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Abstract
In this paper we prove the convergence at a large scale of a non-local first order equation
to an anisotropic mean curvature motion. This is an eikonal-type equation with a
velocity depending in a non-local way on the solution itself, that arises in the theory of
dislocations dynamics. We show that if a mean curvature motion is approximated by this
type of equations then it is always of variational type, whereas the converse is true only
in dimension two.

AMS Classification: 35F25, 35D05, 35Q99, 35B40, 35G25, 491.25.
Keywords: Dislocations dynamics, asymptotic behaviour, non-local equations, eikonal equation,
mean curvature motion, viscosity solutions.

1 Introduction

1.1 Physical motivation

In this paper, we study the asymptotic behaviour of an equation modelling dislocations
dynamics. More precisely, we show that, in a large scale, dislocations dynamics is given by
a mean curvature motion (we refer to Subsection 1.3 for the exact setting of the result).
Dislocations are line defects in crystals whose typical length in metallic alloys is of the order
of 107%m and thickness of the order of 107?m. The concept of dislocations in crystals was
put forward in the XXth century, as the main microscopic explanation of the macroscopic
plastic behaviour of metallic crystals (see the physical monograph Hirth, Lothe [31]). Since
the beginning of the 90’s, the research field of dislocations is enjoying a new boom, in
particular thanks to the power of computers which allows simulations with a large number
of dislocations.

Recently Rodney, Le Bouar, Finel introduced in [37] a new model called the phase field
model of dislocation. In this model, the dislocation line in the crystal moves in its slip plane
with a normal velocity which is proportional to the Peach-Koeller force acting on this line.
In the case where there are no exterior stress, this force is simply the self-force created by the
elastic field generated by the dislocation line itself. In [5], [4], Alvarez, Hoch, Le Bouar and
Monneau proposed to rewrite this model as a non-local Hamilton-Jacobi equation. Using
viscosity solutions (we refer to the monographs of Barles [7] and Bardi and Capuzzo-Dolcetta
[6] and to the paper of Crandall, Ishii and Lions [21] for a good introduction to this theory),
Alvarez et al. [5], [4] proved a short time existence and uniqueness result. Then, Alvarez,
Cardaliaguet and Monneau [1] and Barles and Ley [10] proved a long time result under
certain assumptions. We also refer to Forcadel [27] for a uniqueness and existence result
for dislocations dynamics with a mean curvature term. This equation was also numerically
studied by Alvarez, Carlini, Monneau, Rouy [2], [3].

Mathematically, a dislocation line is represented by the boundary of a bounded domain
) C R? which moves with normal speed given by

Vo==%Co*p

where the kernel ¢; = ¢5(z) depends only on the space variables, x denotes the convolution



in space and p is the characteristic function of the set €, i.e.
(z) = 1 if z€Q
PEI= 0 if z¢Q.
In this paper, we consider a simplified model of the one proposed by Alvarez et al. [5],
[4]. Here, we assume that the negative part of the kernel ¢y is concentrated on one point,

i.e., Cg = Co — ( fRQ co) 0o where ¢y is now a positive kernel. Because of the formal half
contribution of the Dirac mass to ¢ % p on the dislocation line 02, we can rewrite (formally

on the dislocation line)
1
Vie=coxp— —/ Co.
2 S

For this model, we will be able to prove, in the framework of a Slepcev level set formulation
(see [39]), a long time existence and uniqueness result for the solution of this equation (see
Section 2).

Physically, the kernel ¢y is assumed to behave like # at infinity. For this reason, we can
rescale the characteristic function p, defining

(1) x t
rt)=p|=, ).
P P e’ e?|lnegl

This is almost the parabolic scaling. Here the presence of the logarithm is a well-known
factor in physics (see for instance Brown [18]). We then show that in a large scale (i.e.
e — 0), the normal speed of the dislocation line associated to p° is given by anisotropic
mean curvature of the line. More precisely, we show that the solution of the non-local
Hamilton-Jacobi equation modelling dislocations dynamics converges, at a large scale, to
the solution of a mean curvature motion. We also study the link between the energy of
dislocations and the energy associated to the mean curvature motion and we prove a formal
convergence of the energies. We show that the mean curvature motion we can approach with
this type of non-local eikonal equations is always of variational type. Finally, we show that
in the two dimensional case, essentially all mean curvature motion of variational type can
be approximated, which is not true in higher dimensions.

This result is very natural for dislocation dynamics. Indeed, in many references in physics,
the authors describes dislocations dynamics by line tension terms deriving from an energy
associated to the dislocation line. See for instance Brown [18] and Barnet Gavazza [14] for
physical references and Garroni, Miiller [29], [28] for a variational approach. As far as we
know, our result is the first rigorous proof for the convergence of dislocation dynamics to
mean curvature motion.

Similar results have already been proved for general kernels in relation with the Merriman,
Bence, Osher algorithm for computing mean curvature motion [36]. We refer to Barles,
Georgelin [9] Evans [25], Ishii [33] and Ishii, Pires, Souganidis [34] for such kind of results.
We also refer to Souganidis [40] for example where the kernels are fractional laplacian.
Nevertheless, our kernel does not satisfy the assumptions of these papers. We refer to
Subsection 4.1 for a comparison with other related works. Moreover, we show in Section 7
that the limit mean curvature motion obtained by convolution is of variational type.



1.2 Mathematical setting of the problem
Given a function g defined on the unit sphere S™ 'of R" by

(1.1) g€ CO%S™Y),  g(—0) =g(8) >0, VOeS!

we consider kernels ¢ € L>°(R") satisfying

1 T .
o) = s 9 (1) i lel 2 1,

|z]

(1.2)
co(—x) =co(z) >0, VreR™

We want to look what happen for large dislocation, i.e., in a large scale. Up to a change of
variable, this is equivalent to concentrate the kernel. Since ¢y behaves like W at infinity

(see (1.2)), the “natural scaling” is then the following one for 0 < e < 1

. B 1 x
(1.3) colx) = 1 Ing] Co (E) :
The presence of the logarithm comes out naturally in the proofs (see Subsection 4.1) but is
also expected from a physical point of view.
We will use the level set formulation in the sense that the dislocation line (here in any
dimension n > 1) is represented by any level set of a continuous function v, solving the
following equation (in the sense of Definition 2.1)

13 (31 1 (3 g 1 n
up(2,t) = ((Co*1{us(-,t)>uf(x,t>})($) = 5/ Co) |Duf(z,t)]  in R™x(0,7),
(1.4) "

u(+,0) = uo(+) in R”

where Du® indicates the gradient of u® with respect to the space variables, the convo-
lution is done in space only and 1yye(.¢)sus(z)) is the characteristic function of the set
{u®(-,t) > u®(x,t)}. Here, we consider the simultaneous evolutions of all the level sets of
the function u®. This approach has been introduced by Slepcev [39] (see also Da Lio, Kim,
Slepcev [23]).

We will prove that the unique viscosity solution of (1.4) converges to the unique solution
of a mean curvature-type equation.

1.3 Main results

We denote by Ci; / >(R™ x [0,T7]) the set of continuous functions satisfying a Lipschitz con-
dition in = and a Holder condition in ¢ of exponent 1/2 and by Lip(R™) the set of Lipschitz
continuous functions.

Theorem 1.1 (Existence, uniqueness and regularity for the e-problem)
Let n > 1. Assume that the initial data uy € Lip(R"™) and that co € WHL(R™). Then for
all e € (0,1), there exists a unique viscosity solution u® of (1.4) in the sense of Definition

2.1. Moreover, u® is C’;:tl/Q(R” x [0,T]) uniformly in € for e € (0, %) Namely, we have the
following estimates for e € (0, %)

|DU8(',t)|Loo(Rn) S ’DUO|LOO(RYL)7 vt Z O
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and
[ (x,t + h) — uf(x,1)| < C|Dug|pe@yVh, Yo eR®, Vt>0, hel0,h,

with ho = ho(n,supg. Co) > 0 and where the constant C' depends only on n and sup cq.
Rn

We are interested in the limit problem satisfied by the limit u° of u° as € goes to zero. To
this purpose, we consider the following problem

ul(z,t) + F(D*u,Du’) =0 in R"x (0,7)

(1.5)

W0, 0) = uo(-) in R
with
(1.6) F(M,p) = —trace (M A Q%))
with

(1.7) A (%) - /GESHSMQ{@%)O} (%g(9)9®9> do

Hereafter M - A and (-, -) denote respectively the product between the two matrices and the
usual scalar product.

Remark 1.2 In particular F' is geometric (see Barles, Soner, Souganidis [12]) because M +—

F(M,p) is linear and
F(M,p) = F ((Id— P g ﬁ) M, ﬂ)
pl Il p|

8"~

Remark 1.3 In the particular case where g = 1, we get A = ﬁ
n —

Idg,, <z p>—0y where
|S"=2| is the Lebesgue measure of S"™2, and then

_lQn—2
F(M,p) = —I8 trace <(Id— £®£> M)

2(n—1) Pl Ipl

We recover the classical mean curvature motion up to the factor |S"~2|/2(n — 1).

We prove the following result

Theorem 1.4 (Convergence of dislocations dynamics to mean curvature motion)
Let n > 1. Given ug € Lip(R™) and c¢g € WH(R™), we consider the solution u® of problem
(1.4) with the kernel ¢ defined in (1.1)-(1.2)-(1.3). Then the solution u® converges locally
uniformly on compact sets of R™ x [0, +00) to the unique viscosity solution u° of (1.5)-(1.6)-

(1.7).

Remark 1.5 This result also suggests a natural scheme to compute numerically mean cur-
vature motion. This is the subject of a paper in preparation [22].
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From expression (1.6)-(1.7) it is not clear if the anisotropic mean curvature motion (1.5) is

of a variational type or not. Theorem 1.7 below will show that this mean curvature motion

is indeed of variational type. Before to state Theorem 1.7, we need the following definition:
9(p)

Definition 1.6 Let g € C°(R™\{0}) satisfy g(\p) = S VA € R\{0},p € R"\{0}. We

then associate to g a temperate distribution L, defined by

g
(Loi) = [ s |(‘> (p(a) ~ £(0) ~ 2 D(0) Loy o))
for p € S(R™), where S(R™) is the Schwartz space of test functions, and B1(0) denotes the

unit ball centered in zero.
We define the Fourier transform of ¢ € S(R™) as

F)©) = [ dopla)e e

We have the following theorem:

Theorem 1.7 (Variational origin of the anisotropic mean curvature motion)

Letn > 2. Let g € CO(R™\{0}) satisfy g(\p) = |i|(321, VA € R\{0}, Vp € R"\{0}. We have
1 9 p ) 1
(1.8) —9(0)0 ®0d0 = D°G | — | with G:=——F(L,)
sr1n{ (@, £)=0} 2 p| 2m

where F(Ly) is the Fourier transform of L,. Moreover G(Ap) = [A\|G(p), YA € R\{0}, Vp €
R" and, with A defined in (1.7), if u® € C*(R™) with |Du°| # 0, then the following holds:

1 Du’ Du’
1. - A it _D20 — i
(19) |Du0|"“e< (|Du°|> > dw(m(ww))’

which means that the mean curvature motion derives from the following energy: [ G(DuP).
Moreover, if g > 0, then G is convex.
The converse is true in the two dimensional case, namely, if G € C°(R*)NC?*(R*\{0}) is
convexr and satisfies G(Ap) = |\ G(p) VA € R\{0}, p € R?, then there exists a non-negative
function g such that L, := —21F(G).

A different non-local equation for a mean field model describing a spin flip dynamics has
been studied in De Masi, Orlandi, Presutti, Triolo [24], Katsoulakis, Souganidis [35] and
Barles, Souganidis [13]. In [15], Bellettini, Butta and Presutti have proved that the limit
dynamics is related to the Hessian of an energy.

Proposition 1.8 (Counter-example)
The converse of Theorem 1.7 is false in dimension n > 3, i.e., there exists g which changes
its sign such that A(p) = D*G(p) > 0.

Remark 1.9 If g is a positive measure, we can formally approrimate crystalline curvature
by our non-local etkonal equation.



Remark 1.10 Physically, only F(L,) is known. We see that formula (1.8) allows easily to
compute g in dimension n = 2 and then to check that g > 0 or not. See Hirth and Lothe
[31] Chapter 13-8 for an example where g is not non-negative, and Head [30] for ezamples
i cubic elasticity.

In the simplest case of applications for dislocations dynamics, the crystal is described by
isotropic elasticity (see [31]). When the Burgers vector is along the xy direction, we have

2 1,2
p2 + 1— pl . 1
Gp)=——"— with ve(-1,=
0 =2 (1.5)
where v is the Poisson ratio of the material, and
(27 = 1)(61)* + (2 = 7)(62)? . 1 1

0) = >0 th =—¢€ (5,2
o(0) 7 >0 with 7= e (32)

It is well-known that we can approach mean curvature motion with Merriman Bence
Osher [36] construction with a general kernel K satisfying Ko(—z) = Ky(x) and for every
pE Snfl

(1.10) / Ko(z)|z|* < oo
RrO{p+}

1
where {pt} = {(z, ‘%'> = 0} and with the "parabolic scaling” K§ = —— Ko <§> We refer,
gn €
for instance to Barles Georgelin [9], Evans [25], Ishii [33] and Ishii, Pires, Souganidis [34]
(we also refer to Subsection 4.1 for a formal proof).

More precisely, the limit motion is (1.5)-(1.6), with (1.7) replaced by

(1.11) A (%) - /GERn_IZan{mmzo} (%Ko(x) T ® a:) dx

Up to our knowledge, it was not known in this general setting if the limit mean curvature
motion associated to (1.11) is of variational type (cf (1.9)). It turns out that this is a simple
consequence of our Theorem 1.7:

Theorem 1.11 (Variational property of the limit motion)
Every mean curvature motion of the form of (1.5)-(1.6) with A defined in (1.11) is of vari-
ational type.

The problem we consider is formally associated to the following energy:

(1.12) E(uf) = A?(A)d)\

where

with

5= Lussay, Go° = ¢y — (/ CS) do-

We will show formally in Section 8 that this energy is non increasing in time and that there

is a convex function G such that £°(u®) — [ G(Du") which is the energy associated to a

mean curvature motion of the limit solution u°.



1.4 Organisation of the paper

Let us now explain how this paper is organised: Section 2 is devoted to the study of the
e-problem. In Section 3, we give some results on the limit problem. Then, we give, in Section
4, a result on the convergence of the velocity for a test function. The regularity result of
Theorem 1.1 is proved in Section 5 (see Corollary 5.3) as well as estimates at initial time.
The convergence result Theorem 1.4 is proved in Section 6. The variational property of
the limit motion Theorem 1.7 and Theorem 1.11 and the counter-example Proposition 1.8
are proved in Section 7. In Section 8, we study very formally the link between energy and
mean curvature motion. Finally, in an appendix, we give some technical lemmata on Fourier
transform.

2 Existence and uniqueness for the s-problem

In the sequel we will denote by B, USC(R™ x [0,T]) and By, LSC(R™ x [0, T]) respectively
the set of locally bounded upper semicontinuous and lower semicontinuous functions in
R™ x [0,77].

Definition 2.1 (Viscosity sub/super/solution for the non-local eikonal equation)
A function u® € Bio.USC(R™ x [0,T]) is a viscosity subsolution of (1.4) if it satisfies:

(7’) UE([E,O) < U()(Qf) mn Rn}
(i) for every (xg,to) € R™ x (0,T) and for every test function & € C*> (R" x [0,T)) such
that u® — ® has a mazximum at (xo,to), the following holds:

€ (S 1 () g
213 Biloto) < (6 Yoo 5 [ 6) 108 ot

A function u® € B, LSC(R™ x [0,T1]) is a viscosity supersolution of (1.4) if it satisfies:
(i) u®(z,0) > up(x) in R,
(ii) for every (xg,to) € R™ x (0,T) and for every test function & € C*> (R" x [0,T)) such
that u® — ® has a minimum at (xo,to), the following holds:

€ € 1 € €
(2.14) (Pt (l’o,to) > ((Co*1{u5(~,t0)>u5(x0,t0)}>(5130) — 5/ CO) |D(I) (I‘O,t0)|.

A continuous function u is a viscosity solution of (1.4) if, and only if, it is a sub and a
supersolution of (1.4).

This definition comes from the definition of viscosity solution for nonlocal equation given
by Slepcev [39] (see also Da Lio, Kim, Slepc¢ev [23]) and it permits to extend to non-local
equations all properties enjoyed by viscosity solutions of local equations.

Note the difference in the choice of the set in the indicatrice function in the definition of

a subsolution and a supersolution. This is crucial to extend all the properties of viscosity
solutions to nonlocal, geometric parabolic equations (see Slepcev [39]), in particular for the

7



stability of the solution, i.e., the lim sup of subsolution is a subsolution (and so the existence
by Perron’s method).

Next we prove a comparison result between locally bounded semicontinuous viscosity sub
and supersolutions to the equation (1.4).

Theorem 2.2 (Comparison principle for the e-problem)

Assume ¢y € WHH(R"). Let u € By USC(R" x [0,T]), v € Bioe LSC(R"™ x [0,T]) be re-
spectively viscosity sub and supersolution of (1.4). If u(z,0) < v(x,0) for all x € R™ then
u(z,t) <w(x,t) for all (x,t) € R™ x [0,T].

To prove this result, we need the analogous of the Ishii’s Lemma for non-local equations.
We first recall the definition of the limit sub and super-differentials:

) (p,a) € R" x R, 3 (xp, tn, P, an) €E R" X R x R" x R
Pru(z,t) = such that (pp,a,) € PTu(z,,t,)
and (xn7tn7u($n7tn>7pn7 aﬂn) - <x7 t? u(l‘7t)7p7 a/)

where P* is the classical super-differentials. The set P~u(z,t) is defined in a similar way.
It is well known that we have an equivalent definition for viscosity solution by using sub
and super-differentials (cf Crandall, Ishii, Lions [21]). We claim that the definition remains
equivalent if we replace the classical sub and super-differentials by the limit ones. Indeed,
let u € B, USC(R™ x [0,T]) be a viscosity subsolution of (1.4). We will show that

1
(2.15) (p,a) € Ptu(z,t) = a < (CS * Liu(y>u(eny (T) — 5 /08> Ip|.

Let (2, tn, Dn, an) € R"XRXR"XR such that (p,,a,) € Ptu(z,,t,) and (z,, t,, w(zn, tn), Dn, an) —
(x,t,u(z,t),p,a). We then have, by definition,

1
an < (CE * Lpu(tn) > u(@n tn)} (Tn) — 5/08) |l

) 1 g
< (CO* Lt 2uen t)0fut-02u(z0} (Tn) = 5 / CO) [l
We just have to show that

€0 * L{u(tn) >u(@n tn) }olu( 0> u(@n} (Tn) = €6 * Liu( n>u@n} (T)-
To do this, we use the following decomposition:
€5 * Liu(tn)>un tn) }ofu(- ) >u(z.n} (Tn) — €5 * Lu ) >u(n} (2)

=0 % L{u(t)>u(n,tn) Jofu(- ) >u(e,)} (Tn) = €% Ll tn) >u(@n tn) }olu(t) >t} (T)

+cox 1{U('»tn)ZU(xnﬂfn)}U{U('7t)ZU(I7t)}\{U('»t)ZU(IJ)}(I)’

The first part clearly goes to zero as n goes to infinity. For the second part, we need the
following Lemma:

Lemma 2.3 Let f, be a sequence of measurable functions on R™ and

n—0

f = limsup *f,(x) := sup {limsup fuly) 1y — aj} )

8



Let a,, be a sequence converging to zero. Then
L{fo>a\{f>0})—0 asn— oc.

where, for any measurable set A, L(A) denotes the Lebesgue measure of A.

For the proof of this lemma, we refer to Slepcev [39].

Applying this Lemma with f, = u(-,t,) — u(z,t), a, = w(zy,t,) — u(z,t) and f =
u(+,t) — u(z,t) yields the result. The proof for supersolution is analogous.

Using (2.15), we can rewrite the Ishii’s Lemma (see Crandall, Ishii, Lions [21] Lemma
8.3) for non-local equations:

Lemma 2.4 (Ishii’s lemma for non-local equations)
Let U and V' be open sets of R™, and for T > 0, u € B, USC(U x (0,T)) and v €
Bioc LSC(V % (0,T)) be respectively subsolution and supersolution of (1.4). Let ¢ : U x V X
(0,7) — (0,00) of class C*. Assume that (z,y,t) — u(z,t) —v(y,t) — ¢(x,y,t) reaches a
local mazimum in (Z,5,t) € U XV x (0,T). We set 7 = 0;¢(%,7,t), p1 = D.¢(T,7,t), and
p2 = —D,d(Z,y,t) Then, there exists 71, T2 € R such that:

T=T —Tg, B
(plaTl) € P+U(Zf,£>, (p2)7—2) € P_U<g7£)7

and then )
7 < <CE*1{u<-,azu<az,a}(f> -5 / CS) Pl

and
1

T > (08*1{v(-,a>v(y,£)}(y) - 5/08) lq|.

Proof of Theorem 2.2
The proof of this Theorem is inspired by Barles, Cardaliaguet, Ley and Monneau [8].
Let u € B USC(R" x [0,T]), v € Bioe LSC(R™ x [0,T]) be respectively viscosity sub
and supersolution of (1.4). Since the equation is geometric we may assume without loss
of generality that w and v are bounded (see Slepcev [39], property (P1)). Suppose by
contradiction that M = supga (o7 (u(z,t) — v(z,t)) > 0. Then for n € (0,1) small enough
we have M, = sup;c( 7 imsup,_,_o(u(z,t) — v(y,t) — nt) > 0 as well.

For all v > 0 and a > 0 with a << 7, we introduce the auxiliary function @, ,: R" x
R"™ x [0,7] — R defined by

2
r—y
(216) (I)'y,a(aja y7t) = U(I‘,t) - v(y,t) - 77t - ‘ 72 | - Oé(’$‘2 + ‘y|2)

We observe that limsup ;| ;-0 Pya(2,y,t) = —00, thus @, ,(x,y,t) reaches its maximum
at a point (Z.a, Yy,a; tya) € R” x R™ x [0,T]. Standard arguments show that

2
Ty — [
(217) O[(|x'y,a|2 + |y'y,a|2)7 % S OO)

with Cy > 0 depending on ||u||so, ||V||c - In particular we get that

lim limsup |24 — Yyl =0.
nd

9



Then, the following estimate holds

lim Sélp lim S(l)lp Doy o (Ty 00 Yyartya) < lim syp lim S(l)lp(u(:)j%a, tya) = V(Uya,tya)
(2.1V8) < M; .
We also have
(2.19) lirwn_%lf lignqi(r)ﬁ Do o (T 0, Yyar tya) = M, .

Indeed, by definition, we have for all (z,y,t) € R® x R" x [0, T

|z —yf?
U(l’, t) - U(y7 t) - nt - ,}/2 - Oé(|£L‘|2 + |y|2) S@%a(x'y,on Yry,a5 tw,a)

- ntv,a)

SU@%M t%a) - U(y%aa t%a) — Ntya-

We first take lim i(I)lf . We get

2
u(, ) — o(y,t) — nt — - vj" <l int 0 (2.0, Uy )
(2.20) < ligljglf(u(xv,a, tya) = V(Yyar tya) — Ntya)-

We then take lim sup and get
|lz—y[—0

sup limsup (u(z,t) —v(y,t) — nt) < Uminf O o (24,0, Yy.astya),
t€[0,T] |z—y|—0 a—0

and finally take lim i(I)lf and get (2.19).
y—

By combining (2.19) and (2.18) we get
M, <lim iglf lim iglf D, o (T Yyas tya)
y— a—

<lim sup im sup @, o (24,0, Yvy,as ty,a)
v—0 a—0

<M,
Therefore

lim lim inf @, o (%4 0, Yy.as ty,a) = Hm Hmsup @y o (24,0s Yy.as ty,a) = M.
7—0 a—0 =0 a0

In a analogous way, we can deduce that (using (2.18) and (2.20))

M, =lim liminf (u(2y.q,ty.0) — V(Yy.as tya) — Mya)

¥—0 a—0

= lim im sup («(z+.a, ty.a) — V(Uy.as ty.a) — Dtvya) -

70 a—0
We then get
_ 2
(221) ti i sup (122 =222 a4 1)) =01

10



Let us fix 79 > 0 such that for all v < 7y, and for all @ small enough we have

M,

1

My o = (I)%a(x%my%av t%a) > 9

and

2
. Ty o = Yy,
(2.22) hmwp@Dém(ﬂi—?ii—+M%A%wa—%a+amm—ymo

3 n
# Slealhar (24 ol + lal?) ) < 2

We claim that there is v < v such that for all a small enough ¢,, > 0. Indeed if, for all
v < 7o, there is a € (0,7) such that ¢, , = 0, then the following estimate holds

M

777 < Mo Su(@y,0,0) = 0(Yy.a,0)
Sul,0) — )
§||Du0|||$%a - y%ocl

<C||Dug||,

where we have use (2.17). Thus we get a contradiction if 7 is small enough and we prove
the claim. Hence, by Lemma 2.4 (if ¢, , = T, we use the fact that u (resp. v) is subsolution
(resp. supersolution) in (0,77, see Lemma 2.8 of Barles [7]), there are (a,p) € DY u(z oyt .0)
and (b,q) € D™0(Yy.a,ty.q) such that

a—b=1;
(l’ a Y ,a)
p =2 L 20 g
Y
(iL‘ a Y ,a)
q= 277—27 C2ay .
1
(223) a— ((C(E] * 1{”('7t’y,a)2u(x’y,a7t'y,o¢)})(x’77a) - §/R CE) |p| S O)
1
(224) b - ((Cg * 1{”(‘7t’y,a)>v(y’y,a7t'y,o¢)})(y'%a) - §/R Cg) |Q| Z 0 °

By subtracting (2.24) to (2.23) we get

1 (>
0+ (6 Lottt nra) =5 [ ) o
£ 1 (>
225) ~ (6 ottt = 5 [ &) ol <.

From the fact that @, (2.4, Yy.a:tya) > Pyalz, 2,1, 4) it follows that

V(@ tya) = V(Upartya) = (T, ty0) = (@0, tya) — 20]zf?
|90 = Yral®

2 b ol ol + ).

_|_
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In particular from the above inequality we deduce that

{u(tya) = u(@ya:ty.0)} N {V( tra) S 0(rartra)} © {2l > B},

1 |$ o y 704|2
where R, = - (7— Falleal + 1ral))
Thus
(2.26) {u(-th,a) > w(Tya tya)} C{U(tva) > V(Yyatya) U {|z]> > RZ_}.

Given v < 7 the following two cases may occur.
Case 1. For all o small and for some C,, > 0 we have

|x%a - y%a|2

2
7 > C7.
In this case we have
(2.27) {l# = Tap| = Ran} € {l2] = Ras},
where Raﬁ = —|Za| + R, satisfies the following lemma which proof is postponed

Lemma 2.5 We have the following estimate on Raﬁ
52
Ror — |Tan| > —=2—.

Now let us choose 6 > 0 such that 6C, < g, C, > 0 being an upper bound of |p|,|q|

Roy =

depending on v and independent of « small enough. Since ¢§ € WH(R"), we have for «

small
/ co(x)de <4
Be(0,Ra,~)

and

|(Cg * ]‘{U(',t"/,a)>1)(y'v,oz7t'v,o<)})(a:'%a) - (Cg * ]‘{'U(',t'y,a)>v(y'y,a,tw,a)})(y'7704)| S HDCSH1|$V:O‘ - y77a| .

By using the inclusions (2.26) and (2.27) from (2.25) we get
0 2 77 + |q|cé * ]‘{U('atw,a)>v(y’y,a7tw,o¢)}(y'Y,a) - |p|cg * ]'{u(‘yt'y,a)zu(x'y,ayt'y,a)}(:L"WOC)
1
= 5 [ ds(al - o)

TI + |q|CE * ]‘{U(‘,tw,a)>v(y'y,a7tw,o¢)}(y’Y,a) - |p|cg * ]‘{U(‘,tw,a)>v(y'y,a7t'y,oz)}(x'Yaa’)

Vv

1
(228) = pleg * Lpe(o,ra) (@r.0) = 5ol (lp — dl)

v

‘-T o Y ,a’
n— Dl |1]zy,0 — y%a|(2’yfy—27 +ta+ O‘|y%a|2)

3 5
= gllcolli{2a + a(lzyol® + [y1.al*)} = [p] _ lz)da
Be(0,Ra,y)

v

|'T o Yy ,Q
7—27’ +a+alyyal’)

n— ||ch||1|xma - y%a|(2
3
= glleolli{2a + a(|zy.al* + [4r.0lP)} = 6C, .

12



By taking in (2.28) the lim sup and using (2.22) we get a contradiction and we can conclude.
a—0
Case 2. There is a subsequence «,, > 0 which we still denote by « such that
750 = Yral®
2
In this case we have lim, o [p| = 0 and lim,_ |¢| = 0. On the other hand, from (2.25) we
have the following estimate

— 0, asa—0.

1 €
(2.29) 02 71— 5llcllz(pl +lal)-

By letting in (2.29) o — 0, we get a contradiction and we can conclude.

Proof of Lemma 2.5
By assumptions, we have

%50 _2?/%01‘2 > Cf
Y
We then deduce
c2 1
Ri,a - |x%a|2 >2; §(|x%a 2— |y%a|2)
02 1
520 (s~ ral (ol + )
L& _1G
20 o
02
'y . .
> if o is small enough
4a
where we have used (2.17) for the third line. Moreover, using (2.17), we deduce
Co
Rw,a S a
S0
RZ, |:z:%a|2 C’2 1 C2

R,

= Ryo— |x%a| =

e’

R7a+|x7a| 4a 9 /c0

Theorem 2.6 (Existence and uniqueness for the s-problem)
Let ug € Lip(R™) such that

This ends the proof of the lemma.

then there is a unique solution of (1.4).

Proof of Theorem 2.6
The uniqueness comes from the comparison principle and the existence is a straightforward
consequence of Perron’s method (see Da Lio, Kim, Slepcev [23] Theorem 1.2). Indeed, it

suffices to remark that u®(z,t) = ug(x) & ||c§||; Bot are respectively super and subsolution of
(1.4).

13



Proposition 2.7 (Lipschitz estimates in space)
The unique solution of (1.4) is Lipschitz continuous:

Proof of Proposition 2.7

The estimate (2.31) follows from the fact that the equation is invariant by space translation.
Indeed, if we set v(z,t) = u*(x + h,t) + |Dug|rm@n)|h|, then it is easy to check that v is
still a supersolution to the problem (1.4). Moreover, v(z,0) > wu(z,0), so, by comparison
principle, v(z,t) > u(z,t) for all t € [0,00) i.e. u(x,t) —u(x + h,t) < [Dug|pemn)|h|. Using
similarly a subsolution, we deduce the result.

3 The limit problem

Definition 3.1 (Viscosity sub/super/solution for mean curvature type motions)
A function u® € B, USC(R™ x [0,T)) is a wviscosity subsolution of (1.5)-(1.6)-(1.7) if it
satisfies:

(1) u’(z,0) < ug(x) in R",

(i1) for every (xq,ty) € R™ x (0,00) and for every test function & € C* (R" x [0,00)) such
that u® — ® has a mazimum at (zg,to), the following holds:

(332) 0% (r0,t0) + F. (DB, D) <0

A function u® € By, LSC(R™ x [0,T)) is a viscosity supersolution of (1.5)-(1.6)-(1.7) if it
satisfies:

(i) u’(z,0) > ug(x) in R",

(ii) for every (xo,ty) € R™ x (0,00) and for every test function & € C* (R™ x [0,00)) such
that u® — ® has a minimum at (zo,ty), the following holds:

(3.33) %—f(xo,to) + F* (D®,D*®) > 0.

A continuous function u® is a viscosity solution of (1.5)-(1.6)-(1.7) if, and only if, it is a
sub and a supersolution of (1.5)-(1.6)-(1.7).

This definition comes from the general definition of viscosity solution for discontinuous
Hamiltonians first given by Ishii [32] (see also Crandall, Ishii, Lions [21]). We need an
equivalent definition which eliminates, at least partially, the difficulty related to the fact
that D® may be equal to zero.

Theorem 3.2 (Equivalent definition for mean curvature type motions)
We can replace in Definition 3.1 Condition (3.32) by

)
%—t(xo, to) + F (D®, D*®) < 0 if D®(x0,t9) # 0

14



or
0P
E(Io,to) S 0 Zf D(I)(.Z‘(),to) =0 and D2q)<l’0,t0) =0

and Condition (3.33) by
0P

E(ajg,to) + F (D®, D*®) > 0. if D®(x, to) # 0

or
o
aa—t(l’o,to) < 0 Zf D(I)(Jlo,to) =0 and D2<I>(x0,t0) =0

and the definition remains equivalent.

The equivalence between these two definitions was first proved by Barles, Georgelin [9] for
the isotropic mean curvature motion and their proof adapts here without any difficulty.

It’s well known that this problem admits a unique viscosity solution. See for instance
Bellettini, Novaga [16] [17], Chen, Giga, Goto [20] and Evans, Spruck [26]. Moreover, we
have the following comparison principle:

Theorem 3.3 (Comparison principle for the limit problem)

If u € B, USC(R™ x [0,T]) is a subsolution of (1.5) and v € By, LSC(R™ x [0,T]) is a
supersolution of (1.5) satisfying u(x,0) < v(z,0) Vo € R", then u(z,t) < v(z,t) V(z,t) €
R"™ x (0,7).

In this Theorem, we do not need any assumption on the behaviour of the solution at infinity,
since the equation is geometric.

4 Convergence of the velocity for a test function

4.1 Link with other works

In this subsection, we show in an heuristic way the links and the differences between our
result and previous strongly related works as Barles, Georgelin [9], Chambolle, Novaga [19],
Evans [25], Ishii [33] and Ishii, Pires, Souganidis [34]. In particular, we explain the term
1/|ln g] in our scaling. We make the computation formally for a general kernel K, with the
parabolic scaling, i.e.
1 x

K5(0) = o (2)
We assume that K is symmetric, i.e., Ko(—z) = Ko(z) and admits a moment of order two
for every section, i.e., for every p € S*~!

(4.34) / Ko()[z]? < o
Rr{p+}
We want to show formally that for every regular function ¢, the velocity

1
¢ = K§* 1p>03(0) — 5 /KS

15



converges to anisotropic mean curvature. To simplify the computation, we finally assume
that the zero level set of ¢ is the graph of a function h, i.e., more precisely that ¢(z', x,) =
h(z") — x, where x = (2/,z,), ' € R"! and D,h(0) = 0. We have

o
{zn<h(z")} {zn<0}

1
:—/ Ko(x)dx
€ J{o<a, <M=y

1 £D2h(0)(z &)
:/ —/ Ko(2', x,) dxy, | da
z'erRn—1 \ € Jo

1
~ / L Ko(e, 0)D2h(0) (', &) da’
x’ER"71 2

=trace (A(p)(Id — p @ p)(D*p))  with |Dyp(0)] = 1,

D
where p = |Di| and A(p) = fme{pl}:R"*1 sKo(z) z®x dx. So, formally, if (4.34) holds, then

the velocity ¢¢ converges to anisotropic mean curvature. Barles, Georgelin [9] and Evans [25]
used this result to prove the convergence of the Merriman, Bence, Osher scheme [36]. For
the proof, they used the kernel

1 _a?
K(](ZE) = W@ 4

which satisfied the assumptions. This result was then generalised by Ishii [33] and Ishii,
Pires, Souganidis [34] to more general kernels assuming also the symmetry of the kernel and
(4.34). A by-product of our work shows that for general kernels, the limit mean curvature
motion is of variational type (see Theorem 1.11).

The main difference in our case is that ¢y behaves like and so (4.34) does not

|:L‘|n+1

1
hold. This explain the term m in our scaling. Indeed to make a renormalization of the
ne

1
integral / §K0(x,7 0)D?h(0)(2', 2") dz’ finite, we have to multiply by a term going to
z'eRn—1
zero faster. We denote by J(¢) this term (i.e., we use the scaling c¢§(x) = E{fi)l co (£)). Using
the same computation as above, we obtain:

c :J(g)—/ /
€ J{o<en <M {jar| <0 /e }

1
~J(e) / L (@, 0)D2h(0) (', o) da’ + J ()T
{lz’|<d/e}

co(x)dx + J(e)Iy

where
1 1

I, = —/ co(x)dx < —/ co(x)dx
€ J{0<an 2NN {26/} € J(Bs/.(0)°

€

Using the particular form of ¢y for |z| > 1, we deduce that Z; < %féﬁ d'r’ri2 f9e8n—1 do g(6)
and so Z; is finite. This implies that the last term J(£)Z; goes to zero as ¢ — 0. We then
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decompose the first integral in two terms:

1
J(e) / L o, 0)D2h(0) (2, 2/ da’
{lo'|<5/e} 2
1 1
:J(e)/ —co(a',0)D*h(0) (2, 2") dx’—{—J(e)/ —co(2’,0)D*h(0) (2, 2") da’.
lz/|<1 lz'|€(1,6/€)

Since ¢( is bounded, we remark that the first term goes to zero as € goes to zero. Then, the
only interesting term is the second one. Using again the particular form of ¢ for |z| > 1, we
deduce that

1
J(¢) / —co(z',0)D*h(0) (2, 2') da’
|z'|€(1,6/¢)

d/e
—J(e) /9 . d@%DQh(O)(Q,H)g(Q) /1 %dr

1
:J(e)(lné) / —g(0)D*h(0)(6,0)d0
9 PcSn—2 2
:J(s)(lng) trace (A(p)D%p) .
So the correct scaling is to take J(€) = |Ine| and we finally obtain

¢ — trace (A(p)D*p)  when |Dp(0)] = 1.

4.2 Proof of convergence

In this section, we prove rigorously the convergence result for test functions.

Let us define (for M = D%p, p = Do)

—1
Ip|
For a n x n matrix M we set the norm
(4.35) |M| = sup |M -¢|.
£€B1(0)

We define the modulus of continuity of the function g by

wy(r) = sup 19(0") — g(0)].
|o'—0|<r, 0,0’eSn—1

Then we have the following fundamental estimate for test function independent on time:

Proposition 4.1 (Error estimate on the velocity for a test function)

1 :
Let us assume that p € C*(R") and that Dy(xg) # 0. For ¢5(-) = =i Ing| Co <g>; let us
define

1
¢ = (€ * Lp()>p@)(20) = 5 / .

17



Let us call b = |Dg(xo)|, and for any a > |D*@|pe0 (B, (), let us introduce the relative
modulus of continuity of D?p at xq, defined for 0 < r < 1 by

wp 1D20) = Do)l

w<r) — z€Byr (o) a

0 if a=0.

We fix 01 < 1 such that
u)((51> S 1.

b

We define 6o = min(1, 30 d1). There ezists a constant C = C(n,supg. ¢o) > 0 such that for
a

0<e<dwith0<d<dy/2, we have

| = G(D*p(x0), Dgp(w0))| < C - e (e, 9, 8o)

it 1 1 1 1 d d
=— (=+— + = ) +w(20) + — ).
e (8,(5, 50) |1 E‘ <6 60’ H(S‘) 50 <wg ((50) w( 5) (50)

Before to prove proposition 4.1, let us give a corollary.

Corollary 4.2 (Convergence of the velocity for a test function)
Let us assume that ¢ € C*(R™ x (0,400)) and that Dy(zg,to) # 0. If (x.,t.) — (z0,t0),
then

1
<= ((08*1{¢(~,ts)>so(a:a,te)})($a7te) B 5/ Cé) —  G(D*p(x0,t0), Dp(0, o))

Proof of Corollary 4.2

This is a straightforward consequence of the fact that we can choose the relative mod-
ulus of continuity w uniformly in a neighbourhood of (xg,fy) and then estimate ¢& —
G(D*¢(z.,t.), Do(z.,t.)) using Proposition 4.1. We conclude choosing a suitable sequence

d=19(e) = \/|11n—s\

Proof of Proposition 4.1

Up to change the coordinates, we can assume that xzo = 0, ¢(xo) = 0, Dp(xg) = be,, with
b > 0. We denote 2’ = (z1,...,7,_1) a point of R and x = (', z,) € R". Then using the
implicit function Theorem, we can assume that there exists a neighbourhood

Qs = By ' x (=4,0) CR"
of the origin such that the level set {¢ = 0} can be written

{o=0NQs ={(z,2n) € @5, w0 =h(2)}

for a suitable function h € C?(By™'; (=4, 9)).
Then we have the following result which will be proved later:
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Lemma 4.3 Let 6y as defined in Proposition 4.1. For 0 < § < 0¢/2, we have

W) — SD2h(0) - (o, )

n—1 2 a 5
V' € BY (2, h(z') € Qs and PE < 3 ( (20) —{—8(50).
Moreover 92 . 52
(2 .
——(0) = — 0 =1,...n—1
8xi8xj( ) | D (0)] 8xi8xj( ) S
and 4
|h(x")] < 6E|JL‘/|2 for 2’ € By~ 1.
We have
£ (1 1 €
C = (CO * 1{¢(.)>0})(0) — 5 Co
= (¢ * L1p()>03)(0) = (cg * Lz, >0y)(0)
— (€5 * Lp()<0pn{en>01) (0) + (€ * Lip()>0}n{an<0})(0)
= _{(I)e + (]])8}
where
(D)e = (€5 * 1gsnip()<03n{za>03)(0) — (§ * 1gsn{p()>03n{za<0}) (0)
and

(IT)e = (c§ * Lrm@s)nfe()<0}n{za>0}) (0) — (¢§ * Lmm\0s)n{e()>03n{an<0})(0)-
We have for § > ¢
(1. < / ¢
R7\Qs

1

~ ¢|lng] RMQ5

Co
C

< .
~ dllnel
Let us now compute the term ([).. We have for 6 < dy/2

/Bn 1d:z: / 5”+1|1n5| (§>

Let us define (with = = (2/, z,,) = |z|0)

h(z") 1 0
(1), = / da’ / dz, a6
Br—1\pr-! 0 (el (122 + |z, 2) %
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Then

|h(z T
d’ w(2)
D /Bn O / 5"+1|1n5| 5
) 6%|:p’|2 1
< dz dr, ———— | supc
_/Byl /o enttInel (R*P 0)

< 6a SUPR~ Co
~ bllne| n+1

where we have used the fact that |[h(z")| < 6%|2'|? for |2/| < § < dp/2. We now compute (I).

h(z') g —(x',\x’\%
, , (R |2 |2+ (|2 [2¢)
. = [ R | n

el (a2 4 (lorj20)2)

7 |x’|C
’ \
h(z")
1 d/ =112 ( 1_,'_:2/2(2)
:/ x /| | dc NS
B 0

-ty gp-t [Ing| |27t (14 |2'|2¢%) =

Let us define

1 / 1 D2h(0)- z—;,% /
(1) :/ c/l:v_l / (I | )dC g(a:/)
pr-\pr-t | Inel [z 0 2]

_In(é/e) 1 N2 .
B |1n8| (/GES”QC{zn()} @ 2 g(ﬁ) b h<0) (679)) .

D= [ (30000 00)

1.e. we have from Lemma 4.3

We define

1 _ 1 . 1 2 .
~(Do ‘/{} & (29@ DR (9’9))

= mawe (2704 (jp5a))

= G(D*p(0), Dp(0))

where A is defined in (1.7).

Then we have
[Ind| / 1 5
I — (1)) < d ~|Dh(0
(1) = (I)g] = eV sup g | 51D7h(0)

|Ind|

a
< —1)|By! —.
= e P (s) 5

(4.36)




We now want to estimate the difference between (7). and (I)?. To this end, we first

set v = (%, |2'|€), 0 = <%,0>. Then using only the fact that |§] = 1 and the identity

(v—0,6) =0 for the scalar product, we get 0 < |v| =1 < |v — 6], and '|v_| — 0‘ <2|v— 4.
v
We then estimate

9521) —g0)] < ‘g (i) _ 9(9)‘ +g(0) (Jo]™* — 1)

[\
&
@
VRS

—~wD+(mw)m+nmwm—n

Sn—1

< wg(2v —0]) + (Sup g) m+1)(1+]v—0)"|v—146
Sn—l

s%@w—eb+(wp@<n+www—m
Sn—l

where for the last line, we have moreover used the fact that |[v — 0] < 1 when |z/| < 6,
1

¢ < 5 [D*h(0) - (8,6)] < % and § < §o/2.

da

i -0 <
Using |[v — 0] < 5

, we bound the last term by the quantity

J J
e1 = wy (;) + (S}Ll_pl g) (n+ 1)2”*15.

Using Lemma 4.3 with

ey = % (w(25) + 85—0)

we then estimate

1 dx’ a
I " __ ] !/ << —_— . - °
=i = [ e 1 (gme) 5
SM / do e | supg +£'61
|hl€| pecSn—2 Sn—1 2b

sm—nwrw&m(mw)+ﬁe}.
Snfl 2b
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3
Finally we get (using ?a <—,0<

1
do

&+ (Dl < UIDe] + (D) = (D2 + (D)L = (D2 + (D)2 = (1]
C (1 a W /0N a s
<y (5 109 +© (G (5) + G 55

c /11 | 5 5
< 1.1y 1 9 26) 4 2
= Ting] (5 + 5 né') +C5 (‘”g (50> +w(20) + 50>

where the constant C' only depends on the dimension n and ¢q. More precisely we have

c=C <n, fR"\Bl Co, SUPgn Co, SUPgn-1 g) = C(n, supgs ¢g). This ends the proof of Propo-
sition 4.1.

Proof of Lemma 4.3 )

99
830103:]- ’

and ¢;; = and taking the derivatives of the relation

0
Using the notations ¢; = 8_(10’
4

p(@', h(z")) = 0, we get
hi= =20 i=1,..n—1
Pn
1 .

Now, by definition of a, we have |D?p(x)| < a for x € B;. Therefore for 0 < § < 1, we
get
|Dp(z) — Dp(0)| <ad for x € By.

1
Let us define d; € (0,+o0] such that ad; = §|Dg0(0)] and 0y = min(1,4)). Then for b =
|Dp(0)] = ¢,(0) and 0 < § < §, we get

ady < ady < g < pn(z) < |Dp(x)] for =z € Bs.
Using the elementary estimate
(4.37)
J) S0 L e 5
vee s, [T L0 < e (17 = 110+ 17O a(2) ~ 9(0))

and using the fact that ¢;(0) =0fori=1,...,n — 1, we get

Dh(0) =0 and |Dh(z")] < for (2',h(z")) € Bs.

S| >

Still using (4.37), we get for (2’, h(2")) € Bs and 0 < § < dy

D2h(a’) — Dh(0)| < b_22<<aw<5>>.b+a.<aa>>+2<2a£+a<é)2>

b\ " d, 8o
< 2a (w(5)+4£>
b 2200



-+

where we have used the fact tha

—~
o
N—
I

=T
I
=
—~
o
N—r
=
3
09
@
-+

Using the Taylor formula with h

’h(xf)—%D%(O).(x',x') g/o dt/ ds | D*h(sa’) — D*h(0)| - |2']

0

and then for (2/, h(z')) € Bs

a

<2 (w(5) + 45%) = J().

Let us now assume that 0 < 26 < &y. Then Qs = By ™' x (=6,8) C Bas, and for 2’ € By ™!
we have (using |D?h(0)| < a/b)

‘h(m’) — 1D?h(0) - (!, ')

/|2

|z

1
|h(a)] < 62 (5% + J(25)) <4
) 6ad
while w(20) < 1 and - < 1. Therefore for 0 < 20 < dy, we get that (2/, h(z')) € Qs C Bas

if 2/ € By, and then

‘h(a:/) — 1D2h(0) - (!, ')

|2}

We then deduce

)
/ < /2g . - < - /12
|h(x)|_|x|b(w(25)+850+2)_6 ||,

which ends the proof of Lemma 4.3.

Corollary 4.4 (Error estimate for a particular test function)
For B,n > 0, we consider the function

p(x) = Byi? + [af.

Then, there ezists a constant C" = C'(n,Supgn ¢o) > 0 such that for

1
CS(:L‘) = (C(a) * 1{¢(.)>¢(I)})(ZL') — 5/ Cg
we have pointwise, for |xg| > 6v/2 ¢ and 3 >n > 62 ¢:

B
| (20)| Dp(0)| + F(D*p(w0), Dp(o))] < C” - o
Proof of Corollary 4.4
Let us first remark that we do not change the result if we divide ¢ by B (because F' is
geometric), so we can assume that B = 1.
For all x, we have

Dp(z) = ————,  D’p() = ——— (Id— p(z) @ p(z))



where p(z) = Dp(z), |p(z)] <1, Va.
We have, for all x, x:

2 — D?p(xy) = ! — ! —plx x
Dp(x) — D*¢p(xo) (\/n2+|w|2 \/UQH%P) (Id — p(z) @ p(z))
1

————— (p(z) ® (p(z) — p(0)) + (p(x) — p(x0)) ® p(x0)).
n* + |02

Moreover, the following holds

| 1 <)\/772+|50\2—\/n“rlfc‘ol2

VP P x| T U

3 laf? = [z

T (VP TP + /7 + Tl
||z = [ol| (=] + [wol)

n?(Jx| + [xo)
|z — ¢

772

1

<

and, using the bound |D?p| < %, we get

|z — x|

Ip(z) — p(xo)| = |Dp(x) — Dp(x0)| < ;

We set a = % > | D?¢|. We then get, with the notation of Proposition 4.1:
2 2 _
D%le) = Dplan)] _So =l o 3
a n n
1
Then we can apply Proposition 4.1 with a = —, b = [Dy(xo)| > 0, 01 = %,
n
b b
20 = §p = min (—, 51> = — (because b < 1).
3a 3a

We deduce that there exists a constant C" = C'(n, supga ¢o) > 0 such that for 6 > ¢ > 0:

(e Dpten)| + F(Dplea) Dt < ¢ (4 ) < €.

6e L

Moreover, the condition 6 > ¢ is equivalent to b > —. We then deduce conditions on |zg|
n

and n:

1. If |xo| < 7, then b > Jzo] and it suffices to take |zo| > 6v/2¢.

V21

1
2. If |zo| > n, then b > —= and it suffices to take 1 > 6+/2¢.

V2
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5 A priori estimate at initial time

Proposition 5.1 (Modulus of continuity in time)
There is a constant C" = C"(n,supgn ¢o) > 0 such that for every xy € R" and t > 0 we
have, for n > 6v/2¢, and £ € (0,1/2)

C//
[u®(20,t) — uo(x0)| < |Dug|reomn) - {77 +t- 7} :

Remark 5.2 Since |Du®(-,t)|peomny < |Dug|peemny (see Proposition 2.7), we also have, for
£€(0,1/2) and Vn > 6/2¢

C//
oot + 8) = 0", )] < 1Dualmien {4+ S |

Proof of Proposition 5.1
We consider the following function

gO(.fL',t) = BQ\/ 772 + ’$‘2 + Uo(l'o) — B(]’[IZ'Q’ + L-t

with By = |Duy| re®n) and L that will be precised later. To prove the result, it suffices to
show that for L = C” % and C” large enough, then ¢ is a supersolution of (1.4). Indeed, by
comparison principle (Theorem 2.2), we will then have

"

W (30,8) < (w0, 1) < Bo (n+t- 7) T uolao).

Let (z,t) € R™ x (0,00). To prove that ¢ is a supersolution of (1.4) at (z,t), since ¢ is
C>®(R™ x (0,00)), it suffices to show that ¢ satisfies the equation pointwise, i.e.
pi(x,t) = [Dp(z,1)].
The proof is now decomposed into two cases:

1. |z| < 6v/2¢. In this case, we have

leollr Bolz| _ 6v2lcollz2 Bo
ellne] n ~ |lneln

[ Dy(x, )] <

2 B
So it suffices to take L > M—O.
gl m
2. |z| > 6v/2 . In this case we will show that ¢ is a supersolution of

(5.38) o1+ F(D*0, Do) > L — Ly

B
for Ly = =2 sup trace (A (ﬁ)) and then we will use Corollary 4.4.
q

1 gesrn—1
We set M = D?p. We can choose a basis such that

(@) ()
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where the last vector of the basis is £, with p = Dp. We set

Ip|?
M, M,
M:BO( tMnl Mnn)’
1 n?
where M,,_1 = 1d, M, is a vector and M,,, = —— . We then deduce

VvV + |z

p By By ( ( p >>
trace | M.A | — = ———— trace (A,_1) < — trace [ A | — )
(v (i) e e =5 b

We then deduce that

(0% + |2[2)2
that

¢i(x,t) + F(D*p, Dp) =L — trace (M A (ﬁ))

B
> — —0 sup trace (A <£>>
1 sn-1 |p|

=L — Ly.

We now prove that ¢ is a supersolution of (1.4), i.e.
(Pt<x7t) = CE|D§0(x7t)|=
where ¢ = (¢§ * 1{p(.0)>p(20}) (@, 1) — 5 Jon €5 We have pointwise

¢r > — F(D%p, D) + L — Ly
> ¢*|Dyp| 4+ L — Ly — F(D?*¢, Dg) — | Dy
B
> | Dp| + L —Ly—C" - =2,
n

where we have used Corollary 4.4. It is sufficient to take

"
I ByC
n
with
6v2
(5.39) C" = sup trace (A (i)> + O+ Llohl'
qESnfl |q| ln 5

Moreover, trace(A) is bounded by |g|r~ which is controlled by |co|p= (since co(z) =
g(x) if |x| =1). So, by Corollary 4.4, C" = C"(n, supgn ¢o).

Using similarly a subsolution, we deduce the result. This ends the proof of the proposi-
tion.
Corollary 5.3 The solution u® of (1.4) is Holder continuous of exponent 1/2 with respect

to t, uniformly in € for e < 3.
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Proof of Corollary 5.3
We can optimise the estimate of Remark 5.2 to obtain, if n = vtC"” < 3:

6v/2¢

U (20, t + 5) — u (20, 8)| < 2| Dug|poe(rny - VO"VE if Vi > Nk

Moreover, for all €, we have:

|ua(x0> t+ S) - ug(x(b S)' <

D :
8’ 1n€| |C()|L1| UO‘LOO(Rn)

But, for v/t < 6\/‘/015 and € < 1, the following holds (using (5.39))

t 6\/5 |CO|L1
—_— D oo n < _D (oS} n t < D %) n t O”,
€|1I18|’CO|L1| Ug|oo(rry < | Dol (r )\[\/@UH%\ < [ Dug| ey Vv
9
so, Vt < o s, we have

[ (z0,t + 5) — u (20, 8)| < 2| D] oo 2y VC" V1.

This ends the proof of the corollary.

6 Proof of the convergence Theorem

Proof of Theorem 1.4
We use the half-relaxed limits introduced by Barles, Perthame [11], and defined by:

u(x,t) = limsup u(y,s)

e—0, y—x, s—t

and
u(xz,t) = liminf  u(y,s).

e—0, y—a, s—t

We will show that @ (resp. u) is a viscosity subsolution (resp. supersolution) of (1.5)-(1.6)-

(1.7).

We argue by contradiction. Assume that there exists ¢ € C? such that @ — ¢ reaches a

global strict maximum at (zg,¢y) and such that
(6.40) ¢1(z0,t0) + F.(D*¢, Do) = 0 > 0.
Two cases may occur:

L ’D¢(ﬂfg,t0)| 7é 0.

We then deduce that there exists (x.,t.) — (o, %) such that u®— ¢ reaches a maximum
at (zc,t.). Using the fact that u® has linear growth, we can assume (by adding a term
like |z — zo|* + |t — to]? to ¢ if necessary) that this maximum is global. Since u® is a

solution of (1.4), the following holds:

1
Pr(2e,te) < <(C€*1{u5<-,te>zu5<xa¢s)})(xa) - 5/ 0‘8) |Do (e, t.)|.
Rn
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Moreover, Vo # z., we have u®(z,t.) — ¢(z,t.) < u®(xe,t.) — P(xe, te). So {u(-,t.) >
u(ze, t )} C A{o(-,t.) > d(ze, t.)} U{z.}. We then deduce:

£ 1 £
Ge(ze,te) < ((CO * 1{¢('7t6)>¢(m57t5)})(x5) - 5/ CO) | Doz, tc)|.

We can use Corollary 4.2 and pass to the limit in €. The following holds:

¢i(wo, to) < G(D*p(x0,t0), Dd(x0,t0))|Dp(0, to)| = —F(D*¢(x0, to), Dp(0, t)),
what contradicts (6.40) (since F(M,p) = F.(M,p) for p # 0).

2. |Do(z0,t9)| = 0 and |D?¢(z0,t0)] = 0. As in the first case, there exist (z.,t.) —
(x0,t0) such that u® — ¢ reaches a global maximum at (z.,t.) (up to add a term like
|z — xo|* + |t — to]* to ¢ if necessary). We set

g () 1 €
Floltant) = (6 Yoo oo 5 [ ).

n

By assumptions, for all n > 0, there exists r > 0 such that

‘D2¢(x7t)| S n if (l‘,t) € Q2r(x07t0)
where Q,(xq,t0) = By(xo) X (to — 7, to + 7).
Subcase A: |Do(z.,t.)| > 12enr.

We set
I(x,t) = [¢)(x, )| DP| + F.(D*¢, Do)

and .
O (x,t) = ﬁgb(zo +rx,tog+1t).

g n tE
Straightforward computations give with . = $—, t. = —
r r
247 r HD %’ T E/TT AT (A F
T(ae 1) =F.(D*", D7) + [ [DO | [67) (7 )

| In7|

:F*(D2¢T>D¢r)+ ( |l ’

— 1_M 1'1+Z'2
|Ine|

T, = F.(D*¢", D¢") + | D" |c*/"[¢")(ze,T.) and T =

) D& (8]0 )

where

| Inr|

2. r T
mF;(D ¢, D¢").

We can then apply Proposition 4.1 to Z; with

_ b
a=2n> ]D2¢T|, b= |D¢"(zt)| — 0, 25 =0b¢= o
n
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and get (with an abuse of notation for a generic constant C)

1 |In/]| 1
T, <Cb
‘ 1| {(50 (50|1H€| +(50’1H€‘}

sc{n+n+|ﬁ|}

<Cn

for € small enough to get b small enough. We then deduce that for € small enough
we have

‘I(xa ts)’ <Cn

and so

¢t($5, ta) + F*(D2¢7 D¢) :th(xa; ts) - CE[Cb] (xm ta) + F*(D2¢, D¢) + C€[¢](xsa te)
<|Z(z.,t.)|
<Chn.

Subcase B: |Do(z.,t.)| < 12enr.
Then we have

12nr
> “ ”CO‘L

6] (22, 1)1Do] < 12U ) <

ellnel

and using F,(D?®, D¢) = 0 in (g, ty), we also deduce that for e small enough we
have

¢i(we,t.) + Fo(D*¢, Do) < Ch.

Sending ¢ — 0, we get
¢($07 tO) + F*(D2¢7 D¢) S 077

and so

0 <Cn

which is a contradiction for 1 small enough.

Finally, we have shown that w is a subsolution. The proof to show that u is a supersolution
is exactly the same.
Moreover, by corollary 5.3, we have:

s (1) —uo(-)| < CJt|2, for0<t<1

where C is a constant which depends only on n, supg. ¢y and |Dug|p~. So u(-,0) = u(-,0) =
up(+). Since @ is a subsolution and w is a supersolution, we deduce by the comparison
principle (Theorem 3.3) that

u(z,t) <u(x,t) Y(x,t)

and so w = u = u°, i.e. u® converges locally uniformly on compact sets of R" x [0, 00) to u"

which is the unique solution of (1.5)-(1.6)-(1.7). This ends the proof of the Theorem.
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7 Proof of Theorem 1.7

We now prove Theorem 1.7. We need the following proposition:
Proposition 7.1 (The matrix A is an hessian)

Letn > 2. Let g € C°(R™\{0}) such that g(\p) =

A (£> —/ <1g(9)9®9> df
Pl pesn—2—sn-1n{(z,2)=0} \2
1

1
with A(A\p) = |—>\’A(p) for X\ #£ 0. Then, the function G := —2—.7-"(Lg) (where L, and the
T

Fourier transform are given in definition 1.6) is such that G(Ap) = |A|G(p) and satisfies
A(p) = D*G(p).

For the proof of this proposition, we will need the following lemma

Lemma 7.2 (The Curl of the matrix A)

Under the assumptions of Proposition 7.1, the Curl of A, defined by Curl(A) =
(OxAij — 0iAjr), ;. 15 zero, and there exists a distribution ® such that A(p) = D2®(p).
Moreover, ® € C°(R") N C*(R™"\{0}), and ® is unique if we assume ®(—p) = ®(p) and
®(0) = 0. We then have ®(Ap) = |A\|P®(p), VA € R\{0}, Vp € R"™.

Proof of Lemma 7.2
In this proof, we denote by e - f the scalar product between e and f.
First, we compute Oy A;;(p) for p # 0 and where ¢ € C'(R"\{0}) and 0}, indicates the
derivation in the direction e;. Two cases may occur:
1. ey is parallell to p (ex || p). Then,
D-éx
Ik Aij(p) = _WAij (p).

2. e, is perpendicular to p (e, L p). In this case (see Figure 1), we have to consider
variations at the first order of the integral defining A(p) for 6 € {pt} NS" ! toh €
{(p+eex)t}NS™ ! for e arbitrarily small. Let us consider a unit vector § € {p=}NS"~*
that we write

0 = (cosa)e’ + (sina)ey

with sina = 0 - e and ¢/ L p, € L ex. At the first order, this vector becomes (by
infinitesimal rotation)

(cosa)e’ + (sina)(ex +cer) € {(p+eep) NSt
Then the following holds

1 1
O, Ai;(p) df =ei - Vg(0)(0 - ex) (e, €5),

Cpl? Jsningpey 2

where

S |_?]|9 3(0) = g(6)0 6.
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Figure 1: Computation at the first order of 0y A;;(p), case |p| = 1.

Moreover,

ex - Vg(0)(0 - ex)(es €;))
=(e - Vg(0))(0-ex)(0-e:)(0- ;) +g(0)(0 - ex) (ef - e(0-e5) + (0 ei)ey - e5)
=i - Vg(0)(0-ex)(0-e)(0-e;) + (e - €)g(0)(ex, ;) + (e - €;)G(0) (e, €).-

We are now able to compute the Curl of A. To do this we separate in several cases:

1.
2.
3.
4.

ek, €, € || p. Then, A;;(p) = Ag;(p) = 0 and so O, A;; — 0;Ax; = 0.

ek, € || p, e; L p. In the same way, 0y A;; — 0;Ag; =0

ek, €; || p, e; L p. Then 0yA;; =0 and 0;Ay; =0 (since 0 -e; =0 - e, = 0).
ex || p, €, e L p. Then 0,A;; = —ﬁAij (if e = £)and

|p|

1 1
0 Ay =— df —ei - e,g(0)(es, e;
kj p|? Sn-1n{pl) 9 kG(0)( J)
1 / 1
=— — do —g(0)(e;, e;
|p|2 Snflm{pl} 2 ( )( ])
1
pl
We have used the fact that ej - e, = ﬁ : f;%' = —1. So 0xA;; — 0;Ay; = 0.
ek, €, ¢; L p. Then
1 1
Ok Aij(P) = T3 do S (ej; - Vg(0))(0 - ex) (0 e:) (0 - ¢;) = BiAw;(p).
Pl Ssn-1npey 2
1 L L

We have used the fact that e = e and ejf - e; =i -ej =¢f e =¢l-¢;=0.

ex, € L p, e; || p. Then
1

- — b (ey - €;)(0) (e, €;) = d; Ap; (p).
PP Jsn-1ngpry

LA (p)
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7. e, e; L p, e || p. It is the same case as 4.

8. er L p, e, e || p. It is the same case as 3.

We then deduce that Curl(A) = 0 on R™\{0}. We now remark that

n

(—(CurlA)ijx, ) =/ AijOkp — AkjOip

€=0 Jrn\ B,

= hm (/ —(8kAij — @Akj)go + / (Azjnk — Akjni)go)
=0 \ Jrn\B. B.
& 9B,

10 if n+#£2

In particular, we have used the fact that for n = 1, A = 0. Now, using the symmetry of g,
we deduce that A(—0) = A(f) and then by antisymmetry the last integral on S! vanishes.
Therefore

Curl(A) =0 onR"™

By a passage to the limit, this is still true if g € C° (and not only g € C1).
To deduce that there exists ® such that A = D?®, we use the following Lemma:

Lemma 7.3 (Vectors fields with zero Curl are gradients)
Let f = (fi,..., fa)(x) € D'(R") be such that Curl(f) = (Orfi — 0ifx);;, = 0, then there is
h € D'(R") such that f; = O;h.

For the proof of this Lemma, we refer to Schwartz [38] Chapter II, Paragraph 6, Theorem
VI ph9.

We denote by f; = (fj1,..., fin) = (Aj1,..., Aj,). Using the fact that Curli(A) = 0, we
deduce that for all j € {1,..,n}, Curl(f;) = 0. Then, by Lemma 7.3 there are h; such that
fj = Vh;. Using the fact that A is symmetric, we deduce that d;h; — 9;h; = 0. Applying
again Lemma 7.3, we deduce that there is ® such that h = V® and so A = D?®. Let us

1

remark that @ is unique up to a polynomial of degree 1. Let ®*(p) = 5(®(p) + ®(—p)).

Then A = D?*®* and then ®° is unique up to a constant. Moreover, D?®(p) behaves like ﬁ

for small p and then D?® € L"¢ for every ¢ > 0. Therefore ® € Wg’oz_s and by Sobolev
injections ® € C°(R™). We deduce that there is a unique ® such that

(7.41) O(—p) =P(p) and P(0) =0.

Finally, we remark that

v <%) — X[(D*®)(\p) = [AA(p) = A(p) = D*®(p)

Therefore ®(Ap) = |A\|P(p) if @ satisfies (7.41).
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Proof of Proposition 7.1

1

We show that & = —2—}"(Lg) (where @ is defined in Lemma 7.2). Let ¢ € S. The following
T

holds:

(=DgeF(Lg)(6), ) (¢, Q) =(F(—iz ® iz Ly(x)), 0)(C, C)
=(Lyg, (x @ ) F(9))(C, €)

(Lg, (z - )" F(p)(2))

(
F(p
[ ,<|'> o))

We then have the following lemma

9(p)
|/\|n+1 :

J-'(g@)( o?) () = 2w A(€)(.0)
T T- =27 C).

We just give here a formal proof. The complete proof is given in Appendix.

Lemma 7.4 Letn > 2. Let g € CO(R™\{0}) such that g(\p) =
holds

Then, the following

x
T = |{E|

|z]

By definition of Fourier transform, we have formally for £ # 0, with 6 =

}_(9 (ﬁ) (z C)Z) :/n g <ﬁ> (- C)?e—ie-xdx

|I|n+1 ‘x|n+1

[ e e,

E

_ / 9(0) (8- C)%e "< dodr
Sn=1x(0,00)

B ’ ' ) 0o €i£-9r+ei£-9r)
[ e [ (—2

00 eiﬁ-ar
_ / ~ dBg(6)(6- )’ / a5

- 1 S9(0)(0 - ¢

el Jsn1ngery
=21 A(§)(¢, €),

where we have used the fact that F(1) = 27dp in 1D, that formally gives

+°°d €0 0, 0 ) ¢ 6
igor _ 9 . _ =7 S )
/_oo r et =2mo(¢ - 0) \sr°<|5| )
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This achieves the formal proof of Lemma 7.4.

We then get
—D*F(L,)(&) = 21 A(§) = 2n D*®.

Moreover F(L,)(—¢) = F(Ly)(§) and F(L,)(0) = 0. Therefore, by Lemma 7.2 we deduce

that .
d=——F(L
27_‘_‘?( g)

and ®(Ap) = |A\|®(p). This achieves the proof of the proposition.

We now prove Theorem 1.7:
Proof of Theorem 1.7

Let us first compute divVG <£—u“|). We set p = Du. The following holds:

P O0z;0z; \|p| ) Ox; \ |Du|
2 2, . .
:i raG (ﬁ) (D?Ju _ Dlu p2®pj)
[pl 4= 9z:0z; \ [p| i

:itrace (D2G (ﬁ) (I P ®2p) Dzu) .
Ip| Ip| Ip)|

Moreover, for A > 0, we have G(A\p) = AG(p). Then by derivation we get

p-VG(Ap) = G(p).
Taking the gradient, we get
VG(p) = VG(\p) +p- D*G(Ap)A

which implies for A =1

p- D*G(P) = 0.
This implies that D*G (%) <I — %) = D*G (%) We then deduce:

divV G (&) = itrace <A (£> -D2u> )
| Du| Ip) P

This show the first part of the Theorem.
In the two dimensional case, we simply remark that we have

g(0)0 ® 6 = D*G(6+)

which implies the result. This ends the proof of Theorem 1.7
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Proof of Theorem 1.11
We can then rewrite A(p) as

1
A(p) :/ QKO(.%‘) T ®xdr
ze{pt}

1
:/ w—(/‘ chWKaw09®e
fe{pLtinsn-1 2 (0,+00)

:/' 0 g0) 020
oc{ptinsn-1 2

with g(0) = f(o ooy AT " Ko(rf). So, by applying Theorem 1.7, we see that the mean curva-
ture motion defined by (1.5)-(1.6) using the matrix A(p), is of variational type.

Proof of Proposition 1.8
The idea to build a function g which changes its sign, such that

1
/ 0 =9(0) §® 6 >0
Snflm{pl} 2

for all p € R"\{0} is simple. First, we consider the set
S = UL, (8" N{z; =0}

and we remark that any hyperplane Il which contains the origine intersect S with an angle
a > ag with oy > 0 independant of II. We then define g on S™~! as a mollification of 6 —n
for n small enough where dg is a Dirac mass on S"~! with support the set S.

We now make the rigorous construction. We denote by (e;);=1.._, a orthonormal basis of
R™. We use the following Lemma

.....

Lemma 7.5 For ¢ € (0,1], there exist g8 € C>®(S"™'), for i = 1,...,n, such that for all
Ue e C®(S"™ 1), Vp. € 8", if p- — po, || ¥F — WO||poc(gn-1y — 0

1
Sn-1n{ps jsn-2

sin(po, 6,‘) Sn=1n{pg }n{ei }~Sn—3

—

provided py is not parallel to e; and where (po,e;) € [0, 3] denotes the angle between py and
e;. Moreover,

(7.42) g9:(0) =0 if [{(0,€;)] > &.
The proof is postponed.

We set

F=> g-n
=1
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with 7 a small parameter to be precised. We remark that by (7.42) for € small enough, ¢ is
not nonnegative. We want to show that there exists £y such that for all 0 < € < g, for all
p, €8

(7.43) / 46 () (0,£)* > 0.
Sn—lm{pL}an—2

We will prove (7.43) by contradiction, using the following Lemma:

Lemma 7.6 There exists Cy > 0 such that Vp € S"™1, V&€ € S" 1 n{pt}, Fip € {1,...,n}
such that

/ 1 (6.6 = Cy
Sr=1In{p+ }ﬁ{ef{-} }~Sn-3

and

—

(p7 eio) Z C(0
where (]T,\eio) € [0, 3] denotes the angle between p and e;,.

The proof is postponed.

We now prove (7.43) by contradiction assuming that there exists a subsequence £, — 0
such that there exists p, € S"7!, & € S"' N {pi} such that

/ a8 g7 (6) (6, £4)* < 0.
Sn—1n{pt}~Sn—2

Up to extract a subsequence, we can assume that p, — peo and &, — Eoo With pao, oo € S™L
We then have with the index iy given by Lemma 7.6 for p = poo, & = €

0> / 08 7 (6) (6,6,)* > / 46 g+(0) (0, €4) — 1 / 6
sn=1n{p}} Sm=1n{py }

s*=1n{pz}
> / 46 g+(0) (0,6,)> — n|S™).
S —1n{p¢}

By passing to the limit, using Lemma 7.5, we then obtain

1 ¢ -
02 ——= 49 (0,6 — lS™| = - plS"
Sln(poo; eio) Snilm{péo}m{efo} S Cg

where () is given in Lemma 7.6. This is a contradiction for n small enough.
We now prove Lemma 7.6

Proof of Lemma 7.6
We perform the proof by contradiction. If the result is false, then 4 C, — 0, 3 pp €
Sl 3 & € S" 1 N {pi} such that for all i € {1,...,n}

—

(7.44) 0 < (pr, ) < Ci

or

(7.45) / 10 (607 < Cy it (proey) £0.
S"_lﬂ{pkL}ﬁ{ej}

We distinguish two cases:
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Case 1. There exist two indices ¢ such that (7.44) holds. Up to reorganise the indices, we can
assume that (7.44) holds for ¢ = 1,2. We deduce by extracting a subsequence and

passing to the limit that there exists p,, = lim py such that (ps,e;) = 0 for i = 1,2,
which is a contradiction.

Case 2. There exists two indices ¢ such that (7.45) holds. Up to reorganise the indices, we can
assume that (7.45) holds for i = 1,2. In this case, by passing to the limit, up to extract
a subsequence, we obtain

/ di (-0 =0 Vi=1,2.
Sr-1n{pd }n{e }

We then deduce that &, € S™ ' N {pl} is parallel to e;, for i = 1,2 which is a
contradiction.

Finally, in dimension n > 3, we are either in case 1 or case 2, so we obtained a contradiction.
Proof of Lemma 7.5
We set g (z) = 1p (£) where p € C2°(R,R) and satisfies:

3 3

p=0. swp(p) € [-L1), [ plaldo =1
R
We then set -
G (6) = / PG (r0) £ (r) dr
0

with f € C2°((0,00),R) satisfying [ f(r)r™™2 dr = 1. For all ¥¢ € C>~(S"') and p. €
S~ 1, let us define

f:/ 40 = (0)T%(0).
Snin{ps }~Sn—2

To simplify the notations, let us set ¥ = U and p = p.. We then have, if p is not parallel
to €;

f:/ wW®/defWﬁm
Snflm{pJ_}:Snf2 0
- / dz G (2)0(x)
RrN{pt}

¥() = e () lal.

|z

where

—

Using the definition of gf, we then have, by denoting «; = (p, ;) the angle between p and e;
and using the change of coordinates z = (3, y,) with 3 € {p*} and y, € R, that

1 e\ ~
A :/ dx —p <$ ‘ > U(x)
RN {pL} g g
1 [sina X -
=/ dy' — (mm)p Iy, 0)
RN {pL} S1n ¢y; £ ( S ) sin a;

1 T\ =~
- dy ~ L) ¥y, 0
sin (673 /an{pL} 4 €/p g’ (y )
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€
where ¢’ = — and ¢} is the orthogonal projection of e; onto the hyperplane {p}.

sin@i
particular, ¢, satisfies |e}| = sin ;. Passing to the limit in €, with p. — py, V¢ — U0 a; =
0 = (o) = 0 = ) and ¥ = f(le)w* (£ ) 1ol = 9 = (a9 ()b, vitds
€ 1 ! 3,00,/
¥ — — dy’ U°(y',0)
S11 CYZ- R"ﬂ{pL}ﬂ{e;l}

1 -
= —— / dy' ¥°(y',0)
Sin Oéi R"ﬁ{pl}ﬁ{ef-}

1 [e.9]
e (e
SIN QG Jgn-3~8n-1n{pLinfet} 0
1

o
Sin O[Z Sn73:Snflm{pL}m{eiL}

9 TO(0).

This ends the proof of the Lemma.

8 Heuristical convergence and properties of the ener-
gies
8.1 Monotonicity of the energy

We begin this section by showing that the energy associated to (1.4) is nonincreasing in
time. We recall that (1.4) is formally associated to the following energy:

(8.46) £° (uf) = / (VA
A

where .

N = [ —5 @ )i
with

Py = Luesry, G =¢g— (/ CS) do-

Formally, we have: o

d&s(N)

= [ @)
which is defined only on the support of |Dp5| (since (1.4) formally implies (p5): = (¢o° *
p3)|Dpsl). Moreover, G x p5 = c§ * p5 — ([ ) do * p5. If we set 1, a regularisation of the

Dirac mass, we then have n,, x p§ = 3 on the support of |[Dp5| (see Figure 2).

So, we can assume that Go° x p§ = ¢§ * p§ — 3 [gn ¢§ On the support of |[Dp5|. We then

deduce that o )
d€8(>\) (> £ 1 (> (3
di :/n_(CO*PA_Q/nC(J) [ Dpsl.-
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n

Figure 2: The convolution of p5 with the Dirac.

dgf 1 N\ ..
/dA/ (CO*PA 2/ o) [Dp5| < 0.

So the energy is nonincreasing in time.

This implies:

8.2 Formal convergence of the energy

We set E(u’) = [ G(Du), the energy associated to the mean curvature motion. We have

formally
/VG - Duf = / divVG Du’ \\* | Du°|
IDUOI b [Duf| '

Moreover, still formally we have

L&) = [d\[—(c§*p5—

So, formally,

dt
The work of Garroni, Miiller [28], suggests that we should have [ , 1(c§ * p3)p5 —
[ dx fr (‘ U 0|>, where Ty is the A level set of u’. We deduce that (using formally the

coarea formula for BV functions)

Joxs(@G*p)ps — [dr[,G ‘f;—“ﬁil) DA

I, G(WUO‘ | Duf|
[ G(Du°)

and so, formally

E°(uf) — E(u).
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9 Appendix: some lemmata on Fourier transform

Lemma 9.1 The distribution L, associated to g (see definition 1.6) satisfies the following
properties:

(9.47) Ly\) = %Lg VA > 0,
(9.48) F(L)) = AF(L,) YA >0,

where F(Lgy) is the Fourier transform of L, defined by
VQO S Su <'7:(Lg)790> = <L97]:(()0)>
Proof of Lemma 9.1
Equation (9.47) results from the definition of L, which by construction is of homogeneity of

degree —(n+1). This can be rigorously shown using the general definition for a distribution
u € D'(R")

o n 1 :
(9.49) Vo€ CERY),  (u(h, ) i= 1w (3))

We now prove (9.48). A straightforward computation for ¢ € S gives

(9.50) Fo) =7 (350 (3)) O

Using the definition (9.49), one can show that (9.50) is still true for element of S’. Hence,
we have

AL = (358 (5) ) ©
(A6 0
AF(LO))

where we have use (9.47). This ends the proof of the Lemma.

Proof of Lemma 7.4
Let Ry > ro > 0 and ¢ € C*(R") with Supp ¢ C Bg,(0)\B,,(0). Let ¥,(y) = ¥(A\y) for
y € R with ¥ € C*(R) such that
11
Supp ¥ C [-1,1], ¥ =1on [—5, 5], 0<U <1, Y(—y)=T(y).
Let us consider f € C2°(]0,+00)) with Supp f C [rg, Ro] and such that

/OOO f(ryrdr = 1.
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Let us assume first that g € C*°(S"!). Let us compute for ¢ € S(R")

(s ()

<g(i>

|Z)’J|n+1 (I ’ C)27f<30)>

_/n dr g@ﬁfli?(x ()2 (/n dé e_ig'%(ﬁ)) (/Ooo f(f)Fndf)

Since “I’A (m)‘ < 1 and ¥, (‘ |> — 1 as A\ — 0, we deduce by Dominated Convergence
Theorem that

g\ 4
7 =lim o dx d§ dr |x(,,L+? (- ¢)* Wy <§) e T f (M) ()
~ fim o dé dr dr g(6)(6- ()*U, (;) e F(F)F o (€)

A—=0 Jgn-1xRrn xRy xRy

where 0 = i, r=|x|. Weset r =rs, T =0r, 5= |¢{|s and we get

||
7 =lim o de dr 7ds  g(8)(0 - C)*W () e 0 f(F)F"p(€)
A=0 Jgn—1xRr xR, xRy
. _ _ _ x _ _ a5 0(§)
_}\IL% R?xR™ xR - df o f(’m‘) g (H) (x . C)Q\Ij%(3> ¢ ‘5 W

“tm |(§|)/ 4z () /R+d5‘1’g(8) e hras

where ®(z) = f(|z|)g (%) (z-¢)* € C(R) and Supp ® C Bg,(0)\B,,(0). Using the fact
that ®(—z) = ®(z), we deduce

(5) _ e*iéﬁ'ﬁ_‘_ei%-ﬁ
2o [ e 58 [z [ v, 0
L o&) [ L
_/\E%/ndﬁ 2/¢] / dx CID(x)/Rds\I/Al() €]

We set = = 7' + ye, with 7’ € eg, y € Rand e = m and get

— = —1ySs
Tt [ 4 215\ / v [ [avy e
Tt [ ae S 2|§\ o T (@)

41




where

1y = [ ameaaF(v,) @)

€] €l

SECHET)

We claim the following whose proof is postponed

Lemma 9.2 We have
F (V) — 27

in S'(R) as p — 0.

Using this result and the fact that ‘J)\ ‘ < |F(@(2",))| 11 (gy> We deduce that

T =2 /R d¢ 2|(§|) /R _ dTT (7, 0) _
/d€ 2,<§|)/ faba () -0
/ 554 () €0

o /R de (€)A€)(C, )
—2m(A(€)(C, ), )

We then have shown that

o(@m) L)\
F| e 07 | 0 ) = 204 O 0)

By a passage to the limit, this is still true if g € C° (and not only C*) and for all p €
C*(R™\{0}). We then deduce that

d (gx(ni? <w-<>2> ~2rA)(C.Q) =T

with Supp T' C {0}, and then the distribution 7" is a finite sum of derivatives of Dirac mass:
T = Zaaé( ) Using the fact that (5(0‘ (AE) = /\nﬂalé(a)(f) with |a| = a1 + ... + a,, and the
homogeneity of degree —1 of D2F(L,), we deduce that for n > 2, T =0 and

9\ 71
d ( |a:(!1|z+? (o o?) = 2 AE)(C.C).
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This ends the proof of the lemma.

Proof of Lemma 9.2
Let ¢1 € S(R). The following holds

(F (W) — 2700, 1) =(F (V) = F(1), 1)
=V =1, F(p1))-

So, it just remains to show that ¥, — 1 in S'(R) as p — 0. Let ¢ € S(R). The following
holds

(0, — 1,¢) = / dr (,(x) - 1) (x)
- / dr (¥ (uz) — 1) (z)
- /| e (W)~ D)g(e)

<[ dole)
|z]> 5,
<CN(p) / i —

2

—0 aspu—0

|z|® and the fact that

dPo(z)

where we have used the definition of N, () = supj,; 51<, i

(1+ 2%)[(x)] < CNa(e).

This ends the proof of the lemma.
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