 =E [Y’T

tit1

+h(ng,Y7f

t+17

Zg;) At; | ]-“tl} .

This will not change the convergence rate, see [18]. Both can thusdokindifferently
depending on the exact nature of the coefficients.

Remark 2.1.2(Continuous time version of the Euler scheme). Note that the martin-
gale representation theorem implies that we can find a square integrabksgr™
such that

ctit1
YT =Y +h (XYL ZT) Aty — / (Z7) dW, .
This allows to consider a continuous version of the Backward Euler sehgraetting

YT =Y~

tit1

tiv: B tit1
+/ h (XZ:,}/;:, ZZZ) 7/ (ZZ)/dWS fort e [ti,ti+1) . (25)
t t

It then follows from the Itd isometry that

ZT ! " Td 2.6
=R [/ zzis| 7| (2.6)

In other words, the step constant proce&ss defined asZ] := Z7r fort¢ € [ti, tit1),
can be seen as the bast(Q x [0,1],dP @ dt) approximation on’T in the class of
adapted processes which are constant on each inferval ;).

2.2 Error decomposition

In order to comparéY, Z) and(Y™, Z™), let us introduce

_ 1 tit1
Ty = Zsd .
t; Aﬁz |:/t; S | ft1:|

and observe that, sinéeis Lipschitz continuous,

—dY, = h(X,Y:, Z)dt — Z|dW,
~ WX, Y, Zy,)dt — ZdW, fort € [t tit1) (2.7)
up to an error term of orde¥ (| X, — X7 | +|Y; — Yy,| + |2, — Z,,|) dt for some con-

stantC' > 0. Next observe from the definition df,, andZ and Jensen’s inequality
that

E[Z, - Z7

ftit1
’I<E ! /+ |Z, — ZT|dt| . (2.8)
- Aﬁz ti ¢
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It then follows from (2.5)—(2.7), recalling the involved error termsd atandard tech-
nigues for BSDEs with Lipschitz coefficients that

tit1
max E {mi - Y] +/ |Z — Zt”|2dt}

0<i<n 4

tit1 B
< CE| sup [X;—X]|?+ sup |Yt—Yti|2+/ |Zy — Zy,|dt

ti<t<tit1 t; <t<tjt1 t;

for someC > 0. Using (2.8) again and standard estimates for Forward Euler schemes
it follows that

n—1 tit1 B
Err(n)? = max E| sup [|Y;—-Y"]*| +E Z |Zy — ZT|?dt
0<i<n t;<t<tji1 ‘ i—o ts ‘
< 2maxE| s (% - V7P Y- Val?)
0<i<n ti <t<tit1 !

4 |Zy, — ZTPdt

)

n—1 tit1 B

+2 (E Z/ \Zy — Zy,
i=0 Yti

< C (In]+ Ry () + R (x))

for someC > 0, where

Ri(r) = maxE| sup |¥;—Y;,[*| and
0<i<n ti <t<tit1
n—1 tit1 B
R%(r) = E Z/ | Zy — Zy|dt
i=0 't

can be seen as (squared) modulus of regularity ahd Z.

Proposition 2.2.1([20], [74]). There is a constant’ > 0, which is independent on
such that:

Er(r) < O (ja]+ Ry (m) + Ry(m)* .

Remark 2.2.2. 1. Note that, by continuity of the proce¥s the quantitysup,, ,,, ,
|Y; — Y;,|? converge® — a.s. to0 as|w| — 0. Since the coefficients are Lipschitz, we
also havek [sup,., |Y;|?] < oo. It thus follows from dominated convergence that

Ri(m) — 0 as |r| — 0.

2. Also note that the step constant proc&ssefined asz; := Z;, fort € [t;, t;11), can

be seen as the bekt(Q x [0, 1], dP ® dt) approximation ofZ in the class of adapted
processes which are constant on each intgeyal; . 1). Since such processes can be
used to approximatg in L2(2 x [0,1], dP ® dt), it follows that

R%(n) — 0 as || — 0.
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Combining Proposition 2.2.1 and the last remark, implies the first cgavesult.
Corollary 2.2.3. We haveErr(7)? — 0 as |7| — 0.

Remark 2.2.4. It follows from the interpretation of in terms of the best approxima-
tion of Z by step constant processes that

n—1 tit1 B
3 / 2, — 77 |2dt
i=0 Vi

In the case wherg = 0, thenY is a martingale and;, is therefore the bedt?(92, dP)
approximation ofY; for ¢ € [t;,t;1+1] by a F;,-measurable random variable. The
Burckolder—Davis—Gundy’s inequality then implies that

E > R% (7).

3

El sup [V, = Y7

t¢§t§t7¢+1

> cEl sup  |Y; — Yy, [

tiStSti+1

for somec > 0. In view of Proposition 2.2.1, this shows that
¢ (RY(m) + Ry () < Erx(m)? < C (|n] + R () + Ry (m)) -

Up to alx| term this can actually be shown evenhif 0. This result is not sur-
prising. As usual, the convergence rate should depend on the regualftitg func-
tions/processes to be approximated.

2.3 Path regularity and convergence rate

In view of Proposition 2.2.1, the whole analysis of the convergencefale discrete-
time approximation breaks down to the analysis of the (squared) modutostinuity
R3 (m) andR% (). The regularity oft” is standard in our context where the coefficients
are Lipschitz continuous.

Proposition 2.3.1. There exists” > 0 independent om such thatR?. () < C |x|.

Note that this implies some regularity on the (unique viscosity) solutiof the
semilinear PDE

—Lv—h(-,v,0'Dv) = 0 on[0,1) x R?
U(Tfa ) = g Oan )
where/ is the Dynkin operator associated Xq
1
Lv = 0w + (b, Dv) + §Tr [o0’ D] |

since it is related tdY, Z) by the mapping” = v(-, X') and (at least formallyy =
o(X) Du(-, X), see e.g. [64]. As a matter of fact, it follows from our Lipschitz con-
tinuity assumption that this solution is Lipschitz continuous in spaceldpdHolder
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in time. SinceX is itself 1/2-Holder in time inL2, this actually implies the regularity
statement of Proposition 2.3.1.

It is however less standard to study the regularity ofZAheomponent. 1fDv, when-
ever it is well-defined, were Lipschitz continuous in space BftdHolder in time, we
would easily deduce tha&?%(r) is of order|r|. But such a result is not true in general,
and indeed much stronger than what we need.

A pure probabilistic analysis of the modulus of regularityohas been carried out
by Ma and Zhang [59] and Zhang [74], actually in a more general setting based
on the following analysisd = 1 to avoid notational complexities):

Step 1. The first step consists in assuming thando areC}! and using the fact that
(Y, Z) are differentiable in the Malliavin sense and that there exists a versioniof the
Malliavin derivative(DY, DZ) which solves

"1 o1
DY, = Dg(X1)Ds X1 +/ Dh(©,)Ds(X,,Y,, Z,)dr —/ D, Z.dW, ,s<1,
t t

where© := (X,Y, 7), see e.g. [61]. Moreover, Itd’s formula and uniqueness of so-
lutions of BSDEs with Lipschitz coefficients imply that it is related to the solution
(VY,VZ) of

1 1
VY; = Dg(X,)VX, +/ DhO)V(X,,Y,, Z,)dr 7/ VZ.dW, , s<1,
t t

where VX denotes the first variation process ®f by the relationD;(X,Y, Z) =
1,y V(X,Y, 2)(VX,) to(X,).

Step 2. On the other hand, the identity

t t
Yt:Yof/ h(@r)err/ Z,dW,
0 0

implies thatD,Y; = Z;, up to passing to a suitable version of these processes. It thus
follows that

.1 o1
Zy = (Dg(Xl)VXl +/ Dh(@T)V@Tdrf/ VZTdWT) (VX)) to(Xy) .
t t
Setting
' 1
n=vxew{ [ D.s@)aw, - [ (3D.s008 4 D10 ar} . (29
we then deduce from Itd’s formula that

Zy=E [Dg(Xl)m +/t Doh(©;)ndr | ft] n; to(Xy) . (2.10)
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Step 3. The rest of the proof is based on a martingale argument. For sakefcsim
ity, let us consider the cageh = 0, VX = 1 ando is constant. Then

Zy =E[Dg(X1) | F]o ,
and, fort € [t;, ti11],
E [|Zt - Zti|2] <E [|Zt7:+1|2 - |Zt71|2}

so that, by 2. of Remark 2.2.2,

n—1 tit1
R (m) < Z/ E [|Zt — 2y
i=0 Vti

Also more technical, the general case is essentially treated similarly, by ten
Lipschitz continuity of the coefficients. The above proof is performeadcfp coef-
ficients, but the final bound depends only on the Lipschitz constantanithen be
extended by standard approximation techniques.

) dt < |w[E[|Z1[2] = I~|E [| Dg(X1)?] -

Theorem 2.3.2([74]). If the coefficients are Lipschitz, th&¥, (r) = O(|n]).

Combining the last theorem with Propositions 2.2.1 and 2.3.1 provitiels @on-
vergence rate for the Backward Euler scheme.

Corollary 2.3.3. If the coefficients are Lipschitz, théhr(7) < O(|r|).

Remark 2.3.4. Importantly, all these results are obtained under the single assumption
that the coefficients are Lipschitz continuous. In particular, no ellipticitydit@n is
imposed on.

Remark 2.3.5. The |x|2 convergence rate is clearly optimal and is similar to the one
obtained for Forward SDEs.

Remark 2.3.6. Since no ellipticity assumption is made o) one component o
can be chosen so as to coincide with time. It is therefore not a restricticongider
a-priori time homogeneous dynamics. Note however, that a similar sieaguld be
performed under the assumption that the: and f are only1/2-Holder in the time
component, as opposed to Lipschitz continuous.

Remark 2.3.7. Similar results are obtained in [74] in the case where the terminal con-
dition is of the formf (X)) wheref is a function of the whole path of on |0, 1], under
suitable Lipschitz continuity assumptions on the space of continuous pdikscabe

of non-regular terminal conditions has been discussed in [44]. Tidehgs then to

be refined near the terminal tinie= 1 in order to compensate for the explosion of
the gradientDv. However, their proof relies on PDE arguments and requires strong
smoothness assumptions on the coefficients as well as a uniform ellipticitjtiom

ono, a condition that was not required so far.
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2.4 Weak expansion in the smooth case

So far, we have only discussed the strong convergence rate. Bot,laeér problems,
which correspond to the case whérdoes not depend ori andZ, we can also study
the weak approximation error. Such an analysis as been perforrmeatiseby Gobet
and Labart [42], thus extending previous results of Chevance [B6]awnsidered the
case wheré does not depend a#i.

Their result is of the form:
Y, — Y7 = Do(t.X)(X; - X7) +O(7]) + O (|X, — X[ )
Zy—ZF = D[Du(t,X¢)o] (Xe — X[) +O(|n]) + O (|1X: — X[ %) ,

where(X7 )<, is the continuous version of the Euler schemeXolnd (Y™, Z™) are
defined consistently with the explicit Backward Euler scheme by

vro= E[vT, (X028 (e — 1) | F

_ 1

ZZT = —E |:Y;§7;+1(Wti+1 — Wt) | ft} , t e [ti,ﬁi+1) .
tipn —t

In particular, this implies that(0, Xo) — YJ" = Yy — Y77 = O(|n|). Moreover, when
the grid is uniform, this allows to deduce from the weak convergence gbriheess
|7|=2 (X — X™) that the processr|~z (X — X™,Y — Y™, Z — Z™) weakly converges
too.

As usual, this requires much stronger assumptions than only our psevilpschitz
continuity conditions, in particular they need to assume ¢hatuniformly elliptic.

3 Extensions to other semilinear cases

The analysis of the previous Sections 2.2 and 2.3 consists in two parts:

1. Control the convergence rate of the discrete time approximation in tef e
modulus of regularity of” and 7.

2. Study these modulus of regularity. Here, the difficult task consistsntraing
R%(m). In the above classical case, it is obtained by applying martingale-type tec
nigues to a suitable representationzof

In the following, we show how these techniques can be adapted to maozeagsit-
uations corresponding to BSDEs with jumps, reflected BSDEs or BSDEgavittom
time horizon.

3.1 BSDEs with jumps

The analysis of Chapter 2 can be extended in a very natural way to pledokor-
ward Backward SDEs with jumps. Such equations appear naturally in diimgol
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for jump diffusion processes, see [72], hedging problems, sded¢B8@ortfolio man-
agement, see [10], in finance. From the PDE point of view, they havenportant
applications.

Example 3.1.1(Semilinear PDEs with integral terml.et us consider the solution
(X,Y,Z,U) of

X0+/Otb( )dr+/ dW+//ﬂ r—,e)a(de,dr) ,
g(Xl)—i—/t h(@)dr—/t 20w, — // Alde,dr)  (3.1)

wherefi(de,dt) = p(de,dt) — \(de)dt is a compensated compound point measure,
independent oV, with mark-space? C R*, and® := (X,Y, Z,T') with

Xy

Y,

F::/Ep(e)U(e))\(de)

for some bounded map: F — R*. Then, in the case where all the coefficients are
Lipschitz continuous, uniformly in thecomponent(Y, Z, U) can be associated to the
(unique viscosity) solution of

—Lv —h(v,0'Dv,I[v]) = 0 , v(l—,:) = g, 3.2)
where/ is the Dynkin operator associated 1 and
Thl(t0) = [ {olta+ 8(a.e)) = v(t.)} ple) o).

though the mappingy; = v(t, Xy), Ui(e) = v(t, Xi— + 8(Xi—,€)) — v(t, X;—) and
Zy = o(X:—)' Du(t, X;:— ), whenever it is well defined, see [5] and [18].

Example 3.1.2(Systems of semilinear PDEs)ore interestingly, it was shown by [65]
and [71] that BSDEs of the form

ot ot
X, = X0+/ b(MT,XT)dr+/ o(M,, X,)dW, .

0

t k—1
M; = 1+( Zj,u {7}, dt) [modulo ]
1 1
Yt = (Mlel) /h(MrthYerTaUr)drf/ ZrdWr
t

- / | vnteyitae.in (33)

allow to provide a probabilistic representation for systems of semilinear Pbtese
the mark space is finit€ = {1,...,x — 1} and \(de) = )\ZZ: dr(e), wherel > 0
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is a constant. Namely, given a fam@m,&m, ﬁm,gm)mg,i of Lipschitz continuous
functions, if we set

(b(m,z),0(m,z), g(m,z)) = (b (), 5m(2), m(z))
and

h(m,z,y,z,7) = hm(w, [y +"" Lyt ,y+71,---],2) —AY A,

M j=1
then one can show that = v*: (¢, X;) wherev = (v, ..., v") is the unique viscosity
solution of the system

— LMy _hm (',U,Dvmam) =0 ’ Um(lal) :g'm() ’

with £™ denoting the Dynkin operator associated to the Forward SDE with dlgjft
and volatility 5,,,.

Obviously, the formulations (3.1) and (3.3) can be combined so atader sys-
tems of semilinear PDEs with integral term.

The Backward Euler scheme for BSDEs with jumps of the form (3.1)imtasduced
by Bouchard and Elie [18] and follows the ideas of Section 2.1. Theltation (3.3)
can be treated similarly, see Elie [35] for more details.

First, we define the Euler schem& of X as usual. The Euler scher(i €™, Z™, ')
for (Y, Z,T') is then constructed as above by the Backward induction

Zz: - ﬁ ]E 1+1(Wt1+1 7W) |‘Ft1:|
07 = & BV, fpe(e)ilde, (titina]) | Fl
Yy = E[ 8 |}'t}+h(XgT,Yf,ng,_ ) Aty

with terminal conditionty” := g(X7).

Remark 3.1.3. In the case wher& is a finite set{eq, ..., e, } , One can always choose
pofthe formp’(e;) = 1,—;/A({e;}) sothafl’ = (U(e;)):<.. The above procedure then
allows to approximaté/ directly. It can obviously be extended to the approximation
of any integrated version ef— U (e) with respect to\. We only concentrate here on
T as defined above because this is the term which appearamd its approximation

is therefore necessary to approximate

As in the no-jump case, rather standard BSDE techniques allow to showhéhat
approximation error

Err(r)> = max E| sup [V;—Y|
iSn—=1 e[t tirn]

i+1
+E Z/ \Z, — ZT |*dt
t

i<n—1

tit1
+E Z/ 0, — TF [2dt|
t;

i<n—1
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can be controlled in terms dfr|, R% (7), R%(w) and an additional term that takes
jumps into account

R (r) 1= "oy Ty Pat | with T, = L [ [
M) =E| > [0y =Ty, *dt | with Ty, = =-F Dsds | Fi, | -
ti i ts

i<n—1

Under our Lipschitz continuity assumptions, thg-Holder continuity in time and
Lipschitz continuity in space of the deterministic mafs rather standard. In view of
the identitiesY; = v(t, X;) andU(e) = v(t, X;— + B(Xi—,e)) — v(t, X;—), see [18]
for details, this readily implies th&? (7) + R2(w) < C|r| for someC > 0.

It thus remains to study the squared modulus of contirRify(=) of Z. Following
the approach of Zhang [74], it was shown by Bouchard and Elie [18]R, () can
be controlled byr| whenever one of the following assumptions holds:

Ha) Foralle € E, the mapr € R? — 3(x, ) admits a Jacobian matriz3(z, e) such
that

(2,€) € R x RY i a(x, &) := €' (DB(x, ) + La)¢
satisfies, uniformly in(z, ¢) € R4 x R?
a(z,&e) > [EPET or a(z,&e) < —[¢PKT,

for someK > 0.
Hb) b, 0, 3(-,e), handg areC} with Lipschitz first derivatives, uniformly ia € E.

Remark 3.1.4. The conditionH «) ensures that the tangent proc&sX is invertible,
with inverse satisfying suitable integrability conditions, which is necessargpm¥
duce the argument presented in Section 2.3, recall the definition of the;tddnder
Hb), it can be shown, see [35], thAiw is 1/2-Holder-continuous in time and Lipschitz-
continuous in space. This allows to show tR3t(w) can be controlled bir| by simply
using thel /2-Holder regularity ofX in L2.

This allows to provide &r|z convergence rate.

Theorem 3.1.5([18]). Let Ha) or Hb) hold, assume that is bounded and that the
coefficients are Lipschitz, uniformly in taevariable. ThenErr(r) < O(|r|?).

Remark 3.1.6. So far, it seems that only the case of jump measures with finite activ-
ity has been treated. In [18], the compensatory measure is assumectubded,

but it can be generalised without much difficulties under suitable integrabaityli-
tions. Moreover, pure jump Lévy processes can be approximatedrpound point
measures by truncating the small jumps. It would therefore be natuigbpooxi-
mate a BSDE driven by a Lévy process with infinite activity by a sequeh&SDESs
driven by compound point measures to which the above analysis wpplgl. aThis
would introduce an additional error related to the approximation of the afigan-
dom measure. We refer to [70] and the references therein for threxapation of
Lévy processes.



14 B. Bouchard and R. Elie and N. Touzi

3.2 Reflected BSDEs

Let us now turn to the approximation of the solutidn Z, A) of a reflected BSDE of
the form

1 1
Yo = g(X1)+ / h(Xe,Ys, Z,) ds — / ZlaW. + A — 4 (34)
t t

whereA is a cadlag adapted non-decreasing process satisfying

/01 (Y, — f(X)dA, = 0 .

In the case wheré = 0 and f = g, Y is the Snell envelope of(X), which, in
finance, corresponds to the super-hedging price of the Americamaogtib payoffg.
More generally, the solutio(lY, Z, A) of (3.4) is related to semilinear PDEs with free
boundaries of the form

min{—Lv — h(-,v,0'Dv) , v—f} =0, v(l—,") =g (3.5)

see [47].

For such BSDEs, it is natural to modify the Backward Euler schemg é2.4ollows
SO as to take into account the reflection:

ZF = (ti1—t) 'E {YJHAW“ |J-‘ti}
YTo= RV, | FL XYL Z0)A
AR R(ﬁi,Xg:,th),ign—l, (3.6)

with the terminal conditioy;™ = ¢(XJ) and where

R(ta €T, y) = Y+ [f(ll?) - y]+1{tE§R\{O,T}} ) (ta €T, y) € [05 1] X Rd+1

for a partitionR :={0=ro<rm <...<r,=1}Dm.

Numerical procedures for such Backward Euler schemes havefibsestudied in
Bally and Pages [3] in the case where= &, h does not depend o andg = f. The
fact thath is independent ot allows them to use the formulation &f in terms of
optimal stopping problem to study its discrete time approximation error. dtagve
a|r|~= control for the convergence rate when the coefficients are Lipschitintmus
and improve it toj7| wheng is semiconvex andl can be perfectly simulated on the
time-grid. The error or¥ is not discussed.

A more general analysis has then been performed by Ma and Zh@hgniéo ob-
tained a bound for the convergence rate of otdgrs when f depends o whenever
itis C7 ando is uniformly elliptic. Note that the arguments leading to (2.10) cannot
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be used here, since this would involve taking the Malliavin derivative,offhich has
no reason to be well-defined. Instead, they rely on a representatigrobthe form
(d = 1 to avoid notational complexities):

1 1
Zy=E [g(Xl)Nis Jr/ h(X,,Y., Z.) Ntdr Jr/ NIdA, | ft} o(Xy) 3.7)
t t

where
1

s—t

Nt .=

S

/ o(X,)"IVX,.dW, (VX)L
t

Their argument can be formally explained in three steps. First, theyederiepresen-
tation of theZ-component associated to a discretely reflected BSDE of the form

1 1
YP = g(X,) + / h(©Y)dr / (Zb) W, + AL — A" (3.8)
t t

j=1
tation is obtained by considering the Malliavin derivatives¥f2) as in Section 2.3,
see Step 1, on each interva), ;1)

+
where@? := (X,Y?, zb) and A} := Y7} [h(X,.j) — Y,b]} 1,,<:. The first represen-

Tji4+1 Ti+1
Z{ = DY) =Dy} +/ D:h(O0)dr — / D ZbdW, | t € [rj,7j41)
t t

b
whereD,Y,”  _ it it

+
= DtYf’j+1 + Dy [h(XTM) -Y? } since, by constructiory,® =

+
Yo+ {h(XWl) -y } . This implies that, fot < 7,1,

Tji4+1 Ti+1

1 1 K
Zf:Dtg(Xl)Jr/ Dﬁ(@ﬁ)dr—/ D ZbdW, + Y D, [h(X,) —Y2]" .
t t h=j+1

The fact that the discretely reflected BSDE is differentiable in the Malliavisesean
be easily proved by using a backward induction argument and the feet th 27 is

a Lipschitz function. Second, they perform an integration by parts, in thlidvin

sense, in order to get rid of the Malliavin derivatives, and obtain a ftatiam of the
form

1 K
7 = E[g(Xl)Nf—i—/ h(OL)Nldr + > N} AAY ey, | Fi| o(X)
t k=0

fort € [rj,rj41), whereAA? = [h(X,,) — YJLT- Finally, they pass to the limit on
the grid of reflection times so as to recover (3.7) for the continuouslgatefi BSDE.

This formulation is in itself very interesting and can be viewed as a gendiatisa
of the representation obtained in [38] for the linear non reflected casavever, it
requires a uniform ellipticity condition os. Moreover, the exploding behaviour dft
asr — t is a major drawback in the regularity analysisf



16 B. Bouchard and R. Elie and N. Touzi

Another regularity analysis was carried out in Bouchard and Chassagh6]. The
main difference is that they do not perform the integration by parts blgrgrovide
a representation of’ in terms of the next reflection time:

28 =B | DglX0 )b o1 + DOk oy (3.9)

/ D,h @b nbdr | Fi (nt (Xt) ,

for t € [rj,rj11), wherer; == inf{r € R | r > rj;1, f(X,.) > Y} Alandnb is
defined as in (2.9) above withX, Y, Z°) in place of(X,Y, Z). This is the analogue
of (2.10) up to the stopping timg.

This formulation does not require any uniform ellipticity assumptiorrand turn
out to be more flexible.

Let us expose the argument in the simpler case wierd, g = f,h =0, VX = I
ando is constant. Set

Vi =E[Df(X,,) | F]o sothatzl =V if t€[rj,rj+1),
and note that the martingale propertylof implies that
E [|vg - Vgﬂ < E[ - |Vt{|2} for ¢ € [t;, tiy1] -

| tit1 |

Lettingi; be defined by, = ¢;,, recall thatr C ®, it follows that

n—1 i1 rk—1%4+1—1 )
|7T|_1ZE[/ zb — 7zt |2dt} D=3 > B[V, P - IV
i=0 ti =0 k=i;
where, by direct computations,
k—1
ZE[| D= VAP e+ SRV - VAP
j=1

andC > 0 denotes a generic constant independent and®. On the other hand, it
follows from the Cauchy—Schwarz inequality thatpDf is bounded,

VTP = WVAP < IV =V + VI < CE[BIF] VL - Vi
wheref := 1+ sup,, | X;|. Moreover, ifDf € C7, then

Vi —ViTt = E[(Df(Xr) = Df(Xr, )| Fry]o <CE[(rj —721) | Fry] 0
Combining the above inequalities, this implies

r—1

ZE[/t“wb Zb|dt}<0|7r| 1+ZIE (B Fo, E 1 — 7j-1 | Fry]]
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which is of order of|x| since the expectation on the right-hand side simply equals
E[B(rj — 7j-1)].
The general case is treated along the same main argument: play with grer#

of the next reflection times; — 7;_,. It allows to control the modulus of regularity
R2,(m) of Z°, defined ask? () for Z" is place ofZ, as follows:

Theorem 3.2.1([16]). Assume that all the coefficients are Lipschitz continuous. Then,
—1 ptiga )
Ry <Y [E[Z -2 a < Clal (146l +a(m) |
- ti

wherea(R) = |R|~2 and3 = 1 under the assumption

Hy): fis Cg with Lipschitz first derivative

and,«(R) = 1 and 8 = 0 under the assumption

H,) : fis C¢ with Lipschitz second derivative amdis C}} with Lipschitz first deriva-
tive.

This regularity property of® then allows to provide a convergence rate for the Euler
schemgY ™, Z™) to (Y?, Z°).

Theorem 3.2.2([16]). Assume that the coefficients are Lipschitz. Then,

2
max E| suwp |7, -V < o(ay(%)|ﬂ|%+ﬁ|ﬁ|i)
<n tE(ti,titn]
n—1 tip1 .
S e[z -2tpa] < 0(az inl+ 51l
i=0 ti

with (ay (R), az(R)) = (JR|~7,|R|~*) and3 = 1 underH,), and,(ay (R), az(R)) =
(1,|R|71) and 3 = 0 under Hs).

They also show that the above result holds true wigtix) = |%|~z underH;), and
az(k) = 1 underfy), when(X7 );<, is replaced by X, )<, in the Backward Euler
scheme (3.6).

To obtain a convergence rate of the approximation erraf,of then essentially suf-
fices to consider the cade= m and show that' approximated” at least at a rat| = .
The approximation of th&-component is more involved and requires the introduction
of another approximation scheme.

Theorem 3.2.3([16]). Assume that the coefficients are Lipschitz. Then, there exists
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C > 0, independent o, such that

N

1
B ma 1v7 - VP maxE| s 7, - %[ = Otan)
i<n ' <n te(

tit1
tiytit)

n—1 tiin
R2(r) < S E - 77 — Z,12dt| = O(|x|*
z(m) < E t |Z] — Z4 =O(|r|%),
1=0 i

wherea(r) = |x|7 underH,) anda(x) = ||z underHs,).

WhenH,) holds and X7 );<., is replaced by X;, ):<,, in the Backward Euler scheme
(3.6), the (squared) error o#i and the (squared) modulus of regulari®f, (r) are

shown to be controlled bir|, which corresponds to a convergence rate of ofger
as in the non-reflected case.

Remark 3.2.4. The representation (3.9) af is of own interest as it provides a natural
Monte-Carlo estimator for the so-called “delta” of Bermudean optionsh Suresult
was already known in finance for American options, under a uniformtieilty condi-
tion, see [41].

Remark 3.2.5. Extensions to doubly reflected and multivariate reflected BSDEs have
been considered in Chassagneux [23] and [24].
3.3 BSDEs with random time horizon

By BSDE with random time horizon, we mean the solutj®nz) of
1 1
Vi = g+ [ LYo Zds— [ Zidw. e, (310)
t t

wherer is the first exit time of¢, X;).<7 from a cylindrical domairD = [0,1) x O.

The first step toward the definition of a Backward Euler scheme, comsigteosing
a suitable approximation of the random time horizomn Bouchard and Menozzi [19],
the authors consider the first exit time (on the gfid)f the Euler schem& ™

Fi=inf{ten : (t,X;) ¢ D} .

They then reproduce the Backward scheme (2.4)

7y = ALME[}QZTHAW,H}}J
Y= B[V, | Fu] +h(XE YL ZE) At

with the terminal condition
"= Q(X;T) .
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Following the approach of [20] and [74], they show that the discrete-ppFoxi-
mation error can be controlled as:

Bre(n)? < C (|al+ RY(r) + RY(n) 4 |elr 71+ 1rey [ 12,005 ) @1

whereC' > 0 is independent of and¢ is a positive random variable satisfyifigs?] <
C, for all p > 2, for someCy, independent of:.

Not surprisingly, the error now depends on an additional term whichlaseict to
the approximation error af by 7 which has been widely studied under the assumption
that the coefficients are smooth enough arnsluniformly elliptic. In particular, Gobet
[39], and, Gobet and Menozzi [45] have derived an expansigheoformE [r — 7] =
Cla|% + o(|m]}).

A similar result can be obtained without uniform ellipticity, whenegis a C?
domain with a compact boundary satisfying a uniform non-charactecistidition.

Theorem 3.3.1([19]). Assume that the coefficientsXfare Lipschitz continuous and
that© is aC? domain with a compact boundary satisfying a uniform non-characteristic
condition. Then, for each € (0,1) and each positive random variabfesatisfying
E[¢P] < o forall p > 1,

E[E[¢lr =7 Frnrl’] < OF(In')

wherery :=inf{t e 7 : 7 <t}.

This shows in particular that, for eaetke (0,1/2),
Efr =7 < Oc(nl>™)

which, up to thes term, is consistent with the result of Gobet and Menozzi [45]. More-
over, it is easily extended to the case where

D1) Ois an intersection of? domains with compact boundary, and it satisfies a uni-
form non-characteristic condition outside the corners and a uniform eiijptic
condition on a neighbourhood of the corners.

The next step toward a convergence rate consists in studying the modlubgs
ularity R (7) andR% (), and the last terrfl [1; -, [T | Z,[*ds].

In contrast with the case whee@ = R¢, the uniform Lipschitz continuity of the
(viscosity) solutionv of the associated semilinear Cauchy Dirichlet problem

—Lv—h(-,v,0'Dv) =0 on D, v=g on 9,D :=([0,1) x JO)U ({1} x O) ,
(3.12)

is by no means obvious, and usually requires additional assumptionghan

simple Lipschitz continuity of the coefficients. It is shown in [19], by adaptin

standard barrier techniques, whgis smooth enough:
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Hg) g€ Cp([0,1] x RY),

and the domain satisfies a uniform exterior sphere condition as well aanin
truncated interior cone condition:

D2) Forallz € 90, there isy(z) € O°, r(x) € [L™*, L], L > 0, anddé(z) € B(0,1)
such thatB(y(z),r(x)) N O = {z} and{z’ € B(z, L") : (¢/ —x,6(x)) >

1—-L Ya' -2} cO.
Here B(z,r) denotes the open ball of centrand radius-, B(z, ) is its closure.

Theorem 3.3.2([19]). Assume that all the coefficients are Lipschitz continuous and
that the conditiong7g), D1) and D2) hold. Theny is uniformly1/2-Holder continu-
ous in time and Lipschitz continuous in space.

In particular, this allows to show tha?. () is controlled by|r| and the last term
E [1:<, [ |Zs[?ds] is controlled byE [|7 — 7|] < C*|x|2~¢, fore > 0.

It thus remains to study the modulus of continuityof As in the reflected case, it
is not possible to apply the techniques leading to (2.10) since it would intakieg
the Malliavin derivative ofy( X ), which has no reason to be well-defined. Instead, we
can remark that, it is smooth enoughDu (-, X)n + [, D.h (6,) n.ds is a martingale
on [0, 7], recall the definition ofy in (2.9). This implies thatd = 1 for notational
simplicity)

Zy = Du(t, X)o(Xy) =E |:DU(T, X )n- Jr/ D,h (©4) nsds | Fi| ny to(Xy)
t

This formula is very close to (2.10) except tHag is replaced byDv. But, sinceDv

is bounded, one can actually repeat the martingale-type argumentpo8 $feSection

2.3. The smoothness ofcan be obtained for smooth coefficients and domains, under
a uniform ellipticity condition ofr, which can then be relaxed by standard approxima-
tion arguments.

Theorem 3.3.3([19]). Assume that all the coefficients are Lipschitz continuous and
that the conditiondZg), D1) and D2) hold. Then,

RY(m) + Ry(m) < O(xl).
This provides the followingr|3 < convergence rate.

Corollary 3.3.4 ([19]). Assume that all the coefficients are Lipschitz continuous and
that the conditiong7g), D1) and D2) hold. Then, for alk € (0, 1),

Err(r) < O (|7r|%76).

As a matter of facts, the global error is driven by the approximatiorr efrthe exit
time which propagates backward thanks to the Lipschitz continuity of

Remark 3.3.5. It is shown in [19] that one can actually achieve a convergence rate of
order|x|2 < if one computes the approximation error only ugta 7.
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4  Extension to fully nonlinear PDEs

The discretisation of backward stochastic differential equations caielwed as a prob-
abilistic approach for the numerical resolution of semilinear partial difféal equa-
tions in parabolic or elliptic form, and possibly with a nonlocal integral terims Te-
striction on the nonlinearity of the corresponding PDEs excludes the inmpgeaeral
class of Hamilton—Jacobi—Bellman equations which appear naturally asfithieesi-
mal version of the dynamic programming principle for stochastic coptablems.

An extension of the theory of backward SDEs to the second order asmitiated
by [25] and is still in progress. An alternative approach for such aansion in the
context of a specific form of the nonlinearity was also introduced by Rergrious
papers, see e.g. [69], and is based on the new concépBrbwnian motion.

We shall not elaborate more on this aspect. Instead, our objective intertate
on the probabilistic numerical implications as discussed in Section 5 of E2Blow-
ing [37], we provide a natural presentation of the discrete-time appegiomwithout
appealing to the theory of backward stochastic differential equations. presenta-
tion shows in particular the important connection between the discretisatiemss
of this paper and the finite differences approximations of solutions ofsPBinally,
we were not able to extend the methods of proofs outlined in the previatisrse
The convergence results and the rates of convergence are deyiveeans of the PDE
approach for monotonic schemes.

4.1 Discretisation

Consider the fully nonlinear parabolic PDE:
—Lv—F (-,v,Dv,D?v) = 0, on[0,1) x RY, (4.1)
v(1,-) = g, on € RY (4.2)

where, given bounded and continuous mapsds from R, x R¢ to M? andR¢?, the
linear second order operatdgris defined by
ov 1 9
Ly = il (b, Dv) + §Tr [0’ D?v] ,
and the nonlinearity is isolated in the map (¢, z,7,p,7) € Ry xRIXRxRI xSy +—
F(t7 :1:7 T7p) /-‘/) E R'
For a positive integen, seth := 1/n, t; :=ih, i = 1,...,n, and define:

Xp* = w4 bt 2)h + ot 2) (Wign — W), (4-3)

which is the one-step Euler discretisation of the diffusion corresponditigtoperator
L.

Assuming that the PDE (4.1) has a classical solution, it follows frors ftfmula
that

tit1
Eto [0 (tiv1, Xep)] = v(ti2) + By {/ ﬁv(t,Xt)dt}

ti
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where we ignored the difficulties related to local martingale part, Bnd, :=
E[-|X;, = z] denotes the expectation operator conditional{éh, = z}. Sincewv
solves the PDE (4.1), this provides

tit1
Ey; o [v (ti+1,XtH1)} = v(ti,x) —Ey, 5 [/ F(-,v, Dv, D*v)(t, X;)dt| .
ti

By approximating the Riemann integral, and replacing the pro&eby its Euler dis-
cretisation, this suggests the following approximation of the value function

"(1,.) =g and o"(t;,z) = T [v"](t;, 2) (4.4)

where, for a function) : R, x R? — R with exponential growth, we denote:

Tilol(tna) = E [Bltn, X577)| + hE (Do) (),
Dpy = (Dp, Dy, Dyp)
and fork = 0, 1, 2, it follows from an easy integration by parts argument that:
Ditix) = ED*(tin, X, = ER(X " HE(t,2)],  (45)
where

3 -1 Wy
HY =1, Hf=(o/)" —=, Hy=(d)

1 WhW;/l — hly o1
h'’ '

12 (4.6)

Remark 4.1.1. In the semilinear case, i.é! is independent of the argumemnt the
numerical scheme coincides with the discretisation of BSDESs as studieddretfieus
sections of this paper.

Remark 4.1.2. Other choices can be made for the above integration by parts.
instance, we also have:

1 Wh/Q W}/L/Q 0_71
(h/2) (h/2) ’

which shows that the backward scheme (4.4) is very similar to the pit@baimnumer-
ical algorithm suggested in [25].

Dho(t,z) = E|p(X;")(0)

Remark 4.1.3. So far, the choice of the drift and the diffusion coefficiehtndo in
the nonlinear PDE (4.1) is arbitrary, and was only used to fix the undgrbjiffusion
X. Our convergence result will however place some restrictions on thiseh

For

Remark 4.1.4. The integration by parts in (4.5) is intimately related to finite differ-

ences for numerical schemes on deterministic grids. We formally jusigyctimnec-
tionford =1, b = 0, ando = 1 for simplicity:
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« Let {w;,j > 1} be independent r.v. distributed 354 ; +4_ ;). Then, the

binomial random walk approximation of the Brownian motidf, := Zle wj,
tr := kh, k > 1, suggests the following approximation:

t,x+Vh) —¢(t,x —Vh)
2Vh ’

which is the centred finite differences approximation of the gradient.

D}Lz/)(t,z) ::E[w(tJrh,XZ"x)Hﬂ ~ ¥

 Let{w,;,j > 1} be independent r.v. distributed é\:{é{\/@} +4dg0) + 5{7\/@}).
Then, the trinomial random walk approximation of the Brownian motian :=
2?21 wj, ty := kh, k > 1, suggests the following approximation:

t,x +V3h)=2¢(t,z)+(t,x — V3h)

3h ’
which is the centred finite differences approximation of the Hessian.

Diw(t,x) =E [zl)(t + h,X,tL’I)Hg] ~ ¥

In view of the above interpretation, the numerical scheme studied in thes pap be
viewed as a mixed Monte Carlo—Finite Differences algorithm. The MonteoCam-
ponent of the scheme consists in the choice of an underlying diffusamepsX . The
finite differences component of the scheme consists in approximatinggthaining
nonlinearity by means of the integration-by-parts (4.5).

4.2 Convergence of the discretisation

Definition 4.2.1. We say that (4.1) has strong comparison of bounded solutions if for
any bounded upper semicontinuous viscosity supersol@tamd any bounded lower
semicontinuous subsolutianon [0, 1) x R?, satisfying

. eithers(1,-) > v(1,-),
- or the viscosity property af andv holds true orf0, 1] x R<,
we haver > v.

The strong comparison principle is an important notion in the theory of sigco
solutions which allows to handle situations where the boundary condii®not com-
patible with the equation.

In the sequel, we denote &y, F,, and F, the partial gradients af with respect to
r, p and~, respectively. We recall that any Lipschitz function is differentiable a.e

Assumption F. The nonlinearityF is Lipschitz-continuous with respect e, p, )
uniformly in (¢, x) and sup; ,)cpo,7xra |F'(t,2,0,0,0)| < oo. Moreover, I is uni-
formly elliptic and dominated by the diffusion of the linear operaiof.e.

el <F,<aonR!xRxR?x S, forsome ¢ > 0. (4.7)
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Theorem 4.2.2.Let Assumption F hold true, and assume that the fully nonlinear PDE
(4.1) has strong comparison of bounded solutions. Then for every bodndetiong,
there exists a bounded functiorso that

v — v locally uniformly

In addition,w is the unique bounded viscosity solution of the relaxed boundary problem

(4.1)44.2)

Remark 4.2.3. The restriction to bounded terminal dat&n the above Theorem 4.2.2
can be relaxed by an immediate change of variable, thanks to the bawwsdecbndi-
tions on the coefficientsande, see [37].

Remark 4.2.4. Theorem 4.2.2 states that the right hand-side inequality of (4.7) (i.e.
diffusion must dominate the nonlinearity ) is sufficient for the convergence of the
Monte Carlo—Finite Differences scheme. We do not know whether thiditom is
necessary. However, in [37], it is shown that this condition is not shmatipe simple
linear case, while the numerical experiments reveal that the method awayahpoor
performance in the absence of this condition.

The rest of this section is dedicated to the proof of Theorem 4.2.2 whichsisd
on the convergence of monotonic schemes of Barles and SougaridiSif&ce the
probabilistic community is not familiar with this result we report a complet@pro

Properties of the discretisation scheme The approach of [9] is based on three main
properties of the scheme.

1 The firstingredient is the so-called consistency property, which staeftrevery
smooth functiony with bounded derivatives ard, z) € [0, T] x R®:

b (Cre=Tilet ) (¢,

', 2’y — (t,x) h
(h,c) — (0,0)
t/ +h <1

- - (£X90 + F(a QD,DQO,DQQD)) (t,:l?)

(4.8)
The verification of this property follows from an immediate application ofslfor-
mula.

2 The second ingredient is the so-called stability property:

the family (v"),, is L> — bounded, uniformly irh. (4.9)
This property is implied by the boundednessyand F'(¢, «, 0,0, 0) (Assumption F),
together with the stronger property that for every-bounded functions, ¢ : [0, 1] x
RY — R:

T[] — Ta[t)]|oo < ¢ — ¥|oc(1 4+ Ch) for some C >0, (4.10)
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For ease of presentation, we report the proof of (4.10) in the onerdiional case; the
general multi-dimensional case follows the same line of argument; Setp — . By
the mean value theorem there exists seéme(t, z, 7, p, 7) that:

(Tl =TI (o) = B[ 157 (14 hE O+ T F(0) + Hip 5 0)) |
A0

2
— ]E{f(f(,tﬁ) <1 s +hFTthp(9)

4F,(6)

+ A,%ﬂ (4.11)

where

_ W Fp(e)\/ﬁ
A, = U\/E,/F.Y(G)nLiQ\/W, (4.12)

Sincel — 0 ?F, > 0 and|F; |, < oo by (4.7) of Assumption F, it follows from the
Lipschitz property off that
Tale] = Tal¥lle < [floo (1= 072F(0) + E[|An]?] + Ch)

= |f|<>o (1 + h(4Fv)_1(‘9)(Fp)2(9) + Ch) < |f|<>0(1 + Ch)-

3 The final ingredient — and the most important — is the monotonicity. In theegb
of our scheme (4.4), we have for all functiops) : [0, 1] x R — R with exponential
growth:

e <v = Tplt,x) < ThlY](t,z) + ChE[(¥ — ¢)(t + h, X;")] (4.13)

for some constant’ > 0. To prove (4.13), we proceed as in the proof of the stability
result to arrive at (4.11). Sincé:= 1) — ¢ > 0 in the present context, arfd, < o2 by
(4.7) of Assumption F, we deduce that:

ot,x h FP(9)2
(Tlo) = Thlel) (bo) = EFCGT) (hEO) - 35005 )| (414)
vy
and the required result follows from the Lipschitz propertyfofand the fact that
|F oo < 00 by (4.7).

The Barles—Souganidis monotone scheme convergence argumeriiven the above
consistency, stability and monotonicity properties, the convergence fa#rtily (v");,
towards some function which is the unique viscosity solution of the PDE (4.1) fol-
lows from [9]. We report the full argument for completeness.

From the stability property the semi-relaxed limits

Vi(t,z):=  liminf o"(,2') and V*(t,z):= limsup o"(t,2)
("2’ ,h)—(t,2,0) (2" ,h)—(t,x,0)

are finite lower-semicontinuous and upper-semicontinuous functiesygectively. Also,
they obviously inherit the boundedness of the fanqilfy);,. The key-point is to show
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that V. and V* are respectively viscosity supersolution and subsolution of the PDE
(4.1)—(4.2), which implies by the strong comparison assumptionithat V*. Since
the converse inequality is trivial, this shows that= V* is the unique bounded solu-
tion of (4.1), thus completing the proof of convergence.

In the rest of this section, we show tHat is a viscosity supersolution of the PDE
(4.1). A symmetric argument applies to prove the correspondingepipfor V*. Let
(to, o) € [0,1) x R andyp € C? ([0,1] x R?) be such that

0 = (Vi —¢)(to,z0) = min(Vi —¢)

Without loss of generality, we may assume fftatz) is a strict minimiser ofV, — ).
Let (hn,tn, x,) be a sequence ifd, 1] x By (to, xo) With
(h'nv tnv xn) — (07 t()v ‘TO) and Uhn (tn; I’n) — V* (t()a I’O)v
and defingt!,, «!,) by

hn

cn = (VP —)(t,,2)) = min(v" — ),

n? n BO
whereBy C [0,1] x R? is a closed ball containing, z) in its interior. By definition,
we havec,, + o(t!,z!) = vhn(t! 2!) = Ty, [v'](t,2)). Sincevi» > ¢, + o, it

follows from the monotonicity property (4.13) that:

cn Fo(th,al) > Th,len + 0"t ). (4.15)

n? n n’ n

Since the sequendg),, z,),, is bounded, it converges to sorfig, =) after possibly

T n

passing to a subsequence. Observe that

(V*_(P)(ﬁOa ‘TO) = lim (Uhn_‘p)(tmxn) > Hminf(vh"—(p)(t;, w;z) 2 (V*_‘:D)(tlvxl)'
Since(ty, o) Is a strict minimiser of the differenci, — ¢, this shows thatt;, z;) =
(to,z0), @ande, = (vi» — @)(t!, 2! ) — 0. We now go back to (4.15), normalise by

h, and send: to infinity. By the consistency property (4.8), this provides the required
result:

—Lo(to,z0) — F (., 0. Dp, D*p) (to,z0) > 0.

Remark 4.2.5. In the context of nonlinear PDEs of the HIB type, see Assumption HIB
below, Bonnans and Zidani [14] introduced finite differences agprations which
obey to the monotonicity condition. The choice of the discretisation turns cog to
pretty involved and is specific to each choice of control. Our probabilistierse has

the nice property to be automatically monotonic.

4.3 Rate of convergence of the discretisation of HIB equatis

We next provide an error estimate for our probabilistic numerical sehé&r ease of
presentation, we assume that the nonlinedrityatisfies the condition

1
F = B FF, > 0, (4.16)
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which implies that the monotonicity property (4.13) is strengthened to:
p <9 = Tnle] <Thl¢¥], (4.17)

see (4.14). In [37], it is shown that our main results hold without Conulif#n16).
The subsequent argument for the derivation of the error estimatadilty based
on the following comparison principle satisfied by the scheme.

Lemma 4.3.1. Let Assumption F holds true, and consider two arbitrary bounded func-
tionsp and+ satisfying:

W (e —Tulgl) < i and h™' (¢ —Tu[)]) > g (4.18)
for some bounded functiogs and g». Then, for every =0, ..., n:
(= )(tiyx) < T (p =) (1, ) |oo + (1= 0)e? | (g1 — g2) T o (4.19)
for some paramete > |F}| .

Before stating precise results, let us explain the key idea as introducKdyloy
[52, 53, 54]. We also refer to the lecture notes by Bonnans [13] whichige a clear
summary in the context of infinite horizon stochastic control problems.

Key-idea for the lower bound Given the solutionv of the nonlinear PDE (4.1),
suppose that there is a functiah satisfying

u® is a classical subsolution of (4.1) and — C(¢) <u® <w (4.20)

for some functiorC (¢). Let

R[] = %Th[f] + Luf + F (.,u°, Du®, D*uf) ,
and letR(h, ) be a bound o, [u°]:

|R,[v*](t, z)| < R(h,e) forevery (t,z)€[0,T] x R". (4.21)
Sincewu* is a subsolution of the nonlinear PDE (4.1), it follows that

w(tw) < B |u(t+ b X0)| + B F(,Dut)(t @) + R(h,)).
We next introduce the functioli® defined byU* (1, «) = »*(1, 2) and
Us(ty,z) = E [Qg(ti + h,f(}j’“’)} + h[F(.,DU")(ti,x) + R(h,e)].

Then, it follows from the comparison property of Lemma 4.3.1 that

w o< U (4.22)
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Moreover, arguing as in the proof of (4.10), we see that
UF =" < (14 CR)Ey [[UF = "] (¢4, X17)] + RR(R ),
which provides the estimate:
|U® —o"| < R(h,e). (4.23)
We then deduce from (4.20), (4.22) and (4.23) that
v—" =v—ut U —v<v—uf + U —v" <COe) + R(h,e),
and therefore

v=v" < inf(C(e)+R(h,e)). (4.24)

The approximating subsolution The following construction of the functiow® sat-
isfying (4.20) requires that the nonlinearii(¢, x, r, p, v) be concave irfr, p, v) with
some additional conditions in order to ensure some regularity of the salublon
tice that the case whet&(¢, x, r, p,~y) is convex in(r, p,v) can also be dealt with by
a symmetric argument (inverting the roles of supersolutions and suiossy For
a bounded functiom (¢, ) Lipschitz ina and1/2—Holder continuous in, we denote

Wh o= et sup )=o)

([0,1] xRe)? |z — | + |t — t'|V/2

Assumption HJB The nonlinearityF is of the Hamilton—Jacobi—-Bellman type:

F(t7 :1:7 T7p7,>/) = ian{Ea(t"I’)r’p? FY)}
aec

1
LYt @, p,y) = 5TT[U%O‘T(t, z)y] + 0% (t, x)p + (L 2)r + f4(t, @)
whereb, o, o, b, ¢* and [« satisfy:

|b|1+|<7|1+SHB(|00‘|1+|ba|1+|0a|1+|fo‘|1) < oo
[

The above Assumption implies in particular that our nonlinear PDE satissiesray
comparison result for bounded functions. L&t be the unique viscosity solution of
the nonlinear PDE with shaked coefficients (in the terminology of Krylov):

—68—“;5 —inf|cj<1 F (t +ee, x4 ce,w(t,x), Dw (t, ), D*w®(t,z)) =0,
we(l,.) =g,

where:

(4.25)

1
F(t,z,r,p,y) = <b(t71’)7p>+§TY[00'7]+F(t7x,T,p,v)-
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The existence ob® follows from a direct identification of this PDE as the HIB equation
of a corresponding stochastic control problem. By the definitiomofogether with
a strong comparison argument, we then have that

w® is a subsolution of (4.1) and® — v| < Ck, (4.26)

for some constan®@ > 0. It also follows from classical estimates that for a Lipschitz—
continuous final conditio®:

w® IS bounded, Lipschitz i, and1/2—Hdlder continuous in. (4.27)
Let p(t, z) be aC'> positive function supported i\, z) : ¢ € [0, 1], |z| < 1} with unit
mass, and define

1 t
u®(t,x) :=w® x p° where p°(t,z):= syl <5—2, g) (4.28)

so that it follows from (4.27) that

u isC>, and ‘Q?OD%E < Cel=260=1Bh (4.29)

for any (G, 8) € N x N4\ {0}, where|s|, := ., 3;, andC > 0 is some constant.
Then, it follows from two successive applications of 1td’s formula tha

R,[u°] < R(h,e) := Che® (4.30)

for some constant'. Finally, by the concavity of”, the functionu® inherits (4.26):
u® is a viscosity subsolution of andju® — v| < C(e) := Ce. (4.31)

Sinceu® satisfies all the requirements of the previous section, we deduce that

v—o" < infC (6 + h€_3) ~ Ch'/*, (4.32)
e>0

The upper bound In the context of our scheme, we shall obtain an upper bound on
the error by inverting the roles efandv” in the above lower bound argument. Lét
be the solution of the scheme with shaked coefficients:

V(T,.) = g, of = TRl Til] = inf The[v), Thelv) = DY) + hF (., De[v])

le[<e
where
Dp(t,x) =E[p(t+ h, o+ plt +e,x+e)h+o(t +e,x+e)Wi)Hp(t +e,x + €)].

Then,0 < v" — v! by the comparison result for the scheme. When the volatility

is chosen to be constant, we also hate- v < Ce for some constant'. Moreover,

it is proved in [37] that” is Lipschitz-continuous in- and1/2—Holder continuous in
t, uniformly in 4. Then, the mollification” x p. of v! satisfies the estimates (4.29).
Collecting all these ingredients, we obtain a lower bound on the error:

v—o" > —Cinf(e+ R(h,e)) = —Ch'/*,
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The main result Summing up the above results, we have

Theorem 4.3.2. Let the nonlinearity be as in Assumption HJB, and tebe constant.
Then, for any bounded Lipschitz final conditign

Chl/l() S v — ’Uh S Ch1/4

Remark 4.3.3. In the PDE Finite Differences literature, the rate of convergence is
usually stated in terms of the discretisation in the space varjable In our context of
stochastic differential equation, notice thatr| is or the order of.'/2. Therefore, the
above upper bound on the rate of convergence corresponds toshiealaate Axz|'/2.
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