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Abstract

In the present paper, we consider nonlinear optimal control problems with constraints on the state
of the system. We are interested in the characterization of the value function without any controllability
assumption.

In the unconstrained case, it is possible to derive a characterization of the value function by means of
a Hamilton-Jacobi-Bellman (HJB) equation. This equation expresses the behavior of the value function
along the trajectories arriving or starting from any position z. In the constrained case, when no control-
lability assumption is made, the HJB equation may have several solutions. Our first result aims to give
the precise information that should be added to the HJB equation in order to obtain a characterization
of the value function. This result is very general and holds even when the dynamics is not continuous
and the state constraints set is not smooth.

On the other hand we study also some stability results for relaxed or penalized control problems.
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1 Introduction

This paper deals with the properties of the value function of optimal control problems with state constraints.
Consider the following control system:

Ur(t) € F(y,(t)) forae. t>0, y.(0)=uz, (1.1)

where F': R™ ~» R" is a set-valued map with closed convex nonempty values. Let ¢ : R® — R be a given
lower semicontinuous function. For a fixed (x,T) € R™ x [0, 400), consider the following state-constrained
control problem:

HT, z) = min{p(y,(T)),y. is a solution of (1.1), and y,(¢t) € K for ¢ € [0,T]}

where I C R™ is a closed set of state constraints.

In the case when K = R" and ¢ is continuous, it is known that the value function ¥ is the unique
continuous viscosity solution of a Hamilton-Jacobi equation [19, 5, 3]. In presence of state constraints, the
continuity of this value function is no longer satisfied, unless the dynamics satisfy a special controllability
assumption on the boundary of the state constraints. This assumption called “inward pointing qualification
condition (IQ)” was first introduced by Soner in [22]. It asks that at each point of K there exists a field of
the system pointing inward . Clearly this condition ensures the viability of I (from any initial condition
in IC, there exists an admissible trajectory which could stay for ever in K). Under this assumption, the value
function 9 is the unique continuous constrained viscosity solution of a HJB equation (i.e, super solution on

K and subsolution on IOC) [21, 22, 18, 13, 20]:
O (t,z) + H(x,D,9(t,x)) =0 forx ek, t>0, (1.2)

where

H(z,p) = sup (—q-p).
qEF ()
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Unfortunately, in many control problems, the condition (IQ) is not satisfied and the value function ¥
could be discontinuous. In this framework, Frankowska introduced in [16, 17, 15] (see also Blanc [11])
another controllability assumption, called “outward pointing condition (OQ)”. This assumption states that
every point x on the boundary 9 can be reached by a trajectory coming from the interior of K. Under
this assumption it is still possible to characterize the value function as the unique lower semicontinuous (for
short lsc) solution of (1.2).

In absence of any assumption of controllability, the function ¥ is discontinuous and its characterization
becomes more complicate [7, 23, 4]. The main difficulty comes from the fact that the HIB equation (1.2)
can admits several solutions (in viscosity sense). However, it is known that the value function is the smallest
Isc viscosity supersolution of (1.2). This kind of characterization was used in [14] to propose an algorithm
based on viability theory.

Here, we first prove that ¢} is the unique solution of the Hamilton-Jacobi equation on K satisfying an
additional information at the boundary OK. This information can be dropped out whenever a controllability
assumption is satisfied, and then the corresponding HJB equation admits a unique viscosity solution. In
the case where no controllability assumption is satisfied, the additional information is important to ensure
uniqueness. Nevertheless, we will show that it is possible to forget this additional information using re-
lazation, or penalization, methods. More precisely, if we consider a larger set K¢ and a solution u® of the
Hamilton-Jacobi equation on K¢ (which will not satisfy any additional information on the boundary so that
the solution will not be unique), then we prove that u® converges to the value function 9 as € goes to zero.
On the other hand, we also investigate the approximation of the value function 9 by a sequence of value
functions associated to penalized control problems.

The paper is organised as follows. In Section 2, we introduce the problem and give the main results. In
this section we precise also the assumptions and fix the notations that will be used in the sequel. The proof
of the first main results (that is the characterization of the value function) is given in Section 3. In Section 4,
we shall discuss the case when inward or outward qualification assumption holds. Finally, Sections 5 and 6
are devoted to the study of relaxation and penalization methods allowing to approximate the value function.

2 Main results

2.1 Settings of the problem and preliminary definitions

Let F : R™ ~» R™ be a set-valued map with closed convex nonempty values, and consider the associated
differential inclusion:
Ux(s) € F(yy(s)) fora.e. s>0, y,(0)==zx. (2.3)

For every given ¢ > 0 and z € R", we denote by Sy (=) the set of absolutely continuous solutions of the
system (2.3) defined on [0,¢] and starting from x at time s = 0:

S[O,t] (33) = {y:m ym(s) € F(yz(s)) on [0>t}> and ya:(o) = m}
For any subset € of R™, we define the set of admissible trajectories satisfying (2.3) and lying in Q by:
S[%ﬂ (%) := {yz € Sp,(x),y=(s) € Q for s € [0,]}. (2.4)
Let K be a fixed set of R™ and let ¢ : R — R be a given function satisfying:

(H1) ¢ is a bounded lower semicontinuous function (Isc). Let My > 0 such that |¢(x)| < My, for
every x € K. We can assume, without loss of generality, that My < 1 and ¢ =1 on K°.

We stress on that the assumption My < 1 is not restrictive. The value 1 is just used as a reference
constant and can be replaced by any other constant.
For a fixed (x,t) € R™ x [0, +00), consider the following state-constrained control problem:

min{(y. (1), v € S5 (@)}

The value function 9 : Rt x R®™ — R associated to this problem is defined by:

Stz = min{p(y. (1)), ya € Sf5 ()} i S5 () # 0 25)
o 1 otherwise. ’



Remark 2.1. Let us remark that we have adopted the convention ¥(x,t) = 1, when the set of admissible
trajectories is empty : S[Ig 1 (z) = 0. Of course, we can change the value 1 by any other constant bigger than

ll¢ll Lo k), and eventually by +oc. The only advantage in taking a finite constant is to have to deal with
finite valued functions. This is also useful for numerical purpose.

In the sequel, we assume the following assumptions:
(H2) The set-valued map F' is upper semicontinuous (usc) and has nonempty compact convex images
(H3) There exists k > 0 such that for every x € R", we have sup,¢ p(,) [|v|| < k(1 + [|z[]).
(H4) K is a nonempty closed subset of R™.
For some results, we will also assume more regularity on F':

(H5) For every R > 0, 3Cr > 0 such that F is Cg-Lipschitz on the ball B(0, R) centred on 0 and
with radius R.

Remark 2.2. We know that under assumptions (H2)-(HS3), for every x € R™ and every T > 0, the differ-
ential equation (2.3) admits an absolutely continuous solution y, defined on [0,T] (see [1]) and that the sets
Sio,r)(7) and Sf&T] (x) are compact. Moreover, under assumptions (H1)-(H4), the value function 9 is lower
semicontinuous.

Let us recall that under assumptions (H2)-(H3) there also exists for all negative times a backward
trajectory of the system with the initial point x, that is an absolutely continuous solution of:

y(s) € F(y(s)) forae. s<0, y(0)=uz. (2.6)

We keep the notation y, for a solution of (2.6). Now, for every subset 2 of R™ and for each x € Q, we define
the set S~ (z) of backward trajectories solutions of (2.6), lying in Q during an interval [—v,0], for some
v > 0, and arriving at z:

S~ (x) = {y, solution of (2.6), I > 0, y.(s) € Q for s € [-1,0]}.

[e]
Of course, for any z in Q, the set S~ (z) is non empty, while for 2 € 9Q this set can be empty if all the
trajectories arriving at x come from outside €.
We now introduce some definitions which will be usefull to characterize .

Definition 2.3. (Contingent epiderivative & F-derivative) Consider a function ¢ : RT x R® — R
(i) The contingent epiderivative of ¢ at (t,x) € RT x R™ in the direction (1,z) € R x R™ is defined by

Dro(t, 2)(r, 2) — liming 2EFA8TH 1) = 6t 2)

h—0t h

2l s zs—T

(i1) Let (t,z) € RT x R™ and let y be a trajectory solution of (2.6) and arriving at x at time t = 0. The
F-derivative of ¢ at (t,x) in the direction of y is defined by:

¢(t + h7 y(ih)) — (b(tv 'T)
h .

Dio(t,x) = I}Lrgérif

(i) The subdifferential of ¢ at point (t,x), denoted D~ ¢(t,x), is the set of all vectors (qi,q.) € R x R"
satisfying:
¢(s,2) 2 ot 2) + qu(s =) + (e, 2 —x) +o(|]s —t| + |z —z|)
as RT x R™ 3 (s,2) — (t, z).

The contingent epiderivative is introduced in [1, 2]. This notion is used in [15, 16, 17] to define the
viscosity solution for HJB equations. Here we have introduced also the F-derivative at a point (¢,x). This
derivative gives information on the variation of a function ¢ along a trajectory arriving at z at time ¢.

From [2, Chapter 6], we have the following result.

(q,9z) € D™ o(t,x) <= @7 + (gz, 2) < Dyg(t,z)(1,2) VT €R, z € R"™. (2.7)



2.2 Main results
Consider the Hamiltonian function H : R™ x R™ — R defined by

H(z,q) :== sup (—p,q).
pEF(x)

We now state the first main result:

Theorem 2.4. (Characterisation of the value function)
Letu : R" xR — [— My, Mo]U{1} be a lsc function. We assume that (H1)-(H4) hold. the following assertions
are equivalent:

(i) u=19 on K

(ii) u satisfies

Vt>0, z€ K, sup —Dju(t,z)(—1,p) >0, (2.8a)
pEF ()
Vt>0, x €k, sup Diu(t,x) <0, (2.8b)
y€eSK:~ (x)
Ve e K, u(0,2) =¢(x), and Vt>0,xe€K wu(t,x)=1, (2.8¢)
where sup, e gr.- () D{u(t, x) := —o0 when S~ (x) = 0.

If we assume moreover that (H5) holds true, then (i) and (ii) are also equivalent to the following assertion:
(#ii) w is a bilateral viscosity solution (see Definition 2.5 below) of
Owu(t,z) + H(x, Dyu(t,x)) >0 Vt>0, z € K, (2.9a)
dyu(t,z) + H(z, Dyu(t,x)) = 0 ¥t >0, z €K, (2.9b)

and u satisfies the boundary conditions:

YV EIOC, liminf wu(t,y) = ¢(z), (2.9¢)
t—0t,y—x
Vee K, u(0,z) =p(x) and Vt>0,Veek ult,z)=1, (2.9d)
YVt >0, Vx € OK, sup D%’u(t,m) <0. (2.9¢)
yeSK:—(z)

We recall here the definition of bilateral solutions which have been introduced by Barron, Jensen [10].

Definition 2.5. (Bilateral viscosity solution of (2.9))
Let u : Ry x R™ — [— My, Mo] U{1} be a lsc function. We say that u is a bilateral viscosity solution of (2.9)

iff:

(i) w is a bilateral solution of (2.9b) in I%, that is, for every (t,z) € R} x K and every (qt,qz) € D™ u(t, x),
we have:
g+ H(z,qz) = 0.

(ii) u satisfies (2.9a) on the boundary in the sense that for every (t,z) € R} x 0K and every (qi,q.) €
D~ u(t,z), we have:
@+ H(z,q:) 2 0.

(#ii) u satisfies (2.9¢)-(2.9e) pointwise.

Remark 2.6. The bilateral viscosity notion could be also defined by using the “touching from one side” test
functions, see [10, 3, 15].



In the case when F' is continuous, the characterization given in the above theorem amounts saying that the
value function is the only Isc solution of the HIB equation (2.9a)-(2.9b), satisfying the boundary condition
(2.9¢)-(2.9d) and the additional information (2.9¢) with respect to any trajectory arriving at € 9K and
lying in K during an interval [—v, 0], for some v > 0. This general characterization, and mainly information
(2.9¢), seems difficult to handle in a numerical approximation algorithm for ¥. However this theoretical
result explains clearly why the value function ¥ can not be characterized only by means of a classical HJB
equation. Actually, equation (2.9a)-(2.9b) does not contain the information that ¥(-,y,(-)) is decreasing,
for any x € 9K, along the admissible trajectories y,(-) € S&~(z) arriving at . We shall see in Section 4,
that either under inward-pointing or outward-pointing controllability assumption, assertion (2.9¢) is satisfied
whenever u is a solution of the constrained HIB equation (2.9a)-(2.9b). However, in the general case when
no controllability assumption is made, the equation (2.9a)-(2.9b) with boundary conditions (2.9¢)(2.9d) may
have several Isc solutions. Among these solutions, the value function is the only one which satisfies also the
property (2.9e).

In the sequel, we want to show how it is possible to approximate the value function by a sequence of
solutions of HJB equations. The first approach consists in enlarging the set K. More precisely, for every
e >0, let K. be a closed subset of R™ defined by:

Ke = {:L' € R",d(x,lC) < 5}3
where d(-, K) denotes a distance function to the set K. Then, we have the following result:

Theorem 2.7. (Relaxation method)
Assume (H1)-(H5). For every e > 0, consider u. : RY x R™ — [— Moy, Mo|U{1} a lsc solution of the equation

Owu(t,x) + H(x, Dyu(t,z)) >0 V>0, z € K, (2.10a)

duu(t,x) + H(z, Dyu(t,z)) =0 ¥t >0, z €Ke, (2.10b)

YV EIOCE, liminf wu(t,y) = p(z) = u(0, z), (2.10¢)
t—0t y—x

Ve e Koy, u(0,2) =p(xr) and Vt>0, ze€KE, u(t,z) =1. (2.10d)

Then, for every x € R™ and every t > 0, we have:
lim =9 . 2.11
61 Oue(t,x) (t,ac) ( )

Let us emphasize that enlarging the set K is not for ensuring uniqueness of the solution of (2.10). The
above result says that we can take, for every € > 0, any Ilsc solution of (2.10), and then the convergence
result (2.11) holds.

Equation (2.10) can also be rewritten as a HIB equation with a Dirichlet boundary condition :

Proposition 2.8. (Dirichlet formulation of the HJB equation)
Assume (H1)-(H5). Let € > 0 be fivred. Then the two following statements are equivalent:

(i) w is lsc viscosity solution of (2.10)

(ii) w is lsc viscosity solution (see Definition 2.9) of the Dirichlet problem:

dpu(t, ) + H(z, Dyu(t,z)) =0 x €Ke, t >0, (2.12a)
u(t,z) =1 z €Ik, t>0, (2.12b)
Vr € Ke, u(0,2) = ¢(x), and Vz EIOC67 liminfu(t, 2) = u(0, z). (2.12¢)

t—0
z—a

Definition 2.9. (Bilateral viscosity solution of (2.12))
Let u: Ry x R™ — [— My, Mol U {1} be a lower semicontinuous function and let Q be a closed subset of R™.



We say that u is a Isc viscosity solution on Q of

duu(t, ) + H(z, Dyu(t,z)) =0 z €, t > 0, (2.13a)
u(t,z) =1 x €9, t>0, (2.13b)
Ve e Q, u(0,x2) = ¢(z) and Vz 6(027 liminf u(t, z) = (0, x). (2.13c)

t—0
z—a

iff

(i) w is a bilateral solution of (2.13a) in (02, that is, for every (t,x) € R% x 502 and every (qt,q.) € D™ u(t, x),
we have:
g+ H(z,q.) = 0.

(it) u satisfies the boundary condition (2.13b) in the sense that for every (t,x) € R x 0Q and every
(gt,92) € D™ u(t,x), we have:
max (¢ + H(2,¢z),u — 1) 2 0.

(#i3) w satisfies the initial condition (2.13c) pointwise.

Remark 2.10. First order HJB equations with boundary conditions arise usually in optimal exit time
problems. These problems have been studied in several papers [6, 7, 8, 11, 18]. It is known, that for HJIB
equations with Dirichlet boundary conditions, uniqueness results for viscosity solution do not hold when no
controllability assumption is made on the boundary of the domain to exit.

Now, consider, for every € > 0, the continuous function given by:
1
g:(z) = min(—1 + =d(z,K), 1) for z € R". (2.14)
€

Then we have:

Theorem 2.11. (Penalization method)
Assume that (H1)-(H5) hold true. For every e >0, consider 9. the unique lsc bounded viscosity solution of

min(dyv(t, z) + H(x, Dyv(t, z)),v(t,z) — g(x)) =0 x € R",t >0, (2.15)
0(0,7) = max(p(2), g:(2)) @ € R™. (2.16)
Then, for every x € K and every t > 0, we have:

lim 9. (t,2) = I(t, ).
lim, Je(t, z) = 9(t, 2)

Remark 2.12. In the above theorem, the value function 9 is characterized as the limit of a sequence of
(unique) viscosity solutions of variational inequalities. For every € > 0, we will prove that 9. is the value
function of a penalized control problem with a particular L -norm penalization, see Section 6.

Remark 2.13. In this paper, in order to simplify the presentation of the main results and main ideas, we
have focused on the Mayer’s problem. Yet, with a simple change of variables it is easy to extend all the
results to the general Bolza problem (i.e., when the cost function includes also a distributive part).

3 Proof of Theorem 2.4

3.1 Preliminary results
Firstly, we give some properties satisfied by the value function 9.

Proposition 3.1. (Dynamic Programming Principle)
Assume (H1)-(H4). Then the value function ¥ satisfies the following:



(i) for all x GI%,
liminf 9¥(¢,2) = 9(0,z) = p(x).

t—0t z—x

(#) Dynamic programming principle: for all x € R™, for allt > 0 and 7 € [0,t], we have:
ﬁ(ta Jf) = min ﬁ(t -7, yl(T)) Zf S[}g 7] (33) 7é (Da
v-eSE. (@) 7
It,z) =1 otherwise

(iii) Backward dynamic programming principle: for all z € R™, t >0, y, € S*~(z), and T small enough,
we have:

I(t,x) > It + 7,y (—7)).

Proof. (i) By definition of 9, we know that ¢(0,x) = ¢(z) for every z € K. Now, let = be in K and consider
two sequences (z;);>1 CK and (t;); CJO,4o0[ such that

t,— 0, 2z —z, and Y(t,z) — lim iEfﬁ(t, z) when i — 4o00.
t—0

For every i, we consider a trajectory y; solution of: g;(s) = F(y;(s)) on (0,t;) and y(t;) = z. Since x EIOC,

for i big enough, y;(0) ek and y; belongs to S[’g’ti](yi(O)). Hence

Wi, 3:(0)) < p(yalte) = (@) (3.17)
Using the fact that y;(0) — z at i — oo, it yields
liminf 9(¢, z) < lim 9(t;, 3:(0)) < o(x).
=0 i—+oo

Taking into account the fact that ¥ is Isc, we conclude (i).
The dynamic programming principle (ii)-(iii) can be easily obtained from the definition of 9. O

In the sequel of the section, we give some interpretations to the sub and superoptimality principles of the
DPP. These statements are well known in the case where the state is not constrained (i.e. £ =R") [3, 15].
In presence of state constraints, our statements can be seen as a generalization of those studied in [16, 17]
where a qualification condition is required.

Proposition 3.2. (super-optimality)
Let u: RT x R™ — R be a bounded lower semicontinuous function. Assume (H2)-(H3), then the following
three statements are equivalent

(i) Vt > 0, Vo € R™, we have:

sup —Dju(t,z)(—1,p) > 0; (3.18)
pEF(x)

(i) V(t,x) € RT x R", 3y, € Spoyy(x), V1 € [0,], u(t — 7,y.(7)) < ult,z).
(iii) ¥t > 0, Ve € R" and VY(q:,q) € D™ u(t, z), we have:
@+ H(z,q.) > 0.

Proof. This proposition is a straightforward consequence of [15, Theorem 3.2 & Lemma 4.3] using the change
of variable 7 — ¢t — 7. O

Remark 3.3. Let us point out that assertion (ii) of the above proposition insures the existence of a trajectory
Yz, Starting from y,(0) = x, and such that u(t—-,y,(+)) is decreasing. Nothing guarantees that y, is admissible
(and stays in KC). In the case when the trajectory y, leaves KC, if we assume further that u is bounded from
above by 1 and u(s, z) =1 whenever z € IC, then we obtain u(t — -,y (-)) =1 on [0,].



An immediate consequence of the above proposition is the following;:

Corollary 3.4. (Super-optimality of the value function)
Assume (H1)-(H4). Then, the value function 9 satisfies for allt > 0, x € R"

sup —D4d(¢,z)(—=1,p) > 0.

pEF(z)
Proof. Let (t,z) be in RT x R™. We claim that
y € Spo.g(w), Y7 € [0,t], It —T,y.(7)) < I(t, ). (3.19)

To prove this assertion, we first consider the case when S[Ig’ 1l (z) # 0. By compactness of S [’g’ 4 (x) and since ¥ is

lsc, we obtain from Proposition 3.1(ii) the existence of y, € S[’&t] (w) C Sjo,4(x) such that 9(0, y.(t)) = V(t, z).
Hence, for all 7 € [0, t], we get from Proposition 3.1(ii) (with z = y,(7)) that
Yt —7,2) <HO,y.(t — 7)) <H0,y.(t)) < D¢, x).

Now, if S[’g)t] (z) = 0, thus the definition of 9 yields 9(¢,x) = 1. Moreover, since 9 is bounded by 1, for

any trajectory y, € S (x), we have
Yt —7,y.(7)) <1 =19( ).
Therefore, (3.19) is always satisfied for any (¢,z) € RT x R". We conclude by Proposition 3.2. O

Proposition 3.5. (Sub-optimality)
Assume (H2)-(H3) and let u: RT x R" — R be a lower semicontinuous function and Q be a subset of R™.
Then the following two statements are equivalent

(i) ¥Vt >0 and Vo € Q,  sup Diu(t,z) <0
yeS®~ ()

(i1) ¥t >0, Vx € Q, V1 € [0,t] and Yy, € S[%,T] (x), we have u(t,z) < u(t — 7,y,(7)).
Furthermore, if (H5) is also satisfied and € is an open subset, then (i) and (i) are equivalent to each of the
following assertions:

(i11) ¥t > 0, Yz € Q, max Diu(t,z)(1,—p) <0
pEF (x)

() (a) Yz € Q, iminf, o 05y—q u(t,y) = u(0, )
(b) Vit >0,V eQ and V(q:, q.) € D™ u(t,x), we have: q; + H(x,q;) <O0.
To prove this proposition, we will need the following lemma which proof is postponed to Appendix A.

Lemma 3.6. (non-increasing functions)
Let v : [0,T] — R be a lsc function such that

v(s+h) —v(s)
h

D, v(s) = liminf <0 Vsel0,T).

h—0+t
Then v is non-increasing on [0,T].

Proof of Proposition 3.5. The proof will be splitted in five steps.
Step 1. Under assumptions (H2)-(H3), let us first prove the equivalence (i) <> (ii).
Assume () and consider ¢ > 0, 7 € [0,¢]. Let y,, € S[%’T] (x), and define v : R — R by

v(s) =ult — 7+ 8,y (7 — 5)).

We want to show that v is non-increasing by using Lemma 3.6. For s € [0, 7), we set 21 = y. (7 — s) (clearly,
21 depends on 7 and s). Thus we get:

D v(s) =liminf ult =T s+ hya(r—s—h) —ult =7+ 5,y2(7 — 5))

h—>0+ h
g Y T8 B ye (<) —u(t =7+ 5,31)
h—0t h

:D?’”u(t—T—i—s,xl) Vs € [0, 7]



where we have set y,, (—h) := y, (7 — s — h) for h small enough. This backward trajectory y,, belongs to
S~ (x1), and thanks to (i), we deduce that Dyv(s) < 0 for s € [0,7). Therefore, Lemma 3.6 implies that
v is non increasing on [0, 7] and then v(7) < v(0), which gives that

u(t,z) < u(t —7,y.(7)).

Conversely, assume that (ii) holds true and let (t,2) € RT x R™. The case when S~ (z) = ) is trivial.
Let us consider that S~ (z) # 0 and let y,, € S~ (). There exists v > 0 such that

Uz (8) € F(yz(s)) on [-v,0] and y.(0) = =.

For every h € [0, v], we define xp, = y,(—h) and consider the trajectory y,, defined by: y., (s) = y»(s—h)
for s € [0, h]. In particular, y,, belongs to Sf ,(z5). From (ii) we get:

u(t + h,xp) < ult, ya, (h))

which gives
u(t + h,y(—h)) <ult,z).

Therefore,

D" u(t,z) = lim inf ult + b yo(=h)) = ult, 2) <0,
h—0+ h
which proves assertion (i).

Step 2. From now on, we assume also that (H5) is fulfilled and that Q is an open set. We first prove
that (i) = (iii). Let t > 0, 2 € Q and p € F(z). Filippov’s Theorem implies that there exists y, € S~ (z)
(with y,(0) = x) and such that

Yo (—h) — x

lim =———~— = —p.
h—0t h P

Let (hp)n, with h, — 0, be a sequence of positive numbers such that:

wlt + o, Yo (—h)) — u(t, )

: — Ve
nEIJIrloo . = Di*u(t, x).
L yx(_hn) -
For every n > 0, set g, := S S— Clearly, g, tends to p when n goes to +o0o. Moreover,
n

DTu(t> Qf)(l, _p) == hm 1nf U(t + h’ - hq) — U(t, x) U(t + h'TH xr — hngn) - U(ta Jj)

h—0+ h T n—+oo hn,
q—p

= D{"u(t, x).

We deduce that for every p € F(z), we have Dyu(t, z)(1, —p) < 0 and (iii) holds true.

Step 8. The assertion (iii)==-(ii) can be obtained by using similar arguments as in [15, Theorem 3.3].
Let us point out that the paper [15] deals only with final state constraints (K = R™). However, the proof is
still valid when we consider that the set of trajectories is in an open set 2. For the reader’s convenience, we
give the main steps of the proof. Let us assume (iii) and fix t > 0, z € Q, 7 € [0,¢], and y, € S[%J] (z). Now,
we consider the application

t—T+s
T:[0,7] 2 s+— Yz (T — 5)
u(t — 7,y (7))
It is clear that 7(0) := (t — 7, y.(7),u(t — 7,y.(7))) belongs to the epigraph of u, denoted Ep(u). On the
other hand, by (iii) and thanks to [2, Proposition 6.1.4], we obtain that (1, —p,0) is a contingent ! direction
to Ep(u) at every (7,&,2) € RT x Q x R such that

(7,€,2) € Ep(u), and p € F(§).

1Let K be a nonempty subset of R” and z € K. A vector v in R” is said a contingent direction to K at z if and only if:

K —
lim inf d (v, 72) =0.
h—0+ h




Therefore, u being lsc, by using the viability theorem (see the proof of [15, Theorem 3.3]), we get that
T (s) € Ep(u) for every s € [0, 7]. We deduce that:

ut =7+ 8,y:(7 = 8)) Sut —7,y.(r)) Vs €l0,7]

which proves (ii).
Let us also remark that the same arguments give the following implication:

YVt >0, Vo € Q, max Du(t,z)(1,—p) < 0] =
pEF ()

(3.20)

[Vt >0, Vo € Q, Vr € (0,6 Vo €S2 1(), ult,x) < ut—7, yI(T))} .
Indeed, due to the inversion of the time, the fact that we do not assume the left hand side property at initial
time implies that we do not recover the right hand side at the final time 7 = t.

Step 4. Now we assume that (iii) is satisfied and we will prove that (iv) holds true. From the previous
steps, we know that (i) and (ii) are also satisfied. Then assertion (iv)-(b) can be deduced from (2.7) and
(iii). It remains to prove assertion (iv)-(a). For this, let us fix € Q. Let (z;); C Q and (¢;); C]0, +00[ such
that:

zi — x, t; — 0, and wu(t;,z;) — lminf wu(t, z) when i — 4o0.
t—0tz—z
Let (y;); be a sequence of trajectories satisfying, for every i > 1, y;(s) =
By Gronwall Lemma, we get y;(0) — = when i — +00. Moreover, by (i
Therefore, since u is Isc, we deduce:

F(y(s)) on (0,¢;) and y;(t;) = =.
i) we have: u(t;,4;(0)) < u(0,x).

w(0,2) < liminf wu(¢,z) < lm wu(t;,y:(0) < u(0, ).
t—=0tz—x i—+00
Step 5. Finally, we prove that (iv) = (ii). From [15, Lemma 4.4], we know that (iv)-(b) is equivalent
to the assertion
YVt > 0,Vx € Q, max Dju(t,z)(1,—p) <0,
pEF(x)

and by (3.20) we conclude that
Yt >0, Yo € Q, V7 € [0,t], Yy, € S[%J] (), u(t,z) <ult—T1,y(7)). (3.21)

Now, it remains just to prove that the assertion (3.21) is still true up to time 7 =¢. Let t > 0, z € Q and
Yz € S[% . (). Let (2;); C © and (¢;); a sequence of positive numbers such that:

Consider, for every i > 1, a trajectory y* satisfying ¢(s) € F(y*(s)), y'(t — ;) = z; and ||y’ — yz| L~ — O.
The Gronwall lemma yields that y*(0) converges to z. Moreover, since € is an open set, y* C Q on [0, ;]
for i big enough. Therefore, by (3.21), we obtain: u(t,y*(0)) < u(t;, y'(t —t;)) = u(t;, 2*). Since u is lsc, by
(iv)-(a) we conclude:

u(t,z) < lim u(t,y"(0) < Tim u(t;, 2") = u(0,ya(t))

11— 00

which proves that (3.21) is true for 7 = 1.

O
Corollary 3.7. (Sub-optimality of the value function)
Assume (H1)-(H4). Then, the value function 9 satisfies for every (t,x) € RT x R"
sup D%’ﬁ(t,x) <.
yesE - (z)
Proof. This is a consequence of Propositions 3.1(ii) and 3.5. O
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3.2 Proof of Theorem 2.4

The equivalence between (ii) and (i7i) follows from Propositions 3.2 and 3.5. Remark that Proposition 3.2
is state for x € R™ while Theorem 2.4 (ii) and (iii) is state for x € K. Nevertheless, these equations are
trivially satisfied for x € R™\K (since v =1 in R™\K).

We now prove the equivalence between (i) and (i7). The fact that the value function ) satisfies (2.8)
follows from Corollary 3.4 and 3.7 and from the definition of 9.

Conversely, let us assume that u satisfies (2.8) and let us prove that v = ). Let € K and ¢ > 0. The
proof is splitted in two steps:
Step 1: u(t,x) > (¢, ).

Indeed, using Proposition 3.2, we get that there exists y, € Sjo4 () such that:

u(t — 7,y (7)) <wul(t,z) V7 e€|0,t]. (3.22)
Two cases may occur. In the first case, y, does not belong to S[’a 4 (z) which means that there exists
T € [0,t] with y,(7) € K. In this case, we have
u(t — 7,y (7)) = 1 < ult,x).
Since u, ¥ are bounded from above by 1, we conclude that u(t,z) = 1 and then
u(t,x) > 9(t, ).

On the other hand, if y, belongs to S[’&t] (x) then by taking the limit 7 — ¢~ in (3.22) and using the fact
that u is Isc, we get
I, x) < oy, (t)) < liminfu(t — 7,y (7)) < u(t, ).

Tt~

Step 2: 9(t,x) > u(t, z).

It suffices to consider the case S[’g,t] (x) # 0 (otherwise 9(t,2) =1 > u(¢t,z)). In this case, by Proposition

3.1, there exists an admissible trajectory y, € S[’g 4 (z) such that

e(ya(t)) = 0(0,y2(t)) = I(t, ).
On the other hand, by Proposition 3.5, we also have that
u(t,z) < u(0,y2(t)) = o(ya (1))

This implies that ¥(t,x) > u(t,z) and ends the proof of the theorem.

4 Some particular situations

The goal of this section is to show that Theorem 2.4 leads to a characterisation of the value function in term
of Hamilton-Jacobi equations when a qualification condition is satisfied and F' is continuous. In particular, we
can recover the results of Soner [21] (see also [18]) when inward qualification condition holds (see Subsection
4.1) and also the results of Frankowska et al. [16, 17] in the case when outward qualification condition is
satisfied (see Subsection 4.2).

In this section, we limit our attention to state constraint sets IC expressible as

K = ﬂ{x, hi(z) <0}, K= m{x,hj(x) <0} (4.23)

for a finite family of C1! functions? {h; : R™ — R},;—1 . . We also denote by
I(z) ={je{l,...,r},hj(x) =0}

the active set of index values at a point x € K. We assume throughout this section that jC# 0.

2C1:1 being the class of C1-functions with Lipschitz continuous gradients.
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4.1 Inward pointing condition
In [21], Soner introduced the ”inward-pointing” constraint qualification:

35 >0, Vz € 0K, rrllmi(n)p -Vahj(z) < —=p VjeI(x). (4.24)
peF(x

Under this ”controllability” hypothesis, Soner proved that the value function is continuous and is the unique
solution of a constrained HJB equation in an appropriate sense. In smooth cases (with ¢ Lipschitz contin-
uous), this viscosity notion can be interpreted as solution of a Newman boundary equation (see the paper
of Capuzzo-Dolcetta and Lions [13]). Generalizations of this condition to the case of a state constraints set
K with nonsmooth boundary, were introduced by Ishii and Koike [18]. They also modified the notion of
solutions, by modifying the Hamiltonian.

Condition (4.24) is a strengthened viability condition [1]. Geometrically, (4.24) means that from each

point & € 9K a trajectory enters into JC, while the viability condition guarantees that a solution stays in IC
forever. Moreover, under condition (4.24), each trajectory starting at 2 on the boundary can be approximated
by a sequence of trajectories lying in the interior of K. More precisely, we have the following lemma.

Lemma 4.1. Assume that F satisfies (H2)-(H5) and K is defined as in (4.23). Let y, € S[IS’T](LL') for
(T,x) € RT x K. Let (t;,z;) € Rf x I be such that (t;,z;) — (0,x). If (4.24) holds true, then there exists
a sequence of trajectories y* such that

and 4
ly" — yw”Lw([ti,T];]R”) — 0.

The proof of this Lemma can be obtained by similar arguments as in [17, Lemma 4.1].

Theorem 4.2. Characterization of the value function under inward-pointing constraints)
Let IC be given by (4.23). Assume that ¢ is a continuous function on K. Assume also that (H1)-(H5) and
(4.24) are satisfied.

Let u: R™ X R — [—My, Mol U {1} be a continuous function such that u =1 on K¢. Then, the following
assertions are equivalent:

(i) u="19

u(0,z) = (),

(ii) { Vt>0, x € K, suppep(yy —Dyult, )(-1,p) = 0,
Vt>0, x GIOC, SUP,e p(s) Drult, z)(1,—p) <0

U(O, m) = Lp(l‘),

(ii7) Owu(t,z) + H(x, Dyu(t,z)) >0 fort >0, x € K

Owu(t,x) + H(x, Dyu(t,x)) =0 fort >0, x EI%

Proof. This theorem is already proved in [22]. It can be also deduced from Theorem 2.4. Indeed, under
inward qualification constraint (4.24), when ¢ is continuous on K, the value function is also continuous on
K. Moreover, for every continuous function u : R* x R® — R, we have:

vt > 0,Vx EIOC, sup  Diu(t,z) <0| = |Vt >0,Ve € K, sup Diu(t,xz) <0]. (4.25)
yeSK— (z) yeSK~ (z)

Which means that the information about the behavior of u along trajectories arriving at the boundary of
K can be deduced from the behavior along trajectories lying in the interior of K. The proof of this claim is
mainly based on Lemma 4.1.
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Assume that the left hand side of (4.25) is satisfied. Let (¢,z) be in RT x K. Let y, be a trajectory in
SK:=(z). Then there exists v > 0 such that y,([-v,0]) C K and y,(0) = z.

If y,. ([-v,0[) CI%7 then by using Proposition 3.5, we deduce for every h €]0,v] and every 7 €]0, hj:
w(t + hyye (—h)) <ult+ 7,y (—7)). (4.26)
By sending 7 to 0, and using the continuity of u, we get:
u(t + h,yz(—h)) <u(t,z) Vh€]0,v],

which implies that D{*u(t,z) < 0.
In the general situation, for h € [0,v], we use Lemma 4.1 to approach y, on [—h,0] by a sequence of
[e]

F-trajectories (y') with y; lying in . More precisely, we consider (h;, z;) € R} x I% such that (h;,z;) —
(h,yz(—h)). By Lemma 4.1, there exists a sequence {y* : [—h;,0] — R"} such that

y'(—hi) =z, y' CK on[—h;,0] and ||y* — ol Lo ((—hs,0pmm) — O.

Using (4.26) (applied to y* € S’%7*(yi(0))), we deduce that
u(t + hy, zi) < u(t,y'(0))
Sending, ¢ — co, we deduce that
u(t + h,y(—h)) <ult,z),
for every h € [0,], which implies that DY*u(t,z) < 0. O
Remark 4.3. It is clear that assertion (4.25) amounts saying that, under the inward condition (4.24), if u

is suboptimal along any trajectory y. lying in the interior IC then it is also suboptimal along any trajectory
remaining in the closed set K.

4.2 QOutward pointing condition

In [17, 16], Frankowska et al. introduced another condition to study the characterization of the value function:

Ve € OK, max p-Vh;(z)>0 Vje I(z). (4.27)

pEF (x)

This condition said ”outward pointing qualification” can be seen as a reverse to Soner’s assumption (4.24).
It means that from each boundary point x € K, a trajectory solution of (2.3) leaves immediately IC. It
means also that each point of the boundary can be hitted by a trajectory coming from the interior of K.
Under assumption (4.27), a similar property to Lemma 4.1 is the following (see [17, Lemma 4.1]):

Lemma 4.4. Assume (H2)-(H5) and (4.27) hold true. Let T >0, x € K and y, € S~ (x) such that:
Jalt) € F(ya(t) fort € [~T,0]

o
Let (t;,7;) € Rf x K be a sequence satisfying (t;,x;) — (0,z), when i — +oo. Then there exists a sequence
of trajectories y* such that

gi(t) € F(y'(t)) fort € [-T,—t;], y'(—t;) =xi, y'(t) EIOC on [-T, —t;]

and
ly" — yw”L“’([*T,fti];R") — 0.

Here, under the outward condition (4.27), any trajectory arriving to a boundary point z € 9K can be
approximated by a sequence of trajectories lying inside K, while this approximation is claimed, under the
inward condition, for a trajectory starting at the boundary.

Under assumption (4.27), the value function is not necessarily continuous, but is still the unique solution
of HJB equation in a lsc sense in lines of [10, 15].

13



Theorem 4.5. Characterization of the value function under outward-pointing constraints)
Let u: R" x R — [—= My, Mo] U {1} be a lsc function such that w =1 on K¢. We assume that (H1)-(H5) and
(4.27) hold. Then the following assertions are equivalent:

(i) u="1

Va EI%, liminf u(s, z) = u(0,2) = p(z),

s—0Tt

Yt > O,szgle, lim i+nfu(s, z) = u(t, ),

.. }OCSZH:E

(i)  Vt>0, z €k, sup —Dyult,z)(—1,p) >0,
pEF ()

Vt >0, z €K, sup Diu(t,z)(1,—p) <0
pEF (x)

Y EI%, liminf wu(s,2) = p(z),

s—=01, z—z

vVt > 0,Vz € K, liminfu(s, 2) = u(t, z),
(iii) et
K3z—=x

Owu(t,z) + H(x, Dyu(t,x)) =0 fort >0, x ex

Owu(t,z) + H(x, Dyu(t,x)) >0  fort >0, z € 9K

Proof. The equivalence between (ii) and (iii) follows from Propositions 3.2 and 3.5. The fact that (i) implies
(ii) follows from 2.4 and the fact that, under the outward-pointing constraint, the value function o satisfies
the second line of (ii) [17].

For the implication (i7) = (i), using Theorem 2.4 and Proposition 3.5, we just have to prove that

YVt >0, EI%, sup  Diu(t,z) <0 (4.28)
yes—K()
implies that
V¢ >0, z€ K, sup Diu(t,z) <O0. (4.29)
yES™ X (x)

Let t >0,z € Kand y € S'C’_(x)\S’%’_(x).
Consider (t;,z;) € Rfx K such that:

(tiyxi) = (0,2) and w(t;, z;) = u(t,z) when i — +o0.

By Lemma 4.4, there exists a sequence {y° : [~7, —t;] — R™} such that

y'(—ti) =z, y' €K on[-7,—t] and ||ly* — Yol Lo ((—r—t,jmm) = 0.

We define §'(7) = y'(t + ;) € S[Ki’;‘i’ti-,o] (x;). By (4.28), we deduce that
h—0 h

Sending i — oo, using the fact that u is Isc and that u(t, ;) — u(t, x), we get that

h—0 h

<0

which gives (4.29)
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5 Relaxation of state constraints

Consider (K.):>0 a sequence of subsets of R such that

(i) for every e > 0, K. is closed and K C K,
o
(H6) (i) K, CK. for every e > 0 and n € (0,¢),
(#1) Yo € K, lim d(z, R™"\K.) =0,
e—0

where d is a distance function. For instance, we may simply consider K. := {z € R", d(z,K) < ¢}. In all
the sequel, for every ¢t > 0, we shall say that y, is a K.-admissible trajectory on [0,¢] when y, belongs to
Siocn(@):

Our aim in this section is to prove Theorem 2.7, that is, to prove the pointwise convergence of u. (¢, )
towards 9(t, z), u. : RT x R™ — [— My, My] U {1} being a solution of (2.10).

Notice that (2.10) admits (at least) one solution u.. Indeed, the value function associated to a control
problem (2.5) with state constraints in K. (instead of ) is a solution of (2.10). However, this equation may
admit several solutions. The main feature of Theorem 2.7 is that, by enlarging the set K and considering
(2.10), we neither have to deal with difficult boundary constraints, nor we have to require any constraint
qualification assumption on OK.. We just take any solution wu. of (2.10) on K. and then by sending e to

0, this solution u. will converge to the value function ¢ (which is the unique solution of the HJB equation
(2.92)-(2.9b) and satisfying the boundary conditions (2.9¢)-(2.9¢)).

Proof of Theorem 2.7. To prove the result we proceed in several steps.

Step 1. For t > 0 and x € K given, we claim that lim iélf ue(t, z) > (¢, x).
e—

Let us set ¢ := liminf,. o uc (¢, z), and assume that £ < 1 (otherwise the result is immediate). We consider
a subsequence €5, > 0 such that e, — 0 (with ¢, < 1) and (for k large enough)

1
1>/0+ Z > ue, (t, ). (5.30)

For z € R"\K,, and ¢ > 0, we have u., = 1 locally around (¢,2) and thus (2.10a) is also satisfied at the
point (¢, ) for any ¢ > 0 and x € R™.

Therefore we can apply Proposition 3.2 (using that (i7i) = (ii)) and obtain that there exists y5* € S ()
such that V7 € [0,t], ue, (t — 7, y5" (7)) < ug, (t,2). We then deduce that

1
(4 2 ue (8,0) > (3 (1).

By Remark 2.2, we can extract from y5* a convergent subsequence towards some trajectory y, € Sjo ().
At the limit, when k tends to +00, and taking into account that ¢ is Isc, we obtain

£> oy (1))

On the other hand, using that u., =1 on R™\K,, and the fact that u., (t,2) < 1, we deduce that yZ* is
K., -admissible for every k > 0. We then obtain that y, € ng 4 () by using assumption (H6) (iii) and the

fact that y, € S[Igfﬁ (x), Vk > 0. This proves that
Ot x) < p(ya(t)) < ¢
and concludes the proof of Step 1.

Step 2. We now claim that 9(t,z) > u.(¢,x) for all ¢ > 0, z € K and € > 0. To show this, let us consider
V., the value function of the optimal control problem with the relazed constraint set K¢ instead of K:

. ]CE 3 ICE
Vattoa) = { MR, o € SE@} i S @) 20, (5.31)
1 otherwise.
By definition, for all € > 0, we have
V. < 9. (5.32)

We have also the following lemma which proof is postponed
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Lemma 5.1. Let u. satisfy (2.10b), (2.10c) and (2.10d). For any n € (0,¢), we have
ue(t, z) < Vy(t, ).
Combining Lemma 5.1 and (5.32) we obtain that J(¢,z) > Vz (t,x) > uc(t, ).
Step 3. Conclusion: Combining Step 1 and Step 2, we get that

I(t,x) > limsup ue (¢, z) > lim i(I)lf ue(t, x) > V(¢ ).

e—0 e

This ends the proof of Theorem 2.7. O

Proof of Lemma 5.1. Let n be in (0,¢). Using that u. satisfies Proposition 3.5(iv) with Q :=K., we deduce

by the same proposition that u. is increasing along K.-admissible trajectories, and in particular,
o o
YVt >0, Vo ek, Vy, € S[Igft],u(t,as) < o(yz(t))- (5.33)

Now, for any IC,-admissible trajectory denoted y?(¢), and since KC,, CK. (by (H6)-(ii4)), we can apply (5.33)
and obtain that u.(t,z) < p(y2(t)). Hence u.(t,z) < V,(t,z). O

As claimed in Proposition 2.8, Equation (2.10) is equivalent to an HJB equation with Dirichlet boundary
conditions. Let us prove this assertion.

Proof of Proposition 2.8. The equivalence of (i) and (ii), for the initial condition aspect as well as for the
bilateral solution aspect in the interior of K. is easily obtained from the definitions 2.5 and 2.9.

We also obtain directly from (2.10a) that Definition 2.9(ii) holds, which concludes the proof of (i) = (ii).

Conversely, there remains to show that if we assume (ii) then (2.10a) holds for ¢ > 0 and « € 9K.. In
the case when u(t,z) = 1, since u is Isc and takes its values in [— My, My] U {1}, we know that u = 1 locally
around (¢,x) and thus (2.10a) is also satisfied at (¢,z). Otherwise, u(t,z) < 1, and thus Definition 2.9(ii)
implies that

+ max (—p-pg) >0
pe+ max (=p-pa)

for any (p¢, pz) € D™ u(t,x), which gives the desired result. O

We now give a result that can be useful for the approximation of backward reachable sets (see below).
Let dg (A, B) be the Hausdorff distance between two sets A, B of R 2. Let A < 1 and

DO = {z, 9(x) < AL
For t > 0 given, we define the set A¢(\) by:

Ay(A) == {z e R", I(t,z) < A}
and, for a given u. solution of (2.10), the set A7(\) by:

A;(N) :={z e R", u(t,z) < A}

We have A;(\) C AS(A) since u. < . Hence A;(A) C NesoA5(A). The following shows that the reverse
inclusion is true.

Proposition 5.2. We assume (H1)-(H6). We have
(1) Ne>0AF(A) = A(A).
(#9) If D(X) is a compact set, then lim._,o dig (AF(N), Ae(N)) = 0.

3dy (A, B) := max(6(A, B),5(B, A)) where §(A, B) := max,¢ 4 d(z, B).
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Proof. (i) is a simple consequence of Theorem 2.7.
We now prove (i7). For a given A, let us simply denote A; and A§ for A;(\) and A$(\). We first notice
that A; C A;. Hence there remains to control

§(A5, Ay) = ggé d(z, AY).

Af is a closed set, and there exists x. € Aj such that max,cas(x, 4;) := d(xc, Ar). We consider a
subsequence €, — 0 such that (d(x.,, A¢)). Since D(A) and F' are bounded, Af is also a bounded set which
contains z., (for €, < 1). Then, we can extract from x., a converging subsequence (still denoted z., ) to
some limit x.

Since x., € Af for all €, < ¢, passing to the limit we obtain z € Af for any given ¢ > 0. By Theorem
2.7, we deduce that © € A;, and that (d(z., , At)) — 0. This finally proves that all the sequence (d(zc, At))
converges to 0 as € — 0. O

Remark 5.3. A direct application is the following. Let C be a given target, that is a non empty compact
set. We choose p(x) = dc(x), that is, the signed distance function to the set C, and set X := 0. Then it is
easy to see that A:(0) corresponds to the backward reachable set at time t, that is,

A (0) = {x e R", 3y, € S[Ioit](:c), such that y,(t) € C} .

Hence Proposition 5.2 gives an approzimation result for the backward reachable set A;(0) by the sets A5(0)
associated to any u. solution of (2.10).

6 A penalization approach for state constraints problems

In the previous sections, we were interested by various characterization of the discontinuous value function
J(t,z). Now, we are interested by an approximation of ¥ by continuous functions. This approach is also
closely related to our recent work [12] used for the characterization of reachable sets.

As before, the problem is to deal with general state constraints without using any controllability assump-
tion. We recall that by (H1) ¢ is a lsc function and —My < p(z) < My on K.

Let us consider a sequence of Lipschitz continuous functions g. : R™ — R satisfying

(1) ge(x) :=—My Vzek, (6.34a)

(#1) ge(z) <1 VzeR", and V§ > 0, 611_1% - d(ig}}fc)zé} g:-(2) = 1. (6.34b)

For instance, g. can be defined as in (2.14). We consider ¥, defined as follows :

0ty i= ot (e (0), o 0-(0,(0) ) (6.35)
yIES[Oyt]("I}) GE[O,t]

Here the state variable is free, but the penalized cost function takes value 1 whenever the trajectory exits
the set K. Furthermore, by using similar arguments as in Barron and Jensen [10] and Barron [9] (see also
Bokanowski et al [12]), we can easily prove that 9. is the unique solution of an HIB equation:

Proposition 6.1. Under assumptions (H1)-(H5), for every e > 0, the function 9. is the unique lsc viscosity
solution of the following inequation:

min(9pd. + H(z,VY,), 9 —g-(x)) =0, t>0, z €R", (6.36a)
9:(0,2) = max(p(x),g-(x)), x€R"™. (6.36b)
Now, the proof of Theorem 2.11 becomes very clear. It suffices to prove that the value function 9.

converges pointwisely to . This characterization is very useful in order to compute numerically an approx-
imation of 4.

Proof of Theorem 2.11. First let us remark that

9(t,z) = inf (1)), L(0)))
() = o (0 0). o 00(0,(6) )
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where go = My on K and 1 elsewhere. We then deduce that for every (¢,2) € R x R™, we have
Ve (t, ) < Y(t, ) Ve > 0.
Let (t,z) be given and let
0= el o2 us(0).K).

First we suppose that § > 0. Then for any trajectory y = y, € Sjo¢(7) there exists some ¢ € [0,t] such
that d(y.(6¥),K) > 6. Hence J(t,z) = 1 and . (t, ) > infyes, ,(2) 9e(¥(6¥)), and by (6.34), we get:

(z) =1.

o .
Ve (t7) 2 Jiny e S

We conclude that lim._,o 9. (¢, ) = 1 = 9(¢t, ).
Now, we consider the case when § = 0. Assume that there exists some 1 > 0 such that

o < B
hrgn_g(r)lf I (t, z) < I(t,x) —n.

Therefore, there exists a subsequence ¢;, > 0 for k¥ > 1, and a subsequence y* such that

o (0. s 0-((0)) < 0t,2) — 3. (6.37)
6€(0,t] 2
In particular,
max g.(y% (0)) < I(t,x) — 2L <1— 2 (6.38)
0€0,t] x - 2~ 2

Now, we can extract from y® a convergent subsequence (in the L norm) to some limit trajectory y that
also satisfies the state equation § = f(y,«) a.e. on [0,t]. For the limit trajectory, suppose that a point
y2(0) does not belong to K. Then we obtain 1 < 1 — 7, and a contradiction. Hence the limit trajectory is
admissible. Going back to (6.37), and passing to the limit when £ — 0, we obtain

s (03 (). =My ) < 0(0.0) - 1. (6.39)
By definition of ¢, this implies that
a n
(p(ya (t)) < ﬂ(tvx) - Ea
and we get a contradiction. O

A proof of Lemma 3.6

Proof of Lemma 3.6. By contradiction, assume that v is not a non increasing function on [0,7). Then, there
exists 0 < a < b < T and € > 0 such that

v(b) —v(a)

> e.
b—a

Let us define the following lsc function on [a, b]:

g(t) :=v(t) —v(a) —e(t — a).

In particular, we have g(b) > 0. Moreover, for all ¢ € [a, b], we have

D, g(t) = liminf v =) Dyv(t) —e < —¢.

s—tt s—t

Using the fact that g(a) = 0 and Dig(a) < —¢, we deduce that liminf 9(s)

s—at S—a

< —e. We then deduce that
there exists a < tg < b such that g(¢y) < 0. Let us define

ty =inf{t, a <t < b, g > 0}
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Since g(b) > 0, t1 is well defined. Moreover, since g(to) < 0, we also deduce that 1 > to > a.

We now claim that g(t;) < 0. Indeed, if g(t1) > 0, then, using the fact that g is lsc, we deduce that
{6 €la,b]; g(f) > 0} is an open subset of Ja,b]. This implies that there exists h > 0 such that g(¢) > 0 for
all t € [t; — h,t; + h]. This contradicts the definition of ¢;.

Using the fact that g(t1) <0 and g(¢) > 0 for all ¢ €]¢1, b], we deduce that

t)—g(t
D g(t1) = timinf L0 =900 -
t—t t—1t

This contradicts the fact D4 g(t) < —e. Hence v is non increasing on [0, 7).
Then we also have v(T") < liminf; ,7- v(t) (using that v is L.s.c.), hence v is also non increasing on all
the closed interval [0, T7. O
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