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Abstract. We consider an asymmetric exclusion process in dimension d ≥ 3 under diffu-
sive rescaling starting from the Bernoulli product measure with density 0 < α < 1. We prove
that the density fluctuation field YN

t converges to a generalized Ornstein–Uhlenbeck process,
which is formally the solution of the stochastic differential equation dYt = AYtdt + dB∇

t ,
where A is a second order differential operator and B∇

t is a mean zero Gaussian field with
known covariances.

Introduction

Consider the asymmetric simple exclusion process. It has been proved by Rezak-
hanlou [R] that under Euler time scaling the macroscopic behavior of the system
is described by the entropy solution of a quasi-linear first order hyperbolic equa-
tion. A natural question is then to investigate the equilibrium fluctuations around
the hydrodynamic limit. It is not hard to show that the equilibrium fluctuations
in this time scale are trivial in the sense they are produced by the initial data and
are rigidly transported. Such phenomena were already pointed out by Gärtner and
Presutti [GP] and Ferrari and Fontes [FF] for one-dimensional nearest-neighbor
asymmetric exclusion processes.

Therefore, to observe non trivial fluctuations of the density field one needs to
examine the process in a longer time scale. Recently, Esposito, Marra and Yau
[EMY] considered the incompressible limit of the system. They proved that in
dimension d ≥ 3, starting from a small perturbation of an invariant state, under
diffusive time scaling, the perturbation evolves according to a parabolic equation.
This result leads to the investigation of the fluctuations in the diffusive scaling.
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The main result of this article shows that in equilibrium the density fluctuation
field diffusively rescaled evolves according to a stationary generalized Ornstein-Uh-
lenbeck process with given covariances. It relates the covariance of the equilibrium
density fluctuation to the diffusion coefficient of the hydrodynamic equation, a pa-
rameter determined by the non equilibrium evolution. In the mathematical physics
literature this result is called a fluctuation–dissipation theorem since it connects the
non equilibrium dissipative feature of the system to its equilibrium fluctuations.

The first result concerning the equilibrium fluctuations around the hydrodynam-
ic limit was obtained by Brox and Rost [BR] for symmetric zero range processes.
The main step in the proof was what the authors called the Boltzmann–Gibbs prin-
ciple. It starts from the observation that all local fields associated to non-conserved
quantities evolve on a faster scale than the density field and it states that the lo-
cal fields are projected on the density field. Chang and Yau [CY] and Chang [C1]
proposed an alternative method for proving the Boltzmann–Gibbs principle for
gradient systems. This approach was adapted to nongradient systems by Lu [L],
Chang [C2] and Sellami [S]. We extend further the method to asymmetric systems.

The article is conceived as follows. In section 1 we introduce the notation and
we state the main result of the article. In section 2 we recall some facts about the
diffusive behavior of the asymmetric exclusion process. In section 3 we prove the
main result, postponing to section 4 the proof of the Boltzmann–Gibbs principle
and to section 5 the problem of tightness.

1. Notation and results

Let �d be the d-dimensional torus [0, 1)d . For each positive integer N , denote by
�d
N the discrete d-dimensional torus with Nd points: �d

N = (�/N�)d . Points of �d

are denoted by the letter u while sites of �d
N are denoted by the letters x, y, z. We

consider on �d
N a stochastic dynamics that can be informally described as follows.

We start placing particles on �d
N in such a way that each site is occupied by at most

one particle. Denote by η the configuration of particles obtained in this way so that,
for each site x in �d

N , η(x) = 1 if the site x is occupied and η(x) = 0 otherwise.

The configuration space is thus EN = {0, 1}�d
N . Configurations of EN are denoted

by the letters η, ξ . Fix a transition probability p on �d . A particle sitting at site x

waits a mean one exponential time at the end of which it tries to jump to site x + y

with probability p(y). If the site x + y is occupied, to respect the exclusion rule
that forbids more than one particle per site, the jump is suppressed, otherwise the
particle jumps. The evolution just described is a Markov process whose generator
LN acts on functions f :EN → � as

(LNf )(η) =
∑

x,y∈�d
N

p(y)η(x)[1 − η(x + y)][f (ηx,x+y) − f (η)],

where ηx,x+y is the configuration obtained from η by exchanging the occupation
variables η(x) and η(x + y):
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ηx,x+y(z) =
{
η(z) if z �= x, x + y,
η(x + y) if z = x,
η(x) if z = x + y .

This is the so-called simple exclusion process. We say it is symmetric if the transi-
tion probability p(·) is symmetric and asymmetric if not. We denote by ηt the state
of the process at time t .

We shall assume that jumps occur only to nearest neighbor sites (p(y) = 0 if
|y| > 1), that p(ei) + p(−ei) = 1 for all i and that the process is asymmetric. In
these formulas | · | stands for the norm of the maximum so that |(x1, . . . , xd)| =
maxi |xi | and e1, . . . , ed is the canonical basis of �d . To keep notation simple, let
pi = p(ei), qi = p(−ei).

It is well known [Li] that the asymmetric exclusion model has a one parameter
family of invariant measures. For each 0 ≤ α ≤ 1, denote by να = νNα the product

measure on {0, 1}�d
N whose marginals are given by

να{η, η(x) = 1} = α for all x in �d
N .

It is easy to check that να is left invariant under the time evolution.
For a configuration η, denote byπN = πN(η) the empirical measure associated

to η. This is the measure on �d obtained assigning mass N−d to each particle of η:

πN = N−d
∑
x∈�d

N

η(x)δx/N ,

where δu stands for the Dirac measure concentrated on u. For a measure π on �d

and a continuous function G: �d → �, denote by < π,G > the integral of G with
respect to π . In particular, < πN,G > is equal to N−d

∑
x∈�d

N
G(x/N)η(x).

Consider a sequence of probability measures µN on EN and assume that, under
µN , πN converges in probability to an absolutely continuous measure ρ0(u)du.
This means that for every continuous function G: �d → � and every δ > 0,

lim
N→∞

µN

{
η,

∣∣∣∣〈πN,G〉 −
∫

G(u)ρ0(u) du

∣∣∣∣ > δ

}
= 0. (1.1)

Consider the hyperbolic equation{
∂tρ + γ · ∇"(ρ) = 0
ρ(0, ·) = ρ0(·) (1.2)

In this formula γ stands for the drift: γ = ∑
y yp(y), " stands for the function

"(α) = α(1−α) and∇ for the gradient so that∇"(ρ) = (∂u1"(ρ), . . . , ∂ud"(ρ)).
For t > 0, denote byπN

t the empirical measure associated to the state of the process
at time t : πN

t = πN(ηt ). Rezakhanlou [R] proved that starting from a state µN

satisfying (1.1) and some additional hypotheses, for every t ≥ 0, πN
tN converges in

probability to the measure ρ(t, u)du, where the density ρ is the entropy solution
of the hyperbolic equation (1.2). More precisely, for a measure µ on EN , denote by
�µ the measure on the path space D(�+,EN) induced by the Markov process ηt
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and the measure µ. Then, for every t ≥ 0, every continuous function G and every
δ > 0,

lim
N→∞

�µN

{
η,

∣∣∣∣〈πN
tN ,G〉 −

∫
G(u)ρ(t, u) du

∣∣∣∣ > δ

}
= 0,

where the density ρ is the entropy solution of the hyperbolic equation (1.2). Notice
the Euler rescaling of time in the previous formula.

To investigate the evolution of the asymmetric simple exclusion process under
diffusive scaling, following [EMY], one is led to consider the incompressible limit
of the empirical measure. To describe this approach, fix a density α in (0, 1) and a
profile λ: �d → �. Denote by µN

λ(·) the product measure on EN whose marginals
are given by

µN
λ(·){η, η(x) = 1} = α + N−1λ(x/N) for all x in �d

N .

This is therefore an order N−1 perturbation of the invariant state να . If λ is positive,
we can think of distributing first class particles with density α and adding a second
class particle at site x with probability N−1λ(x/N). The dynamics of the first and
the second class particles is as follows. Both types of particles jump according to
the transition probability p(·). The first class particles have priority over the second
class particles so that if a first class particle jumps over a site occupied by a second
class particle, they exchange position. In this way both the first class particles and
the addition of the first and second class particles evolve as an asymmetric simple
exclusion process.

To investigate the evolution of the second class particles, let%N be the empirical
measure on �d defined by

%N = N1−d
∑
x∈�d

N

{η(x) − α}δx/N .

Notice that we are multiplying the difference η(x) − α by N to compensate the
density of order N−1 of second class particles.

To examine the evolution of the second class particles, observe that in the pres-
ence of a density α of first class particles, a second class particle jumps from x to
x + ei at rate pi(1−α)+qiα and it jumps from x to x − ei at rate qi(1−α)+piα.
There is thus a drift of magnitude vi = (pi − qi)(1 − 2α) in the i-th direction. In
particular, to obtain a smooth evolution of the empirical measure associated to the
second class particles under diffusive rescaling, we need to consider the process
%N

t defined by

%N
t = N1−d

∑
x∈�d

N

{ηtN2(x) − α}δx/N−vNt .

Consider the partial differential equation{
∂tλ = ∇ · D(α)∇λ + γ · ∇λ2

λ(0, ·) = λ0(·). (1.3)
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In this formula D(α) = {Di,j (α), 1 ≤ i, j ≤ d} is the matrix

Di,j (α) = 1

α(1 − α)
lim
t→∞

1

t

∑
x∈�d

xixj�να ((ηt (x − vt) − α)(η0(0) − α)) , (1.4)

where ηt is the asymmetric exclusion in the infinite volume �d in the stationary state
να , λ0 is the density of the second class particles at time 0. Esposito, Marra and Yau
[EMY] proved that in dimension d ≥ 3, starting from the product measure µN

λ(·),
the empirical measure%N

t converges in probability to the measure λ(t, u)duwhose
density λ is the solution of the equation (1.3): for every t ≥ 0, every continuous
function G and every δ > 0,

lim
N→∞

�µN
λ(·)

{
η,

∣∣∣∣〈%N
t ,G〉 −

∫
G(u)λ(t, u) du

∣∣∣∣ > δ

}
= 0,

where λ is the solution of (1.3). Notice the diffusive rescaling of time in the defi-
nition of %N

t .
Moreover Landim, Olla and Yau [LOY1] showed that in the Euler scaling, the

first order correction to the convergence to (1.2) is given by the viscous Burgers
equation with diffusion coefficient given by (1.4).

The purpose of this paper is to investigate the fluctuations of the empirical
measure πN

t around its limit ρ(t, u)du, when the initial measure is the equilibrium
measure να , i.e., in the case where ρ(t, u) = α. To state the main result of the paper
we need to introduce some notation. Let YN· be the density fluctuation field that
acts on smooth functions H as

YN
t (H) = N−d/2

∑
x∈�d

N

H(x/N − vtN)(ηtN2(x) − α). (1.5)

Notice the diffusive rescaling of time on the right hand side of this identity. The
aim of this article is to prove that YN· converges to a stationary Gaussian process
with a given space–time correlations.

Define ψz : �d → � by ψz(u) = exp{2πi(u · z)}, where · denotes the inner
product of �d . It is well known that the set {ψz, z ∈ �d} is an orthonormal basis of
L2(�d): each function f in L2(�d) can be written as

f =
∑
z∈�d

〈f,ψz〉ψz.

In this formula and below 〈·, ·〉 stands for the inner product of L2(�d). Notice
that we are using the same symbol 〈·, ·〉 for two different objects (the integral of a
smooth function with respect to a measure and the inner product of L2(�d)). We
shall be explicit in case of ambiguity.

Consider on L2(�d) the positive, symmetric linear operator L = (1 − *),
where * is the Laplacian. A simple computation shows that the functions ψz are
eigenvectors:
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Lψz = γzψz,

where γz = 1+4π2‖z‖2. Here ‖·‖ stands for the Euclidean norm of �d . For k ≥ 0,
denote by Hk the Hilbert space obtained as the completion of C∞(�d) endowed
with the inner product 〈·, ·〉k defined by

〈f, g〉k = 〈f,Lkg〉.
It is easy to check that Hk is the subspace of L2(�d) consisting of all functions f
such that ∑

z∈�d

‖〈f,ψz〉‖2 γ k
z < ∞. (1.6)

Moreover, on Hk the inner product 〈·, ·〉k can be expressed as

〈f, g〉k =
∑
z∈�d

〈f,ψz〉〈g,ψz〉 γ k
z .

Here, for a complex number a, ā stands for its conjugate.
For each positive integer k, denote by H−k the dual of Hk relative to the inner

product 〈·, ·〉. H−k can be obtained as the completion of L2(�d) with respect to
the inner product obtained from the quadratic form 〈f, f 〉−k defined by

〈f, f 〉−k = sup
g∈Hk

{2〈f, g〉 − 〈g, g〉k} .

It is again easy to check that H−k consists of all sequences {〈f,ψz〉, z ∈ �d} such
that ∑

z∈�d

‖〈f,ψz〉‖2 γ−k
z < ∞

and that the inner product 〈f, g〉−k of two functions f , g in H−k can be written as

〈f, g〉−k =
∑
z∈�d

〈f,ψz〉〈g,ψz〉 γ−k
z .

It follows also from the explicit characterization of H−k and from (1.6) that

· · · ⊂ H2 ⊂ H1 ⊂ H0 ⊂ H−1 ⊂ H−2 ⊂ · · ·
Hereafter, for k in �, we denote by ‖ · ‖k the norm of the Hilbert space Hk so that
‖ · ‖0 stands for the norm of L2(�d).

We shall consider the density fluctuation field YN
t as taking values in the Sobo-

lev space H−k0 for some large enough k0. Fix a time T > 0, a positive integer k0
and denote by D([0, T ],H−k0) (resp. C([0, T ],H−k0)) the space of H−k0 val-
ued functions, that are right continuous with left limits (resp. continuous), endowed
with the uniform weak topology: a sequence {Y j , j ≥ 1} converges to a path Y if
Y

j
t converges weakly to Yt uniformly in time, i.e., if for all f in Hk0 ,
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lim
j→∞

sup
0≤t≤T

∥∥∥Y j
t (f ) − Yt (f )

∥∥∥ = 0.

Denote by QN the probability measure on D([0, T ],H−k0) induced by the den-
sity fluctuation field YN introduced in (1.5) and the product measure να , by �να

the probability measure on D([0, T ],EN) induced by the probability measure να
and the Markov process ηt speeded up by N2 and denote by �να expectation with
respect to �να .

Recall that we denote by Di,j (α) the matrix associated to the incompressible
limit of the asymmetric simple exclusion process, which is bounded below by a mul-
tiple of the identity in the matrix sense. Let σ(α) be the square root of D: σ ∗σ = D.
Denote byA,B the differential operators defined byA = ∑

1≤i,j≤d Di,j (α)∂
2
ui ,uj

,

B = √
2α(1 − α) σ ∇. Denote by {Tt , t ≥ 0} the semigroup in L2(�d) associated

to the operator A.

Theorem 1.1. Assume that d ≥ 3. Fix a positive integer k0 > 2 + (d/2). Let Q
be the probability measure concentrated on C([0, T ],H−k0) corresponding to the
stationary generalized Ornstein–Uhlenbeck process with mean 0 and covariance

EQ [Yt (H)Ys(G)] = χ(α)

∫
�d

du (T|t−s|H)(u)G(u) (1.7)

for every 0 ≤ s ≤ t and H , G inHk0 . Here χ(α) stands for the static compressibil-
ity given by χ(α) = Varνα [η(0)] = α(1 − α). Then, the sequence QN converges
weakly to the probability measure Q.

Formally, Yt is the solution of the stochastic differential equation

dYt = AYtdt + dB∇
t ,

where B∇
t is a mean zero Gaussian field with covariances given by

EQ

[
B∇
t (H)B∇

s (G)
]

= 2χ(α)(s ∧ t)

∫
�d

(∇H) · D (∇G).

2. Diffusive behavior of the asymmetric simple exclusion process

We recall in this section some results concerning the diffusive behavior of the asym-
metric simple exclusion process. For a cylinder function h, denote by h̃: [0, 1] → �

the function defined by h̃(α) = Eνα [h]. For 0 < α < 1, denote by Gα the set of
cylinder functions h such that

Eνα [h] = d

dβ
Eνβ [h]

∣∣∣∣
β=α

= 0.

Notice Lh and L∗h belong to Gα for every cylinder function h. Here L stands
for the infinite volume generator of the asymmetric simple exclusion process and
L∗ for its adjoint. With the notation just introduced, the previous identities require



388 C.-C. Chang et al.

the function h̃ to vanish at α as well as its derivative. In the exclusion set-up, all
cylinder functions h can be written as linear combinations of functions of type
7A = ∏

x∈A[η(x) − α] for finite subsets A of �d :

h =
∑
A

CA7A + Cφ.

In this formula the summation is carried over all finite subsets A of �d and, since
h is a cylinder function, all but a finite number of coefficients CA vanish. With this
representation, h belongs to Gα if and only if Cφ = 0 and

∑
z∈�d C{z} = 0.

Fix a cylinder function h in Gα and an integer K large enough for ;K =
{−K, . . . , K}d to contain the support of h. Denote by h̃;K

the conditional expec-
tation of h given the total number of particles in ;K :

h̃;K
(M/|;K |) = Eνα


h |

∑
x∈;K

η(x) = M


 .

By the local central limit theorem (cf. Lemma A2.2.2 [KL]), there exists a finite
constant C(h) such that

sup
M

∣∣∣h̃;K
(M/|;K |) − h̃(M/|;K |)

∣∣∣ ≤ C(h)K−d

for all K large enough. In particular,

Eνα [h̃2
;K

] ≤ C(h)K−2d . (2.1)

Indeed, the left hand side is bounded above by 2Eνα [(h̃;K
− h̃)2] + 2Eνα [h̃2].

The first term, by the local central limit theorem, is bounded above by C(h)K−2d .
The second one, since h̃(α) = h̃′(α) = 0, is equal to 2Eνα [(h̃(ηK(0)) − h̃(α) −
h̃′(α)(ηK(0)−α))2]. In this formula, ηK(0) stands for the empirical density of par-
ticles in the cube ;K : ηK(0) = |;K |−1 ∑|x|≤K η(x). This expression is bounded

above by 2‖h̃′′‖2∞Eνα [(ηK(0) − α)4]. This proves (2.1) because να is a product
measure.

To distinguish between statements concerning the process on the lattice �d from
statements concerning the process on the finite volume �d

N , we denote in this sec-
tion the Bernoulli product measure on EN by νNα and by να the Bernoulli product

measure on {0, 1}�d
.

Denote by �d
N,∗ (resp. �d∗) the set of unoriented bonds of �d

N (resp. �d ). By a
bond we understand a pair of sites {x, y} such that |x − y| = 1. Unoriented means
that we don’t distinguish between (x, y) and (y, x). Denote by DN the Dirich-
let form associated to the generator of the asymmetric simple exclusion process
LN : DN(f ) = Eνα [f (−LN)f ] for all positive functions f :EN → �+. A simple
computation shows that

DN(f ) = (1/2)
∑

b∈�d
N,∗

∫
(∇bf )2 dνNα , (2.2)
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where the summation is carried out over all unoriented bonds b of �d
N,∗ and

(∇bf )(η) = f (ηb) − f (η). Notice that each pair {x, y} appears once and only
once in the summation. We denote below by Db(f ) the piece of the Dirichlet form
corresponding to the bond b:

Db(f ) = (1/2)
∫

(∇bf )2 dνNα . (2.3)

For a bond {x, y}, denote by Wx,y the instantaneous current over the bond {x, y}.
This is the rate at which a particle jumps from x to y minus the rate at which a
particle jumps from y to x. A simple computation gives that Wx,x+ei is equal to
piη(x)[1−η(x+ei)]−qiη(x+ei)[1−η(x)]. Observe that the current in the asym-
metric case has positive mean with respect to all invariant states να . The current
minus its mean W0,ei − Eνα [W0,ei ] can be decomposed as

W0,ei − Eνα [W0,ei ] = −γiwi + [pi(1 − α) + qiα][η(0) − α]

−[qi(1 − α) + piα][η(ei) − α],

where wi = [η(ei) − α][η(0) − α]. Let bi = qi(1 − α) + piα and notice that
pi(1 − α) + qiα = vi + bi . With this notation we can rewrite the normalized
current as −γiwi + [vi + bi][η(0) − α] − bi[η(ei) − α] and obtain that

W0,ei − Eνα [W0,ei ] = −γiwi − bi[η(ei) − η(0)] + vi[η(0) − α]. (2.4)

This formula for the normalized current will be needed later.
We are now in a position to state some results concerning the diffusive behav-

ior of the asymmetric simple exclusion process. The following integration by part
formula is proven in [EMY].

Lemma 2.1. Suppose h is a cylinder function in Gα . Then there exist cylinder
functions "b, b ∈ �d∗ , such that for any cylinder function f∫

hf dνα =
∑
b∈�d∗

∫
"b∇bf dνα

and ∑
b∈�d∗

|b|d+(1/2)
∫

("b)
2 dνα < ∞

This statement has a finite volume version. Consider a cylinder function h ∈ Gα

and denote by sh the size of the support of h, i.e. the smallest integer l for which
the support of h is contained in ;l . For each N ≥ sh, denote

h̃N = EνNα


h|

∑
x∈T d

N

η(x)






390 C.-C. Chang et al.

For each N ≥ sh, there exists a collection of cylinder functions {"N
b , b ∈ �d

N,∗}
such that ∫

hf dνNα =
∑

b∈�d
N,∗

∫
"N

b ∇bf dνNα . (2.5)

Moreover there exists a constant C(h) independent of N such that

∑
b∈�d

N,∗

|b|d+(1/2)
∫

("N
b )2 dνNα < C(h). (2.6)

We define the finite volume variances of cylinder functions belonging to Gα . For
a positive integer A, denote by ;A the cube {−A, . . . , A}d . For 0 ≤ M ≤ |;A|, let
νA,M be the canonical measure on {0, 1};A concentrated on configurations with M

particles: νA,M(·) = νAα(·|
∑

|x|≤A η(x) = M).
Let g be a local function in Gα . For each A > sg and 0 ≤ M ≤ |;A|, define the

finite volume variance VA(g,M) of g with respect to νA,M as

VA(g,M) = 1

|;A|

〈 ∑
|x|≤Ag

{τxg − g̃;A
}, (−Ls

A)
−1

∑
|x|≤Ag

{τxg − g̃;A
}
〉
νA,M

. (2.7)

In this formula, Ag stands for A − sg so that τxg is measurable with respect to
{η(z), z ∈ ;A} for |x| ≤ Ag , 〈·, ·〉νA,M stands for the inner product in L2(νA,M) and
Ls
A is the generator of the symmetric simple exclusion process restricted to the cube

;A:

(Ls
Af )(η) = (1/2)

∑
x∈;A

∑
y∈;A|y−x|=1

η(x)[1 − η(y)][f (ηx,y) − f (η)].

Define the infinite volume variance of g by

Vα(g) = lim sup
A→∞

Eνα


VA


g,

∑
|x|≤A

η(x)




 . (2.8)

We need the following results. The first one is due to Varadhan [V] and the proof
can be found in Chap 7 of [KL]. The second one follows from Theorem 5.9 of
[EMY] and Lemma 5.2, Lemma 5.3, Corollary 6.2 and Theorem 7.1 of [LOY2].
The third one is Lemma 7.3 of [LOY2] with wi and LHi

m in place of w∗
i and L∗Hi

m.

Theorem 2.2. For each cylinder function h in Gα , the finite volume variance of h
converges uniformly in [0, 1] to the infinite volume variance: Fix α in [0, 1] and
consider a sequence MA such that MA/|;A| converges to α as A ↑ ∞. Then,

lim
A→∞

VA(h,MA) = Vα(h).
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Theorem 2.3. Fix α in (0, 1). There exists a sequence of local functions {hi,m, 1 ≤
i ≤ d, m ≥ 1} in Gα such that

lim
m→∞ Vα


γiwi −

d∑
j=1

[Dij (α) − (1/2)δij ][η(ej ) − η(0)] + Lhi,m


 = 0.

D is bounded below by (1/2)I and D(·) is continuous on (0, 1).

For a cylinder function h, denote by Fh the formal sum
∑

z∈�d τzh. Although
Fh is formal, ∇x,x+ei Fh is well defined since all but a finite number of terms vanish
because h is a local function.

Theorem 2.4. Consider the matrix D(α) and the sequences hi,m given by the pre-
vious theorem. Then, for every θ ∈ �d ,

lim
m→∞

d∑
i=1

Eνα




∇0,ei

d∑
j=1

θjFhj,m




2

 = 4α(1 − α)θ · Dθ − 2α(1 − α)||θ ||2.

3. Central limit theorem for the density field

We prove in this section Theorem 1.1. Recall the definition of the cylinder func-
tions hi,m defined in Theorem 2.3. For each m ≥ 1 define the modified density field
Z

N,m
t :Hk → � by

Z
N,m
t (G) = YN

t (G) − N−1−d/2
∑
x∈�d

N

d∑
i=1

(∂uiG)(x/N − vtN)τxhi,m.

Recall that QN denotes the probability measure on the path space D([0, T ],H−k0)

induced by the process YN
t and the product measure να .

For each smooth functionG: �d → �, define the martingalesM1,G
t = M

1,G,N
t ,

M
2,G
t = M

2,G,N
t by

M
1,G
t = Z

N,m
t (G) − Z

N,m
0 (G) −

∫ t

0
FN

1 (s) ds

M
2,G
t = (

M
1,G
t

)2 −
∫ t

0
FN

2 (s) ds,

where

FN
1 (s) = (∂s + N2LN)ZN,m

s (G),

FN
2 (s) = N2LNZN,m

s (G)2 − 2N2ZN,m
s (G)LNZN,m

s (G).

Recall the definition of the differential operator A, B introduced in section 1.
We shall prove that there exists a random variable AN,m, which converges to 0 in
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L2(�να ) as N ↑ ∞ and then m ↑ ∞, and a random variable AN , which converges
to 0 in L2(�να ) as N ↑ ∞, such that

M
1,G
t = YN

t (G) − YN
0 (G) −

∫ t

0
ds YN

s (AG) + AN,m (3.1)

and
M

2,G
t = (M

1,G
t )2 − ‖BG‖2

0 t + AN. (3.2)

To compute FN
1 (s), for 1 ≤ i ≤ d, denote by ∂Nui the discrete derivative in the

i-th direction: (∂Nui H)(u) = N [H(u + N−1ei) − H(u)] and by Gs the function G

translated by −vsN : Gs(u) = G(u−vsN). Since LNη(x) = ∑
1≤j≤d{Wx−ej ,x −

Wx,x+ej }, a summation by parts yields that FN
1 (s) is equal to

N1−d/2
∑
x∈�d

N

d∑
i=1

(∂Nui Gs)(x/N)
{
Wx,x+ei − Eνα [W0,ei ]

}

−N1−d/2
∑
x∈�d

N

d∑
i=1

(∂uiGs)(x/N)
{
vi[ηs(x) − α] + τxLhi,m

}

+N−d/2
∑
x∈�d

N

d∑
i,j=1

(∂2
ui ,uj

Gs)(x/N)vj τxhi,m. (3.3)

In this first sum we were allowed to introduce the constant Eνα [W0,ei ] because the
summation of (∂Nui G) over �d

N vanishes. In the second sum, we first commuted the
translation τx with the generator LN and then replaced LN with the infinite volume
generator L because hi,m is a cylinder function.

Since hi,m belongs to Gα for each i, m, it follows from Theorem 4.2 that the
time integral of the third term of (3.3) converges to 0 inL2(�να ) asN ↑ ∞. We now
turn to the first two terms. Recall from (2.4) the decomposition of the normalized
current W0,ei − Eνα [W0,ei ] as

W0,ei − Eνα [W0,ei ] = −γiwi − bi[η(ei) − η(0)] + vi[η(0) − α].

In particular, if we had a continuous derivative in the first sum of (3.3), the terms
with vi[η(0) − α] would cancel and it would remain bi[η(0) − η(ei)]. This last
expression allows a second summation by parts which cancels another factor N .

Rewrite the first two terms of (3.3) as

N1−d/2
∑
x∈�d

N

d∑
i=1

{
(∂Nui Gs)(x/N) − (∂uiGs)(x/N)

}
τx

{
W0,ei − Eνα [W0,ei ]

}

−N1−d/2
∑
x∈�d

N

d∑
i=1

(∂uiGs)(x/N)τx
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×

γiwi −

d∑
j=1

[Di,j − (1/2)δi,j ][η(ej ) − η(0)] + Lhi,m




+N−d/2
∑
x∈�d

N

d∑
i,j=1

(∂N,−
uj

∂uiGs)(x/N)
{
Di,j + [bj − 1/2]δi,j

}
[η(x) − α].

(3.4)

In this formula, ∂N,−
uj stands for the discrete derivative in the j -th direction defined

by (∂
N,−
uj H)(u) = H(u) − H(u − N−1ej ). The first term of this expression can

be written as

(1/2)N−d/2
∑
x∈�d

N

d∑
i=1

(∂2
ui
Gs)(x/N)τx

×
{

− γiwi + [bi + vi][η(0) − α] − bi[η(ei) − α]
}

+ RN,

where RN is an expression whose time integral, in virtue of Lemma 4.1, converges
to 0 in L2(�να ) as N ↑ ∞. Hereafter RN (resp. RN,m) stands for a term, that
might be different from line to line, whose time integral converges to 0 in L2(�να )

as N ↑ ∞ (resp. as N ↑ ∞ and then m ↑ ∞). By similar reasons and an in-
tegration by parts, the time integral of N−d/2 ∑

x(∂
2
ui
Gs)(x/N)τx[η(0) − η(ei)]

converges to 0 in L2(�να ) as N ↑ ∞. Finally, by Theorem 4.2 the time integral of
N−d/2 ∑

x,i(∂
2
ui
Gs)(x/N)τxwi converges to 0 in L2(�να ) as N ↑ ∞. Therefore,

the first term in (3.4) is equal to

(1/2)N−d/2
∑
x∈�d

N

d∑
i=1

(∂2
ui
Gs)(x/N)vi[η(x) − α] + RN.

It follows from Theorem 4.2, Theorem 2.2 and Theorem 2.3 that the time in-
tegral of the second term in (3.4) converges to 0 in L2(�να ) as N ↑ ∞ and then
m ↑ ∞.

By Lemma 4.1 below, in the third term of (3.4), we may replace the discrete
derivative by the continuous one, paying the price of a remainder whose time in-
tegral converges to 0 in L2(�να ) as N ↑ ∞. Since bj + (vj /2) = 1/2, up to this
point, we showed that FN

1 is equal to

N−d/2
∑
x∈�d

N

d∑
i,j=1

(∂2
ui ,uj

Gs)(x/N)Di,j (α)[η(x) − α] + RN,m.

By definition of the differential operatorA, we may write the previous expression as

YN
s (AG) + RN,m. This proves (3.1) because the difference between Z

N,m
t and

YN
t converges to 0 in L2(�να ) as N ↑ ∞.
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We now turn to the martingale M
2,G
t . A simple computation shows that FN

2
is equal to the sum of two similar expressions. The first one comes from jumps
in the positive direction (i.e. from a site x to a site x + ei), while the second one
corresponds to jumps in the negative direction. The first expression is given by

N−d
∑
x∈�d

N

d∑
i=1

pi η(x)[1 − η(x + ei)]

×


(∂Nui Gs)(x/N) +

∑
z∈�d

N

d∑
j=1

(∂ujGs)(z/N)∇x,x+ei τzhj,m




2

.

We may replace in the previous formula the discrete derivative by the continuous
one paying a price O(N−1). On the other hand, since hj,m is a local function,
∇x,x+ei τzhj,m vanishes for |z − x| large enough so that the summation over z is
a finite one. Moreover, we may replace (∂ujGs)(z/N) by (∂ujGs)(x/N) paying a
price of order O(N−1). Therefore, FN

2 is the sum of two terms, the first one being

N−d
∑
x∈�d

N

d∑
i=1

piη(x)[1 − η(x + ei)]

×

(∂uiGs)(x/N) +

d∑
j=1

(∂ujGs)(x/N)∇x,x+ei Fhj,m




2

+ O(N−1).

From this explicit formula for FN
2 , it is not difficult to check that the time integral

of FN
2 (s) − Eνα [FN

2 (s)] converges to 0 in L2(�να ) as N ↑ ∞. On the other hand,
as N ↑ ∞, the expectation of the previous expression with respect to να converges
to

d∑
i=1

pi

∫
�d

duEνα


η(0)[1 − η(ei)]


(∂uiG)(u) +

d∑
j=1

(∂ujG)(u)∇0,ei Fhj,m




2

 .

Notice that the index s disappeared when taking the limit in N . We now develop
the square. The first contribution is α(1 − α)

∑
i pi(∂uiG)2. Adding this expres-

sion with the one corresponding to the jumps in the opposite direction, we obtain
α(1−α)‖∇G‖2 because pi +qi = 1 for all i. The second contribution comes from
the cross terms and is equal to

2
d∑

i,j=1

pi

∫
�d

du (∂uiG)(u)(∂ujG)(u)Eνα

[
η(0)[1 − η(ei)]∇0,ei Fhj,m

]
.

Recall the definition of Fhj,m . Performing a change of variables ξ = τzη, we obtain
that the previous expectation is equal to
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∑
z∈�d

Eνα

[
η(z)[1 − η(z + ei)]∇z,z+ei h

]
.

Since να is an invariant measure for the asymmetric simple exclusion process, mul-
tiplying this expression by pi and adding to it the piece that corresponds to jumps
in the negative direction, we obtain a term that vanishes.

The third contribution is

d∑
i=1

pi

∫
�d

duEνα


η(0)[1 − η(ei)]




d∑
j=1

(∂uiG)(u)∇0,ei Fhj,m




2



= 1

2

d∑
i=1

pi

∫
�d

duEνα




η(0)[1 − η(ei)] + η(ei)[1 − η(0)]




×



d∑
j=1

(∂uiG)(u)∇0,ei Fhj,m




2

 .

We performed the change of variables ξ = η0,ei to obtain the previous identity.
Notice that we may remove the expression inside the first parenthesis in the pre-
vious expectation because for every function h, ∇0,ei h vanishes unless η(0)[1 −
η(ei)] + η(ei)[1 − η(0)] = 1. Adding this expression with the one corresponding
to jumps in the opposite direction, we obtain that the third term is equal to

(1/2)
d∑

i=1

∫
�d

duEνα






d∑
j=1

(∂uiG)(u)∇0,ei Fhj,m




2

 .

By Theorem 2.4, as m ↑ ∞, this expression converges to

2α(1 − α)

∫
�d

du

d∑
i,j=1

(∂uiG)[Di,j (α) − (1/2)δi,j ](∂ujG).

We have therefore proved that the time integral of FN
2 (s) is equal to

2α(1 − α)t

∫
�d

du

d∑
i,j=1

(∂uiG)Di,j (α)(∂ujG) +
∫ t

0
ds RN(s),

where the second term of the right hand side converges to 0 in L2(�να ) as N ↑ ∞.
Recall that we denoted by σ(α) the square root of the matrixD(α) and thatB stands
for the operator

√
2α(1 − α) σ ∇. The previous sum can be written as ‖BG‖2

0. This
proves (3.2). We are now in a position to prove the main result of this article.
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Proof of Theorem 1.1. The proof is divided in two steps. We first consider the ques-
tion of tightness. We then prove that all limit points solve a martingale problem and
invoke Holley–Stroock [HS] theory of generalized Ornstein–Uhlenbeck processes
to conclude the uniqueness of limit points.

We prove in section 5 that the sequence QN is tight. For t ≥ 0, denote by Ft

the σ -algebra generated by Ys(H) for s ≤ t and H in Hk0 . Let Q∗ be a limit point
of the sequence QN . Fix G in Hk0 . It follows from (3.1) and (3.2) that Q∗-almost
surely

M
1,G
t = Yt (G) − Y0(G) −

∫ t

0
ds Ys(AG)

and

M
2,G
t = (M

1,G
t )2 − ‖BG‖2

0 t

are martingales. The proof of this statement is standard. It is easy to adapt the argu-
ments presented in the proof of Proposition 11.2.3 of [KL] to our context. On the
other hand, a simple computation, relying on the fact that να is a product measure,
shows that Q∗ restricted to F0 is a Gaussian field with covariance given by

EQ∗ [Y0(G)Y0(H)] = χ(α)〈H,G〉,
where χ(α) is the static compressibility defined in section 1. To conclude the proof
of the theorem, it remains to recall Holley–Stroock [HS] theory of generalized
Ornstein–Uhlenbeck processes. ��
4. The Boltzmann–Gibbs principle

We prove in this section the Boltzmann–Gibbs principle which is one of the main
ingredients in the proof of the equilibrium fluctuations of the asymmetric exclusion
process. It states that the local fields are projected on the density field and was
first proved by Brox and Rost in [BR]. We start with a simple result that was used
several times in the previous section.

Lemma 4.1. Let h be a mean zero local function and G: �d → � a continuous
function. Then, there exists a finite constant C depending only on h such that for
all t ≥ 0 and all N ≥ 1,

�να


 sup

0≤t≤T

( ∫ t

0
ds N−d/2

∑
x∈�d

N

Gs(x/N)τxh(ηs)
)2


 ≤ CT 2‖G‖2

∞.

Proof. By Schwarz inequality and since να is an invariant measure, the expectation
is bounded above by

T

∫ T

0
ds Eνα




N−d/2

∑
x∈�d

N

Gs(x/N)τxh(η)




2
 .

Since h is a mean zero local function, developing the square, we obtain that this
expression is less than or equal to
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CT

∫ T

0
ds N−d

∑
x∈�d

N

Gs(x/N)2

for some constant that depends on h only. It is now easy to conclude the proof of
the lemma. ��
Theorem 4.2 (the Boltzmann–Gibbs principle). There exists a finite universal
constant C0 such that for all cylinder functions h in Gα and all smooth function
G: �d → �,

lim sup
N→∞

�να


 sup

0≤t≤T


∫ t

0
N1−d/2

∑
x∈�d

N

Gs(x/N)τxh(ηs) ds




2


≤ C0T ‖G‖2
0 Vα(h). (4.1)

In this formula Vα(h) stands for the infinite volume variance of h defined in (2.8).

The proof of the Boltzmann–Gibbs principle relies on the following general es-
timate. Let Xt be a Markov process on a finite state space E with generator L and
invariant measure π . Denote by 〈·, ·〉π the inner product in L2(π) and by L∗ (resp.
Ls) the adjoint (resp. symmetric part) of L with respect to π . Given a mean zero
function f on E, we denote ‖f ‖2

−1 = 〈f (−Ls)−1f 〉π , that can also be written in
the variational form

‖f ‖2
−1 = sup

g

{
2〈f, g〉 − 〈g, (−Ls)g〉π

}
where the supremum is taken over all functions g on E.

Lemma 4.3. Fix T > 0. There exists a finite universal constant C0 such that for
every smooth mean zero function f : [0, T ] × E → �,

�π

[
sup

0≤t≤T

(∫ t

0
f (s,Xs) ds

)2
]

≤ C0

∫ T

0
ds ‖f (s, ·)‖2

−1. (4.2)

In this lemma, it is understood that f (·, x) is a smooth function for every x in E
and that f (s, ·) has π -mean zero for all s ≥ 0.

Proof. Fix T > 0 and a function f : [0, T ] × E → �. For each 0 ≤ t ≤ T , let
ht :E → � be such that Lsht = f (t, ·). There exists such a solution because
f (t, ·) has mean zero and π is ergodic.

For each s ≥ 0, denote by Fs the σ -algebra generated by {Xr, 0 ≤ r ≤ s}.
Define the (�π ,Ft ) mean zero martingale Mt by

Mt = h(t, Xt ) − h(0, X0) −
∫ t

0
ds (L + ∂s)h(s,Xs).
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In the same way, denote by F−
t the backward filtration generated by {Xs, s ≥ t}.

Recall thatL∗ stands for the adjoint of the generatorLwith respect to the invariant
measure π . It is easy to check that the process {M−

t , 0 ≤ t ≤ T } defined by

M−
t = h(T − t, XT−t ) − h(T ,XT ) −

∫ t

0
ds (L∗ − ∂s)h(T − s,XT−s)

is a (�π ,F
−
t ) martingale, called the backward martingale.

Let Zt = M−
T − M−

T−t . A change of variables permits to write Zt as

Zt = h(0, X0) − h(t, Xt ) −
∫ t

0
ds (L∗ − ∂s)h(s,Xs).

In particular, since Lsht = f (t, ·), Mt + Zt = 2
∫ t

0 f (s,Xs)ds. Therefore,

�π

[
sup

0≤t≤T

(∫ t

0
f (s,Xs) ds

)2
]

= (1/4) �π

[
sup

0≤t≤T

(
Mt + M−

T − M−
T−t

)2

]
.

Since (a1 + a2 + a3)
2 ≤ 3a2

1 + 3a2
2 + 3a2

3 , by Doob’s inequality, the previous
expression is bounded above by (15/4)�π [(M−

T )2] + 3�π [(MT )
2]. The variances

of these martingales are equal to 2
∫ T

0 ds‖f (s, ·)‖2
−1 so that

�π

[
sup

0≤t≤T

(∫ t

0
f (s,Xs) ds

)2
]

≤ 14
∫ T

0
ds ‖f (s, ·)‖2

−1.

This concludes the proof of the lemma. ��

In the proof of the Boltzmann–Gibbs principle, we shall need the following
estimate whose proof relies mostly on the integration by parts formula (2.5).

Lemma 4.4. Fix a cylinder function h in Gα . There exists a finite constant C0 de-
pending only on h and T such that for every subset B of �d

N , every smooth function
G: �d → � and every N sufficiently large,

�να

[
sup

0≤t≤T

( ∫ t

0
N1−d/2

∑
x∈B

Gs(x/N)τxh(ηs) ds
)2
]

≤ C0(1 + T )

Nd

∫ T

0
ds

∑
x∈B

Gs(x/N)2. (4.3)

Proof. Recall that h̃N denotes the conditional expectation of h given N−d∑
x∈�d

N
η(x). We add and subtract h̃N (ηs) inside the time integral of (4.3). Ap-

plying Schwarz inequality, we decompose the expectation in two terms. In the first
one appears the time integral of h(ηs) − h̃N (ηs) and in the second one the time
integral of h̃N (ηs). We consider each one separately.
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By Lemma 4.3, the first expectation is bounded by

14
∫ T

0

∥∥∥∥∥N1−d/2
∑
x∈B

Gs(x/N)τx{h − h̃N }
∥∥∥∥∥

2

−1,N

ds.

Here we have denoted ‖f ‖−1,N = 〈f, (−N2Ls
N)−1f 〉. The norm inside the time

integral above can be expressed as

sup
f

{
2N1−d/2

∑
x∈B

Gs(x/N)

∫
τx{h − h̃N } f dνα − N2〈f, (−LN)f 〉α

}
.

In this formula the supremum is carried over all functions f of {0, 1}�d
N and 〈·, ·〉α

stands for the inner product of L2(να). Since να is translation invariant, by the inte-
gration by parts formula (2.5), (2.6), there exists a collection of cylinder functions
{"N

b , b ∈ �d
N,∗}, indexed by the bonds of �d

N , such that∫
τx{h − h̃N } f dνα =

∫
{h − h̃N } τ−xf dνα =

∑
b∈�d

N,∗

∫
"N

b ∇bτ−xf dνα.

In particular, by Schwarz inequality, 2N1−d/2 ∑
x∈B Gs(x/N)

∫
τx{h− h̃N }f dνα

is bounded above by

A

Nd

∑
x∈B

Gs(x/N)2
∑

b∈�d
N,∗

|b|d+(1/2)Eνα

[
("N

b )2]

+N2

A

∑
x∈B

∑
b∈�d

N,∗

|b|−d−(1/2)Eνα

[
(∇bτ−xf )2]

for every A > 0. By (2.6) the first term is bounded above by

C1AN−d
∑
x∈B

Gs(x/N)2

for some finite constant C1 that depends only on h. On the other hand, since
∇bτ−xf = τ−x∇b+xf and since να is translation invariant, the second term is
equal to

N2

A

∑
x∈B

∑
b∈�d

N,∗

|b|−d−(1/2)Eνα

[
(∇b+xf )2].

The sum over x of the expectations is bounded above by a multiple of the Dirichlet
form of f . Since |z|−d−(1/2) is summable in �d , the second term is bounded above
by C2A

−1N2 < f, (−LN)f > α. Choosing A = C2, we obtain that the first ex-
pectation in the decomposition performed in the beginning of the proof is bounded
above by the time integral of C3N

−d
∑

x∈B Gs(x/N)2.
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The second term in the decomposition is just

�να


 sup

0≤t≤T

(∫ t

0
N1−d/2

∑
x∈B

Gs(x/N)h̃N(ηs) ds

)2

 .

Denote
∑

x∈B Gs(x/N) by G̃s . By Schwarz inequality and since να is an invari-

ant state, this expectation is bounded above by TN2−d
∫ T

0 ds G̃2
s Eνα [h̃2

N ]. Since
h belongs to Gα , by (2.1), Eνα [h̃2

N ] is bounded above by CN−2d for some finite
constant C that depends on h only. By Schwarz inequality, the second term in the
decomposition is bounded by CTN2(1−d)

∫ T

0 ds
∑

x∈B Gs(x/N)2. This concludes
the proof of the lemma. ��

We turn now to the proof of the Boltzmann–Gibbs principle.

Proof of Theorem 4.2. Fix a cylinder function h in Gα . Denote by Ah the smallest
integer A such that the support of h is contained in {−A, . . . , A}d .

Consider a sequence K = KN such that N2/d � KN � N . We first decom-
pose �d

N into disjoint subcubes of length K . Let MN = {0, . . . , N − 1}d . For each
x in �d , denote by Bx the cube Kx +MK . Notice that Bx is contained in MN if and
only if |x| ≤ [N/K] − 1 and xi ≥ 0, 1 ≤ i ≤ d. Here and below [a] stands for the
integer part of a. Let AK be defined as

MN =
⋃

x∈IK

Bx ∪ AK,

where IK is the set of sites x such that |x| ≤ [N/K] − 1 and xi ≥ 0, 1 ≤ i ≤ d.
It follows from Lemma 4.4 that

lim sup
N→∞

�να


 sup

0≤t≤T


∫ t

0
N1−d/2

∑
x∈AK

Gs(x/N)τxh(ηs) ds




2

 = 0

provided KN/N converges to 0 as N ↑ ∞.
For each x in IK , denote by B0

x the set of sites y that are at a distance greater
than Ah from the boundary of Bx : B0

x = {y ∈ Bx, d(y, B
c
x) > Ah}. In particular,

for each y in B0
x , the support of τyh belongs to Bx . Denote by EK the set of all

points that are not interior points: EK = ∪x∈IK
(Bx −B0

x ). In view of Lemma 4.4,
since KN ↑ ∞ as N ↑ ∞, in order to prove the theorem, we just need to show that

lim sup
N→∞

�να


 sup

0≤t≤T


∫ t

0
N1−d/2

∑
x∈IK

∑
y∈B0

x

Gs(y/N)τyh(ηs) ds




2



≤ C0T ‖G‖2
0 Vα(h).

Recall that Bx is the cube Kx + MK . To replace in the previous sum Gs(y/N) by
Gs(Kx/N), we add and subtract this expression and apply Schwarz inequality to
decompose the expectation in two pieces. The first one is just
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�να


 sup

0≤t≤T


∫ t

0
N1−d/2

∑
x∈IK

∑
y∈B0

x

{Gs(y/N) − Gs(Kx/N)}τyh(ηs) ds



2

 .

By Lemma 4.4 this expression vanishes as N ↑ ∞ because G is a smooth function
and K � N . Therefore, in order to prove the theorem, we just need to show that

lim sup
N→∞

�να


 sup

0≤t≤T


∫ t

0
N1−d/2

∑
x∈IK

Gs(Kx/N)
∑
y∈B0

x

τyh(ηs) ds




2



≤ C0T ‖G‖2
0 Vα(h).

For eachx inIK , denote by h̃x the conditional expectation ofhgiven |Bx |−1 ∑
y∈Bx

η(y). We add and subtract h̃x(ηs) inside the time integral of the previous expres-
sion. By Schwarz inequality, the expectation of the previous formula is bounded
by

2 �να


 sup

0≤t≤T


∫ t

0
N1−d/2

∑
x∈IK

Gs(Kx/N)
∑
y∈B0

x

[τyh(ηs) − h̃x(ηs)] ds




2



+2 �να


 sup

0≤t≤T


∫ t

0
N1−d/2

∑
x∈IK

Gs(Kx/N)|B0
x |h̃x(ηs) ds




2

 . (4.4)

By Schwarz inequality, the second term in (4.4) is bounded above by

2TN2−d |B0|2
∫ T

0
ds Eνα




 ∑

x∈IK

Gs(Kx/N)h̃x(η)




2

 .

Since να is a product measure and since the supports of the functions h̃x are disjoint,
the previous formula is equal to

2TN2−d |B0|2
∫ T

0

∑
x∈IK

Gs(Kx/N)2Eνα

[(
h̃x(η)

)2
]
ds.

Since the cylinder function h belongs to Gα , by (2.1), Eνα [(h̃x(η))
2] is bounded by

C(h)K−2d . Therefore, the previous expression is bounded by C(h,G)T 2N2K−d

because |IK | ≤ (N/K)d . This expression vanishes in the limit as N ↑ ∞ because
N2/d � KN .
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We now turn to the first term in (4.4). By Lemma 4.3, this expectation is bounded
above by

CN−d

∫ T

0
ds

〈 ∑
x∈IK

Gs(xK/N)
∑
y∈B0

x

[τyh − h̃x], (−Ls
N)−1

∑
x∈IK

Gs(xK/N)

∑
y∈B0

x

[τyh − h̃x]

〉
α

for some finite constant C. Since for each fixed x,
∑

y∈B0
x
τyh(η) is measurable

with respect to {η(z), z ∈ Bx}, the previous expression is bounded above by

C0N
−d

∫ T

0
ds

∑
x∈IK

Gs(xK/N)2

〈∑
y∈B0

x

[τyh − h̃x], (−Ls
Bx

)−1
∑
y∈B0

x

[τyh − h̃x]

〉
να

·

In this formula,Ls
Bx

stands for the generator of the nearest neighbor symmetric sim-
ple exclusion process restricted to Bx . Since the process and the invariant measure
are translation invariant, this expression is bounded by

C0K
−dT (‖G‖2

0 + oN(1))

〈∑
y∈B0

0

[τyh − h̃0], (−Ls
B0

)−1
∑
y∈B0

0

[τyh − h̃0]

〉
να

·

The term oN(1), which converges to 0 as N ↑ ∞, appeared because we replaced
the Riemann sum by the integral. The previous inner product is exactly the finite
volume variance defined in section 2 that converges, in virtue of Theorem 2.2, to
Vα(h) asN ↑ ∞. This concludes the proof of the the Boltzmann–Gibbs principle. ��

5. Tightness

We prove in this section that the sequence of probability measures QN is tight. For
δ > 0 and a path Y in D([0, T ],H−k), define the uniform modulus of continuity
wδ(Y ) by

wδ(Y ) = sup
|s−t |≤δ
0≤s,t≤T

‖Yt − Ys‖−k.

Lemma 11.3.2 in [KL] states that a sequence of probability measures QN on
D([0, T ],H−k) is tight provided

lim
A→∞

lim sup
N→∞

QN

[
sup

0≤t≤T

‖Yt‖−k > A

]
= 0 (5.1)

and

lim
δ→0

lim sup
N→∞

QN [wδ(Y ) ≥ ε] = 0 (5.2)

for every ε > 0. The next result is a key estimate in the proof of (5.1), (5.2).
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Lemma 5.1. Fix a smooth function G: �d → �. There exist a finite constant C,
depending only on d , α and T such that for all N ≥ 1

�να

[
sup

0≤t≤T

|YN
t (G)|2

]
≤ C

{
‖G‖2

0 + ‖G′‖2
0 + ‖G′′‖2

0

}
.

In this formula ‖G′‖0, ‖G′′‖0 stand for
∑

1≤i≤d ‖∂uiG‖0,
∑

1≤i,j≤d ‖∂2
ui ,uj

G‖0.

Proof. Rewrite YN
t (G) as MG

t + YN
0 (G) + ∫ t

0 FG
1 (s)ds. We estimate each term

separately. By definition of YN , Eνα [YN
0 (G)2] is equal to

Eνα




N−d/2

∑
x∈�d

N

G(x/N)[η(x) − α]




2
 .

Since the measure να is product, this expression is equal to

χ(α)N−d
∑
x∈�d

N

G(x/N)2,

where χ(α) is equal to α(1 − α).
We now turn to the martingale term. By Doob’s inequality,

�να

[
sup

0≤t≤T

(MG
t )2

]
≤ 4 �να

[
(MG

T )2
]

= 4 �να

[∫ T

0
FG

2 (s) ds

]
.

A straightforward computation gives that

FG
2 (s) = N−d

∑
x∈�d

N|y|=1

p(y)ηs(x)[1−ηs(x+y)] (N [Gs((x + y)/N) − Gs(x/N)] )2 .

Therefore, the previous expectation is equal to

4T χ(α)N−d
d∑

i=1

∑
x∈�d

N

(
(∂Nui Gs)(x/N)

)2

because να is an invariant measure.
To estimate the third term, recall that FG

1 (s) is given by

−N1−d/2
∑
x,i

(∂uiGs)(x/N)vi[ηs(x) − α]

+N1−d/2
∑
x,i

(∂Nui Gs)(x/N)
{
Wx,x+ei (s) − Eνα [W0,ei ]

}
.
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Since W0,ei − Eνα [W0,ei ] is equal to −γiwi + (bi + vi)η(0) − biη(ei) − αvi , we
may rewrite the previous expression as

N1−d/2
∑
x,i

(∂Nui Gs − ∂uiGs)(x/N)
{
Wx,x+ei (s) − Eνα [W0,ei ]

}
−N1−d/2

∑
x,i

(∂uiGs)(x/N)γiτxwi(s)

+N−d/2
∑
x,i

(∂N,−
ui

∂uiGs)(x/N)bi[η(x) − α]. (5.3)

In this formula ∂
N,−
ui stands for the discrete derivative defined by

(∂N,−
ui

H)(x/N) = N [H(x/N) − H((x − ei)/N)].

Denote these three expressions by Aj(s), j = 1, 2, 3.
We now estimate �να [sup0≤t≤T | ∫ t

0 Aj(s)ds|2] for each j . For j = 1, by Sch-
warz inequality, since να is a product invariant measure, the expectation is bounded
above by

CTN−d
d∑

i=1

Varνα (W0,ei )

∫ T

0
ds

∑
x∈�d

N

(
N [∂Nui Gs − ∂uiGs](x/N)

)2

for some finite constantC. This expression is less than or equal toC(α, d)T 2‖G′′‖2
0.

By a similar argument, the third term is bounded above by C(α, d)T 2‖G′′‖2
0. Final-

ly, by the Boltzmann-Gibbs principle (Theorem 4.2), the second term is bounded
above by C(α)T ‖G′‖2

0. To conclude the proof of the lemma it remains to collect
all estimates. ��
Corollary 5.2. For k > 2 + (d/2),

(a) lim supN→∞ �να

[
sup0≤t≤T ‖Yt‖2

−k

]
< ∞

(b) limn→∞ lim supN→∞ �να

[
sup0≤t≤T

∑
|z|≥n γ

−k
z |Yt (ψz)|2

]
= 0.

Proof. The first expression is bounded above by

∑
z∈�d

γ−k
z �να

[
sup

0≤t≤T

|Yt (ψz)|2
]
.

By the previous lemma and the explicit formula for ψz, the previous sum is less
than or equal to

C
∑
z∈�d

γ−k
z (1 + ‖z‖4)

for all N ≥ 1 and for some finite constant C depending only on α, d and T . By
definition of γz, this expression is equal to
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C
∑
z∈�d

1 + ‖z‖4

(1 + 4π2‖z‖2)k
≤ C

∑
z∈�d

1

(1 + 4π2‖z‖2)k−2
.

This estimate proves the first statement. The second claim follows by the same
argument. ��

It follows from (5.1), (5.2) and Corollary 5.2 (a) that in order to prove that the
sequence QN is tight, we only have to show that for every ε > 0,

lim
δ→0

lim sup
N→∞

�να

[
wδ(Y ) > ε

]
= 0.

In view of part (b) of the previous corollary, this result follows from the following
lemma.

Lemma 5.3. Fix k > 2 + (d/2). For every positive integer n and every ε > 0,

lim
δ→0

lim sup
N→∞

�να


 sup

0≤|s−t |≤δ
0≤s,t≤T

∑
|z|≤n

γ−k
z |Yt (ψz) − Ys(ψz)|2 > ε


 = 0.

Proof. To prove this lemma we just have to show that

lim
δ→0

lim sup
N→∞

�να


 sup

0≤|s−t |≤δ
0≤s,t≤T

|Yt (ψz) − Ys(ψz)| > ε


 = 0 (5.4)

for every z in �d and ε > 0. Fix z in �d and recall the definition of ZN,m
t (ψz) given

at the beginning of section 3. We prove below in Lemma 5.4 that the difference
YN
t (ψz) − Z

N,m
t (ψz) is negligible in the sense that

lim sup
N→∞

�να

[
sup

0≤t≤T

|YN
t (ψz) − Z

N,m
t (ψz)| > ε

]
= 0

for all m ≥ 1. Therefore, in order to prove the lemma, we just need to show that

lim
m→∞ lim

δ→0
lim sup
N→∞

�να


 sup

0≤|s−t |≤δ
0≤s,t≤T

|ZN,m
t (ψz) − ZN,m

s (ψz)| > ε


 = 0

for every z in �d and ε > 0.
Fix a smooth function G: �d → � and rewrite Z

N,m
t (G) as ZN,m

0 (G)+MG
t +∫ t

0 FG
1 (s)ds, where MG

t is a martingale. We first claim that for every m ≥ 1,

lim
δ→0

lim sup
N→∞

�να


 sup

0≤|s−t |≤δ
0≤s,t≤T

|MG
t − MG

s | > ε


 = 0 (5.5)
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for every ε > 0. Indeed, denote by w′
δ(M

G) the modified modulus of continuity
defined as

w′
δ(M

G) = inf
{ti }

max
0≤i<r

sup
ti≤s<t<ti+1

|MG
t − MG

s |,

where the first infimum is taken over all partitions of [0, T ] such that{
0 = t0 < t1 < · · · < tr = T ,

ti+1 − ti > δ 0 ≤ i < r.

Since supt |MG
t −MG

t−| = supt |ZN,m
t (G)−Z

N,m
t− (G)| is bounded by C(G)N−d/2

and

wδ(M
G) ≤ 2w′

δ(M
G) + sup

0≤t≤T

|MG
t − MG

t−|,

in order to prove the lemma we just need to show that

lim
δ→0

lim sup
N→∞

�να

[
w′

δ(M
G) > ε

]
= 0 (5.6)

for every ε > 0.
By Aldous criterion for tightness (cf. [KL], Proposition 4.1.6), to prove (5.6) it

is enough to check that for every ε > 0,

lim
δ→0

lim sup
N→∞

sup
τ∈�T
0≤θ≤δ

�να

[
|MG

τ+θ − MG
τ | > ε

]
= 0,

where �T stands for all stopping times bounded by T . By Chebychev inequality,
the last probability is less than or equal to

1

ε2
�να

[
(MG

τ+θ − MG
τ )2

]
= 1

ε2
�να

[∫ τ+θ

τ

FG
2 (s) ds

]

because MG
t is a martingale and τ a bounded stopping time. By the explicit formu-

la for FG
2 presented in section 3, this expression is bounded by Cδ‖G′‖2∞ for all

N ≥ 1 and for some finite constant C that depends only on the dimension d. This
proves (5.6) and thus (5.5).

To conclude the proof of the lemma, it remains to show that

lim
m→∞ lim

δ→0
lim sup
N→∞

�να


 sup

0≤|s−t |≤δ
0≤s,t≤T

∣∣∣∣
∫ t

s

dr FG
1 (r)

∣∣∣∣ > ε


 = 0. (5.7)

Recall the explicit formula (4.3) for FG
1 (r). We first estimate the third term of (4.3),

which we denote by I0. Notice first that

�να


 sup

0≤|s−t |≤δ
0≤s,t≤T

∣∣∣∣
∫ t

s

dr I0(r)

∣∣∣∣ > ε


 ≤ 2�να

[
sup

0≤t≤T

∣∣∣∣
∫ t

0
dr I0(r)

∣∣∣∣ > ε/2

]
.
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The right hand side of this inequality vanishes as N ↑ ∞ in virtue of the Boltz-
mann–Gibbs principle.

We turn now to the first two terms of (4.3). In (3.4) we decomposed these terms
as the sum of three expressions. Denote the k-th line of (3.4) by Ik(s). For k = 1, 3,
by Schwarz inequality, the left hand side of the previous formula with Ik in place
of I0 is bounded above by

δ

ε2
�να

[∫ T

0
dr I 2

k (r)

]
.

It is easy to show that this expression vanishes as N ↑ ∞ and then δ ↓ 0. Finally,
the arguments used to estimate I0 together with Theorem 2.3 show that

lim
m→∞ lim sup

N→∞
�να


 sup

0≤|s−t |≤δ
0≤s,t≤T

∣∣∣∣
∫ t

s

dr I2(r)

∣∣∣∣ > ε


 = 0.

This concludes the proof of the lemma. ��
Lemma 5.4. For each z in �d and m ≥ 1,

lim sup
N→∞

�να

[
sup

0≤t≤T

|YN
t (ψz) − Z

N,m
t (ψz)| > ε

]
= 0.

Proof. Fix a smooth function G: �d → � and a cylinder function h belonging to
Gα . By definition of ZN,m

t , the probability appearing in the statement of the lemma
is equal to

�να


 sup

0≤t≤T

∣∣∣∣∣∣∣N
−d/2

∑
x∈�d

N

Gt (x/N)τxh(ηt )

∣∣∣∣∣∣∣ > εN


 .

Denote by �̃να the probability on the path space induced by the Markov process
ηt and the probability measure να . The difference between �̃να and �να is that the
process is speeded up by N2 in the latter probability. With this notation, we may
rewrite the previous expression as

�̃να


 sup

0≤t≤TN2

∣∣∣∣∣∣∣N
−d/2

∑
x∈�d

N

G((x − vt)/N)τxh(ηt )

∣∣∣∣∣∣∣ > εN


 .

Since the measure να is stationary, the previous probability is bounded above by

TN2 sup
G

�̃να


 sup

0≤t≤1

∣∣∣∣∣∣∣N
−d/2

∑
x∈�d

N

G((x − vt)/N)τxh(ηt )

∣∣∣∣∣∣∣ > εN


 .

In this formula, the supremum is carried over all smooth functions G which are
bounded, as well as their first derivative, by a constantC0. By Chebychev inequality,
this expression is bounded above by
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T

ε4N2
sup
G

�̃να


 sup

0≤t≤1


N−d/2

∑
x∈�d

N

G((x − vt)/N)τxh(ηt )




4
 . (5.8)

Denote by F(t, ηt ) the expression N−d/2 ∑
x∈�d

N
G((x − vt)/N)τxh(ηt ). As be-

fore, decompose F(t, ηt ) as the sum of F(0, η0) + Mt + ∫ t

0 F1(s)ds, where Mt

is a martingale. Since h is a mean-zero cylinder function, it follows from Schwarz
inequality that

sup
G

{
�̃να

[
F(0, ·)4

]
+ �̃να

[
sup

0≤t≤1

(∫ t

0
F1(s)ds

)4
]}

≤ C

for some finite constant C that depends only on the bound on the smooth functions
G and on the cylinder function h.

To estimate the martingale part, denote by [M,M]t its square bracket. A simple
computation shows that

[M,M]t =
∑
s≤t

[
F(s, ηs) − F(s, ηs−)

]2
.

Since h is a cylinder function, [M,M]t is bounded above by a constant, which
depends on N , times a Poisson process that dominates the total number of jumps
of the Markov process ηt . In particular, [M,M]t has finite exponential moments.
By Doob’s and Burkholder’s [B] inequality,

�̃να

[
sup

0≤t≤1
M4

t

]
≤ C �̃να

[
[M,M]2

1

]

for some universal constant C. Recall the definition of F2(s) and denote by Zt the
martingale [M]t − ∫ t

0 F2(s)ds. The right hand side of the previous expression is
bounded above by

2C �̃να

[
Z2

1

]
+ 2C �̃να

[(∫ t

0
F2(s) ds

)2
]
.

A straightforward computation shows that the second term is bounded above by
a constant that depends only on the bounds on the smooth function G and on the
cylinder function h. On the other hand, applying once more Burkholder’s inequal-
ity, we have that the first term is bounded above by C�̃να [ [Z,Z]2

1 ]. Notice that the
square bracket of the martingale Z is given by

[Z,Z]t =
∑
s≤t

[
F(s, ηs) − F(s, ηs−)

]4
.

Since F(s, ηs)−F(s, ηs−) is bounded above by C(G, h)N−d/2 and the total num-
ber of jumps is bounded by a Poisson process of rate CNd , �̃να [[Z,Z]1] is bounded
by CN−d for some finite constant depending only on G and h. This shows that (5.8)
is bounded above by C(ε, T , C0, h)N

−2 and concludes the proof of the lemma. ��



Equilibrium fluctuations of asymmetric exclusion processes 409

Acknowledgements. The authors would like to thank the fruitful discussions with O. Be-
nois and H. T. Yau. C. L. was partially supported by CNPq grant 300358/93-8, FINEP and
FAPERJ.

References

[BR] Brox, T., Rost, H.; Equilibrium fluctuations of stochastic particle systems: the role
of conserved quantities. Ann. Probab. 12, 742–759 (1984)

[B] Burkholder, D.L.: Explorations in martingale theory and its applications. Ecole
d’Ete de Saint Flour XIX, Lectures Notes in Mathematics 1464, Springer Verlag,
1991

[C1] Chang, C.C.: Equilibrium fluctuations of gradient reversible particle systems.
Probab. Th. Rel. Fields 100, 269–283 (1994)

[C2] Chang, C.C.: Equilibrium fluctuations of nongradient reversible particle systems.
In: Funaki, T., Woyczynski, W.A. (ed.): Nonlinear stochastic PDE’s: Burgers tur-
bulence and hydrodynamic limit, IMA volume 77, pp. 41–51, Springer, 1996

[CY] Chang, C.C., Yau, H.T.: Fluctuations of one dimensional Ginzburg–Landau models
in nonequilibrium. Commun. Math. Phys. 145, 209–234 (1992)

[EMY] Esposito, R., Marra, R., Yau, H.T.: Diffusive limit of asymmetric simple exclusion.
Rev. Math. Phys. 6, 1233–1267 (1994)

[FF] Ferrari, P.A., Fontes, L.R.G.: Shock fluctuations in the asymmetric simple exclu-
sion process. Probab. Th. Rel. Fields 99, 305–319 (1994)
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