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Abstract
In [4], the authors have proposed a generalization of the classical Fast Marching
Method of Sethian for the eikonal equation in the case where the normal velocity
depends on space and time and can change sign. The goal of this paper is to propose
a modified version of the Generalized Fast Marching Method proposed in [4] for which
we state a general comparison principle. We also prove the convergence of the new
algorithm.
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1 Introduction

In this paper, we are interested in the Fast Marching Method (FMM). This method has been introduced
by Sethian [8, 9] (see also Tsitsiklis [10] for a previous single-pass method) and adapted for general given
normal velocity ¢(z, t) in [4] (we refer to [4] for a detailed discussion and for more references on Fast Marching
Method). More precisely, in [4] the authors have proposed a generalization of the classical FMM for the
following equation

(1.1) { 0y =c(z,)|DO]  in RN x (0,+00),

6‘(',0) = 190 — 198 on RN,

and we have proved a convergence result in the class of discontinuous viscosity solutions for our Generalized
Fast Marching Method (GFMM). A major improvement of our GFMM is that it can deal with a velocity
changing sign. A drawback of this algorithm is that it was not completely monotone (see Subsection 5.2).
In (1.1) and throughout the paper, 8; denotes the time derivative of § and D# its gradient in space.

The goal of this paper is to propose a GFMM slightly different from the one developed in [4], which
is now truly monotone (see the comparison principle Theorem 3.4). The monotony of a scheme is a very
important property. Indeed it is a key ingredient to prove the convergence of the scheme (see the general
proof of convergence of Barles and Souganidis [3]), but it can also be used to prove some error estimate (we
refer to Crandall, Lions [6]). In this direction, we give some heuristic error estimate in Theorem 8.1. We
will explore more carefully the rate of convergence of our GFMM in a future work.

The comparison principle can also be useful to prove convergence result for non-local dynamics. We will
use, in particular, this algorithm in a future work [5] to study numerically the dynamics of one dislocation
line (see Alvarez, Hoch, Le Bouar, Monneau [2] for a description of the mathematical model).

Organization of the paper
In Section 2, we give the modified version of the GFMM. The main results are presented in Section 3. In
Section 4, we give some general properties of the algorithm. Sections 5 and 6 are devoted to the proof of
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the comparison principle Theorem 3.4. We also give a counter-example for the GFMM of [4]. In Section
7, we prove the convergence of the algorithm (see Theorem 3.6) and we provide an heuristic error estimate
(Theorem 8.1).

2 The monotone GFMM algorithm

We begin this section by describing the new feature of our algorithm which makes it monotone.

Let us first recall the basic ideas of the classical FMM (as well as the GFMM of [4]). One feature of the
classical FMM is to generate a sequence of times ¢,. In the GFMM algorithm (and also in the FMM) we
also need a phase parameter 07 with values +1 or —1 (which is in fact represented by the frozen points and
its complementary set in the classical FMM) defined at each step n of the algorithm and for any I € Z".
This 67 should be thought as a discretisation of the solution 6 of equation (1.1) at time ¢, and at point
xr = IAx (Az being the space step).

To make evolve the front (i.e. the discontinuity of 67), the FMM also needs to introduce a time u}
defined for I in the whole front at the n-th iteration of the algorithm. This time w7} can be interpreted in
the classical FMM as the time when the front reaches the point I (this interpretation is essentially true for
our GFMM algorithm except in the more delicate case where the velocity vanishes). The goal is then to find
the next point reached by the front. To do this, the idea is to compute a tentative value @} (at the n-th
iteration and at the point x;) of the arrival time for all points which can be immediately reached by the
front (which is called the Narrow Band). The computation of the tentative value @} uses the time u’} for J
in the neighbourhood of I. The next points reached by the front is then the ones which have the minimum
tentative value. We then denote by t,+1 this minimum value and we accept (i.e. we change the #) at time
tn+1 the points that realize the minimum and we iterate.

In the case of positive velocity, it has been proved that the GFMM scheme of [4] is monotone (as well
as the classical FMM). This is not the case when the velocity can change sign (see the counter example
in Subsection 5.2). This essentially comes from the change of the sign in time of the velocity. Indeed, to
compute the tentative value 4%, when the velocity changes sign, the good notion to use is the time when
the front begins to go from a neighbour J of I to I, and not the time when the front reaches the point J.
This two notions are the same when the velocity is of constant sign in time but they differ when the velocity
changes sign. Moreover, for a point J, the time when the front begins to go from J to each direction can be
different. This is the reason why we have to introduce several times for each node, in fact a time u';_, ; for
all neighbour I of J (see the details of the algorithm in Section 2). The main difference between the time
u”y of [4] and the time u'}_,; is that u’} represents the time when the front reaches the point J while u”_, ;
represents the time when the fronts begins to go from J to I. In fact, when the velocity vanishes this two
times can very different. We will see that the good notion to use is the time u';_, ;. Indeed, since we know
the velocity and the distance between two points I and J, we can compute the time for the front to go from
J to I. To compute the time when the front will arrive at point I from point J, we then need the time when
the front begins to go from J to I.

With this new notion, we recover a good interpretation of the computation (even when the velocity
vanishes or changes sign) and it is in fact sufficient to recover the monotonicity of the scheme.

2.1 Preliminaries

We consider a modified version of the GFMM algorithm introduced in [4].

Let us consider a lattice Q = {z; = (2i,,..,2iy) = (i14Az,..,inAz), I = (iy,..,in) € Z} with space step
Az. We will also use a time step At > 0 (which does not satisfy any CFL condition).

The following definitions will be useful in the following.

Definition 2.1 The neighbourhood of the node I € ZV s the set
VI ={JeZN :|J -1 <1}

Definition 2.2 Given the speed ¢} = c(x1,t,) we define the function

c X
1 " otherwise.

n { 0 if thereexists J € V(I) such that (c}cy < 0 and |c}] < |c}]),
T



Definition 2.3 The numerical boundary OF of a set E C Z" s
OE =V (E)\E

with
V(E)y={JezZN, 3IeE, JeV{)}

Definition 2.4 Given a field 0™ : ZV — {+1,—1}, we define the two phases
n={]:07=+1},

and the fronts
Fl=00%, F'=F!UF"

We now describe our modified GFMM algorithm for unsigned velocity. As in the classical FMM, we
define the Narrow Band (NB) which consists on the points I € Z" that can be immediately reached by the
front:

NB"={Ie€zZ",3JeVI),0} =—0%and 07¢? <0}, NBL =NB"N{I,0} =+1}.
We observe that the Narrow Bands NBL are related with the previous definition of fronts set as following:
NBY! = F!n{l,¢f <0}, NB" =F"n{I,¢c} >0}

Fig.1 shows the Front and the Narrow Band, the white part of the picture represents the domain where
the speed is negative and the grey part the domain with speed positive.
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Figure 1: The Front F* (white spot), the front F~ (black spot), the Narrow Band N BT (circled white
spot) and the Narrow Band N B~ (circled black spot). In the white domain the speed is negative, in the grey
domain the speed is positive.

As in the FMM, for all I € NB™, we have to compute a tentative value (which we denote @} in the
sequel) of the arrival time of the front at point I. To compute this tentative value, we define the points that
are useful for I, i.e. that we will use in the computation of u}:

Z/[n(.[) = {J € V(I), ;L = - T]L}, Uu" = UleNBnL{”(I).

For all the points J that are useful for a point I € NB” (i.e. J € U™(I)) we will introduce a time u’}_, ;.
This time u’;_,; can be interpreted as the time when the front F™ begin to go from point J to point I and
will be used to compute the tentative value at point I.

The algorithm is now very similar to the classical Fast Marching Method. Once we have computed
the tentative values for all points of the Narrow Band, we denote by £, the minimum of all this values.
Unfortunately, this sequence of ”candidate” time is not non-decreasing, so we have to truncate £, to define
t, such that (see Step 6 of the algorithm):

0<t, —th_1 <AL

for a fixed At (independent on Az). We then accept (in most of the cases, see Step 7 of the algorithm) all
the points that realize the minimum (i.e., we change the value of the ), we redefine the values v’ _, ; and we
iterate.



2.2

The algorithm step-by-step

We now give the details of the algorithm:

Initialization

1.
2.

10.

11.

Remark 2.5 In Step 12 of the algorithm described in [}], we defined u™ on all the front F™, but in the
modified version of the GFFM, we define finite values of u™ (the useful time) only on the side of the front
where we need the values to propagate our computation. Moreover, in this new version, the time at point [
(W}, i) depends on the neighbours K and is defined as the first time the point I becomes useful for K.

Remark 2.6 We refer to [, Subsection 2.3] for a detailed discussion on the complexity and on the imple-

Setn=1

Initialize the field 6° as

00 — 1 for zy € Qg
I 1 elsewhere

Initialize the time for points I

o _[to HISU(K)and K € NB°
I=K ™ 1 400 otherwise

Loop

. Compute a"~' on NB"~!

Let I € NB™ !, then we compute ay ! as the solution of the following second order equation:

N 2 2
I 1 (Az)
Z (miax (07 ’LL? - U?}c,i%[)> = |/c‘n*1|2 ’
k=1 I
(2.1)
where
Ik’:t = (il, ey lp—1,0 £ 1, ik-i-la "aiN)'

t, =min{a}"', T € NB""1}.

Truncate t,,
t, = max(t,_1, min{t,, t,_1 + At})

ift, =t,_1 + At and t, < t, go to 10 with ™ = !

Initialize the new accepted points
NAT ={I e NBY ', a}7' =#t,}, NA" = NAT UNA"

Reinitialize 0™
o= 077" for I € NA™
4 07~ 1 otherwise

Reinitialize uf_, ;

u min(u} Y, t,) if I € U™(K) and K € NB"
I=K ™) 400 otherwise

Set n:=n+1 and go to 4

mentation of the algorithm.



3 Main results

The physical sequence of time {t,,n € N}, defined at the step 6 in the algorithm is non-decreasing and we
can extract a subsequence {t,,,k € N} strictly increasing such that

g = o1 = oo = togor—1 < tnpgys-

We denote by S¥ the square cell S§ = [z, z; + Ax[x[ty, ,t with

nk+1[
[xr,zr + Az[= ngl[miwxia + Ax|

and by ¢ the couple
e = (Azx, At).

Let us define the following functions:
(3.1) 0°(x,t) = 07 1 if (x,t) € SE.

Definition 3.1 (Comparable and compared times)

Let T > 0 and let us consider two velocities ¢, and c,. We denote by (t,)n and (W_, ;)n (resp. (Sm)m and
(v, i )m) the sequences of times and of useful times associated to the velocity c, (resp. c,). We say that
Sm and t, are comparable if the property C(tn, sm) holds true:

th < sm <tpy1 and sy, < St
(C(tnv Sm)) or
Sm S tp < Smy1 and ty, < tpyi.

We say that 0™ and 07 are compared and we denote this by 07 = 0" if for all J € ZV,

0’y >0 g
or
GZ:LJ ZGZ,J =10y ==*1
and (with some obvious notation)

ogu_ e > oV, for all K € V(J)\{J} such that J € U (K) NU(K).

Remark 3.2 The notation 0, = 0y is abusive. Indeed, this is not an order relation and we also compare
the value u™ and v™ in certain cases.

Remark 3.3 In the definition of 0, = 07, the fact that the inequality o yu';_ ;» > oV, i depends on o
can seem curious a priori. The reason is that we search the minimum time and so when o5 = 1, since the
point K has to be accepted for v before to be accepted for u, we should ask that u';_ , > v, . On the
contrary, when oy = —1, the point K has to be accepted for u before to be accepted for v and so we should
ask the reverse inequality.

Theorem 3.4 (Comparison principle for the 6¢)
Let T > 0. Let two velocities ¢, and c,. Given 0}, ; (resp. 09 ;) for all J € ZN and u_, - for all J € U (K),
K € NBY (resp. v%_ ¢ for all J € UD(K), K € NB?), we assume that

— 0
to := sup uy g <T,
JeUI(K),KENB?

resp. Sg = sup W ST
Jeud(K),KeNB?

for a given T > 0.
We also assume that the two velocities satisfy for all (z,t) € RN x [min(tg,so),T — At]

inf e, (2, 8) > su cylT,S).
scltTial v( s )_se[t,tEAt] u( ) )

If C(to, s0) and 60 = 62, then
05 (x,t) > 05 (z,t)

for all (z,t) € RY x [max(t, s9), T).



Remark 3.5 If we choose uY_,; = 0 for all J € UN(K), K € NBS and v5_,, = 0 for all J € UX(K),
K € NBy, then the condition 69 = 05 is equivalent to 69 ; > 60 ; for all I € ZN.

The basic idea to prove this comparison principle is that when a point K is such that K € NB] N NB"
with ¢, and s, comparable (i.e. C(¢n, s, ) is true), then all the points J such that J € U} (K) NUT(K) has
become useful for v before to become useful for u. Using the definition of the time u”_, - and v/, - (Step
10 of the algorithm), we can prove that this implies that v/, < uj_, ;- and we then get that 07} < @}
(using the monotonicity of the computation of the candidate time, see Step 4 of the algorithm). It then
implies that the point K will be accepted for v before to be accepted for u. This preserves the comparison
of 6, and 6,.

We see here that the introduction of a time on each direction is crucial because it allows us to get that
V7 e < ulj_, i from the fact that J has become useful for v before to become useful for u. This implication
is not true if we impose that the time on a point is the same in each direction.

We now give the convergence result for the modified GFMM (presented in Subsection 2.2). To do this,
we make the following assumption

(A) The velocity ¢ € WH(RY x [0,T]), for some constant L > 0 we have |c(z',t') — c(z,t)| < L(|2’ — x| +
[t' —t|), and Qg is a C? open set, with bounded boundary 9.

We also have to define the half-relaxed limits of 6°:

go(a:,t): limsup 6%(y, s), Qo(x,t): liminf  6°(y, s).

e—0,y—x,s—t e—=0,y—z,s—t

(3.2)

Theorem 3.6 (Convergence Result)

Under assumption (A), 7 (resp. 0°) is a viscosity sub-solution (resp. super-solution) of (1.1). In particular,
if (1.1) satisfies a comparison principle, then 5 = (0°)* and (90)* = 0" is the unique discontinuous viscosity

solution of (1.1).

4 Preliminary results
In this section, we give some general properties of the algorithm that will be useful in the proofs.

Proposition 4.1 (General properties of the algorithm)
We have the following properties:

1. 0<t, —th—1 <At

2. For all K € ZY and I € U™(K), we have

n
Urg St

3. NB*"NnU™ =1

4. If I € NA™, then

[t IEUN(K)
1=K +00 otherwise

5. IfI € NA™, then 4}~ <t,.
6. If I c U Y (K)NU™(K), then

u?—ﬂ( - u?:}K
7. If I eu"(K)\L{”‘l(K), then
u?—>K =tn.

8. Ifty, >tn_1 thent, >t,.

9. If t, =t,_1, then t, < t,.



Proof of Proposition 4.1

1.
2.

This is a straightforward consequence of Point 6 of the algorithm.
This is a straightforward consequence of Point 10 of the algorithm.

By contradiction, assume that there exists I and K € V(I)\{I} such that I € NB" NU"(K). The
fact that I € NB"™ implies that

(4.1) 07t < 0.
The fact that I € YU™(K) implies that
(4.2) 07 = —0% and 607¢x > 0.

Combining (4.1) and (4.2), we get
¢réx <0,
which contradicts the definition of ¢.
By point 10 of the algorithm, we just have to prove that if I € NA™, then min(u?:fK, tn) = t,. But
if I € NA™, then I € NB" ! and so, by Property 3, we get that I ¢ U™ 1(K). This implies that

n—1 _
Up_ g = +00.

By contradiction, assume that ﬁ?‘l > t,. Since I € NA™, we get that
Wyt =1, >t

By Step 6 of the algorithm, we deduce that t, = t,_; + At < £, and so by Step 7, no point are
accepted. Contradiction.

If I e U 1(K)NU"(K), then by Step 10 of the algorithm, we have
Ui = min(up S ) = U
where we have used Property 2 for the last equality.
If I € U™(K)\U" (K), then by Step 10 of the algorithm, we have
ujL g = min(ufShe, ta) = t

where we have used that u}~} = +oo since I ¢ U1 (K).

If t,, > t,_1, then by Step 6 of the algorithm, we get
tp = min(t,, t,_1 + At) < t,.
If ¢, = t,,—1, then by Step 6 of the algorithm, we get
tn_1 > min(f,, t,_1 + At)

and S0 t, = t,_1 > t,.

Proposition 4.2 (Monotonicity of ¢ — ¢)
The application ¢ — ¢ is monotone. More precisely, if ¢, > ¢, then ¢, > ¢,.

Proof of Proposition 4.2 Let ¢, > ¢,. We will prove that for all I € ZV, we have

(4.3)

év,] 2 éu,[~

The proof is distinguished in four cases:



Case 1: ¢, = ¢,,7 and 1 = ¢y, 1.
In this case, we have
év,] = Cy,I > Cy,I = Cy,I

and (4.3) is true.

Case 2: ¢, 1 # cp,y and &, 1 # Cy 1.
In this case, we have &, ; =0 = &, and so (4.3) is true.

Case 3: ¢, 1 = ¢y 1 and Gy 1 # Cy 1.
This implies in particular that ¢, ;r = 0. By contradiction, let us assume that

(44) (AEUJ = Cy,1 < 0= é%[.

Since ¢, > ¢, this implies in particular that ¢, ; < 0. Since é, 5 # c, 1, we also deduce that there exists
J € V(I) such that ¢, ; > 0 and |c, 1| < |cy,s|. This implies that

‘Cv,l S |Cu,1| S |Cu,J‘ = Cu,J S Cy,J

and so ¢, ; = 0. This contradicts (4.4) and proves (4.3).

Case 4: ¢, 1 # cp,y and &, 1 = ¢y 1.
This case can be treated in the same way as Case 3.

Proposition 4.3 (Symmetry of the algorithm)

Let us consider two velocities ¢, and c,. We denote by (t2)n, (U5, i )n, (00 )n (resp. (82)m, (VT k)ms (07 )m)
the sequences of times , of useful times and of field associated to the velocity c,, (resp ¢,) and with the initial
condition 09 (resp. 09).

We also define (S%)m, (W7 k )ms (00 )m (resp. (t2)n, (0 x)ns (05)n) the sequences of times , of useful
times and of field associated to the velocity cz = —c, (resp ¢z = —cy) and with the initial condition 62 = —69
(resp. 00 = —09).

Then, we have the following equivalence:

0 = 0, <= 07 = 0

Proof of Proposition 4.3
Following [4, Lemma 4.1], we have

n __ n u o __ v v o_ qu —m _ . m ~n _,n
91‘) - _eu’ Sm = Sm> tn _tnv Uik = ViosKs Visk = Uik

9;—7 = -0, m

v
Let us assume that 67" > 6 and let us prove that 67" = 07 (the other implication being similar).

Case 1: 0" > 0"
Then
00 = -0, < -0, =0y.

u
Case 2: 0)' =0 =0
This implies that
0 =0y =6 =—o.

Let J € U (K)NUZ(K). This implies in particular that J € U (K) NU?(K). Then, we have
569%1( = _UUTILHK < _U’UTIHHK = 5"&‘7]”41(

where we have used that 67" = 0.
This implies that 07 > 6"



5 Comparison principle

5.1 Comparison principle for 6°

This subsection is devoted to the proof of Theorem 3.4.
To prove this theorem, we need the following comparison result for the ¢,, time, whose proof is given in
Subsection 5.3.

Theorem 5.1 (Comparison principle for the ¢, times)

Under the assumptions of Theorem 3.4, we denote by (tn)n and (W_, )n (resp. (Sm)m and (V7' x)m) the
sequences of times and of useful times associated to the velocity ¢, (resp. ¢,). Then 03" = 0 for every times
satisfying (C(tn, Sm)) and tn, Sm < T.

Proof of Theorem 3.4
Let us define
t* = inf{t > max(tg,s0) s.t. 65(x,t) <05 (x,t) for some x € RV}

and
¥ st 65 (z,t7) < 05 (x" ).
Let m, n and J s.t.
Sm S < Smga,
tn S < tn+17
x* € [y, xy + Ax).

Then 05 (z*,t) = 0, for t € [sp, Sm+1) and O (2*,t) = 0}, ; for t € [t,,t,41). Therefore t* = s, or t* =1,
and we can easily check that C(t,, Sy,) is true. This implies by Theorem 5.1 that 6" > 677 and then

0oy > 0y g

which is a contradiction.

5.2 Counter-example for GFMM of [4]

In this subsection, we give a counter-example in dimension one for the comparison principle for the GFMM
of [4], which holds for all Az and At small enough. We recall that in the GFMM of [4], we affect ,to u™ (for
points that are not accepted) the time when the point enter in the front while in the GFMM of Subsection
2.2, we affect the time when the point becomes useful.

The velocity for ¢, and ¢, are given by

_f max(0,3x) if t<1 _f max(0,z) if t<1
C“(x’t)_{ min(0, —2z) if > 17 > @@t =1 min(0, ~32) it t> 1

and ¢y, ¢, € Lip(RY x [0,7T]). The initial conditions are given by

90__00__{ 1 if i<0

-1 if i>1

We begin to compute the evolution for u. The result are presented in Figure 2 on the left.

A simple computation gives that the point 4 = 1 will be accepted at time ¢t = % and we affect the value
Uy = Ug = %. The point ¢ = 2 will not be accepted before the velocity changes sign because o = % > %.
When the velocity changes sign, the point ¢ = 1 will be accepted again for At small enough, with a time

4 Az 5 S 17
Up =Ug+ —— = - > —.
T oAr 47 16
We now compute the evolution for v. The result are presented in Figure 2 on the right. As before, the
point ¢ = 1 will be accepted at time s = 1 and the point ¢ = 2 will not be accepted before the velocity



changes sign. Moreover, vo = 1. When the velocity changes sign, the point ¢+ = 1 will be again accepted with
a time

g BT 4.5
2T oAy T3 T

As we see, during the time interval [5/4,4/3], we have
05 (Ax,t) = -1 and 6 (Ax,t)=1
which contradicts the comparison principle.
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Figure 2: Counter-example for the comparison principle.

Remark 5.2 In this counter-example, we see that the contradiction comes from the value we put for the
node i = 2 which is the time when it enters in the front. This is the reason why, in our new GFFM (see
Subsection 2.2), we put the time when the point become useful. Since the velocity are ordered, we then have
us < vy and so the evolution preserves the inclusion (see Theorem 3.4).

5.3 Comparison principle for the ¢, times

This subsection is devoted to the proof of Theorem 5.1. To perform the proof, we will need the following
results

Lemma 5.3 (Two jumps, two arrivals)
Assume that 01 = 0771, Then, if s;_1 < tn < Sm (T€Sp. tn_1 < 8m < tn) and ty, s, < T, then we have
=1 = 07 (resp. O™ = 6n1).

Lemma 5.4 (Two jumps, one arrival)
Assume that 071 = 0771 t, 1 <t, and sy—1 < Sm. If s;y =t < T, then 07 = 0.

Proposition 5.5 (Stationary case with the same arrival)
Let us assume that t,_p—1 < tn—p = ... = tn < tpnt1 and S;—g—1 < Sm—gq = ... = Sy < Spuy1 With p,q > 0
and ty, = Sm <T. If 0771 = 0777, then 0] = 07.

The proofs of Lemma 5.3 and 5.4 are given at the end of this subsection while the proof of Proposition 5.5
is given in Section 6.

Proof of Theorem 5.1
By contradiction, let us define

s* = inf {min(¢,, $;) such that 6" # 67, t,,sm < T and C(ty, $;n) is true}

Up to a symmetry (see Proposition 4.3), we can assume that s* = s,,+ for a certain index m*. Then let us
define
n* = inf {n > 0 such that 0, % 0;;, t, <T and C(tn, Sm~) is true}
Therefore (t,+, $;m+) is the minimal couple such that 0;”* 7 F)Z*, Smr St < Sprg1 and tpre < tpxyq.
To simplify the notation, let us denote n* by n and m* by m. The proof is decomposed into two cases:

10



Case 1: s, <t
We define p > 0 such that

byl <tnop = .=ty < lni1.
Step 1 : 0™ = gr—r-1

To prove that 67" = 07~P~! is true, it suffices to show that C(t,_p_1, sm) is satisfied (because (n,m) is the
minimal couple such that 0] % 67'). We recall that

S <tnep = ... =tp < Smt1, and tp_py1 <tp_p.

If s < t—p—1, then s, <t p1 < Spy1 and t,—p—1 < tp—p, While if t,,_p_1 < s, then ¢, 1 <
Sm < tn—p and Sm;, < Smg1.

So, we always have that property C(t,_,_1,Sm,) is satisfied, which implies that 0 = §7~P~1.
Step 2: Contradiction.
Using Lemma 5.3 successively, we deduce that 6, > 07,7P,..., 8" > 0;;. Contradiction.

Case 2: s, =1,
Let us define p and ¢ such that

tnep—1 <tn—p=.. =1y <tpy1 and Spm_g-1 <Sm—gqg = ... = Sy < Spmy1-

We then have t,_p_1 < Sm—g-1 < Sm—gq = tn—p OF Sp_q-1 < thp-1 < th—p = Sm—q and so
C(tn—p—1,Sm—q—1) is satisfied. Therefore, this implies (by definition of (n,m)) that §7"~9~1 » gn—r-1,
Using Lemma 5.4, we deduce that 6"~ > 077P. Using Proposition 5.5, we then deduce that 6] > 6.
Contradiction.

0

Before to give the proofs of Lemma 5.3 and 5.4, we need some preliminary results (Lemma 5.6 and 5.7).

The following lemma claims that if we compare 67! and §™~1 (in the sense §7*~! = §7~1), then we can
compare the candidate time 4"~ ! and 7™~ ! on the Narrow Band. This essentially comes from our definition
of =1 = §"~1 in which we compare not only the 6 (and so the point that will play a role in the computation
of the candidate time) but also the time on the useful points. The result then comes from the monotonicity
of the computation of the candidate time (see Step 4 of the algorithm).

Lemma 5.6 (Comparison of the candidate time )
Assume that 0771 = 0771 |t 1 — spm_1| < At, with t,_1, 81 <T. If

0y =077 =—1 and e NB_'

(resp. 93?;1 = 03;1 =1 and [E€ NBiTJrl) ,

then
ITeNBI~" and @}~ ' >op "

(resp. I¢€ NBZ;l and @}t <opPTh).

Proof of Lemma 5.6
We do the proof in the case 0&;1 = 03;1 =—land I € NB,’L__1 (the other case is similar). Since I € NB]/_',
we deduce that

T e V(I)\{I}st. 0" =1
(51) { én—l N E) )\{ } u,J
u, I

Step 1: [ € NBZ;‘__1
Since 0! = 0"~! we deduce that 9:?;1 > HZ:]I =1 and so 9;’51 = 1. This implies that

(5.2) IeF "

Moreover |t,—1 — Sm—1| < At and so
CU('vsmfl) > Cu('vtn71)~
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Using Proposition 4.2, yields
(5.3) et =t >0

where the last inequality comes from (5.1).
Combining (5.2) and (5.3), we deduce that
(5.4) IeNBZ'.
Step 2: Ordering u"} > v™}!
Let J € V(I )\{I}
Case 1: Hm

Since 1 i or- 1, we get that 6" t>gnt 7 and then 9;’7_]1 = —1. Therefore
n—1 m—1
Uy = T0=0),]
Case 2: 0;’?;1 =+1
Assume first that 6] ;' = +1 which implies that J € Uy~ (I) N U~} (I). Then assumption ;= = g7~

implies that uJHI > vaH} with o5 = +.

In the case ¢, Jl = —1, we get that uJ_” = +o00 which again implies uJ_ﬂ > va_j .
We therefore deduce that in the general case, we always have
u Tl >0 forany  J € V(I)\{I}.
Step 3: 4}~ >3 Ol !
We know that
al 2 (Az)?
“n—1 1
Z(max (O’U? ?k iﬁ[)) = Tan—1p2 2
k=1 \Cu 7|
and N
2
o _ 2 Ax
> (max (057 — il ) = 2
k=1 ‘CU,I |
with é;’?l_l > éz_ll > 0 (see (5.3)), which implies, using also Step 2 that
u'rIl—l > ,E}n—l
and ends the proof of the Lemma.
[
The following lemma claims that a point J with 6", = 6} ; = —1 is useful for u before to be useful for

J. This essentially comes from the fact that the Ve1001ty are ordered

Lemma 5.7 (Property of useful points)
Assume that J € U"(K) NU, (K), 0, =0, ; = 92:]1 =—1 and |tn—1 — Sm| < At with t,, sm <T.
Then J € U H(K).

Proof of Lemma 5.7
By contradiction, assume that J & U~ ' (K). Since J € U;*(K) and 0}, = —1, we deduce that

0 =1 and &' < 0.

In the same way, we also have
Oux =1 and ¢, <0

Now because [t,—1 — sm| < At, we deduce that
ik <l <0.
Using that 6 J=-1,¢"0 <0and J ¢UH(K), we deduce that
0, =000 =—1

But we can not pass from 92}1 = —1 to 0}, x = +1 with a negative velocity 62}1 < 0. Contradiction.
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Proof of Lemma 5.3
We make the proof in the case s, > t,, the other case being equivalent by symmetry (see Proposition 4.3).
By contradiction, assume that 07! % 0. Then, there exists J such that

o0yt <or,
(5.5) or
07 =0r =0y and 3K : J e U HK) NUL(K) and ol < o0k

The proof is decomposed in two cases: in the first one, the value of ] changes while it do not change in
the second one.
Case 1: Je NA}
There is only two non trivial sub-cases (but we treat all the cases below). The first one (Sub-case 1.1) is
when the two 6§ were different and are now the same. In this case, we will contradicts the second line of (5.5)
(on the time). This is rather easy because we know the value of u”}_, - (which is in fact ¢,, since J € NAT).
The second non trivial sub-case (Sub-case 1.2.2) is when the 6 were the same and are now order in the bad
sense (first line of (5.5)). In this case, we will prove that J should have been accepted for v before to be
accepted for wu.

Sub-case 1.1: 92?;1 > 9231
Then 02?;1 =1 and 03:]1 = —1. Since J € NAj, we deduce that ¢;; ; =1 = 9;’}}1 = 0. We then have

u
m—1 n
Visk S Sm—1 S tp =UjLp

where we have used the fact that J € U™ 1(K) and Proposition 4.1 Point 2 for the first inequality and the
fact that J € NA? NU(K) joint to Proposition 4.1 Point 4 for the last equality. This contradicts (5.5).
Sub-case 1.2: 077! ="}

Sub-case 1.2.1: 9:?;1 = 9;‘:]1 =1

Since J € N Ay, we deduce that ¢;; ; = —1. This contradicts (5.5).

Sub-case 1.2.2: 9;”}1 = HZ_Jl =1
Step 1: @} ' > 47" and J € NB)'_"
We want to apply Lemma 5.6. We recall that §7"~! = 67~! and 07! = 677! = —1. Since J € NA", we

u?
also deduce that J € NBZ;I. Moreover |t,,—1 — Spm—1| < At (because Sy, — Sm—1 < At and ¢, —t,—1 < At).
We can then apply Lemma 5.6 to get

@t > o7t and Je NBPZ!

Step 2: 173“71 > s,
Recall that s, = max(s;,—1, min(s,,—1 + At, §,,)). But s, > $m—1 and so

Sy = Min(Sy—1 + At 51) < .

Since, by definition of §,,, we have §,, < 13}"_1 with J € NBZL__1 (Step 1), we deduce that

17}"_1 > S
Step 3: Contradiction
By Step 1 and 2, we get
Wt >0 > s, >ty
and then
iyt >t

This is impossible because J € NA? (see Proposition 4.1 Point 5).

Sub-case 1.3: 9;’?;1 < 93:,1

This is impossible since 1 = gn—1,
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Case 2: J ¢ NA?

In this case, the 6 do not change and we essentially have to contradict the second line of (5.5). There is
essentially two cases. The first one is when the value of u;_, ;- has changed and we will use that u';_, ;- = ¢,.
The second one is when u”}_, ;- = u/}"; and we will use assumption 6:}'};1 = 027}1 to get the contradiction.

Sub-case 2.1: 92?;1 <Oy,
Since J ¢ NAT, we have ¢! = 0, ; and so 07 < 07! Contradiction with 6771 = g7—1,

Sub-case 2.2: 9:;1 =0, ;
Since J ¢ N A7, we have

(5.6) Ot =00, =00 =0y =+1.
From (5.5), there exists K such that
(5.7) JeU M K)NUNK) and oguli_x <o)k

We then distinguish several sub-cases:
Sub-case 2.2.1: J € U 1(K)
From (5.7), we have J € U™ 1 (K) NU? 1 (K). Now the fact that 07"~ = 67! and (5.6) imply that

n—1 m—1
TJUy g = OJV K

Now J € U1 (K) NUZ(K) imply, by Proposition 4.1 Point 6, that u”_, - = u}"%. Therefore
ogul_ g > UJ’UTJ"’_:}(,
which contradicts (5.7).
Sub-case 2.2.2: J €U 1(K) and o; = +1
Using the fact that J € U?(K)\UZ 1 (K) joint to Proposition 4.1 Point 7, we get that u?_, , = t,. This
implies that

n _ m—1
Uy g = tn > Sm—1 > Vi g

where we have used the fact that J € U™ (K) joint to Proposition 4.1 Point 2 for the last inequality.
Contradiction with (5.7).

Sub-case 2.2.3: J ¢ U }(K) and o; = —1
In this case, we have J € UM 1K) NU(K) and HZ:II =0y ;= 0;’?;1 = —1. So we can apply Lemma 5.7
and we get that J € U7 ~1(K). Contradiction.

Proof of Lemma 5.4

The proof is very similar to the one of Lemma 5.3, but there are some additional cases. For the reader’s
convenience we give all the structure of the proof. By contradiction, assume that 6] ¥ 6;'. Then, there
exists J such that

0y <0 s
(5.8) or
00’y =0, ; =0y and 3K : J € U (K) NU,(K) and oyulj_, o < ojvf,

The proof is decomposed in several cases:
Case 1: J e NAJ\NAY
Sub-case 1.1: ova—l > 93}1
Then 9;’};1 =1land 03:,1 = —1. Since J € NAJ\NA', we deduce that 0, ; =1 =0"; = 0;. We then have

m _ . on
Visk S Sm = ta = U

where we have used the fact that J € U]*(K) and Proposition 4.1 Point 2 for the first inequality and the
fact that J € NAT NUT(K) joint to Proposition 4.1 Point 4 for the last equality. This contradicts (5.8).
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-1 -1
Sub-case 1.2: 0" =0,
Sub-case 1.2.1: 0;”;1 = 02}1 =1
Since J € NAJ\N A}, we deduce that 0 ; = —1 and 0;"; = 1. This contradicts (5.8).

-1 -1

Sub-case 1.2.2: 9211 = QZ,J =-1
Step 1: ﬂ?_l > 63"’_1
Since J € NA] and 92:]1 = —1, we deduce that J € NBZf_l. Moreover [t,—1 — $m—1] < At, so we can apply
Lemma 5.6 to get

JeNB)Z' and @' >0t

Step 2: 173"_1 > S
Recall that s, = max(s;,—1, min(s,,—1 + At, 5,,)). But s, > s,,—1 and so

Sy = min(8,,—1 + At, 5,).
Recall that by definition of s,,, we have §,, < ﬁqu with J € N B;’f:l. We distinguish two cases:

L. 977" > 5,,. Then
Sm < S < 05

2. 977! = §,,. Since J ¢ NA?, we deduce that (see Step 7 and 8 of the algorithm)

Sm = Sm—_1+ At < 5, = 17(7}171

Step 3: Contradiction
By Step 1 and 2, we get
Wy =TT > s =t

This is impossible because J € N A7 (see Proposition 4.1 Point 5).

Sub-case 1.3: 92:”;1 < 9231

This is impossible since §7*~% = g7~

Case 2: J e NAT"\NA},
By symmetry (see Proposition 4.3), this case can be treated in the same way of Case 1.

Case 3: Je NATNNA
Sub-case 3.1: 9;’?;1 > 93:,1
This implies that 03?;1 =1 and 92:,1 = —1. Using also that J € NA} N NA}', we deduce that J €
NB; ' nNB'!
This implies that

~n—1

Cyy >0 and 6;";1 < 0.
This is absurd since |s;,—1 — t,,—1] < At.

Sub-case 3.2: 9:}1 = 93:,1
Since J € NAGNN A}, we deduce that 67, ; = 0" ;. Using that J € U;; (K)NU," (K), we have by Proposition
4.1 point 4
'UT%K =Sm =1lp = u?]ﬁK'
This contradicts (5.8).

. om—1 n—1
Sub-case 3.3: 0", <0,
This is impossible since ™1 = gn—1

Case 4: JZ NAJ UNAT

Sub-case 4.1: 0", <0, ;

Since J ¢ NA? U NAT', we have 02:]1 =0, ; and 9;’51 = 0,";. We then get 0:};;1 < 02:11. Contradiction
with gm—1 = gr—1,
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Sub-case 4.2: 0;";, =0, ;

Since J ¢ NA UNAT", we have

(5.9) 0 =00, =077 =07, =0, ==+l
From (5.8), there exists K such that J € U (K) NU(K) and

(5.10) ogul_ g <ogviLKk

We then distinguish several sub-cases:
Sub-case 4.2.1: J e U H(K)nU™ 1K)
From (5.9) and the fact that =1 = 67~1 we have

n—1 m—1
OIU K Z 0TV LK

Now J € UP"Y(K) NUMK) and J € UM (K) NUM(K) imply, by Proposition 4.1 Point 6, that u”_, - =
u’ e and v, o = 0" . Therefore o ju”_, o > 0T, ;. which contradicts (5.10).

Sub-case 4.2.2: J e U™ H(K)\U'H(K)
Sub-case 4.2.2.1: 05 = +1
Using the fact that J € U?(K)\U?~'(K), joint to Proposition 4.1 Point 7, we get that u”}_, - = t,. This
implies that
uy_ g =tn = Sm > VL
where we have used the fact that J € U (K) and Proposition 4.1 Point 2. This contradicts (5.10).

Sub-case 4.2.2.2: 05 = -1
In this case, we have J € U7 H(K)NUZ(K) and 0! = 0 = 9;’};1 = —1. So we can apply Lemma 5.7
and we get that J € U"~*(K). Contradiction.

Sub-case 4.2.3: J € U1 (K)\U" 1K)
By symmetry, this sub-case can be treated in the same way of sub-case 4.2.2.

Sub-case 4.2.4: J ¢ Z/l]}’l(K) Uu;nﬂ(K)
Since J € UM(K)\U"H(K) and J € U™ (K)\U'~1(K), we deduce by Proposition 4.1 Point 7 that

m n
Vi kg = 8Sm =1tn =Uj_ -

This contradicts (5.10).

6 Comparison principle for the #, times: proof of Proposition 5.5

This subsection is devoted to the proof of Proposition 5.5. We will prove a more general result (see Proposition
6.2). We recall that we consider two sequences

tn_p_1 < tn_p = .=ty <tpt1 and Sm—q—1 < Sm—q = - = Sm < Sm+1
such that ¢, = s, < T. For simplicity of notation, we redefine, only in this subsection,
(6.1) ln—p=—00 and §p_q= —00.

We recall that by definition of comparable time Definition 3.1, that #,_j and 5,,_; are comparable for
0<k<pand0<I<gqif

Sm—t Stnk < gm—l-{—l

(ClEn s 1)) o ]
tnk < Smy < tn—k-‘rl
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Remark 6.1 Let us point out that for 0 <k <p (resp. 0 <1< q), we always have
En—k < fn—k-‘rl (resp. Sm—t1 < gm—l-i—l)'

This comes from the fact that the velocity c*=% (resp. ¢™~!) is independent on k =0, ...,p (resp. 1 =0,...,q)
and from our definition (6.1).

To prove Proposition 5.5, we will prove the following more general result:

Proposition 6.2 (Comparison principle for the #, times)
Forp,q >0, if 04 = 0"7P forp+q > 1, then 07" = 0" % for 0 <k <p, 0 <1< q and for every times
satisfying C(tn—k, Sm—1)-

Remark 6.3 We have 5, < t, < ty, = S < Sm+1 < Syl OT tn < 8m < Sm =ty < tht1 < th_H (see
Proposition 4.1 Point 8 and 9). This implies that C(t,,5,,) is true and then Proposition 6.2 implies that
0" = 07 and so Proposition 5.5 is true.

The proof of Proposition 6.2 is similar to the one of Theorem 5.1 and we need the equivalent of Lemma 5.3
and 5.4 whose proofs are postponed:

Lemma 6.4 (Two jumps, two arrivals)
Assume that 0]~ l>'9” Efor0<k<p 0<I<gqandl+k>1 If3mn_; < tn k1 < Sm—i+1 (Tesp.
tnk < Bm—is1 < tn k+1), then O~ = On—k+1 (resp. g+ = gr=F ),

Lemma 6.5 (Two jumps, one arrival)
Assume that 0771 = 077F for 1 <k <p, 1 <1< q. If Sm—i1 = tn—iq1, then G711 = gr=rtl,

Proof of Proposition 6.2
By contradiction, let us define

& —inf min(#,_g, §m_;) such that =1  gr=F
so=m 0<k<p 0<i<qgand C(t,_g,5m_1)is true

Up to a symmetry (see Proposition 4.3), we can assume that §* = §,,,_;« for a certain index {*. Then let us
define
k* = sup {0 < k < p,;such that 07" % 0" % C(fp_p, 8m_1+) is true}

Therefore (n — k*,m — 1*) is the minimal couple such that 67~ % §*~*" with
gmfl* < gnflc* < §m71*+1~

Since C(tn—p, §m—q) is true, we get that k* < p or I* < ¢ and since §,,_;« < t,_g~, we get that k* < p.

To simplify the notation, let us denote k* by k and [* by I. The proof is decomposed into two cases:
Case 1: Sy < tnk
Step 1 : 9! = gn—k-1
To prove that ! = §7~%~1 is true, it suffices to show that C(t,_r_1,5m,_1)) is satisfied (because (n —
k,m — 1) is the minimal couple such that 07~! # 67~*). We recall that

gm—l < tn—k < §m—l+1~

If 5, < En,kfl, then §,, ; < f?n,k,1 < th,k < §mfl+1; while if En,k,1 < Sm_y1, then Enszfl < Smoy <
tr k-

So, we always have that property (C(,_x_1,8m_1)) is satisfied, which implies that §m~! = gn—k=1,
Step 2: Contradiction.
Using Lemma 6.4, we deduce that 07 ~! = §7~*. Contradiction.

Case 2: 3 = tn_s

Since k < p, we deduce that §,,_; = tn > —oo and so | < q- Moreover, we have €, k1 < §m_i—1 <
Smog =tn g o Gy 1 <ty 1 <tpnp =358 and so C(t,_p_1,3m_1_1) is satisfied. Therefore, this
implies (by definition of (k,1)) that 7~'=1 = g7»~*~1 Using Lemma 6.5, we deduce that 67! = 93*’“.
Contradiction.
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We now give the proofs of Lemma 6.4 and 6.5.

Proof of Lemma 6.4

We make the proof in the case §,,_;11 > tn,_ri1, the other case being equivalent by symmetry (see Propo-
sition 4.3). Since t,,41 > tny1 >ty = Sm > 8m > Sm_iy1 for 1 <1< g+ 1 (see Proposition 4.1 Point 8 for
the first inequality and Point 9 for the last one), we deduce that 1 < k <p and t,,—gt+1 = tn.

By contradiction, assume that 87~! # §n~*+1 Then there exists J such that

em;l < 0n;k+1
v, u,
(6.2) or
077 =00 =0y and 3K J e U (K) nUpTFY(K) and oui TN < o0k

The proof is decomposed in several cases:
Case 1: J € NA?F+!
Sub-case 1.1: 917?;[ > 93:/“

Then 677 =1 and 075 = —1. Since J € NA?~**+1 we deduce that 0" ™ =1 = ™! = 5;. We then
have
—1 —k+1
VISK S Smet = tookgr = uj5 R

where we have used the fact that J € Y ~!(K) and Proposition 4.1 Point 2 for the first inequality and the
fact that J € NA? 1 nyn=k+1(K) joint to Proposition 4.1 Point 4 for the last equality. This contradicts
(6.2).

Sub-case 1.2: HZ:LJ_Z = 923’“

Sub-case 1.2.1: Qﬁjl = 027/“ =1

Since J € NAM %+ we deduce that QZ:IkH = —1. This contradicts (6.2).

Sub-case 1.2.2: 9;’?}1 = Hﬁ}k =-1

Step 1: ﬁf}fk > f)}”fl

Since t,_x = Sm_1, we can apply Lemma 5.6 (recall that J € NA""*+1 with QZT/“ =—landso J e NBZ,__k
and by assumption in Lemma 6.4, we have 6! = 0"~F) to get

~n—k ~m—1
uy " >0y

Step 2: Contradiction
Since J € NA"**1 we know that £, 41 = ﬂﬁ_k. By Step 1, we then get

x -k < ~m—l < =
b1 =0 " 2077 2 Emi

where we have used the definition of 3,,_;41 (see point 5 of the algorithm) for the last inequality. This

contradicts the fact that 5,11 > tp_gt1
. gm—I —k

Sub-case 1.3: 6", <0,

This is impossible since 87! = g7—F.

Case 2: J ¢ NAnF+1

Sub-case 2.1: 9:;“;1 < GZ_J"H

Since J ¢ NAR "1, we have 0], 5"*! = 077" and so 6';" < 67", Contradiction with 67'~! = 67
. gm—l _ pn—k+1

Sub-case 2.2: 6", =0,

Since J ¢ NA"~*+1 we have

(6.3) 93:,’“ = 933’6“ = 9:}7};1 =0y ==+1.

From (6.2), there exists K such that J € U™~ {(K) NU»~*+1(K) and

n—k+1 m—I1
(6.4) OJUj K < OIV K-
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We then distinguish several sub-cases:
Sub-case 2.2.1: J € U *(K)
From (6.3) and the fact that ™! = 0"~% we have

s 2 Ok
Now J € U F(K) NUZ~* ' (K) imply, by Proposition 4.1 Point 6, that u} %" = w7~F . Therefore
O'Ju’,}:)k}?l > UJU}"__JX, which contradicts (6.4).
Sub-case 2.2.2: J ¢ U *(K) and o; = +1
Using the fact that J € U?~F+1(K)\U?~*(K), joint to Proposition 4.1 Point 7, we get that "5t = ¢, ;.

J—-K
This implies that
n—k+1 __ t _ > m—I
Uy g T ln—k+l = Sm—-1 Z V5 g

where we have used the fact that J € U™ !(K) joint to Proposition 4.1 Point 2 for the last inequality.
Contradiction with (6.4).

Sub-case 2.2.3: J ZU" *(K) and 05 = —1
In this case, we have J € U K)NUP*+1(K) and 93}’“ = 93:,’““ = 9;’?? = —1. So we can apply Lemma
5.7 and we get that J € U"~*(K). Contradiction.

Proof of Lemma 6.5
By contradiction, assume that 7 ~!1 £ gn~k+1 Then, there exists J such that

9$;l+1 < ez:ijrl
(6.5) or
9:)’51"'1 = 02‘:]]“"'1 =0y and IK\J € Z/l]}"’Hl(K) ﬂL{ﬁ””l(K) and O'JU?:)k]-{i_l < JJUS"__,;H

The proof is decomposed in several cases:
Case 1: J € NAn kHI\ N gm-i+]
Sub-case 1.1: Hffjl > 97;:]’“
Then 9;’?;1 =1and QZ:]’“ = —1. Since J € NAT I\ NAT™=+1 we deduce that 92:/”1 =1= 9?}”1 =o0y.

We then have
m—I+1 —k+1
ViLK S Sm—itl =ln—k+1 = U?_)K

where we have used the fact that J € U™ ~'*!(K) and Proposition 4.1 Point 2 for the first inequality and the
fact that J € NAP~* 1 ngy7»=++1(K) joint to Proposition 4.1 Point 4 for the last equality. This contradicts
(6.5).

Sub-case 1.2: 9:? = Hz:jk

Sub-case 1.2.1: Ggfjl = 93:/“ =1

Since J € NAp FH\NAT=+1 we deduce that 6] *"" = —1 and §]';'*! = 1. This contradicts (6.5).
Sub-case 1.2.2: GZLJ_I = 023’“ =-1

Step 1: ﬂ?‘k > 6T_l

Since J € NA"F+1 with 93:,’6 = —1, we deduce that J € NB:L__’“. Moreover t,,_j = $;,—; joint to the fact
that by assumption in Lemma 6.5, we have 87~ = 67~ imply that we can apply Lemma 5.6 to get

~n—k ~m—l
uy; - 20;

Step 2: Contradiction
Because 8,141 = $m—; and J € NA™, we deduce (see Point 8 of the algorithm) that 3, ;11 < 7", By
Step 1, we then get

’a?_k > ﬁJm_l > gm—l—i—l = 7?n—k-i-b

This is impossible because J € NA?~*+1 (see Point 8 of the algorithm).

. gm—l1 n—k
Sub-case 1.3: 0,";" < 6.7
This is impossible since 97! = g7 =F.
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Case 2: J e NAT\NA?
By symmetry (see Proposition 4.3), this case can be treated in the same way of case 1.

Case 3: J € NA? F+ln NAm-I+]
Sub-case 3.1: 6;’?}[ > 93’}’“
This implies that Hi’fjl =1 and HZ_J’“ = —1. Using also that J € NA" =%+l 0 NA™~ !+ we deduce that
JENB,"nNB"}

This implies that

>0 and &' <.

This is absurd since $,,—; = t,—k-
Sub-case 3.2: 9;’?? = 93:]’“
Since J € NAP~*+HINN A™=+1 we deduce that 92:/““ = 9;’?;”1. Using that J € U~ *+1(K)num 1K),
we have by Proposition 4.1 point 4

—I4+1 __ _ _ —k+1
UJm—>K = Sm—i41 = tn—kt1 = U’?—>K :

This contradicts (6.5).

. gm—l1 n—k
Sub-case 3.3: 0,';" < 6,7
This is impossible since 87! = g7=F.

Case 4: J ¢ NAn-*ktly NAm-I+1

Sub-case 4.1: 9;’:‘;”1 < GZ:IkH

Since J ¢ NAN—F+1 U NA™~+1 we have GZ}’“ = HZ:Ikﬂ and 9;’:‘;[ = 9;’?;”1. We then get 9?}1 < HZ:,’“.
Contradiction with 97 =1 = gn—F.

Sub-case 4.2: ¢, =g,
Since J ¢ NAP~ 1y NA™=*1 we have

(6.6) Ot =0r =00 =00 =0y = £

From (6.5), there exists K such that J € U (K) U~ k1K) and

(6.7) oy <ot
We then distinguish several sub-cases:

Sub-case 4.2.1: J € U *(K)nU™(K)

From (6.6) and the fact that 6™~ = §7~% we have

n—k m—l
OIUj K Z OIV LK

Now J € U H(K)NnuUr* 1K) and J € U™ Y(K) NUT 1 (K) imply, by Proposition 4.1 Point 6, that

n—k+1 _  n—k m—Il+1 _  m—I n—k+1 m—Il+1 . .
ui W =u e and 07 = 0. Therefore o yu”} 7 > 00, which contradicts (6.7).

Sub-case 4.2.2: J € U H(K)\U*(K)

Sub-case 4.2.2.1: 05 = +1

Using the fact that J € U2 ~*1(K)\U~*(K), joint to Proposition 4.1 Point 7, we get that w5t = t, 441
This implies that

n—k+1 _ _ m—I+1
U g = ln—k+1 = Sm—I+1 > V7 g

where we have used the fact that J € Y™ ~'*1(K) and Proposition 4.1 Point 2 for the last inequality. This
contradicts (6.7).

Sub-case 4.2.2.2: 05 = —1

In this case, we have J € U~ (K)nup~F+1(K) and 6], ;% = 07" = 67" = —1. So we can apply Lemma
5.7 and we get that J € U"~*(K). Contradiction.

Sub-case 4.2.3: J € U F(K)\U™(K)
By symmetry, this sub-case can be treated in the same way of sub-case 4.2.2.
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Sub-case 4.2.4: J U F(K)uUm{(K)
Since J € UM KLY K)\UPMF(K) and J € UL (K)\UMH(K), we deduce by Proposition 4.1 Point 7 that

m—Il+1 __ _ _ . n—k+1
VLK = Smeltl = tnokt1 = U -

This contradicts (6.7).

7 Convergence result

7.1 Proof of convergence of the modified GFMM
This subsection is devoted to the proof of Theorem 3.6.

Proof of Theorem 3.6
The proof is very similar to the one of [4, Theorem 2.5] and just needs some adaptations essentially due to
the change in the point 10 of the algorithm. The only point to check is the sub-solution property of the

limit [4, Proposition 6.1]. By contradiction, we assume that there are (x¢,%y) and ¢ € C? such that 5 — ®
. . I
reaches a strict maximum at (z,to) with 6 (zq, to) = @(x0,to) and

(7.1) wt(z0,t0) = o+ c(x0,t0)| Dp(w0o, o)

with a > 0.

Now, the proof depends on the sign of the velocity. In the case ¢(xo,t9) > 0 or c(xo,to) < 0, it suffices
to replace [4, Lemma 5.1] by the following lemma (which proof is equivalent) and the proof is exactly the
same.

Lemma 7.1 (Time character of the u)
Assume there exists § > 0 and (I,n) € ZV x N such that c(zr,t,) > 6 > 0, 071 = —1 and 0} = 1 (resp.
2

)
c(zrty) < —6<0, 07" =1 and 0} = —1), then for any J € U"(I), we have for Ax < T6L

4A
il = sup{t, <tnoq, 07 =105 =1, for m<p<n-—1} > t,— Tx
with the convention that ul’};ll =ty if0,=1for0<p<n-—1

4A
(resp. u's")}, =sup{ty, <t,_1, 07 ' =1,00=~1, for m<p<n—1} > t,— Tx
with the convention that ul’};ll =ty if 0, =—-1for0<p<n-—1).

Intuitively, this result comes from the fact that if the front reaches the point I at step n then (in the case
where the velocity is positive) it has reached all the points J € V/(I) such that 8! = 1 at a time closed to
t,. Moreover, the point J is useful for I as soon as J has been accepted.

Remark 7.2 This lemma implies in particular that if the velocity is positive (or negative) then the algorithm
presented in Subsection 2.2 is equivalent to the one of [4].

We now treat the case c¢(xg,tp) = 0. In this case, we have
(7.2) ot(ro,to) = a > 0.
Since the maximum of 90 — ¢ is strict, there exists (x.,t.) = (zo,t0) as € — 0 such that
max((6°)" — @) = ((6°)" — ¢)(we, te).

In particular, we have (0°)*(x.,t:) = 1 for Az, At small enough. Indeed, by contradiction, suppose that
(0°)*(ze,t.) = —1. Using the fact that (0°)* is upper semi-continuous, we obtain (6°)* = —1 a neighbourhood
of (x¢,t:). We then deduce that ¢¢(x.,t.) = |[Dy(z,t)| = 0 and so

0= @i(xe,te) — c(xe, te)| Dp(xe, te)| = @i(xo, to) — c(xo, to)|De(xo, to)| = pie(zo,t0) = «
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where we have used the regularity of ¢ and of the velocity to pass to the limit, the fact that ¢(zg,tg) = 0
and equation (7.2) for the two last equalities. This is absurd.
We now recall the following Lemma which can be found in [4, Lemma 5.3]:

Lemma 7.3 (Separation of the phases of 6° by the level set of a test function)

Let ¢ € C? in a neighbourhood V of (xg,to) such that ¢i(xg,to) > 0. There exist 5o > 0, r > 0, 7 > 0

such that if max((0°)* — @) is reached at (zc,t.) € Bs,(xo,t0) C V with (6°)*(x.,t.) = 1, then there exists
v

V. € C*(B,(z0), (to — 7, to + 7)) such that
(1) For all (z7,tm) € Qrr(z0,t0) = Br(zo) X (to — 7,10 + 7)
(7.3) C(xytm)=1 =ty >V ().
(i) There exists (I,ny) € ZN x N such that
(xe,te) € S}“ =[zr, 21 + Ax] X [tn, tngyn )y (09) (21, tn,) =1, tn, = ¥e(xr)
and B
0y =1, 0"=—-1 mg<m<m—1
where
n=inf{n, ng<n<ng—1, 0}=1} and mo=inf{m, t,, >tg— 7}
(iii) The following Taylor expansion holds

De(xo,to)

Ve(zy) = Welar) - ot (o, to)

(xg—z1) + (Az) O (Az + |z — 20| + [t0, — tol) -

We now come back to the proof of Theorem 3.6.

For all J € U"~Y(I) (with 7 defined in Lemma 7.3), we define
my =sup{k <7, J U}
We distinguish two cases:
1. There exists J € U™~ 1(I) such that m; < my.

In particular, we have that J € U™(I) for mg < m <7 — 1, so by Proposition 4.1 Point 6 and Point
2, we have that v}~ = v’/ < t,,,. Moreover, since J € U™(I) and 67" = —1 for mg <m <n—1,
we deduce that

GE(IJ,tmO) =1.
By (7.3), we then have t,,, > ¥ (z 7).

We now assume that |Dep| # 0 (the case |Dp| = 0 can be treated in a similar way). Using Lemma 7.3
iii), we deduce that

b > Uo(y) =ty — % Fio - (27 — 1) + (Az) O(Az + |21 — 70| + |tn, — to]),
where ¢ = —~ > 0 and 7p = M. We then get
[ Dep (0, to)| |Dep (0, to)|
tny — tme g% fio - (g — x1) + (Az) O(Azx + |z1 — 0| + |tn, — tol)
S% + (Az) O(Azx + |z — 20| + |tn, — tol)
Sending Az, At to 0, we remark that ¢,, — to (since t. — to, tc € [tn,, oy, [ and by, — tn, < At)

and t,,, — to — 7 (by definition of mg). This implies that
to—(t()—T):TSO.

This is absurd.
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2. For all J € U™~ 1(I), my > meo.
Using the fact that J € ™7 (I) N...NU"1(1))\U™ ~*(I) joint to Proposition 4.1 Point 6 and 7, we

get that u’} ", = '}, = t,,,. Moreover (since J € U™(I) and 67" = —1 for my < m <7 — 1), we
have that 6(2,t,,,) = 1 and so by (7.3) we have v} "}, = t,,, > \I'(xJ)

We now assume that |De| # 0 (the case |[Dg| = 0 can be treated in a similar way). Using Lemma 7.3
iii), we deduce that

_ 1,
uy ol > () =ty — il (xg —xr) + (Az) O(Ax + |z1 — 20| + |tn, — tol)s

D t
where 6= ——— > 0and fig = (0, %)

_ |De(wo, o)l |Dp(z0,t0)|”
5 that ﬁ’}71 <tz =t,, . This implies that

Since I € NA™, we know by Proposition 4.1 Point

e a-1 1.
=Ty Sty =Ty <oy - (2 — wr) + (Az) O(A% + [2r = @o| + [tn, — tol)

We first define u7; ! ! for all directions i € C C {1,.., N} such that

L ~m—1 n—1 ~m—1 n—1
=max(uy  —upns g0 —up - ;) >0.

We deduce that

2
Az n " 2
(/én—l) :Z (@f —upis,)
Az\? 9
<|— ) +(Ax)® O(Az + |zr — xo| + |tn, — tol)-

i.e.

1
W S 57 +O(A£L’+ |£L’[ — !Eol + |tnk — to‘)
Sending Az, At to 0, yields a contradiction since ¢ > ¢(zo, tg) = 0.

This ends the proof of the theorem.

8 Appendix: heuristic error estimate for monotone evolution

We propose an error estimate in the case of the dynamics with signed speed. This is an heuristic computation,
since we assume that the solution of the PDE (1.1) is a characteristic function of a smooth hyper-surface to
allow us to do all the computations. This explain why we obtain an error estimate of order 1, while for this
type of scheme the expected order of convergence is 1/2, see [6].

In the proof we make use of a recent result by Vladimirsky, see [11], where the propagation of a front
evolving with signed speed depending on time is interpreted as a static PDE for a time-dependent control
problem. We consider here the case of an isotropic dynamics, but in the cited paper the general anisotropic
case is analysed.

Let Qo be a bounded domain of RY and let u(z) be the minimum time to reach a point x € )y starting
from any point of Qg with the velocity c(x,t) : Qg x [0,00) — (—00,0). If ¢ is Lipschitz continuous and
bounded, then the minimum time can be obtained solving the following stationary PDE:

’ (x) = O on 9.
It is known, see for instance [7], that c¢(x,t) can be interpreted as a normal speed of a contracting front,
whose position at time ¢ is the level set u(x) = t. Then 0(x,t) = 1{y@)>t} — lu(a)<¢} Solves the eikonal
equation (1.1) with speed c¢(z,t).
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Theorem 8.1 (Heuristic error estimate for local monotone dynamics )
Let Qo C RY be a bounded open set of RN and consider a speed c € WH° (RN x (0,00)) such that ¢ < § < 0.
We assume that u € C*(Qq) is a solution of the stationary equation (8.1) such that 0(x,t) = 1y} —
Liu(a)<ty 95 a solution of (1.1). Let us denote by 0°(x,t), for (v,t) € RN x (0,T], the numerical solution of
(1.1) obtained by the GFMM algorithm with € = (Ax, At).

Then, for T > 0, there exists a positive constant Kp such that

‘95 — 0|Loo((0’T);L1(RN)) < KT(AIE + At)

Remark 8.2 In Theorem 8.1, it is possible to assume that u € C? only on a neighbourhood of 0, but for
simplicity of presentation and since the proof is formal, we prefer to assume that u € C? in all .

Before giving the proof, we need the following lemma whose proof is postponed:

Lemma 8.3 (Construction of a velocity from a 0)
Let Qg be a bounded open set, e € R, ¢ € WH(RN x (0,00)) with ¢ < § < 0. We denote by 6° the solution

of
(8.2) 0¢ = (c(z,t) +e)|DO°| in RN x (0,00)
’ 96(~,0) = 190 - 195 on RN
We denote by u® the solution of

—(c(z,uc(x)) + e)|Du¢(z)] =1 in £y,
(8.3) { ut(z) =0 on 3(020.

such that 96(x,t) = 1{ue(a:)>t} — 1{ue(z)gt}-
Given a mesh {x; = IAx,I € Z™}, we define a sequence of discrete increasing time t, by

t$ = min{u®(xy), x5 € Qo}
t¢ = min{u®(xy) > t5_,, xy € Qo} forn > 2.

We assume that u¢ € C%(Qg) uniformly in e for e small enough, then there exist a discrete velocity 6?71’6,

defined for (I,n) such that u(xr) =t¢, and a constant C such that
(8.4) &l —elar,u(zr)) — e < O(Ax)
and
0%C(xy,ts) = 0°(xy, %)

where 0% is the numerical solution of the GEMM algorithm with velocity ¢7°° and with initial condition as
in (8.2).

To prove Theorem 8.1, we also need another version of the comparison principle Theorem 3.4 with weak
assumptions on the velocities:

Proposition 8.4 (Comparison principle for the 6¢)
Let T > 0. Let two velocities ¢, > 0 and ¢, > 0. Given 03 ; (resp. 09 ;) for all J € ZN and uS_ ;- for all
J e UN(K) (resp. v, for all J € U(K)), we assume that

- 0
to = sup uyg =T,
JeUI(K),KeENBY

resp. Sg = sup W <T
JeUY(K),KENBY?

for a given T > 0.
We also assume that the two velocities satisfy for all (z,t) € RN x [min(tg, s0), T — At]

m—1 .
Co,1 > sup Cu($I7 Sm—1+ S),

SE[—AL,AL], Sp—1+5>0

for all I € ZV, m € N such that I € NA™.
If C(to, s0) and 69 = 00, then
05 (x,t) > 0 (x,t)

for all (z,t) € RY x [max(t, s9), T).
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Proof of Proposition 8.4

In fact, in the proof of Theorem 3.4, when the velocities are positive, the only point where we have to
compare the velocities is in Lemma 5.6 and it is in fact sufficient to have an information on ¢, ; only when
I'e NAY (ie. for &'t

Proof of Theorem 8.1
Let us denote by u the solution of (8.1) such that 6(z,t) = l{y@)>ty — lfu@)<s- Given a mesh {z; =
IAxz, I € Z"}, we define a sequence of discrete increasing time ¢,, in the following way

t1 = min{u(zr), x5 € Qo}
t, = min{u(m;) >tp_1, T1 € Q()} for n > 2.

Then we consider 65°°(x,t) the projection of # on the mesh, defined by
(8.5) 0°0(x,t) = O(xr,t,) ifx € [wr, 27 + Ax) and t € [ty toi1).
In particular, we have
057 — 0] Lo ((0,7;1 @Yy < C(Az + At)

where C' is a constant (depending on ||u]cz). Let us call #° the numerical solution obtained by the GFFM
algorithm and extended in the continuous space by (3.1). For e > 0, we consider the discrete velocities
& b7 and ¢} defined by Lemma 8.3 from Problem (8.2) with velocity ¢ + e and ¢ — e respectively.

From (8.4), we have, for e > C(Az + At) and C large enough

gt sup c(wr,ta1+s), &< inf c(zr,tn1+ )

SE[—ALAL tn_1+5>0 T s€[—ALALtr-1+5>0
for (I,n) such that u®(xy) = t&.
Using the comparison principle Proposition 8.4, we then get

e > 6 and 5 < 6.

By the comparison principle for equation (1.1), we have §7¢ < 6 < #° and then by Lemma 8.3, the
following inequality holds
gs e < 05,0 < 057+e.

Choosing e := C(Ax + At) = O(Je|), we can conclude that
16°(-,t) — 0, )| oo (0,111 (&Y)) <I0° = 050 Lo (0,151 ) + 1070 = Ol oo (0,752 YY)
<[OFFE(, ) = 057 ( 1) oo (0,101 (rY)) + C(Az 4 At)

<Kp(Az + Ab).

where K is a positive constant. The last inequality follows by regularity property of equation (1.1) (see for
instance [1]).

We now give the proof of Lemma 8.3:
Proof of Lemma 8.3
We define
ame _ { u(zy) ifus(xy) <te
T 4o otherwise

To construct the velocity ¢ "¢, we solve (2.1) (where the unknown is the velocity &~ ") for I such that
u®(xy) = t&. In particular, we have

&b = c(xr, t8) + e + O(Ax)

and by construction
96’6(1’1, tfl) = 96(33], te )
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