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Discrete-time approximation of BSDEs and
probabilistic schemes for fully nonlinear PDEs

Bruno Bouchard, Romuald Elie, and Nizar Touzi

Abstract. The aim of this paper is to provide a survey on recent advanceson probabilistic numerical
methods for nonlinear PDEs, which serve as an alternative toclassical deterministic schemes and
allow to handle a large class of multidimensional nonlinearproblems. These probabilistic schemes
are based on the stochastic representation of semilinear PDEs by means of backward SDEs, which
can be viewed as an extension of the well-known Feynman–Kac formula to the semilinear case. In
this context, we first explain how smoothness properties canbe obtained for non-reflected BSDEs set
in the whole domain by using purely probabilistic techniques introduced in Ma and Zhang [59], and
how they can be exploited to provide convergence rates of discrete time Euler-type approximation
schemes. We then present some recent extensions to BSDEs with jumps, reflected BSDEs, BSDEs
with horizon given by a finite stopping time, and second orderBSDEs. The extension to fully non-
linear PDEs requires to enlarge the definition of backward SDEs. However, a natural probabilistic
numerical scheme can be introduced formally by evaluating the nonlinear PDE along the trajectory
of some chosen underlying diffusion. This point of view shows an intimate connection between the
probabilistic numerical schemes reviewed in this paper andthe standard finite differences methods.
In particular, convergence and error estimates are provided by using the monotone schemes methods
from the theory of viscosity solutions.

Key words. Backward stochastic differential equations, numerical resolution, conditional expecta-
tion, monte carlo methods.
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1 Introduction

The application field offered by the resolution of BSDEs is wide and diverse. As no-
ticed by Bismut [12], Backward Stochastic Differential Equations (hereafter BSDEs)
cover in particular the field of stochastic optimal control problems and the correspond-
ing Hamilton–Jacobi–Bellman equations. See also [67], [72] for optimal control of dif-
fusions with jumps, and [15] and [51] for optimal switching problems. Consequently,
these techniques are of great interest for applications in economics. This is particularly
true in finance, where their use was popularised by El Karoui, Peng andQuenez [48].
In incomplete markets, it can be used to solve optimal management problems by work-
ing along the lines presented in, e.g., El Kaouri, Peng and Quenez [49]for recursive
utilities, El Karoui and Rouge [50] for indifference pricing, see also themore recent
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paper [46] and the references therein, and Peng [68] for risk measures. Adding jumps
to financial assets dynamics can be done as in [10] or [36]. BSDEs with jumps are
also used for the valuation of financial derivatives with default risk. The valuation of
American or game options follows from the resolution of reflected BSDEs,see [47].
The list of potential applications is long.

More generally, it is well known that the so-called Feynman Kac representation ex-
tends to second order semilinear PDEs which can be interpreted in terms ofdecoupled
Forward-Backward SDEs, see Pardoux and Peng [63, 64] and Pardoux [62]. The term
“decoupled” refers to the fact that the dynamic of the forward process does not depend
on the solution of the Backward SDE. Hence, solving a BSDE or the related semilinear
PDE is essentially the same. It was actually first proposed by Ma, Protter and Yong
[58], see also [34], to use an estimation of the solution of the semilinear PDEto provide
an approximation of the solution of Forward-Backward SDEs. However, solving PDEs
in high dimension by finite-difference or finite-element schemes is a challenging task
and any deterministic procedure suffers from the so-called “curse ofdimensionality”
which, very quickly, prevents from a good approximation of the solution of the PDE.

As a powerful alternative to classical purely deterministic techniques, more proba-
bilistic approaches, directly based on the resolution of BSDEs, have beenintroduced
these last years. We can essentially classify them in two categories. The first one con-
cerns the approximation of the driving Brownian motion by a random walk on a finite
tree. Such techniques have been widely studied, see e.g. [1], [28], [29] or [57], how-
ever they can be efficient only in low dimension since the size of the tree explodes
exponentially with the dimension. The second one is based on Monte-Carlo type tech-
niques. The main idea consists in simulating the Forward process by using standard
Euler schemes and then computing backward the solution of the BSDE associated to
the simulated forward paths by: 1. Discretising in time the BSDE and writing an Euler-
type backward scheme which involves conditional expectations, 2. Approximating the
conditional expectations by using non-parametric regression methods,see [22], [56],
[27], [43] or integration by parts based estimators, see [55], [17] and [20]. The main
advantage of such methods is that, like other Monte-Carlo type methods, theconver-
gence rate does not depend a-priori on the dimension of the problem and they should
therefore less suffer from the curse of dimensionality. In practice, thevariance and/or
the convergence rate of the estimators of the conditional expectations usually depends
on the complexity/dimension of the problem, and the above comment has to be tem-
pered. There is actually a third class of methods which lies in between the two previous
ones and which were developed in a series of papers by Bally, Pagès and Printems, see
e.g. [3], [4] and the references therein. In this approach, the original forward process
is replaced by a quantised version in discrete time, i.e. a projection on a finitegrid,
whose associated Backward SDE can be computed by backward induction. The differ-
ence with the random walk technique is that the grid is computed in some optimalway,
which allows to consider high dimension problems with a limited number of points,
see the above quoted papers.

We shall not detail the pure numerical parts in this paper but rather insistson the
first step of all these algorithms: the discrete time approximation of the BSDEwhich
leads to a Backward Euler-type scheme.
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Not surprisingly, the discrete time approximation error depends heavily on the reg-
ularity of the solution itself. The good news is that it essentially only depends on it.
Therefore, all the analysis breaks down to that of the regularity of the solution of the
BSDE. This has been first observed by Zhang [73, 74] and Bouchard and Touzi [20],
who exploited the regularity results of Ma and Zhang [59] to provide a|π|1/2 converge
rate for decoupled Forward-Backward SDEs with Lipschitz coefficients, for a time-
grid modulus|π|. Various extensions have been then developed in the literature and are
reviewed in this paper: reflected BSDEs, the presence of a jump component, and the
corresponding Dirichlet problem.

More recently, the backward schemes suggested by the discretisation ofBSDEs have
also been extended to the case of fully nonlinear PDEs by Fahim, Touzi and Warin
[37]. The connection with an extended class of BSDEs, namely second order BSDEs,
was outlined in [25]. The last section of this paper provides a presentationof the
probabilistic numerical schemes which avoids BSDEs and only requires toevaluate the
nonlinear PDE along the trajectory of some chosen underlying diffusion.In particular,
this point of view highlights the relationship of the probabilistic schemes studiedin
this paper with the corresponding standard deterministic schemes. The convergence
results and the corresponding error estimates in the fully nonlinear case are reviewed
in the final section of this paper, and are based on the monotone schemesmethod
initiated within the theory of viscosity solutions by Barles and Souganidis [9], Krylov
[52, 53, 54], and Barles and Jakobsen [6, 7, 8].

To conclude, we should note that the case of coupled Forward-Backward SDEs has
been considered in e.g. [31], [32], see also the references therein. The nature of the
analysis being very different from the ones carried out here, we shall not discuss this
case here (although it is important). See also [11] for Picard type iterations techniques.

Notations: Any element ofRd is viewed as a column vector and we denote by′ the
transposition.Md (resp.Sd) denotes the set ofd × d (resp. symmetric) matrices. For
a smooth function(t, x) 7→ ϕ(t, x), we denote by∂tϕ its first derivative with respect
to t, and byDϕ andD2ϕ its Jacobian and Hessian matrix with respect tox. It the
function depends on more than one space variable, we useDx, Dy, etc . . . to denote
the partial Jacobian with respect to a specific argument.

2 Numerical approximation of decoupled forward
backward SDE

Let us first consider the simplest case of decoupled Forward-Backward SDE on the
whole domain:

Xt = x+

∫ t

0

b(Xs)ds−
∫ t

0

σ(Xs)dWs (2.1)

Yt = g(X1) +

∫ 1

t

h(Xs, Ys, Zs)ds −
∫ 1

t

Z ′
sdWs , t ≤ 1 (2.2)
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whereW is d-dimensional Brownian Motion on some probability space(Ω,F ,P),
whose associated complete and right-continuous filtration is denoted byF = (Ft)t≤1.
Here,b : R

d → R
d, σ : R

d → M
d, g : R

d → R andh : R
d × R × R

d → R are some
Lipschitz continuous functions.

2.1 Discrete time approximation

The discrete-time approximation is constructed as follows.

Euler scheme for the Forward process.Given a time-gridπ := {0 = t0 < t1 < · · · <
tn = 1} of [0, 1] with modulus|π|, we first approximate the Forward processX by its
Euler schemeXπ defined as

Xπ
0 := x , and Xπ

ti+1 := b(Xπ
ti
)∆ti + σ(Xπ

ti
)∆Wti

for i < n , (2.3)

where∆ti := ti+1 − ti and∆Wti
:= Wti+1 −Wti

.

Euler scheme for the Backward process.As for the solution(Y, Z) of the BSDE, we
first approximate the terminal conditionY1 = g(X1) by simply replacingX by its Euler
scheme :Y1 ≃ g(Xπ

1 ). Then, motivated by the formal Euler discretisation:

Yti
= Yti+1 +

∫ ti+1

ti

h(Xs, Ys, Zs)ds −
∫ ti+1

ti

Z ′
sdWs

′′ ≃′′ Yti+1 + h(Xπ
ti
, Yti

, Zti
)∆ti − Z ′

ti
∆Wti

,

we define the discrete-time approximation of the BSDE as follows:
1. Taking expectation conditionally toFti

on both sides leads to

Yti
≃ E

[
Yti+1 | Fti

]
+ h(Xπ

ti
, Yti

, Zti
)∆ti .

2. Pre-multiplying by∆Wti
and then taking conditional provides

0 ≃ E
[
Yti+1∆Wti

| Fti

]
− Zti

∆ti .

This formal approximation argument leads to a Backward Euler scheme(Y π
ti
, Z̄π

ti
) of

the form






Z̄π
ti

= 1
∆ti

E

[

Y π
ti+1

∆Wti
| Fti

]

Y π
ti

= E

[

Y π
ti+1

| Fti

]

+ h
(
Xπ

ti
, Y π

ti
, Z̄π

ti

)
∆ti

(2.4)

with terminal condition given byY π
1 = g(Xπ

1 ). The reason why we denote theZ-
component bȳZπ, and not simplyZπ, will become clear in Remark 2.1.2 below.

Remark 2.1.1(Explicit or implicit schemes). Note that the above scheme is implicit
asY π

ti
appears in both sides of the equation. Sinceh is assumed to be Lipschitz and

since it is multiplied by∆ti, which is intended to be small, the equation can however
be solved numerically very quickly by standard fixed point methods. Nevertheless, we
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could also consider an explicit version of this scheme by replacing the second equation
in (2.4) by

Y π
ti

= E

[

Y π
ti+1

+ h
(

Xπ
ti
, Y π

ti+1
, Z̄π

ti

)

∆ti | Fti

]

.

This will not change the convergence rate, see [18]. Both can thus be used indifferently
depending on the exact nature of the coefficients.

Remark 2.1.2(Continuous time version of the Euler scheme). Note that the martin-
gale representation theorem implies that we can find a square integrable processZπ

such that

Y π
ti

= Y π
ti+1

+ h
(
Xπ

ti
, Y π

ti
, Z̄π

ti

)
∆ti −

∫ ti+1

ti

(Zπ
s )′dWs .

This allows to consider a continuous version of the Backward Euler scheme by setting

Y π
t := Y π

ti+1
+

∫ ti+1

t

h
(
Xπ

ti
, Y π

ti
, Z̄π

ti

)
−
∫ ti+1

t

(Zπ
s )′dWs for t ∈ [ti, ti+1) . (2.5)

It then follows from the Itô isometry that

Z̄π
ti

=
1

∆ti
E

[∫ ti+1

ti

Zπ
s ds | Fti

]

. (2.6)

In other words, the step constant processZ̄π, defined asZ̄π
t := Z̄π

ti
for t ∈ [ti, ti+1),

can be seen as the bestL2(Ω × [0, 1], dP ⊗ dt) approximation ofZπ in the class of
adapted processes which are constant on each interval[ti, ti+1).

2.2 Error decomposition

In order to compare(Y, Z) and(Y π, Zπ), let us introduce

Z̄ti
:=

1

∆ti
E

[∫ ti+1

ti

Zsds | Fti

]

and observe that, sinceh is Lipschitz continuous,

−dYt = h(Xt, Yt, Zt)dt − Z ′
tdWt

≃ h(Xπ
t , Yti

, Z̄ti
)dt − Z ′

tdWt for t ∈ [ti, ti+1) (2.7)

up to an error term of orderC
(
|Xt −Xπ

ti
| + |Yt − Yti

| + |Zt − Z̄ti
|
)
dt for some con-

stantC > 0. Next observe from the definition of̄Zti
andZ̄π

ti
and Jensen’s inequality

that

E
[
|Z̄ti

− Z̄π
ti
|2
]
≤ E

[
1

∆ti

∫ ti+1

ti

|Zt − Zπ
t |2dt

]

. (2.8)
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It then follows from (2.5)–(2.7), recalling the involved error terms, and standard tech-
niques for BSDEs with Lipschitz coefficients that

max
0≤i<n

E

[

|Yti
− Y π

ti
|2 +

∫ ti+1

ti

|Zt − Zπ
t |2dt

]

≤ C E

[

sup
ti≤t≤ti+1

|Xt −Xπ
ti
|2 + sup

ti≤t≤ti+1

|Yt − Yti
|2 +

∫ ti+1

ti

|Zt − Z̄ti
|2dt

]

for someC > 0. Using (2.8) again and standard estimates for Forward Euler schemes,
it follows that

Err(π)2 := max
0≤i<n

E

[

sup
ti≤t≤ti+1

|Yt − Y π
ti
|2
]

+ E

[
n−1∑

i=0

∫ ti+1

ti

|Zt − Z̄π
ti
|2dt

]

≤ 2 max
0≤i<n

E

[

sup
ti≤t≤ti+1

(
|Yti

− Y π
ti
|2 + |Yt − Yti

|2
)

]

+2

(

E

[
n−1∑

i=0

∫ ti+1

ti

|Zt − Z̄ti
|2 + |Z̄ti

− Z̄π
ti
|2dt

])

≤ C
(
|π| + R2

Y (π) + R2
Z(π)

)

for someC > 0, where

R2
Y (π) := max

0≤i<n
E

[

sup
ti≤t≤ti+1

|Yt − Yti
|2
]

and

R2
Z(π) := E

[
n−1∑

i=0

∫ ti+1

ti

|Zt − Z̄ti
|2dt

]

can be seen as (squared) modulus of regularity ofY andZ.

Proposition 2.2.1([20], [74]). There is a constantC > 0, which is independent onπ
such that:

Err(π) ≤ C
(
|π| + R2

Y (π) + R2
Z(π)

) 1
2 .

Remark 2.2.2. 1. Note that, by continuity of the processY , the quantitysupti≤t≤ti+1

|Yt − Yti
|2 convergesP − a.s. to0 as|π| → 0. Since the coefficients are Lipschitz, we

also haveE
[
supt≤1 |Yt|2

]
<∞. It thus follows from dominated convergence that

R2
Y (π) −→ 0 as |π| → 0 .

2. Also note that the step constant processZ̄, defined as̄Zt := Z̄ti
for t ∈ [ti, ti+1), can

be seen as the bestL2(Ω × [0, 1], dP ⊗ dt) approximation ofZ in the class of adapted
processes which are constant on each interval[ti, ti+1). Since such processes can be
used to approximateZ in L2(Ω × [0, 1], dP ⊗ dt), it follows that

R2
Z(π) −→ 0 as |π| → 0 .
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Combining Proposition 2.2.1 and the last remark, implies the first converge result.

Corollary 2.2.3. We have:Err(π)2 −→ 0 as |π| → 0 .

Remark 2.2.4. It follows from the interpretation of̄Z in terms of the best approxima-
tion ofZ by step constant processes that

E

[
n−1∑

i=0

∫ ti+1

ti

|Zt − Z̄π
ti
|2dt

]

≥ R2
Z(π) .

In the case whereh ≡ 0, thenY is a martingale andYti
is therefore the bestL2(Ω, dP)

approximation ofYt for t ∈ [ti, ti+1] by a Fti
-measurable random variable. The

Burckolder–Davis–Gundy’s inequality then implies that

E

[

sup
ti≤t≤ti+1

|Yt − Y π
ti
|2
]

≥ c E

[

sup
ti≤t≤ti+1

|Yt − Yti
|2
]

,

for somec > 0. In view of Proposition 2.2.1, this shows that

c
(
R2

Y (π) + R2
Z(π)

)
≤ Err(π)2 ≤ C

(
|π| + R2

Y (π) + R2
Z(π)

)
.

Up to a |π| term this can actually be shown even ifh 6≡ 0. This result is not sur-
prising. As usual, the convergence rate should depend on the regularityof the func-
tions/processes to be approximated.

2.3 Path regularity and convergence rate

In view of Proposition 2.2.1, the whole analysis of the convergence rateof the discrete-
time approximation breaks down to the analysis of the (squared) modulus of continuity
R2

Y (π) andR2
Z(π). The regularity ofY is standard in our context where the coefficients

are Lipschitz continuous.

Proposition 2.3.1. There existsC > 0 independent onπ such thatR2
Y (π) ≤ C |π|.

Note that this implies some regularity on the (unique viscosity) solutionv of the
semilinear PDE

−Lv − h(·, v, σ′Dv) = 0 on [0, 1) × R
d

v(T−, ·) = g onR
d ,

whereL is the Dynkin operator associated toX ,

Lv := ∂tv + 〈b,Dv〉 +
1

2
Tr
[
σσ′D2v

]
,

since it is related to(Y, Z) by the mappingY = v(·, X) and (at least formally)Z =
σ(X)′Dv(·, X), see e.g. [64]. As a matter of fact, it follows from our Lipschitz con-
tinuity assumption that this solution is Lipschitz continuous in space and1/2-Hölder
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in time. SinceX is itself 1/2-Hölder in time inL2, this actually implies the regularity
statement of Proposition 2.3.1.

It is however less standard to study the regularity of theZ-component. IfDv, when-
ever it is well-defined, were Lipschitz continuous in space and1/2-Hölder in time, we
would easily deduce thatR2

Z(π) is of order|π|. But such a result is not true in general,
and indeed much stronger than what we need.

A pure probabilistic analysis of the modulus of regularity ofZ has been carried out
by Ma and Zhang [59] and Zhang [74], actually in a more general setting. It is based
on the following analysis (d = 1 to avoid notational complexities):

Step 1. The first step consists in assuming thatg andσ areC1
b and using the fact that

(Y, Z) are differentiable in the Malliavin sense and that there exists a version of their
Malliavin derivative(DY,DZ) which solves

DsYt = Dg(X1)DsX1 +

∫ 1

t

Dh(Θr)Ds(Xr, Yr, Zr)dr −
∫ 1

t

DsZrdWr , s ≤ 1 ,

whereΘ := (X,Y, Z), see e.g. [61]. Moreover, Itô’s formula and uniqueness of so-
lutions of BSDEs with Lipschitz coefficients imply that it is related to the solution
(∇Y,∇Z) of

∇Yt = Dg(X1)∇X1 +

∫ 1

t

Dh(Θr)∇(Xr, Yr, Zr)dr −
∫ 1

t

∇ZrdWr , s ≤ 1 ,

where∇X denotes the first variation process ofX , by the relationDs(X,Y, Z) =
1[s,1]∇(X,Y, Z)(∇Xs)

−1σ(Xs).

Step 2. On the other hand, the identity

Yt = Y0 −
∫ t

0

h(Θr)dr +

∫ t

0

ZrdWr

implies thatDtYt = Zt, up to passing to a suitable version of these processes. It thus
follows that

Zt =

(

Dg(X1)∇X1 +

∫ 1

t

Dh(Θr)∇Θrdr −
∫ 1

t

∇ZrdWr

)

(∇Xt)
−1σ(Xt) .

Setting

η := ∇X exp

{∫ ·

0

Dzf(Θr)dWr −
∫ ·

0

(
1

2
|Dzf(Θr)|2 +Dyf(Θr)

)

dr

}

, (2.9)

we then deduce from Itô’s formula that

Zt = E

[

Dg(X1)η1 +

∫ 1

t

Dxh(Θr)ηrdr | Ft

]

η−1
t σ(Xt) . (2.10)
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Step 3. The rest of the proof is based on a martingale argument. For sake of simplic-
ity, let us consider the caseDh ≡ 0, ∇X ≡ 1 andσ is constant. Then

Zt = E [Dg(X1) | Ft]σ ,

and, fort ∈ [ti, ti+1],

E
[
|Zt − Zti

|2
]
≤ E

[
|Zti+1 |2 − |Zti

|2
]

so that, by 2. of Remark 2.2.2,

R2
Z(π) ≤

n−1∑

i=0

∫ ti+1

ti

E
[
|Zt − Zti

|2
]
dt ≤ |π|E

[
|Z1|2

]
= |π|E

[
|Dg(X1)|2

]
.

Also more technical, the general case is essentially treated similarly, by using the
Lipschitz continuity of the coefficients. The above proof is performed for C1

b coef-
ficients, but the final bound depends only on the Lipschitz constants. It can then be
extended by standard approximation techniques.

Theorem 2.3.2([74]). If the coefficients are Lipschitz, thenR2
Z(π) = O(|π|).

Combining the last theorem with Propositions 2.2.1 and 2.3.1 provides a|π| 12 con-
vergence rate for the Backward Euler scheme.

Corollary 2.3.3. If the coefficients are Lipschitz, thenErr(π) ≤ O(|π| 12 ).

Remark 2.3.4. Importantly, all these results are obtained under the single assumption
that the coefficients are Lipschitz continuous. In particular, no ellipticity condition is
imposed onσ.

Remark 2.3.5. The |π| 12 convergence rate is clearly optimal and is similar to the one
obtained for Forward SDEs.

Remark 2.3.6. Since no ellipticity assumption is made onσ, one component ofX
can be chosen so as to coincide with time. It is therefore not a restriction to consider
a-priori time homogeneous dynamics. Note however, that a similar analysis could be
performed under the assumption that theb, σ andf are only1/2-Hölder in the time
component, as opposed to Lipschitz continuous.

Remark 2.3.7. Similar results are obtained in [74] in the case where the terminal con-
dition is of the formf(X) wheref is a function of the whole path ofX on [0, 1], under
suitable Lipschitz continuity assumptions on the space of continuous paths. The case
of non-regular terminal conditions has been discussed in [44]. The grid has then to
be refined near the terminal timet = 1 in order to compensate for the explosion of
the gradientDv. However, their proof relies on PDE arguments and requires strong
smoothness assumptions on the coefficients as well as a uniform ellipticity condition
onσ, a condition that was not required so far.
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2.4 Weak expansion in the smooth case

So far, we have only discussed the strong convergence rate. But, as for linear problems,
which correspond to the case whereh does not depend onY andZ, we can also study
the weak approximation error. Such an analysis as been performed recently by Gobet
and Labart [42], thus extending previous results of Chevance [26] who considered the
case whereh does not depend onZ.

Their result is of the form:

Yt − Y π
t = Dv(t,Xt)(Xt −Xπ

t ) +O(|π|) +O
(
|Xt −Xπ

t |2
)

Zt − Z̄π
t = D [Dv(t,Xt)σ]

′
(Xt −Xπ

t ) +O(|π|) +O
(
|Xt −Xπ

t |2
)
,

where(Xπ
t )t≤1 is the continuous version of the Euler scheme ofX and(Y π, Zπ) are

defined consistently with the explicit Backward Euler scheme by

Y π
t = E

[

Y π
ti+1

+ h
(

Xπ
ti
, Y π

ti+1
, Z̄π

ti

)

(ti+1 − t) | Ft

]

Z̄π
t =

1

ti+1 − t
E

[

Y π
ti+1

(Wti+1 −Wt) | Ft

]

, t ∈ [ti, ti+1) .

In particular, this implies thatv(0, X0) − Y π
0 = Y0 − Y π

0 = O(|π|). Moreover, when
the grid is uniform, this allows to deduce from the weak convergence of theprocess
|π|− 1

2 (X −Xπ) that the process|π|− 1
2 (X −Xπ, Y − Y π, Z − Z̄π) weakly converges

too.

As usual, this requires much stronger assumptions than only our previous Lipschitz
continuity conditions, in particular they need to assume thatσ is uniformly elliptic.

3 Extensions to other semilinear cases

The analysis of the previous Sections 2.2 and 2.3 consists in two parts:
1. Control the convergence rate of the discrete time approximation in termsof the
modulus of regularity ofY andZ.
2. Study these modulus of regularity. Here, the difficult task consists in controlling
R2

Z(π). In the above classical case, it is obtained by applying martingale-type tech-
niques to a suitable representation ofZ.

In the following, we show how these techniques can be adapted to more general sit-
uations corresponding to BSDEs with jumps, reflected BSDEs or BSDEs withrandom
time horizon.

3.1 BSDEs with jumps

The analysis of Chapter 2 can be extended in a very natural way to decoupled For-
ward Backward SDEs with jumps. Such equations appear naturally in optimal control
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for jump diffusion processes, see [72], hedging problems, see [36], or portfolio man-
agement, see [10], in finance. From the PDE point of view, they have twoimportant
applications.

Example 3.1.1(Semilinear PDEs with integral term).Let us consider the solution
(X,Y, Z, U) of

Xt = X0 +

∫ t

0

b(Xr)dr +

∫ t

0

σ(Xr)dWr +

∫ t

0

∫

E

β(Xr−, e)µ̄(de, dr) ,

Yt = g(X1) +

∫ 1

t

h (Θr) dr −
∫ 1

t

Z ′
rdWr −

∫ 1

t

∫

E

Ur(e)µ̄(de, dr) (3.1)

where µ̄(de, dt) = µ(de, dt) − λ(de)dt is a compensated compound point measure,
independent onW , with mark-spaceE ⊂ R

κ, andΘ := (X,Y, Z,Γ) with

Γ :=

∫

E

ρ(e)U(e)λ(de)

for some bounded mapρ : E 7→ R
κ. Then, in the case where all the coefficients are

Lipschitz continuous, uniformly in thee-component,(Y, Z, U) can be associated to the
(unique viscosity) solutionv of

−Lv − h (·, v, σ′Dv, I[v]) = 0 , v(1−, ·) = g , (3.2)

whereL is the Dynkin operator associated toX and

I[v](t, x) :=

∫

E

{v(t, x+ β(x, e)) − v(t, x)} ρ(e)λ(de) ,

though the mapping,Yt = v(t,Xt), Ut(e) = v(t,Xt− + β(Xt−, e)) − v(t,Xt−) and
Zt = σ(Xt−)′Dv(t,Xt−), whenever it is well defined, see [5] and [18].

Example 3.1.2(Systems of semilinear PDEs).More interestingly, it was shown by [65]
and [71] that BSDEs of the form

Xt = X0 +

∫ t

0

b(Mr, Xr)dr +

∫ t

0

σ(Mr, Xr)dWr ,

Mt = 1 +

(∫ t

0

κ−1∑

j=1

jµ({j}, dt)
)

[modulo κ]

Yt = g(M1, X1) +

∫ 1

t

h (Mr, Xr, Yr, Zr, Ur) dr −
∫ 1

t

ZrdWr

−
∫ 1

t

∫

E

Ur(e)µ̄(de, dr) (3.3)

allow to provide a probabilistic representation for systems of semilinear PDEs. Here
the mark space is finiteE = {1, . . . , κ − 1} andλ(de) ≡ λ

∑κ−1
k=1 δk(e), whereλ > 0
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is a constant. Namely, given a family(b̃m, σ̃m, h̃m, g̃m)m≤κ of Lipschitz continuous
functions, if we set

(b(m,x), σ(m,x), g(m,x)) = (b̃m(x), σ̃m(x), g̃m(x))

and

h(m,x, y, z, γ) = h̃m

(

x,
[
y + γκ−m+1, . . . , y + γκ, y

︸︷︷︸

m

, y + γ1, . . .
]
, z
)

− λ
κ∑

j=1

γj ,

then one can show thatYt = vMt(t,Xt) wherev = (v1, . . . , vκ) is the unique viscosity
solution of the system

−Lmvm − hm (·, v,Dvmσm) = 0 , vm(1, ·) = gm(·) ,
with Lm denoting the Dynkin operator associated to the Forward SDE with driftb̃m
and volatility σ̃m.

Obviously, the formulations (3.1) and (3.3) can be combined so as to provide sys-
tems of semilinear PDEs with integral term.

The Backward Euler scheme for BSDEs with jumps of the form (3.1) wasintroduced
by Bouchard and Elie [18] and follows the ideas of Section 2.1. The formulation (3.3)
can be treated similarly, see Elie [35] for more details.

First, we define the Euler schemeXπ ofX as usual. The Euler scheme(Y π, Zπ,Γπ)
for (Y, Z,Γ) is then constructed as above by the Backward induction







Z̄π
ti

= 1
∆ti

E

[

Y π
ti+1

(Wti+1 −Wti
) | Fti

]

Γ̄π
ti

= 1
∆ti

E

[

Y π
ti+1

∫

E
ρ(e)µ̄(de, (ti, ti+1]) | Fti

]

Y π
ti

= E

[

Y π
ti+1

| Fti

]

+ h
(
Xπ

ti
, Y π

ti
, Z̄π

ti
, Γ̄π

ti

)
∆ti

with terminal conditionY π
1 := g(Xπ

1 ).

Remark 3.1.3. In the case whereE is a finite set{e1, . . . , eκ} , one can always choose
ρ of the formρi(ej) = 1i=j/λ({ei}) so thatΓ = (U(ei))i≤κ. The above procedure then
allows to approximateU directly. It can obviously be extended to the approximation
of any integrated version ofe 7→ U(e) with respect toλ. We only concentrate here on
Γ as defined above because this is the term which appears inh and its approximation
is therefore necessary to approximateY .

As in the no-jump case, rather standard BSDE techniques allow to show thatthe
approximation error

Err(π)2 := max
i≤n−1

E

[

sup
t∈[ti,ti+1]

|Yt − Y π
ti
|2
]

+ E




∑

i≤n−1

∫ ti+1

ti

|Zt − Z̄π
ti
|2dt





+E




∑

i≤n−1

∫ ti+1

ti

|Γt − Γ̄π
ti
|2dt



 ,
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can be controlled in terms of|π|, R2
Y (π), R2

Z(π) and an additional term that takes
jumps into account

R2
Γ(π) := E




∑

i≤n−1

∫ ti+1

ti

|Γt − Γ̄ti
|2dt



 with Γ̄ti
:=

1

∆ti
E

[∫ ti+1

ti

Γsds | Fti

]

.

Under our Lipschitz continuity assumptions, the1/2-Hölder continuity in time and
Lipschitz continuity in space of the deterministic mapv is rather standard. In view of
the identitiesYt = v(t,Xt) andUt(e) = v(t,Xt− + β(Xt−, e)) − v(t,Xt−), see [18]
for details, this readily implies thatR2

Y (π) + R2
Γ(π) ≤ C|π| for someC > 0.

It thus remains to study the squared modulus of continuityR2
Z(π) of Z. Following

the approach of Zhang [74], it was shown by Bouchard and Elie [18] thatR2
Z(π) can

be controlled by|π| whenever one of the following assumptions holds:

Ha) For alle ∈ E, the mapx ∈ R
d 7→ β(x, e) admits a Jacobian matrixDβ(x, e) such

that

(x, ξ) ∈ R
d × R

d 7→ a(x, ξ; e) := ξ′(Dβ(x, e) + Id)ξ

satisfies, uniformly in(x, ξ) ∈ R
d × R

d

a(x, ξ; e) ≥ |ξ|2K−1 or a(x, ξ; e) ≤ −|ξ|2K−1 ,

for someK > 0.

Hb) b, σ, β(·, e), h andg areC1
b with Lipschitz first derivatives, uniformly ine ∈ E.

Remark 3.1.4. The conditionHa) ensures that the tangent process∇X is invertible,
with inverse satisfying suitable integrability conditions, which is necessary to repro-
duce the argument presented in Section 2.3, recall the definition of the term η. Under
Hb), it can be shown, see [35], thatDv is1/2-Hölder-continuous in time and Lipschitz-
continuous in space. This allows to show thatR2

Z(π) can be controlled by|π| by simply
using the1/2-Hölder regularity ofX in L2.

This allows to provide a|π| 12 convergence rate.

Theorem 3.1.5([18]). LetHa) or Hb) hold, assume thatλ is bounded and that the
coefficients are Lipschitz, uniformly in thee-variable. Then,Err(π) ≤ O(|π| 12 ).

Remark 3.1.6. So far, it seems that only the case of jump measures with finite activ-
ity has been treated. In [18], the compensatory measure is assumed to be bounded,
but it can be generalised without much difficulties under suitable integrabilitycondi-
tions. Moreover, pure jump Lévy processes can be approximated bycompound point
measures by truncating the small jumps. It would therefore be natural toapproxi-
mate a BSDE driven by a Lévy process with infinite activity by a sequenceof BSDEs
driven by compound point measures to which the above analysis would apply. This
would introduce an additional error related to the approximation of the original ran-
dom measure. We refer to [70] and the references therein for the approximation of
Lévy processes.
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3.2 Reflected BSDEs

Let us now turn to the approximation of the solution(Y, Z,A) of a reflected BSDE of
the form

Yt = g(X1) +

∫ 1

t

h (Xs, Ys, Zs) ds−
∫ 1

t

Z ′
sdWs + A1 −At (3.4)

Yt ≥ f(Xt) , 0 ≤ t ≤ 1 ,

whereA is a cadlag adapted non-decreasing process satisfying

∫ 1

0

(Yt − f(Xt)) dAt = 0 .

In the case whereh = 0 and f = g, Y is the Snell envelope ofg(X), which, in
finance, corresponds to the super-hedging price of the American option with payoffg.
More generally, the solution(Y, Z,A) of (3.4) is related to semilinear PDEs with free
boundaries of the form

min {−Lv − h(·, v, σ′Dv) , v − f} = 0 , v(1−, ·) = g (3.5)

see [47].

For such BSDEs, it is natural to modify the Backward Euler scheme (2.4) as follows
so as to take into account the reflection:

Z̄π
ti

= (ti+1 − ti)
−1

E

[

Y π
ti+1

∆Wti
| Fti

]

Ỹ π
ti

= E

[

Y π
ti+1

| Fti

]

+ h(Xπ
ti
, Ỹ π

ti
, Z̄π

ti
)∆ti

Y π
ti

= R
(

ti , X
π
ti
, Ỹ π

ti

)

, i ≤ n− 1 , (3.6)

with the terminal conditionY π
1 = g(Xπ

1 ) and where

R(t, x, y) := y + [f(x) − y]+1{t∈ℜ\{0,T}} , (t, x, y) ∈ [0, 1] × R
d+1

for a partitionℜ := {0 = r0 < r1 < . . . < rκ = 1} ⊃ π.

Numerical procedures for such Backward Euler schemes have been first studied in
Bally and Pagès [3] in the case whereπ = ℜ, h does not depend onZ andg = f . The
fact thath is independent onZ allows them to use the formulation ofY in terms of
optimal stopping problem to study its discrete time approximation error. Theyretrieve
a |π|− 1

2 control for the convergence rate when the coefficients are Lipschitz continuous
and improve it to|π| wheng is semiconvex andX can be perfectly simulated on the
time-grid. The error onZ is not discussed.

A more general analysis has then been performed by Ma and Zhang [60], who ob-
tained a bound for the convergence rate of order|π|− 1

4 whenf depends onZ whenever
it is C2

b andσ is uniformly elliptic. Note that the arguments leading to (2.10) cannot
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be used here, since this would involve taking the Malliavin derivative ofA, which has
no reason to be well-defined. Instead, they rely on a representation ofZ of the form
(d = 1 to avoid notational complexities):

Zt = E

[

g(X1)N
t
1 +

∫ 1

t

h (Xr, Yr, Zr)N
t
rdr +

∫ 1

t

N t
rdAr | Ft

]

σ(Xt) (3.7)

where

N t
s :=

1

s− t

∫ s

t

σ(Xr)
−1∇XrdWr (∇Xt)

−1 .

Their argument can be formally explained in three steps. First, they derive a represen-
tation of theZ-component associated to a discretely reflected BSDE of the form

Y b
t = g(X1) +

∫ 1

t

h(Θb
r)dr −

∫ 1

t

(Zb
r)′dWr +Ab

1 −Ab
t (3.8)

whereΘb := (X,Y b, Zb) andAb
t :=

∑κ−1
j=1

[

h(Xrj
) − Y b

rj

]+

1rj≤t. The first represen-

tation is obtained by considering the Malliavin derivatives of(Y, Z) as in Section 2.3,
see Step 1, on each interval[rj , rj+1)

Zb
t = DtY

b
t = DtY

b
rj+1− +

∫ rj+1

t

Dth(Θ
b
r)dr −

∫ rj+1

t

DtZ
b
rdWr , t ∈ [rj , rj+1)

whereDtY
b
rj+1− = DtY

b
rj+1

+Dt

[

h(Xrj+1) − Y b
rj+1

]+

since, by construction,Y b
rj+1

=

Y b
rj+1

+
[

h(Xrj+1) − Y b
rj+1

]+

. This implies that, fort < rj+1,

Zb
t = Dtg(X1) +

∫ 1

t

Dth(Θ
b
r)dr −

∫ 1

t

DtZ
b
rdWr +

κ∑

k=j+1

Dt

[
h(Xrk

) − Y b
rk

]+
.

The fact that the discretely reflected BSDE is differentiable in the Malliavin sense can
be easily proved by using a backward induction argument and the fact that z 7→ z+ is
a Lipschitz function. Second, they perform an integration by parts, in the Malliavin
sense, in order to get rid of the Malliavin derivatives, and obtain a formulation of the
form

Zb
t = E

[

g(X1)N
t
1 +

∫ 1

t

h(Θb
r)N

t
rdr +

κ∑

k=0

N t
rk

∆Ab
rk

1t<rk
| Ft

]

σ(Xt)

for t ∈ [rj , rj+1), where∆Ab
rk

:=
[
h(Xrk

) − Y b
rk

]+
. Finally, they pass to the limit on

the grid of reflection times so as to recover (3.7) for the continuously reflected BSDE.
This formulation is in itself very interesting and can be viewed as a generalisation

of the representation obtained in [38] for the linear non reflected case. However, it
requires a uniform ellipticity condition onσ. Moreover, the exploding behaviour ofN t

r

asr → t is a major drawback in the regularity analysis ofZ.
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Another regularity analysis was carried out in Bouchard and Chassagneux [16]. The
main difference is that they do not perform the integration by parts but rather provide
a representation ofZb in terms of the next reflection time:

Zb
t = E

[

Dg(X1)η
b
11τj=1 +Df(Xτj

)ηb
τj

1τj<1 (3.9)

+

∫ τj

t

Dxh(Θ
b
r)η

b
rdr | Ft

]

(ηb
t )

−1σ(Xt) ,

for t ∈ [rj , rj+1), whereτj := inf{r ∈ ℜ | r ≥ rj+1, f(Xr) > Y b
r } ∧ 1 andηb is

defined as in (2.9) above with(X,Y b, Zb) in place of(X,Y, Z). This is the analogue
of (2.10) up to the stopping timeτj .

This formulation does not require any uniform ellipticity assumption onσ and turn
out to be more flexible.

Let us expose the argument in the simpler case whered = 1, g ≡ f , h ≡ 0,∇X ≡ Id
andσ is constant. Set

V j
t := E

[
Df(Xτj

) | Ft

]
σ so thatZb

t = V j
t if t ∈ [rj , rj+1) ,

and note that the martingale property ofV j implies that

E

[

|V j
t − V j

ti
|2
]

≤ E

[

|V j
ti+1

|2 − |V j
ti
|2
]

for t ∈ [ti, ti+1] .

Letting ij be defined byrj = tij
, recall thatπ ⊂ ℜ, it follows that

|π|−1
n−1∑

i=0

E

[∫ ti+1

ti

|Zb
t − Zb

ti
|2dt

]

≤ Σ :=

κ−1∑

j=0

ij+1−1
∑

k=ij

E

[

|V j
tk+1

|2 − |V j
tk
|2
]

where, by direct computations,

Σ =

κ−1∑

j=0

E

[

|V j
rj+1

|2 − |V j
rj
|2
]

≤ C +

κ−1∑

j=1

E

[

|V j−1
rj

|2 − |V j
rj
|2
]

andC > 0 denotes a generic constant independent onπ andℜ. On the other hand, it
follows from the Cauchy–Schwarz inequality that, ifDf is bounded,

|V j−1
rj

|2 − |V j
rj
|2 ≤ |V j

rj
− V j−1

rj
| |V j

rj
+ V j−1

rj
| ≤ C E

[
β | Frj

]
|V j

rj
− V j−1

rj
|

whereβ := 1 + supt≤1 |Xt|. Moreover, ifDf ∈ C2
b , then

V j
rj

− V j−1
rj

= E
[
(Df(Xτj

) −Df(Xτj−1) | Frj

]
σ ≤ C E

[
(τj − τj−1) | Frj

]
σ .

Combining the above inequalities, this implies

n−1∑

i=0

E

[∫ ti+1

ti

|Zb
t − Zb

ti
|2dt

]

≤ C|π|



1 +

κ−1∑

j=1

E
[
E
[
β | Frj

]
E
[
τj − τj−1 | Frj

]]




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which is of order of|π| since the expectation on the right-hand side simply equals
E [β(τj − τj−1)].

The general case is treated along the same main argument: play with the difference
of the next reflection timesτj − τj−1. It allows to control the modulus of regularity
R2

Zb(π) of Zb, defined asR2
Z(π) for Zb is place ofZ, as follows:

Theorem 3.2.1([16]). Assume that all the coefficients are Lipschitz continuous. Then,

R2
Zb(π) ≤

n−1∑

i=0

∫ ti+1

ti

E
[
|Zb

t − Zb
ti
|2
]
dt ≤ C |π|

(

1 + β|π|− 1
2 + α(ℜ)

)

,

whereα(ℜ) = |ℜ|− 1
2 andβ = 1 under the assumption

H1) : f isC1
b with Lipschitz first derivative

and,α(ℜ) = 1 andβ = 0 under the assumption
H2) : f isC2

b with Lipschitz second derivative andσ isC1
b with Lipschitz first deriva-

tive.

This regularity property ofZb then allows to provide a convergence rate for the Euler
scheme(Y π, Z̄π) to (Y b, Zb).

Theorem 3.2.2([16]). Assume that the coefficients are Lipschitz. Then,

max
i<n

E

[

sup
t∈(ti,ti+1]

|Y π
ti+1

− Y b
t |2
] 1

2

≤ O
(

αY (ℜ) |π| 12 + β |π| 14
)

n−1∑

i=0

E

[∫ ti+1

ti

|Z̄π
ti
− Zb

t |2dt
]

≤ O
(

αZ(ℜ) |π| + β |π| 12
)

with (αY (ℜ), αZ(ℜ)) = (|ℜ|− 1
4 , |ℜ|−1) andβ = 1 underH1), and,(αY (ℜ), αZ(ℜ)) =

(1, |ℜ|−1) andβ = 0 underH2).

They also show that the above result holds true withαZ(κ) = |ℜ|− 1
2 underH1), and

αZ(κ) = 1 underH2), when(Xπ
ti

)i≤n is replaced by(Xti
)i≤n in the Backward Euler

scheme (3.6).

To obtain a convergence rate of the approximation error ofY , it then essentially suf-
fices to consider the caseℜ = π and show thatY b approximatesY at least at a rate|ℜ| 12 .
The approximation of theZ-component is more involved and requires the introduction
of another approximation scheme.

Theorem 3.2.3([16]). Assume that the coefficients are Lipschitz. Then, there exists
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C > 0, independent onπ, such that

E

[

max
i≤n

|Y π
ti
− Yti

|2
] 1

2

+ max
i<n

E

[

sup
t∈(ti,ti+1]

|Y π
ti+1

− Yt|2
] 1

2

= O(α(π))

R2
Z(π) ≤

n−1∑

i=0

E

[∫ ti+1

ti

|Z̄π
ti
− Zt|2dt

]

= O(|π| 12 ) ,

whereα(π) = |π| 14 underH1) andα(π) = |π| 12 underH2).

WhenH2) holds and(Xπ
ti
)i≤n is replaced by(Xti

)i≤n in the Backward Euler scheme
(3.6), the (squared) error onZ and the (squared) modulus of regularityR2

Z(π) are
shown to be controlled by|π|, which corresponds to a convergence rate of order|π| 12
as in the non-reflected case.

Remark 3.2.4. The representation (3.9) ofZb is of own interest as it provides a natural
Monte-Carlo estimator for the so-called “delta” of Bermudean options. Such a result
was already known in finance for American options, under a uniform ellipticity condi-
tion, see [41].

Remark 3.2.5. Extensions to doubly reflected and multivariate reflected BSDEs have
been considered in Chassagneux [23] and [24].

3.3 BSDEs with random time horizon

By BSDE with random time horizon, we mean the solution(Y, Z) of

Yt = g(Xτ ) +

∫ 1

t

1s<τh(Xs, Ys, Zs)ds−
∫ 1

t

Z ′
sdWs , t ≤ 1 , (3.10)

whereτ is the first exit time of(t,Xt)t≤T from a cylindrical domainD = [0, 1) ×O.

The first step toward the definition of a Backward Euler scheme, consistsin choosing
a suitable approximation of the random time horizonτ . In Bouchard and Menozzi [19],
the authors consider the first exit time (on the grid)τ̄ of the Euler schemeXπ

τ̄ := inf{t ∈ π : (t, X̄t) /∈ D} .

They then reproduce the Backward scheme (2.4)






Z̄π
ti

= 1
∆ti

E

[

Y π
ti+1

∆Wti
| Fti

]

Y π
ti

= E

[

Y π
ti+1

| Fti

]

+ h
(
Xπ

ti
, Y π

ti
, Z̄π

ti

)
∆ti

with the terminal condition
Y π

1 = g(Xπ
τ̄ ) .
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Following the approach of [20] and [74], they show that the discrete-timeapproxi-
mation error can be controlled as:

Err(π)2 ≤ C

(

|π| + R2
Y (π) + R2

Z(π) + E

[

ξ|τ − τ̄ | + 1τ̄<τ

∫ τ

τ̄

|Zs|2ds
])

(3.11)

whereC > 0 is independent ofπ andξ is a positive random variable satisfyingE [ξp] ≤
C′

p for all p ≥ 2, for someC′
p independent ofπ.

Not surprisingly, the error now depends on an additional term which is related to
the approximation error ofτ by τ̄ which has been widely studied under the assumption
that the coefficients are smooth enough andσ is uniformly elliptic. In particular, Gobet
[39], and, Gobet and Menozzi [45] have derived an expansion ofthe formE [τ − τ̄ ] =

C|π| 12 + o(|π| 12 ).
A similar result can be obtained without uniform ellipticity, wheneverO is aC2

domain with a compact boundary satisfying a uniform non-characteristiccondition.

Theorem 3.3.1([19]). Assume that the coefficients ofX are Lipschitz continuous and
thatO is aC2 domain with a compact boundary satisfying a uniform non-characteristic
condition. Then, for eachε ∈ (0, 1) and each positive random variableξ satisfying
E [ξp] <∞ for all p ≥ 1,

E

[

E
[
ξ |τ − τ̄ | | Fτ+∧τ̄

]2
]

≤ Oξ
ε

(
|π|1−ε

)
,

whereτ+ := inf{t ∈ π : τ ≤ t}.

This shows in particular that, for eachε ∈ (0, 1/2),

E [|τ − τ̄ |] ≤ Oε

(
|π| 12−ε

)

which, up to theε term, is consistent with the result of Gobet and Menozzi [45]. More-
over, it is easily extended to the case where

D1) O is an intersection ofC2 domains with compact boundary, and it satisfies a uni-
form non-characteristic condition outside the corners and a uniform ellipticity
condition on a neighbourhood of the corners.

The next step toward a convergence rate consists in studying the modulusof reg-
ularity R2

Y (π) andR2
Z(π), and the last termE

[
1τ̄<τ

∫ τ

τ̄
|Zs|2ds

]
.

In contrast with the case whereO = R
d, the uniform Lipschitz continuity of the

(viscosity) solutionv of the associated semilinear Cauchy Dirichlet problem

−Lv−h(·, v, σ′Dv) = 0 on D , v = g on ∂pD := ([0, 1) × ∂O)∪
(
{1} × Ō

)
,

(3.12)
is by no means obvious, and usually requires additional assumptions thanthe
simple Lipschitz continuity of the coefficients. It is shown in [19], by adapting
standard barrier techniques, wheng is smooth enough:
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Hg) g ∈ C1,2
b ([0, 1] × R

d),

and the domain satisfies a uniform exterior sphere condition as well as a uniform
truncated interior cone condition:

D2) For all x ∈ ∂O, there isy(x) ∈ Oc, r(x) ∈ [L−1, L], L > 0, andδ(x) ∈ B(0, 1)
such thatB̄(y(x), r(x)) ∩ Ō = {x} and{x′ ∈ B(x, L−1) : 〈x′ − x, δ(x)〉 ≥
(1 − L−1)|x′ − x|} ⊂ Ō .

HereB(z, r) denotes the open ball of centrez and radiusr, B̄(z, r) is its closure.

Theorem 3.3.2([19]). Assume that all the coefficients are Lipschitz continuous and
that the conditionsHg),D1) andD2) hold. Then,v is uniformly1/2-Hölder continu-
ous in time and Lipschitz continuous in space.

In particular, this allows to show thatR2
Y (π) is controlled by|π| and the last term

E
[
1τ̄<τ

∫ τ

τ̄
|Zs|2ds

]
is controlled byE [|τ − τ̄ |] ≤ Cε|π| 12−ε, for ε > 0.

It thus remains to study the modulus of continuity ofZ. As in the reflected case, it
is not possible to apply the techniques leading to (2.10) since it would involvetaking
the Malliavin derivative ofg(Xτ ), which has no reason to be well-defined. Instead, we
can remark that, ifv is smooth enough,Dv(·, X)η +

∫ ·
0
Dxh (Θs) ηsds is a martingale

on [0, τ ], recall the definition ofη in (2.9). This implies that (d = 1 for notational
simplicity)

Zt = Dv(t,Xt)σ(Xt) = E

[

Dv(τ,Xτ )ητ +

∫ τ

t

Dxh (Θs) ηsds | Ft

]

η−1
t σ(Xt) .

This formula is very close to (2.10) except thatDg is replaced byDv. But, sinceDv
is bounded, one can actually repeat the martingale-type argument of Step 3 of Section
2.3. The smoothness ofv can be obtained for smooth coefficients and domains, under
a uniform ellipticity condition ofσ, which can then be relaxed by standard approxima-
tion arguments.

Theorem 3.3.3([19]). Assume that all the coefficients are Lipschitz continuous and
that the conditionsHg),D1) andD2) hold. Then,

R2
Y (π) + R2

Z(π) ≤ O(|π|) .

This provides the following|π| 14−ε convergence rate.

Corollary 3.3.4 ([19]). Assume that all the coefficients are Lipschitz continuous and
that the conditionsHg),D1) andD2) hold. Then, for allε ∈ (0, 1),

Err(π) ≤ Oε

(

|π| 12−ε
)

.

As a matter of facts, the global error is driven by the approximation error of the exit
time which propagates backward thanks to the Lipschitz continuity ofv.

Remark 3.3.5. It is shown in [19] that one can actually achieve a convergence rate of
order|π| 12−ε if one computes the approximation error only up toτ̄ ∧ τ .
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4 Extension to fully nonlinear PDEs

The discretisation of backward stochastic differential equations can be viewed as a prob-
abilistic approach for the numerical resolution of semilinear partial differential equa-
tions in parabolic or elliptic form, and possibly with a nonlocal integral term. This re-
striction on the nonlinearity of the corresponding PDEs excludes the important general
class of Hamilton–Jacobi–Bellman equations which appear naturally as the infinitesi-
mal version of the dynamic programming principle for stochastic controlproblems.

An extension of the theory of backward SDEs to the second order case was initiated
by [25] and is still in progress. An alternative approach for such an extension in the
context of a specific form of the nonlinearity was also introduced by Pengin various
papers, see e.g. [69], and is based on the new concept ofG-Brownian motion.

We shall not elaborate more on this aspect. Instead, our objective is to concentrate
on the probabilistic numerical implications as discussed in Section 5 of [25].Follow-
ing [37], we provide a natural presentation of the discrete-time approximation without
appealing to the theory of backward stochastic differential equations. This presenta-
tion shows in particular the important connection between the discretisation schemes
of this paper and the finite differences approximations of solutions of PDEs. Finally,
we were not able to extend the methods of proofs outlined in the previous sections.
The convergence results and the rates of convergence are derivedby means of the PDE
approach for monotonic schemes.

4.1 Discretisation

Consider the fully nonlinear parabolic PDE:

−Lv − F
(
·, v,Dv,D2v

)
= 0, on [0, 1) × R

d, (4.1)

v(1, ·) = g, on ∈ R
d, (4.2)

where, given bounded and continuous mapsb andσ from R+ × R
d to M

d andR
d, the

linear second order operatorL is defined by

Lv :=
∂v

∂t
+ 〈b,Dv〉 +

1

2
Tr
[
σσ′D2v

]
,

and the nonlinearity is isolated in the mapF : (t, x, r, p, γ) ∈ R+×R
d×R×R

d×Sd 7−→
F (t, x, r, p, γ) ∈ R.

For a positive integern, seth := 1/n, ti := ih, i = 1, . . . , n, and define:

X̂t,x
h := x+ b(t, x)h+ σ(t, x)(Wt+h −Wt), (4.3)

which is the one-step Euler discretisation of the diffusion corresponding tothe operator
L.

Assuming that the PDE (4.1) has a classical solution, it follows from Itô’s formula
that

Eti,x

[
v
(
ti+1, Xti+1

)]
= v (ti, x) + Eti,x

[∫ ti+1

ti

Lv(t,Xt)dt

]
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where we ignored the difficulties related to local martingale part, andEti,x :=
E[·|Xti

= x] denotes the expectation operator conditional on{Xti
= x}. Sincev

solves the PDE (4.1), this provides

Eti,x

[
v
(
ti+1, Xti+1

)]
= v(ti, x) − Eti,x

[∫ ti+1

ti

F (·, v,Dv,D2v)(t,Xt)dt

]

.

By approximating the Riemann integral, and replacing the processX by its Euler dis-
cretisation, this suggests the following approximation of the value functionv

vh(1, .) = g and vh(ti, x) = Th[vh](ti, x) (4.4)

where, for a functionψ : R+ × R
d −→ R with exponential growth, we denote:

Th[ψ](ti, x) := E

[

ψ(ti+1, X̂
ti,x
h )

]

+ hF (·,Dhψ) (ti, x),

Dhψ :=
(
D0

hψ,D1
hψ,D2

hψ
)
,

and fork = 0, 1, 2, it follows from an easy integration by parts argument that:

Dk
hψ(ti, x) := E[Dkψ(ti+1, X̂

ti,x
h )] = E[ψ(X̂ti,x

h )Hh
k (ti, x)], (4.5)

where

Hh
0 = 1, Hh

1 = (σ′)−1 Wh

h
, Hh

2 = (σ′)
−1 WhW

′
h − h1d

h2
σ−1. (4.6)

Remark 4.1.1. In the semilinear case, i.e.F is independent of the argumentγ, the
numerical scheme coincides with the discretisation of BSDEs as studied in theprevious
sections of this paper.

Remark 4.1.2. Other choices can be made for the above integration by parts. For
instance, we also have:

Dh
2ϕ(t, x) = E

[

ϕ(X̂t,x
h )(σ′)−1Wh/2

(h/2)

W ′
h/2

(h/2)
σ−1

]

,

which shows that the backward scheme (4.4) is very similar to the probabilistic numer-
ical algorithm suggested in [25].

Remark 4.1.3. So far, the choice of the drift and the diffusion coefficientsb andσ in
the nonlinear PDE (4.1) is arbitrary, and was only used to fix the underlying diffusion
X . Our convergence result will however place some restrictions on this choice.

Remark 4.1.4. The integration by parts in (4.5) is intimately related to finite differ-
ences for numerical schemes on deterministic grids. We formally justify this connec-
tion for d = 1, b ≡ 0, andσ = 1 for simplicity:
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• Let {wj , j ≥ 1} be independent r.v. distributed as1
2

(
δ√h + δ−

√
h

)
. Then, the

binomial random walk approximation of the Brownian motionŴtk
:=
∑k

j=1 wj ,
tk := kh, k ≥ 1, suggests the following approximation:

D1
hψ(t, x) := E

[
ψ(t+ h,Xt,x

h )Hh
1

]
≈ ψ(t, x+

√
h) − ψ(t, x−

√
h)

2
√
h

,

which is the centred finite differences approximation of the gradient.

• Let{wj , j ≥ 1} be independent r.v. distributed as1
6

(

δ{
√

3h} + 4δ{0} + δ{−
√

3h}

)

.

Then, the trinomial random walk approximation of the Brownian motionŴtk
:=

∑k
j=1 wj , tk := kh, k ≥ 1, suggests the following approximation:

D2
hψ(t, x) := E

[
ψ(t+ h,Xt,x

h )Hh
2

]
≈ ψ(t, x+

√
3h)−2ψ(t, x)+ψ(t, x−

√
3h)

3h
,

which is the centred finite differences approximation of the Hessian.

In view of the above interpretation, the numerical scheme studied in this paper can be
viewed as a mixed Monte Carlo–Finite Differences algorithm. The Monte Carlo com-
ponent of the scheme consists in the choice of an underlying diffusion processX . The
finite differences component of the scheme consists in approximating theremaining
nonlinearity by means of the integration-by-parts (4.5).

4.2 Convergence of the discretisation

Definition 4.2.1. We say that (4.1) has strong comparison of bounded solutions if for
any bounded upper semicontinuous viscosity supersolutionv and any bounded lower
semicontinuous subsolutionv on [0, 1) × R

d, satisfying

• eitherv(1, ·) ≥ v(1, ·),
• or the viscosity property ofv andv holds true on[0, 1] × R

d,

we havev ≥ v.

The strong comparison principle is an important notion in the theory of viscosity
solutions which allows to handle situations where the boundary conditiong is not com-
patible with the equation.

In the sequel, we denote byFr, Fp andFγ the partial gradients ofF with respect to
r, p andγ, respectively. We recall that any Lipschitz function is differentiable a.e.

Assumption F. The nonlinearityF is Lipschitz-continuous with respect to(r, p, γ)
uniformly in (t, x) and sup(t,x)∈[0,T ]×Rd |F (t, x, 0, 0, 0)| < ∞. Moreover,F is uni-
formly elliptic and dominated by the diffusion of the linear operatorL, i.e.

εId ≤ Fγ ≤ a onR
d × R × R

d × Sd for some ε > 0. (4.7)
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Theorem 4.2.2.Let Assumption F hold true, and assume that the fully nonlinear PDE
(4.1)has strong comparison of bounded solutions. Then for every boundedfunctiong,
there exists a bounded functionv so that

vh −→ v locally uniformly.

In addition,v is the unique bounded viscosity solution of the relaxed boundary problem
(4.1)–(4.2).

Remark 4.2.3. The restriction to bounded terminal datag in the above Theorem 4.2.2
can be relaxed by an immediate change of variable, thanks to the boundedness condi-
tions on the coefficientsb andσ, see [37].

Remark 4.2.4. Theorem 4.2.2 states that the right hand-side inequality of (4.7) (i.e.
diffusion must dominate the nonlinearity inγ) is sufficient for the convergence of the
Monte Carlo–Finite Differences scheme. We do not know whether this condition is
necessary. However, in [37], it is shown that this condition is not sharpin the simple
linear case, while the numerical experiments reveal that the method may have a poor
performance in the absence of this condition.

The rest of this section is dedicated to the proof of Theorem 4.2.2 which isbased
on the convergence of monotonic schemes of Barles and Souganidis [9]. Since the
probabilistic community is not familiar with this result we report a complete proof.

Properties of the discretisation scheme The approach of [9] is based on three main
properties of the scheme.

1 The first ingredient is the so-called consistency property, which states that for every
smooth functionϕ with bounded derivatives and(t, x) ∈ [0, T ]× R

d:

lim
(t′, x′) → (t, x)

(h, c) → (0, 0)

t′ + h ≤ 1

(c+ ϕ− Th[c+ ϕ]) (t′, x′)

h
= −

(
LXϕ+ F (·, ϕ,Dϕ,D2ϕ)

)
(t, x).

(4.8)
The verification of this property follows from an immediate application of Itˆo’s for-
mula.

2 The second ingredient is the so-called stability property:

the family(vh)h isL∞ − bounded, uniformly inh. (4.9)

This property is implied by the boundedness ofg andF (t, x, 0, 0, 0) (Assumption F),
together with the stronger property that for everyL

∞-bounded functionsϕ, ψ : [0, 1]×
R

d −→ R:

|Th[ϕ] − Th[ψ]|∞ ≤ |ϕ− ψ|∞(1 + Ch) for some C > 0, (4.10)
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For ease of presentation, we report the proof of (4.10) in the one-dimensional case; the
general multi-dimensional case follows the same line of argument. Setf := ϕ−ψ. By
the mean value theorem there exists someθ = (t, x, r̄, p̄, γ̄) that:

(Th[ϕ] − Th[ψ]) (t, x) = E

[

f(X̂t,x
h )

(

1 + hFr(θ) +
Wh

σ
Fp(θ) +

W 2
h − h

σ2h
Fγ(θ)

)]

= E

[

f(X̂t,x
h )

(

1 − Fγ(θ)

σ2
+ hFr − h

Fp(θ)
2

4Fγ(θ)
+A2

h

)]

(4.11)

where

Ah :=
Wh

σ
√
h

√

Fγ(θ) +
Fp(θ)

√
h

2
√

Fγ(θ)
, (4.12)

Since1 − σ−2Fγ ≥ 0 and|F−1
γ |∞ < ∞ by (4.7) of Assumption F, it follows from the

Lipschitz property ofF that

|Th[ϕ] − Th[ψ]|∞ ≤ |f |∞
(
1 − σ−2Fγ(θ) + E[|Ah|2] + Ch

)

= |f |∞
(
1 + h(4Fγ)−1(θ)(Fp)2(θ) + Ch

)
≤ |f |∞(1 + Ch).

3 The final ingredient – and the most important – is the monotonicity. In the context
of our scheme (4.4), we have for all functionsϕ, ψ : [0, 1]×R

d −→ R with exponential
growth:

ϕ ≤ ψ =⇒ Th[ϕ](t, x) ≤ Th[ψ](t, x) + Ch E[(ψ − ϕ)(t+ h, X̂t,x
h )] (4.13)

for some constantC > 0. To prove (4.13), we proceed as in the proof of the stability
result to arrive at (4.11). Sincef := ψ − ϕ ≥ 0 in the present context, andFγ ≤ σ2 by
(4.7) of Assumption F, we deduce that:

(Th[ψ] − Th[ϕ]) (t, x) ≥ E

[

f(X̂t,x
h )

(

hFr(θ) −
h

4

Fp(θ)
2

Fγ(θ)

)]

, (4.14)

and the required result follows from the Lipschitz property ofF and the fact that
|F−1

γ |∞ <∞ by (4.7).

The Barles–Souganidis monotone scheme convergence argumentGiven the above
consistency, stability and monotonicity properties, the convergence of thefamily (vh)h

towards some functionv which is the unique viscosity solution of the PDE (4.1) fol-
lows from [9]. We report the full argument for completeness.

From the stability property the semi-relaxed limits

V∗(t, x) := lim inf
(t′,x′,h)→(t,x,0)

vh(t′, x′) and V ∗(t, x) := lim sup
(t′,x′,h)→(t,x,0)

vh(t′, x′)

are finite lower-semicontinuous and upper-semicontinuous functions, respectively. Also,
they obviously inherit the boundedness of the family(vh)h. The key-point is to show



26 B. Bouchard and R. Elie and N. Touzi

that V∗ andV ∗ are respectively viscosity supersolution and subsolution of the PDE
(4.1)–(4.2), which implies by the strong comparison assumption thatV∗ ≤ V ∗. Since
the converse inequality is trivial, this shows thatV∗ = V ∗ is the unique bounded solu-
tion of (4.1), thus completing the proof of convergence.

In the rest of this section, we show thatV∗ is a viscosity supersolution of the PDE
(4.1). A symmetric argument applies to prove the corresponding property forV ∗. Let
(t0, x0) ∈ [0, 1) × R

d andϕ ∈ C2
(
[0, 1] × R

d
)

be such that

0 = (V∗ − ϕ)(t0, x0) = min(V∗ − ϕ)

Without loss of generality, we may assume that(t0, x0) is a strict minimiser of(V∗−ϕ).
Let (hn, tn, xn) be a sequence in(0, 1]×B1(t0, x0) with

(hn, tn, xn) −→ (0, t0, x0) and vhn(tn, xn) −→ V∗(t0, x0),

and define(t′n, x
′
n) by

cn := (vhn
∗ − ϕ)(t′n, x

′
n) = min

B0

(vhn − ϕ),

whereB0 ⊂ [0, 1]×R
d is a closed ball containing(t0, x0) in its interior. By definition,

we havecn + ϕ(t′n, x
′
n) = vhn(t′n, x

′
n) = Thn

[vhn ](t′n, x
′
n). Sincevhn ≥ cn + ϕ, it

follows from the monotonicity property (4.13) that:

cn + ϕ(t′n, x
′
n) ≥ Thn

[cn + vhn ](t′n, x
′
n). (4.15)

Since the sequence(t′n, x
′
n)n is bounded, it converges to some(t1, x1) after possibly

passing to a subsequence. Observe that

(V∗−ϕ)(t0, x0) = lim
n→∞

(vhn−ϕ)(tn, xn) ≥ lim inf
n→∞

(vhn−ϕ)(t′n, x
′
n) ≥ (V∗−ϕ)(t1, x1).

Since(t0, x0) is a strict minimiser of the differenceV∗ − ϕ, this shows that(t1, x1) =
(t0, x0), andcn = (vhn∗ − ϕ)(t′n, x

′
n) −→ 0. We now go back to (4.15), normalise by

hn and sendn to infinity. By the consistency property (4.8), this provides the required
result:

−Lϕ(t0, x0) − F
(
., ϕ,Dϕ,D2ϕ

)
(t0, x0) ≥ 0.

Remark 4.2.5. In the context of nonlinear PDEs of the HJB type, see Assumption HJB
below, Bonnans and Zidani [14] introduced finite differences approximations which
obey to the monotonicity condition. The choice of the discretisation turns out tobe
pretty involved and is specific to each choice of control. Our probabilistic scheme has
the nice property to be automatically monotonic.

4.3 Rate of convergence of the discretisation of HJB equations

We next provide an error estimate for our probabilistic numerical scheme. For ease of
presentation, we assume that the nonlinearityF satisfies the condition

Fr −
1

4
F ′

pF
−1
γ Fp ≥ 0, (4.16)



Discrete-time approximation of BSDEs 27

which implies that the monotonicity property (4.13) is strengthened to:

ϕ ≤ ψ =⇒ Th[ϕ] ≤ Th[ψ], (4.17)

see (4.14). In [37], it is shown that our main results hold without Condition (4.16).
The subsequent argument for the derivation of the error estimate is crucially based

on the following comparison principle satisfied by the scheme.

Lemma 4.3.1. Let Assumption F holds true, and consider two arbitrary bounded func-
tionsϕ andψ satisfying:

h−1 (ϕ− Th[ϕ]) ≤ g1 and h−1 (ψ − Th[ψ]) ≥ g2 (4.18)

for some bounded functionsg1 andg2. Then, for everyi = 0, . . . , n:

(ϕ− ψ)(ti, x) ≤ eβ(T−ti)|(ϕ− ψ)+(1, ·)|∞ + (1 − h)eβ(1−ti)|(g1 − g2)
+|∞ (4.19)

for some parameterβ > |Fr |∞.

Before stating precise results, let us explain the key idea as introduced byKrylov
[52, 53, 54]. We also refer to the lecture notes by Bonnans [13] which provide a clear
summary in the context of infinite horizon stochastic control problems.

Key-idea for the lower bound Given the solutionv of the nonlinear PDE (4.1),
suppose that there is a functionuε satisfying

uε is a classical subsolution of (4.1) andv − C(ε) ≤ uε ≤ v (4.20)

for some functionC(ε). Let

Rh[uε] :=
uε − Th[uε]

h
+ Luε + F

(
., uε, Duε, D2uε

)
,

and letR(h, ε) be a bound onRh[uε]:

|Rh[uε](t, x)| ≤ R(h, ε) for every (t, x) ∈ [0, T ]× R
n. (4.21)

Sinceuε is a subsolution of the nonlinear PDE (4.1), it follows that

uε(t, x) ≤ E

[

uε(t+ h, X̂t,x
h )
]

+ h [F (.,Duε)(t, x) +R(h, ε)] .

We next introduce the functionUε defined byUε(1, x) = uε(1, x) and

Uε(ti, x) = E

[

Uε(ti + h, X̂ti,x
h )

]

+ h [F (.,DUε)(ti, x) +R(h, ε)] .

Then, it follows from the comparison property of Lemma 4.3.1 that

uε ≤ Uε. (4.22)
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Moreover, arguing as in the proof of (4.10), we see that
∣
∣Uε − vh

∣
∣ ≤ (1 + Ch)Et,x

[∣
∣Uε − vh

∣
∣ (t+ h, X̂t,x

h )
]

+ hR(h, ε),

which provides the estimate:
∣
∣Uε − vh

∣
∣ ≤ R(h, ε). (4.23)

We then deduce from (4.20), (4.22) and (4.23) that

v − vh = v − uε + uε − v ≤ v − uε + Uε − vh ≤ C(ε) +R(h, ε),

and therefore

v − vh ≤ inf
ε>0

(C(ε) +R(h, ε)) . (4.24)

The approximating subsolution The following construction of the functionuε sat-
isfying (4.20) requires that the nonlinearityF (t, x, r, p, γ) be concave in(r, p, γ) with
some additional conditions in order to ensure some regularity of the solution. No-
tice that the case whereF (t, x, r, p, γ) is convex in(r, p, γ) can also be dealt with by
a symmetric argument (inverting the roles of supersolutions and subsolutions). For
a bounded functionψ(t, x) Lipschitz inx and1/2–Hölder continuous int, we denote

|ψ|1 := |ψ|∞ + sup
([0,1]×Rd)2

ψ(t, x) − ψ(t′, x′)

|x− x′| + |t− t′|1/2

Assumption HJB The nonlinearityF is of the Hamilton–Jacobi–Bellman type:

F (t, x, r, p, γ) = inf
α∈A

{Lα(t, x, r, p, γ)}

Lα(t, x, r, p, γ) :=
1

2
Tr[σασαT(t, x)γ] + bα(t, x)p+ cα(t, x)r + fα(t, x)

whereb, σ, σα, bα, cα andfα satisfy:

|b|1 + |σ|1 + sup
α∈A

(|σα|1 + |bα|1 + |cα|1 + |fα|1) < ∞.

The above Assumption implies in particular that our nonlinear PDE satisfies astrong
comparison result for bounded functions. Letwε be the unique viscosity solution of
the nonlinear PDE with shaked coefficients (in the terminology of Krylov):

−∂wε

∂t − inf |e|≤1 F̄
(
t+ εe, x+ εe, wε(t, x), Dwε(t, x), D2wε(t, x)

)
= 0,

wε(1, .) = g,
(4.25)

where:

F̄ (t, x, r, p, γ) := 〈b(t, x), p〉 +
1

2
Tr[σσ′γ] + F (t, x, r, p, γ).
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The existence ofwε follows from a direct identification of this PDE as the HJB equation
of a corresponding stochastic control problem. By the definition ofwε together with
a strong comparison argument, we then have that

wε is a subsolution of (4.1) and|wε − v| ≤ Cε, (4.26)

for some constantC > 0. It also follows from classical estimates that for a Lipschitz–
continuous final conditiong:

wε is bounded, Lipschitz inx, and1/2–Hölder continuous int. (4.27)

Let ρ(t, x) be aC∞ positive function supported in{(t, x) : t ∈ [0, 1], |x| ≤ 1} with unit
mass, and define

uε(t, x) := wε ∗ ρε where ρε(t, x) :=
1

εd+2
ρ

(
t

ε2
,
x

ε

)

(4.28)

so that it follows from (4.27) that

uε isC∞, and
∣
∣
∣∂

β0

t Dβuε
∣
∣
∣ ≤ Cε1−2β0−|β|1 (4.29)

for any(β0, β) ∈ N × N
d \ {0}, where|β|1 :=

∑d
i=1 βi, andC > 0 is some constant.

Then, it follows from two successive applications of Itô’s formula that

Rh[uε] ≤ R(h, ε) := Chε−3 (4.30)

for some constantC. Finally, by the concavity ofF , the functionuε inherits (4.26):

uε is a viscosity subsolution of and|uε − v| ≤ C(ε) := Cε. (4.31)

Sinceuε satisfies all the requirements of the previous section, we deduce that

v − vh ≤ inf
ε>0

C
(
ε+ hε−3

)
∼ Ch1/4. (4.32)

The upper bound In the context of our scheme, we shall obtain an upper bound on
the error by inverting the roles ofv andvh in the above lower bound argument. Letvh

ε

be the solution of the scheme with shaked coefficients:

vh
ε (T, .) = g, vh

ε = T ε
h [vh

ε ], T ε
h [ψ] = inf

|e|≤ε
Th,e[ψ], Th,e[ψ] := D0

e [ψ] + hF (.,De[ψ])

where

Deψ(t, x) = E [ψ(t+ h, x+ µ(t+ e, x+ e)h+ σ(t + e, x+ e)Wh)Hh(t+ e, x+ e)] .

Then,0 ≤ vh − vh
ε by the comparison result for the scheme. When the volatilityσ(.)

is chosen to be constant, we also havevh − vh
ε ≤ Cε for some constantC. Moreover,

it is proved in [37] thatvh
ε is Lipschitz-continuous inx and1/2–Hölder continuous in

t, uniformly in h. Then, the mollificationvh
ε ∗ ρε of vh

ε satisfies the estimates (4.29).
Collecting all these ingredients, we obtain a lower bound on the error:

v − vh ≥ −C inf
ε

(ε+R(h, ε)) = −Ch1/4.
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The main result Summing up the above results, we have

Theorem 4.3.2.Let the nonlinearityF be as in Assumption HJB, and letσ be constant.
Then, for any bounded Lipschitz final conditiong:

Ch1/10 ≤ v − vh ≤ Ch1/4

Remark 4.3.3. In the PDE Finite Differences literature, the rate of convergence is
usually stated in terms of the discretisation in the space variable|∆x|. In our context of
stochastic differential equation, notice that|∆x| is or the order ofh1/2. Therefore, the
above upper bound on the rate of convergence corresponds to the classical rate|∆x|1/2.
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