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Abstract. We consider an asymmetric exclusion processin dimension d > 3 under diffu-
siverescaling starting from the Bernoulli product measurewith density 0 < o < 1. Weprove
that the density fluctuationfield ¥;¥ convergesto ageneralized Ornstein-Uhlenbeck process,
which isformally the solution of the stochastic differential equationdY, = «/Y,dt + d B/,
where <7 is asecond order differential operator and BY is amean zero Gaussian field with
known covariances.

Introduction

Consider the asymmetric simple exclusion process. It has been proved by Rezak-
hanlou [R] that under Euler time scaling the macroscopic behavior of the system
is described by the entropy solution of a quasi-linear first order hyperbolic equa-
tion. A natural question is then to investigate the equilibrium fluctuations around
the hydrodynamic limit. It is not hard to show that the equilibrium fluctuations
in this time scale are trivial in the sense they are produced by the initial data and
arerigidly transported. Such phenomena were already pointed out by Gartner and
Presutti [GP] and Ferrari and Fontes [FF] for one-dimensional nearest-neighbor
asymmetric exclusion processes.

Therefore, to observe non trivial fluctuations of the density field one needs to
examine the process in a longer time scale. Recently, Esposito, Marra and Yau
[EMY] considered the incompressible limit of the system. They proved that in
dimension d > 3, starting from a small perturbation of an invariant state, under
diffusive time scaling, the perturbation evolves according to a parabolic equation.
Thisresult leads to the investigation of the fluctuations in the diffusive scaling.
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The main result of this article shows that in equilibrium the density fluctuation
field diffusively rescaled evolvesaccording to astationary generalized Ornstein-Uh-
lenbeck processwith given covariances. It rel ates the covariance of the equilibrium
density fluctuation to the diffusion coefficient of the hydrodynamic equation, apa-
rameter determined by the non equilibrium evolution. In the mathematical physics
literaturethisresult is called a fluctuati on—dissipation theorem since it connectsthe
non equilibrium dissipative feature of the system to its equilibrium fluctuations.

Thefirst result concerning the equilibrium fluctuations around the hydrodynam-
ic limit was obtained by Brox and Rost [BR] for symmetric zero range processes.
The main step in the proof was what the authors called the Boltzmann—Gibbs prin-
ciple. It startsfrom the observation that all local fields associated to non-conserved
guantities evolve on a faster scale than the density field and it states that the lo-
cal fields are projected on the density field. Chang and Yau [CY] and Chang [C1]
proposed an aternative method for proving the Boltzmann—Gibbs principle for
gradient systems. This approach was adapted to nongradient systems by Lu [L],
Chang [C2] and Sellami [S]. We extend further the method to asymmetric systems.

The articleis conceived as follows. In section 1 we introduce the notation and
we state the main result of the article. In section 2 we recall some facts about the
diffusive behavior of the asymmetric exclusion process. In section 3 we prove the
main result, postponing to section 4 the proof of the Boltzmann—Gibbs principle
and to section 5 the problem of tightness.

1. Notation and results

Let T¢ be the d-dimensional torus [0, 1)¢. For each positive integer N, denote by
T4, the discrete d-dimensional toruswith N¢ points: T4, = (Z/NZ)?. Pointsof T¢
are denoted by the letter u while sites of Tj{, are denoted by the letters x, y, z. We
consider on T?{, a stochastic dynamicsthat can be informally described as follows.
We start placing particleson T;{, in such away that each siteis occupied by at most
one particle. Denote by » the configuration of particles obtained in thisway so that,
for each site x in Tj’v, n(x) = 1if the site x isoccupied and n(x) = 0 otherwise.

The configuration spaceisthus &y = {0, 1}1% . Configurations of &y are denoted
by the letters 5, £. Fix atransition probability p on Z¢. A particle sitting at site x
waits a mean one exponential time at the end of which it triesto jumpto sitex + y
with probability p(y). If the site x + y is occupied, to respect the exclusion rule
that forbids more than one particle per site, the jump is suppressed, otherwise the
particle jJumps. The evolution just described is a Markov process whose generator
Ly actsonfunctions f: &y — Ras

Ly =Y pGINIL—nG + IO = Fal,

x,ye'ﬂ";l,

where n¥* 1Y is the configuration obtained from n by exchanging the occupation
variables n(x) and n(x + y):
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n(z) ifz#x,x+y,
7@ =1 nx+y) ifz=ux,
n(x) ifz=x+y.

Thisisthe so-called simple exclusion process. We say it is symmetric if the transi-
tion probability p(-) issymmetric and asymmetric if not. We denote by 7, the state
of the process at time¢.

We shall assume that jumps occur only to nearest neighbor sites (p(y) = 0 if
ly| > 1), that p(e;) + p(—e;) = 1for al i and that the process is asymmetric. In
these formulas | - | stands for the norm of the maximum so that |(x1, ..., x4)| =
max; |x;| and e, . . ., eq isthe canonical basis of R¢. To keep notation simple, let
pi = plei), gi = p(—ei).

Itiswell known [Li] that the asymmetric exclusion model has a one parameter
family of invariant measures. For each 0 < & < 1, denote by v, = v/ the product

measure on {0, 1}T7v whose marginals are given by
veln, n(x) =1} = foralxinT4.

It is easy to check that v, isleft invariant under the time evolution.
For aconfiguration n, denoteby 7V = 7V (1)) the empirical measure associated
to 5. Thisisthe measure on T¢ obtained assigning mass N —¢ to each particle of #:

N =N )N,

d
xeTy

where 8, stands for the Dirac measure concentrated on u. For ameasure = on T¢
and a continuous function G: T — R, denoteby < 7, G > theintegral of G with
respect to . In particular, < 7V, G > isequa to N—¢ erm G(x/N)n(x).

Consider asequence of probability measures v on &y and assumethat, under
uN, 7N converges in probability to an absolutely continuous measure po(u)du.
This means that for every continuous function G: T¢ — R and every § > 0,

Nlim MN{n, (nN,G)—/G(u)po(u)du >5} =0. (1.2)
—00
Consider the hyperbolic equation
dp+y -VO(p)=0
1.2
{p(o, ) = pol) (12

In this formula y stands for the drift: y = > yp(y), ® stands for the function
P (a) = a(1—w)and V forthegradient sothat V& (p) = (3, P (p), .. ., du, P(p)).
Fort > 0, denoteby Y the empirical measure associated to the state of the process
atimer: 7N = n¥(n,). Rezakhanlou [R] proved that starting from a state
satisfying (1.1) and some additional hypotheses, for every ¢ > 0, nll}(, convergesin
probability to the measure p (¢, u)du, where the density p is the entropy solution
of the hyperbolic equation (1.2). More precisely, for ameasure i on &'y, denote by
P, the measure on the path space D (R, &) induced by the Markov process 1,
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and the measure .. Then, for every ¢+ > 0, every continuous function G and every
§ >0,

(), G) — / Gw)p(t,u)du

Nli_)mOOPMN {n, >8} =0,
where the density p isthe entropy solution of the hyperbolic equation (1.2). Notice
the Euler rescaling of time in the previous formula.

To investigate the evolution of the asymmetric simple exclusion process under
diffusive scaling, following [EM Y], oneisled to consider the incompressible limit
of the empirical measure. To describe this approach, fix adensity « in (0, 1) and a
profile »: T — R. Denote by ui"(_) the product measure on &y whose marginals
are given by

uotn n@) =1 =a+N"a@/N) foralxinT4.

Thisisthereforean order N 1 perturbation of theinvariant state v, . If A ispositive,
we can think of distributing first class particles with density o and adding a second
class particle at site x with probability N~11(x/N). The dynamics of the first and
the second class particles is as follows. Both types of particles jump according to
thetransition probability p(-). Thefirst class particles have priority over the second
class particles so that if afirst class particle jumps over asite occupied by a second
class particle, they exchange position. In thisway both the first class particles and
the addition of the first and second class particles evolve as an asymmetric simple
exclusion process.

Toinvestigatethe evolution of thesecond classparticles, let [T betheempirical
measure on T¢ defined by

Y = N7 ) T @) — alduy.

d
xely

Notice that we are multiplying the difference n(x) — o by N to compensate the
density of order N1 of second class particles.

To examine the evolution of the second class particles, observe that in the pres-
ence of adensity « of first class particles, a second class particle jumps from x to
x+e; aratep;(1—oa)+q;aanditjumpsfromxtox —e; atrateq; (1 —a) + p;a.
Thereisthus a drift of magnitude v; = (p; — ¢;)(1 — 2«) inthei-th direction. In
particular, to obtain a smooth evolution of the empirical measure associated to the
second class particles under diffusive rescaling, we need to consider the process
Y defined by

ny = N Z {n;n2(x) — a}dx/N—vns-
XET%
Consider the partial differential equation

{a,,\zv.D(a)Wer.vxz

13
A0, ) = 20(). (19
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Inthisformula D(a) = {D; j(a), 1 < i, j < d} isthe matrix

1 1
Dij@) = o im 2 3 xixjEy, (i = v1) = @)(n0(0) — ) (1.4)
xezd

where; istheasymmetric exclusionintheinfinitevolumez¢ inthe stationary state
Ve, Ao iSthe density of the second class particles at time 0. Esposito, Marraand Yau
[EMYT] proved that in dimension d > 3, starting from the product measure ,u’kv(_),
theempirical measure ITY convergesin probability to the measure A (¢, u)du whose
density A isthe solution of the equation (1.3): for every ¢+ > 0, every continuous
function G and every § > 0,

lim P, ~ {n,

N—oo M)

(T, Gy — / G)A(t, u)du

> 5} =0,

where A is the solution of (1.3). Notice the diffusive rescaling of time in the defi-
nition of TT/.

Moreover Landim, Ollaand Yau [LOY 1] showed that in the Euler scaling, the
first order correction to the convergence to (1.2) is given by the viscous Burgers
equation with diffusion coefficient given by (1.4).

The purpose of this paper is to investigate the fluctuations of the empirical
measuren,N arounditslimit p (¢, u)du, when theinitial measureisthe equilibrium
measure v, i.€., inthe casewhere p (¢, u) = «. To state the main result of the paper
we need to introduce some notation. Let YV be the density fluctuation field that
acts on smooth functions H as

YN(H)=N"Y2 3" H(x/N — vtN)(n,p2(x) — ). (1.5)

d
xely

Notice the diffusive rescaling of time on the right hand side of this identity. The
aim of this article is to prove that YV converges to a stationary Gaussian process
with a given space-time correlations.

Define v, : T — C by ¥.(u) = exp{2ni(u - z)}, where - denotes the inner
product of R?. Itiswell known that the set {y., z € Z¢} isan orthonormal basis of
L?(T%): each function f in L?(T%) can be written as

f=Y (f ).

ze74

In this formula and below (-, -) stands for the inner product of L2(T¢). Notice
that we are using the same symboal (-, -) for two different objects (the integral of a
smooth function with respect to a measure and the inner product of L2(T¢)). We
shall be explicit in case of ambiguity.

Consider on L2(T%) the positive, symmetric linear operator & = (1 — A),
where A isthe Laplacian. A simple computation shows that the functions v, are
eigenvectors:
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LY, = v ¥,

wherey. = 144xr2||z||2. Here|| - | standsfor the Euclidean norm of R?. For k > 0,
denote by #; the Hilbert space obtained as the completion of C>°(T¢) endowed
with theinner product (-, -); defined by

(f, ) = (f, LFg).

It is easy to check that .# isthe subspace of L?(T¢) consisting of all functions f
such that

DTA YIRS < oo (1.6)

zez4

Moreover, on ;. the inner product (-, -); can be expressed as

(frge= Y (fv:)(g va) vt

zezd

Here, for acomplex number a, a stands for its conjugate.

For each positiveinteger k, denote by #_; thedual of # relativeto theinner
product (-, -). #_; can be obtained as the completion of L2(T¢) with respect to
the inner product obtained from the quadratic form ( f, f)_; defined by

(fv f)*k = 3Sup {2<f’ g) - (gvg>k}

geAy

It isagain easy to check that # _; consistsof all sequences{(f, v.), z € Z} such

that
DAY s

zezd

and that the inner product ( f, g)_x of two functions f, g in #_; can bewritten as

(f &) k=Y (fi¥){g vo) v *

ze74

It follows al so from the explicit characterization of #_; and from (1.6) that

- C Hy C H1 C Ho C H_1 C H_o C -

Hereafter, for k in Z, we denote by || - ||x the norm of the Hilbert space /#; so that
|| - llo Stands for the norm of L2(T9).

We shall consider the density fluctuation field ¥}V astaking valuesin the Sobo-
lev space 7 _i, for some large enough ko. Fix atime T > O, apositive integer ko
and denote by D([O, T], o _k,) (resp. C ([0, T], # _i,)) the space of # _i, val-
ued functions, that are right continuouswith left limits (resp. continuous), endowed
with the uniform weak topology: asequence {Y/, j > 1} convergesto apath Y if
Y/ convergesweakly to Y; uniformly intime, i.e., if for al fin #,,
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lim sup ¥/ (5)—v,(H)| =o0.

J= 0 0<t<T

Denote by Q" the probability measure on D([0, T], # _,) induced by the den-
sity fluctuation field YV introduced in (1.5) and the product measure v,, by P,,
the probability measure on D ([0, T], &) induced by the probability measure v,
and the Markov process 1, speeded up by N2 and denote by E,, expectation with
respectto P, .

Recall that we denote by D; ;(«) the matrix associated to the incompressible
limit of theasymmetric simpleexclusion process, whichisbounded bel ow by amul-
tipleof theidentity inthematrix sense. Let o («) bethesquareroot of D: o*o = D.
Denoteby ./, % thedifferential operatorsdefinedby </ = »,_; ;_, Di,; (“)3,42,-,.41-1
B = J2a(1—«) o V. Denoteby {7}, ¢ > 0} thesemigroupin L2(T¢) associated
to the operator .<7.

Theorem 1.1. Assumethat d > 3. Fix a positive integer kg > 2+ (d/2). Let Q
be the probability measure concentrated on C ([0, T'], # _,) corresponding to the
stationary generalized Ornstein—Uhlenbeck process with mean 0 and covariance

Eg[Yi(H)Ys(G)] = x(a) /W du (Tjs—s | H)(u) G (u) 7

forevery0 < s <rand H, G in #,. Here x (o) standsfor the static compressibil-
ity given by x («) = Var,,,[n(0)] = «(1 — «). Then, the sequence OV converges
weakly to the probability measure Q.

Formally, Y; isthe solution of the stochastic differential equation
dY, = o/Y,dt +dB/,

where B isamean zero Gaussian field with covariances given by

Eg [BF (H)B (G)] =2x(a)(s A 1) /T (VH) - D (VG).

2. Diffusive behavior of the asymmetric simple exclusion process

Werecall inthis section someresults concerning the diffusive behavior of theasym-
metric simple exclusion process. For acylinder function 4, denoteby /: [0, 1] — R
the function defined by i (a) = E,, [h]. For 0 < a < 1, denote by %, the set of
cylinder functions 4 such that

d
E, [h] = —E ., |h =0.
il = ggEulh|
Notice Lh and L*h belong to %, for every cylinder function z. Here L stands
for the infinite volume generator of the asymmetric simple exclusion process and
L* for its adjoint. With the notation just introduced, the previous identities require
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the function & to vanish at « as well asits derivative. In the exclusion set-up, all
cylinder functions i can be written as linear combinations of functions of type
Wp = [l ealn(x) — o] for finite subsets A of 7¢:

h Z:ZE:(LﬂyA + Cp.
A

In this formula the summation is carried over all finite subsets A of Z¢ and, since
h isacylinder function, all but afinite number of coefficients C4 vanish. With this
representation, 2 belongsto %, if andonly if Cy = 0and ) __,« C;y = 0.

Fix a cylinder function /4 in 4, and an integer K large enough for Ay =
{—K, ..., K}¥ to contain the support of /. Denote by /o « the conditional expec-
tation of & given the total number of particlesin Ak:

hay(M/|Ak|) = E,, {m Y 0 = M} :

xelAk

By the local central limit theorem (cf. Lemma A2.2.2 [KL]), there exists a finite
constant C (k) such that

Sup [fin (M/|Ak]) = h(M/|AkD)| < CONK™
M
for al K large enough. In particular,

Ey[h3,] < C(mK . (2.1)

Indeed, the left hand side is bounded above by 2E,, [(ha, — h)?] + 2E,, [A?].
Thefirst term, by thelocal central limit theorem, is bounded above by C (h)K ~%.
The second one, since i(a) = #'(a) = 0, isequa to 2E,, [(h(nX (0)) — h(a) —
' (@) (% (0) —))?]. Inthisformula, nX (0) standsfor the empirical density of par-
ticlesin the cube Ag: 7% (0) = |AK|*12‘X|<K n(x). This expression is bounded
above by 2||A" |2, E,, [(n% (0) — «)#]. This proves (2.1) because v, is a product
measure.

To distinguish between statements concerning the process on thel attice Z¢ from
statements concerning the process on the finite volume T¢,, we denote in this sec-
tion the Bernoulli product measure on &y by vY and by v, the Bernoulli product
measure on {0, 1}2°.

Denote by T4, , (resp. Z¢) the set of unoriented bonds of T4, (resp. Z?). By a
bond we understand a pair of sites {x, y} such that |[x — y| = 1. Unoriented means
that we don't distinguish between (x, y) and (y, x). Denote by Dy the Dirich-
let form associated to the generator of the asymmetric simple exclusion process
Ly: Dn(f) = Ey [f(—Ly) f] for al positive functions f: &y — Ry. A simple
computation shows that

DuiH =2 Y [@hpa). (22)

d
beTNj
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where the summation is carried out over al unoriented bonds b of Tj{,,* and
(Vo £)(n) = f(®) — f(n). Notice that each pair {x, y} appears once and only
oncein the summation. We denote below by D, (f) the piece of the Dirichlet form
corresponding to the bond 4:

Dy(f) = (1/2) / Ty /)2 dv?. 23)

For abond {x, y}, denote by W, , the instantaneous current over the bond {x, y}.
This is the rate at which a particle jumps from x to y minus the rate at which a
particle jumps from y to x. A simple computation gives that W, ., is equal to
pin()[1—n(x+e)]—qin(x+e)[1—n(x)]. Observethat the current inthe asym-
metric case has positive mean with respect to al invariant states v,. The current
minusits mean Wo ., — E,,[Wo,;] can be decomposed as

Wo.e; = Ev, [Wo.e;] = —viwi +[pi(1 — ) + qia][n(0) — @]
—[gi(1 =) + pia][n(e:) — e,
where w; = [n(e;) — o][n(0) — «]. Let b; = ¢g;(1 — @) + p;a and notice that

pi(l — a) + gia = v; + b;. With this notation we can rewrite the normalized
current as —y; w; + [v;i + b;][n(0) — a] — bi[n(e;) — ] and obtain that

Wo.e; — Evy[Wo,e;] = —viwi — bi[n(e;) — n(0)] + vi[n(0) — «]. (24)

Thisformulafor the normalized current will be needed later.

We are now in a position to state some results concerning the diffusive behav-
ior of the asymmetric simple exclusion process. The following integration by part
formulais provenin[EMY].

Lemma 2.1. Suppose & is a cylinder function in %,. Then there exist cylinder
functions @,, b € ZZ, such that for any cylinder function f

/hfdva = Z/QDbefdva

bezd

and
3 b2 [ @) v, < o0

bezd

Thisstatement hasafinitevolumeversion. Consider acylinder functions € 4,
and denote by s;, the size of the support of 4, i.e. the smallest integer [ for which
the support of 4 iscontainedin A;. For each N > s, denote

hy =Eu | hl Y nx)

d
xeTy
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For each N > s, there exists a collection of cylinder functions {®), b € T¢, .}

such that
/hfdvg = > /@ffvbf dvl. (2.5)

d
beTN’*

Moreover there exists a constant C (k) independent of N such that

Z |b|d+<l/2>/(<1>,1}’)2arvg,v < C(h). (2.6)

d
be'I]'N,*

We define the finite volume variances of cylinder functions belonging to 4,,. For
apositive integer ¢, denote by A, thecube {—¢, ..., ¢}¢. For0 < M < |Ay|, let
ve, m be the canonical measure on {0, 1}*¢ concentrated on configurations with M
particles: vy p(-) = Vﬁ(‘| ZIXISZ n(x) = M).

Let g bealoca functionin%,. Foreach{ > s, and0 < M < |A|, definethe
finite volume variance V, (g, M) of g with respect to v s as

[Ag]

|x|<tg |x|=<tq

1
Vi(g, M) = —< Y o {mg =@ (LT Y (g - gm}> . @7

Ve, M

In this formula, ¢, stands for ¢ — s, so that 7, g is measurable with respect to
{n(z), z € Ag}for|x| < &g, (-, )v, ,, Standsfor theinner product in L?(vy) and
L isthe generator of the symmetric simple exclusion processrestricted to the cube
Ay

(Ly () = (1/2) E E n(O[L = nWILf ™) — f()].
xeAy | yE/‘\(l
y—=X|=

Define the infinite volume variance of g by

Vu(g) =limsup E,, | Ve (g, Zn(x)) : (28)

{—00 lxl<e

We need the following results. The first one is due to Varadhan [V] and the proof
can be found in Chap 7 of [KL]. The second one follows from Theorem 5.9 of
[EMY] and Lemma 5.2, Lemma 5.3, Corollary 6.2 and Theorem 7.1 of [LOY2].
Thethird oneisLemma7.3 of [LOY 2] with w; and L H, inplaceof w} and L*H;},.

Theorem 2.2. For each cylinder function & in %,, the finite volume variance of &

converges uniformly in [0, 1] to the infinite volume variance: Fix « in [0, 1] and
consider a sequence M, such that M, /|A¢| convergesto o as¢ 1 oo. Then,

lim Vy(h, My) =V (h).
£— 00
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Theorem 2.3. Fixe in (0, 1). Thereexistsa sequence of local functions {#; ,, 1 <
i <d,m>1}in%, suchthat

d

m”_)moo Vq (Viwi - Z[Dij(a) —(1/2)8ij1[n(e;) — n(0)] + Lhi,m) =0.

j=1
D isbounded below by (1/2)1 and D(-) is continuous on (0, 1).

For a cylinder function %, denote by I, the formal sum » ©__;4 ;4. Although
[y isformal, Vy 1., 'y iswell defined since all but afinite number of termsvanish
because i isalocal function.

Theorem 2.4. Consider the matrix D («) and the sequences 4; ,, given by the pre-
vious theorem. Then, for every 0 € R?,

2
d d
lim > Ey, [vo,e,. > 0;Th,, } =4a(l—a)f - DO — 2a(1— )02
i=1 j=1

3. Central limit theorem for the density field

We prove in this section Theorem 1.1. Recall the definition of the cylinder func-
tionsh; ,, defined in Theorem 2.3. For eachm > 1 definethe modified density field
ZN" A — Rby

d
Z"G) =YN(G) = N2 N (0,G)(x/N = vtN)Tehim.

xe'[l'g, i=1

Recall that 0 denotesthe probability measure on the path space D([0, T, # —k,)
induced by the process ¥,V and the product measure vy .
For each smooth function G: T¢ — R, definethemartingales M€ = pm-6V,
MG — 26N
i = M y

t
MHC = zZVmG) - Z) M G) —/0 rY(s)ds
t
2
MZZ,G — (M,l’G) _/O T (s)ds,
where
Y (s) = @ + N°Ly)Z) " (G),

T (s) = N2LyzZN"(G)? — 2N2ZN"(G) Ly ZN ™ (G).

Recall the definition of the differential operator .o/, % introduced in section 1.
We shall prove that there exists arandom variable A ,,, which convergesto 0 in
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LZ([P’VQ) asN 1 oo andthenm 1 oo, and arandom variable A, which converges
to0in L2(P,,) as N 1 oo, such that

t
M =vNG) -G - / ds Y (4G) + Anm 3.1)
0

and
MZC = (M) — 183G |3t + Ay. (3.2)

To compute l"f’ (s),for 1 <i < d, denote by 8},\{ the discrete derivative in the
i-th direction: (85\1,’H)(u) = N[Hu + N~t¢;) — H(u)] and by G, the function G
trandatedby —vsN: Gs(u) = G(u —vsN).Since Lyn(x) = Zlgjgd{wx—ej,x -
Wy xte; b asummation by parts yields that Ff’(s) isequal to

d
N2 3 S @ GO/ N | Wawres — B, [Wo]

xe'ﬂ"z{, i=1

d
—NE2 NN @, G (/N willns () = + T L

xeTd, i=1

d
+NTUZY Y@ 4, GO /N Tk 33

xe'ﬂ'?‘,\, i,j=1

In this first sum we were allowed to introduce the constant E,,, [ Wo,.,] because the
summation of (BL{‘I,’ G) over T% vanishes. In the second sum, we first commuted the
trangdlation z, with the generator L y and then replaced Ly with theinfinite volume
generator L because h; ,, isacylinder function.

Since h; ,, belongsto %, for each i, m, it follows from Theorem 4.2 that the
timeintegral of thethird term of (3.3) convergestoOin LZ([I%Q) asN 1 oco. Wenow
turn to the first two terms. Recall from (2.4) the decomposition of the normalized
current Wo ., — E\, [Wo,e,] 85

Wo.e; — Ev [Woe;] = —viwi — bi[n(e;) — n(0)] + vi[n(0) — «].

In particular, if we had a continuous derivative in the first sum of (3.3), the terms

with v;[n(0) — «] would cancel and it would remain b;[n(0) — n(e;)]. This last

expression allows a second summation by parts which cancels another factor N.
Rewrite the first two terms of (3.3) as

N1-d/2 Z Xd: {(aL’XGy)(x/N) - (aul_Gs)(x/N)} Tx{WO,ei - Eua[Wo,e,-]}

xe'ﬂ"f\, i=1

d
—NY2 NN (0,,Go) (x /Ny

xeTd, i=1
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d
x 3 yiwi = Y _[Dij — (1/28; j1[n(ej) = n(O] + Lhim
j=1

d
ANTVZN N @00, GO (/NI Dy j + [bj — 1/208:; }n(x) — o]
xeTd i j=1

(34

Inthisformula, ax’* standsfor the discrete derivativein the j-th direction defined

by (E)Lx”H)(u) = Hu)— Hu — N_lej). The first term of this expression can
be written as

d
(L/2NY2 YN (05 G (x/N),

xeT,dV i=1
X[ — yiw; + [bi +v;][n(0) — o] — b;[n(e;) — 06]] + Ry,

where Ry isan expression whosetimeintegral, in virtue of Lemma4.1, converges
to0in Lz(ﬂ%a) as N 1 oo. Hereafter Ry (resp. Ry ) Stands for a term, that
might be different from lineto line, whose time integral convergesto0in LZ(IPUH)
as N 1 oo (resp.as N 1+ oo and thenm 41 o00). By similar reasons and an in-
tegration by parts, the time integral of N=/23" (82 G)(x/N)1[n(0) — n(e;)]
convergesto 0in L?(P,,) as N 4 oo. Finaly, by Theorem 4.2 the time integral of
N=4/2%" (32 Gy)(x/N)T w; convergesto 0in L2(P,,) as N 1 co. Therefore,
thefirst termin (3.4) isequal to

d
/N2 D" (02 Go)(x/N)viln(x) — o] + Ry.

xeT‘,{] i=1

It follows from Theorem 4.2, Theorem 2.2 and Theorem 2.3 that the time in-
tegral of the second term in (3.4) convergesto 0 in LZ(PW) as N 1 oo and then
m 1 oo.

By Lemma 4.1 below, in the third term of (3.4), we may replace the discrete
derivative by the continuous one, paying the price of a remainder whose time in-
tegral convergesto 0 in LZ(PVQ) as N 1 oo.Sinceb; + (v;/2) = 1/2, up to this
point, we showed that I'}Y is equal to

d
N=YZY 7N @0F 4, GO/ N)D j@)[n(x) — a] + Ry
XET% i,j=1
By definition of thedifferential operator .o/, wemay writethepreviousexpressionas

YSN (eZG) + Ry . This proves (3.1) because the difference between Z,N M and
YN convergesto 0in L2(P,,) as N 1 oo.
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We now turn to the martingale M,Z’G. A simple computation shows that FQ’
is equa to the sum of two similar expressions. The first one comes from jumps
in the positive direction (i.e. from a site x to asite x + ¢;), while the second one
corresponds to jumps in the negative direction. The first expression is given by

d
N~y pin@IL - n(x +e)]
xe'ﬂ";{, i=1
2

d
X VOGN + D7 D (00, Go) @/ N) Vv, Tehjm

zeTd j=1

We may replace in the previous formula the discrete derivative by the continuous
one paying a price O(N~1). On the other hand, since hjm isalocal function,
Vi xte; Tz j.m vanishes for |z — x| large enough so that the summation over z is
afinite one. Moreover, we may replace (9, Gs)(z/N) by (3,;G;)(x/N) paying a
price of order O(N~1). Therefore, FQ’ isthe sum of two terms, the first one being

d
N™E3 " pin)[1—n(x + €]

xETﬁ, i=1

2

d

x {(au,.Gs)(x/N) + Y 0u; G/ N) Vi e, rh,,m} +OWNh.
j=1

From this explicit formulafor 'Y, it is not difficult to check that the time integral
of ['Y(s) — E,, [[') (s)] convergesto 0in L2(P,,) as N 1 oco. On the other hand,
as N 1 oo, the expectation of the previous expression with respect to v, converges
to

Zpi/

i=1 YT

2
d
y du Eva 77(0)[1 - 77(91')] [(au,-G)(u) + Z(auj G)(M)Vo,e,- th.m }

j=1

Notice that the index s disappeared when taking the limit in N. We now develop
the square. The first contribution isa(1 — ) Y, p,-(aul.G)z. Adding this expres-
sion with the one corresponding to the jumps in the opposite direction, we obtain
a(1—a)||VG||? because p; +¢; = 1forall i. The second contribution comesfrom
the crosstermsand is equal to

d
2y m /T | du (9,6) )34, G) ) Ev, [nO[L = n(e)]Vou, T, |

ij=1

Recall the definition of Ty, . Performing achange of variablesé = 7,7, we obtain
that the previous expectation is equal to
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> En 1@ = 0 + el Vecreh].

zezd

Since v, isan invariant measure for the asymmetric simple exclusion process, mul-
tiplying this expression by p; and adding to it the piece that corresponds to jumps
in the negative direction, we obtain a term that vanishes.

Thethird contribution is

2
d d
> pi A duEy, | 101 = n(e)] {Z(alt,»c)(u)vo,e,.rh,,m}
i=1 j=1
1 d
= /T du Ey, | {n@[L = n(ep] + ntenl — 10)]
i=1

J 2
x 4> (0,G)@)Vo.,Thj,
j=1

We performed the change of variables ¢ = %¢ to obtain the previous identity.
Notice that we may remove the expression inside the first parenthesis in the pre-
vious expectation because for every function i, Vo ., h vanishes unless n(0)[1 —
n(e;)] + n(e)[1 — n(0)] = 1. Adding this expression with the one corresponding
to jumpsin the opposite direction, we obtain that the third term is equal to

2
d d
/2 A L duEy, {Z(au,- G)w)Vo..,Tn, }
i=1

j=1

By Theorem 2.4, asm 1 oo, this expression convergesto

d
20(1—a) /w du Y (0, G)[D; j(@) — (1/2)8;.j1(3u; G).

i,j=1
We have therefore proved that the time integral of FQ’ (s) isequal to

d !
Za(l—a)t/;w du Z(au,.G)Di,j(a)(aujG)Jr/ ds Ry(s),

ij=1 0

where the second term of the right hand side convergesto 0in L?(P,,,) as N 1 oc.
Recall that wedenoted by o («) the squareroot of thematrix D («) and that % stands
for theoperator /2« (1 — «) o V. The previoussum can bewritten as | G ||§. This
proves (3.2). We are now in a position to prove the main result of this article.
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Proof of Theorem 1.1. Theproof isdivided intwo steps. Wefirst consider the ques-
tion of tightness. We then prove that all limit points solve a martingale problem and
invoke Holley—Stroock [HS] theory of generalized Ornstein—Uhlenbeck processes
to conclude the uniqueness of limit points.

We prove in section 5 that the sequence Q¥ istight. For ¢ > 0, denote by .7,
the o -algebragenerated by Y (H) fors <t and H in #,. Let Q* bealimit point
of the sequence Q. Fix G in #,. It follows from (3.1) and (3.2) that Q*-almost
surely

t

MC = Y,(G) - Yo(G) — / ds Ys (4 G)
0

and

MZE = (M2 — |86 )31
are martingales. The proof of this statement is standard. It is easy to adapt the argu-
ments presented in the proof of Proposition 11.2.3 of [KL] to our context. On the

other hand, a simple computation, relying on the fact that v, is aproduct measure,
shows that Q* restricted to 7 ¢ is a Gaussian field with covariance given by

Eg:[Yo(G)Yo(H)] = x()(H, G),

where x («) isthe static compressibility defined in section 1. To conclude the proof
of the theorem, it remains to recall Holley—Stroock [HS] theory of generalized
Ornstein—Uhlenbeck processes. O

4. The Boltzmann—Gibbs principle

We prove in this section the Boltzmann—Gibbs principle which is one of the main
ingredientsin the proof of the equilibrium fluctuations of the asymmetric exclusion
process. It states that the local fields are projected on the density field and was
first proved by Brox and Rost in [BR]. We start with a simple result that was used
several timesin the previous section.

Lemma4.1l. Let h be a mean zero local function and G: T¢ — R a continuous
function. Then, there exists a finite constant C depending only on 4 such that for
alr>0andall N > 1,

t 2
b, | o ([ asn2 Y Go/mynhan) | < CTAIGIR.
0<t<T 0 d
xely
Proof. By Schwarz inequality and since v, isan invariant measure, the expectation
is bounded above by

2
T
T/ ds Ey, | | N™2 )" Gy(x/N)eh(n)
0 xET%

Since & is a mean zero local function, developing the square, we obtain that this
expression is less than or equal to
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T
CT/ ds N~ 3" Gy(x/N)?
0

d
xeTy

for some constant that depends on 4 only. It is now easy to conclude the proof of
the lemma. O

Theorem 4.2 (the Boltzmann—Gibbs principle). There exists a finite universal
constant Cq such that for all cylinder functions i in %, and all smooth function
G:TY - R,

2

limsupE,, / N2 S G (x/N)Teh(ng) ds
N—o00 0<l<T d
XET
< CoT|GII3Va(h). (4.2)

Inthisformula V, (h) standsfor the infinite volume variance of # defined in (2.8).

The proof of the Boltzmann-Gibbs principlerelies on thefollowing general es-
timate. Let X, beaMarkov process on afinite state space & with generator ¥ and
invariant measure 7. Denote by (-, -), theinner product in L2(r) and by #* (resp.
%) the adjoint (resp. symmetric part) of # with respect to . Given amean zero
function f on &, we denote ||f||§1 = (f(—2%)"1f), that can also be written in
the variationa form

I£11%, = sup{2(f, &) — (g, (—Z")g)x}
8

where the supremum is taken over al functions g on &.

Lemmad4.3. FixT > 0. There exists a finite universal constant Co such that for
every smooth mean zero function f:[0, T] x § — R,

2
Er |:0<I<T (/ f(s, X )ds> :| < CO/O ds | f (s, )”2 42)

In this lemma, it is understood that f (-, x) is a smooth function for every x in &
and that f (s, -) hasr-mean zero for al s > 0.

Proof. Fix T > 0 and afunction f:[0,7T] x § — R.ForeachO < < T, let
hy:& — R besuch that ¥*h, = f(¢,-). There exists such a solution because
f(t,-) hasmean zero and r is ergodic.

For each s > O, denote by .7 ; the o-algebra generated by {X,, 0 < r < s}.
Definethe (P, , # ;) mean zero martingale M, by

t
M, = h(t, X,) — h(0, Xo) —/ ds (% + 0)h(s, Xy).
0
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In the same way, denote by %, the backward filtration generated by { X, s > t}.
Recall that #* standsfor the adjoint of the generator . with respect to theinvariant
measure 7. |t is easy to check that the process {M, , 0 < ¢ < T} defined by

t

M; =nT —1t,X7—) — (T, X1) — / ds (£ = 3T — s, X7—5)
0

isa(P,, #;) martingae, called the backward martingale.
Let Z, = M, — M,_,. A change of variables permitsto write Z; as

t

Z; = h(0, Xo) — h(t, X;) — f ds (L* — ds)h(s, Xy).
0

In particular, since #°h, = f(t,), My + Z; = 2[5 f(s, X;)ds. Therefore,

t 2
E, [ sup (/ 1, Xs)ds> } — (1/4) E, [ sup (M, + My — M;_,)Z]
0<r<T \JO 0<t<T

Since (a1 + az + az)? < 3a? + 3a3 + 3a3, by Doob's inequality, the previous
expression is bounded above by (15/4)E, [(MT‘)Z] + 3E,[(M7)?]. The variances
of these martingales are equal to 2 [ ds|| f (s, -)[12, o that

t 2 T
Ex [ sup </ f(s,Xs)ds) } < 14] ds || f(s, )25
0<t<T 0 0

This concludes the proof of the lemma. ]

In the proof of the Boltzmann—Gibbs principle, we shall need the following
estimate whose proof relies mostly on the integration by parts formula (2.5).

Lemma4.4. Fixacylinder function i in %,. There exists a finite constant Cq de-
pending only on 4 and T such that for every subset B of T¢,, every smooth function
G:T¢ — R and every N sufficiently large,

4 2
E., [ sp ([ Nl“’/zZc‘v(x/th(m)ds)}

O<t=T xeB
Col+T1T) (T 2
< T /O dngs(x/N) . (4.3)

Proof. Recall that y denotes the conditional expectation of & given N—¢
Y- cetd 1(x). We add and subtract h (ns) inside the time integral of (4.3). Ap-
plying Schwarz inequality, we decompose the expectation in two terms. In thefirst
one appears the time integral of h(ns) — hn(ns) and in the second one the time
integral of 7y (1s). We consider each one separately.
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By Lemma 4.3, the first expectation is bounded by

/
0

Here we have denoted || fl|—1,n = (f, (—N2L%,)~1f). The norm inside the time
integral above can be expressed as

2
ds.
—1,N

NN Gy /N)edh — hy)

xeB

Slp{ZNl_d/ZZGg(X/N)/Tx{h _lle}dea _Nz(fv (_LN)f>a] .
f

xeB

In this formulathe supremum is carried over all functions f of {0, 1}Mv and (-, -)g
standsfor theinner product of L2(v,). Since v, istransation invariant, by theinte-
gration by partsformula (2.5), (2.6), there exists a collection of cylinder functions
{®}), b e T4}, indexed by the bonds of T4, such that

/rx{h—sz}fdva =f{h—fw}r_xfdva =y /cbﬁ VpT s f dvg.

d
be'[I'N’*

In particular, by Schwarz inequality, 2N*%/2Y" _, Gs(x/N) [ tolh — hy} fdve
is bounded above by

% Y G /N? Y bR, [(9))?]

d
xeB beTy

N? —d-
=2 > T YPE, [V 7]

d
xeB bE‘I]'N’*

for every A > 0. By (2.6) thefirst term is bounded above by

C1AN™* > " Gy (x/N)?

xeB

for some finite constant C4 that depends only on z. On the other hand, since
Vet—x f = 7_xVpix f and since v, is trandation invariant, the second term is
equal to

N2
2 2 YR [(Ven 7).

d
xXeB be'ﬂ'N,*

The sum over x of the expectationsis bounded above by amultiple of the Dirichlet
formof f.Since|z|~4~®/2 jssummablein 74, the second term is bounded above
by C2A~IN? < f,(—Ly)f > a. Choosing A = C», we obtain that the first ex-
pectation in the decomposition performed in the beginning of the proof is bounded
above by the time integral of CaN =Y _, G,(x/N)?.

xeB
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The second term in the decomposition is just

' 2
Em[ sup ( f Nl_d/zZGs(X/N)le(ns)dS) }
0<r<T 0

xeB

Denote ) " .z Gs(x/N) by Gy. By Schwarz inequality and since vy is an invari-
ant state, this expectation is bounded above by TN?~¢ [ ds G2 E, [h%]. Since
h belongs to %, by (2.1), E,, [h%] is bounded above by CN~2¢ for some finite
constant C that depends on / only. By Schwarz inequality, the second termin the

decomposition isbounded by C 7 N2(1=9) fOT ds Y ..p Gs(x/N)?. Thisconcludes
the proof of the lemma. ]

We turn now to the proof of the Boltzmann—Gibbs principle.

Proof of Theorem 4.2. Fix acylinder function  in 4. Denote by ¢;, the smallest
integer ¢ such that the support of 4 iscontained in {—¢, ..., ¢}9.

Consider asequence K = Ky suchthat N%¢ « Ky « N.Wefirst decom-
pose T4, into disjoint subcubes of length K. Let @y = {0, ..., N — 1}¢. For each
xinz4, denoteby B, thecube K x + Qg . Noticethat B, iscontained in Qy if and
onlyif x| < [N/K]—1andx; > 0,1 <i < d.Hereandbelow [a] standsfor the
integer part of a. Let Ag bedefined as

Qy = U B, U Ag,

XE]K

where . g isthe set of sitesx suchthat |x| < [N/K] —landx; >0,1<i <d.
It follows from Lemma 4.4 that

2
t
limsupkE,, | sup (/ N2 N Gs(x/N)txh(nS)ds) =0
0

N—o0 0<t<T x€A

provided K /N convergestoO0as N 1 oc.

For each x in .4 ¢, denote by BS the set of sites y that are at a distance greater
than ¢;, from the boundary of B,: B? = {y € By, d(y, BS) > £;). In paticular,
for each y in B)?, the support of 7,4 belongs to B,. Denote by Ex the set of all
pointsthat are not interior points: Ex = Uyes, (Bx — BY). Inview of Lemma4.4,
since Ky 1 coasN 1 oo, inorder to prove the theorem, we just need to show that

2
t
limsupE,, | sup (/ N2 N ZGs(y/N)ryh(m-)ds)
0

N—o0 0<t<T xedxk yeB»Q

< CoT |G 13 Vo (h).

Recall that B, isthe cube Kx + Q. To replacein the previous sum G;(y/N) by
Gy(Kx/N), we add and subtract this expression and apply Schwarz inequality to
decompose the expectation in two pieces. Thefirst oneisjust
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2
t
Ev, | sup ( / Nz Z{ny/N)—Gs(Kx/N)}ryhms)ds)
0

0<t<T xedk yeB_Q

By Lemma4.4 thisexpression vanishesas N 1 oo because G isasmooth function
and K <« N. Therefore, in order to prove the theorem, we just need to show that

2
t

limsupkE,, | sup (/ N1-d/2 Z Gs(Kx/N) Z tyh(ns)ds)
0

N—o00 O<r<T xesx yeBB

< CoT |IGIE Vo (h).

Foreachx in.# g, denoteby /2, theconditional expectationof & given|B, |1 Y VveB,

n(y). We add and subtract I, (n5) inside the time integral of the previous expres-
sion. By Schwarz inequality, the expectation of the previous formula is bounded

by

2
2E,, | sup ( / N > Go(Kx/N) Y [ryh(ng) = he(ny)] ds)
0

O<t=T xedg yEB/?

O§I§T XGJK

2
t
+2E,, | sup (f N2 N G‘Y(Kx/N)|B)?|ﬁx(r;s)ds) .49
0

By Schwarz inequality, the second term in (4.4) is bounded above by

2
T
2T1\12*"|Bo|2/0 ds Ey, (Z Gs(Kx/N)’;x("))

foK

Since v, isaproduct measure and since the supports of thefunctions/, aredisjoint,
the previous formulais equal to

T
et [ o, 6o

xeJg

Since the cylinder function /2 belongsto %, by (2.1), Eua[(ﬁx(n))z] isbounded by
C(h)K ~%  Therefore, the previous expression is bounded by C(h, G)T2N2K —¢
because |.7 x| < (N/K)?. Thisexpression vanishesinthelimitas N 1 oo because
N2 « Ky.
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Wenow turntothefirsttermin (4.4). By Lemma4.3, thisexpectationisbounded
above by

CN~ / ds< > Gk /N) Y [ryh =) (L)™' D Gi(xK/N)

xefg )EBO xefg

> [ryh — hx]>

yeB?

for some finite constant C. Since for each fixed x, Z‘GBO Tyh(n) is measurable
with respect to {n(z), z € By}, the previous expression is bounded above by

CoN~ / ds Y Gy(xK/N) <Z[r}h Al (—L5 ) Y (e — hx]>

xeJk eB? yeB? v
o

Inthisformula, LY, standsfor thegenerator of the nearest neighbor symmetric sim-
ple exclusion process restricted to B,.. Since the process and the invariant measure
are tranglation invariant, this expression is bounded by

CoK T (IGI§ + on (D)) < Y [ryh —hol, (=L)"Y [ryh — ﬁo]>

0 0
YEB, YEB, Ve

The term oy (1), which convergesto 0 as N 1 oo, appeared because we replaced
the Riemann sum by the integral. The previous inner product is exactly the finite
volume variance defined in section 2 that converges, in virtue of Theorem 2.2, to
Vq(h)asN 1 oo. Thisconcludesthe proof of thethe Boltzmann—Gibbsprinciple. O

5. Tightness

We provein this section that the sequence of probability measures Q¥ istight. For
8§ >0andapath Y in D([O, T], # ), define the uniform modulus of continuity
ws(Y) by

ws(Y) = sup |[IY; — Yyll—«-.
|s—1]|<8
0<s,t<T

Lemma 11.3.2 in [KL] states that a sequence of probability measures Q" on
D([0, T], # _y) istight provided

lim IimsupQN|: sup |1Yll—x > A:| =0 (5.1)
A—00 N oo 0<t<T
and
lim limsup QN [ws(Y) > €] =0 (5.2)
-0 Noo

for every ¢ > 0. The next result is akey estimate in the proof of (5.1), (5.2).
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Lemma5.1. Fix a smooth function G: T¢ — R. There exist a finite constant C,
depending onlyond, « and T such that for all N > 1

0<t<T

Ey, [ sup |YtN<G>|2} =c IGI+ 1615+ 1613}

In thisformula |G’ [lo, |G” llo stand for "y _; _y 134, G llo, Y17 j<q 192 . Gllo-

uj,uj

Proof. Rewrite YN (G) as ME + Y} (G) + [y T'¥ (s)ds. We estimate each term
separately. By definition of YV, E, [Y{' (G)?] isequal to

2

Ey | | N7 Ga/N)nx) — e

d
xely

Since the measure v,, is product, this expression is equal to

X@N™ 3" G(x/N)?,

d
xely

where x (@) isequal to ¢(1 — «).
We now turn to the martingale term. By Doob’s inequality,

T
Ey, [ sup <MF>2} < 4E,, |(Mf)?] = 4E,, [ /O rg() ds] .

0<t<T

A straightforward computation gives that

Fge) =N " pn[l-nsx+0] (N [Gs((x + y)/N) — G (x/N)])?.

d
xeTy,
lyl=1

Therefore, the previous expectation is equal to

d
ATx@N Y 3 (BYGo/N))?

= d
! lxeTN

because v, is an invariant measure.
To estimate the third term, recall that FlG(s) isgiven by

_N1-d2 Z(auiGs)(x/N)Ui[ns(x) —a]

X0

ANTZN OGN G (/N { Wi xte; () — Ev, [Wo i} -

X,
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Since Wo,e; — Ev, [Wo;] isequa to —y;w; + (b; + vi)n(0) — bin(e;) — av;, we
may rewrite the previous expression as

N2 00 Gy = 0, G /N) { W e, (5) — Ev, [Wo .1

X,0

—N1-d/2 Z(attiGs)(x/N)Viwai (s)

X,

N2 @00, Go) (x/N)bi[n (x) — . (5.3)

In thisformula d,, "~ stands for the discrete derivative defined by
(@) "H)(x/N) = N[H(x/N) — H((x — ¢;)/N)].

Denote these three expressionsby A (s), j = 1,2, 3.

We now estimate E,,, [Supo, -7 | [y A;j(s)ds|?] for each ;. For j = 1, by Sch-
warz inequality, since v, isaproduct invariant measure, the expectation isbounded
above by

d T
CTN_dZVarva(WO,ei)/ ds Z (N[aZGS - a”iGS](x/N))Z
i=1 0

d
xeTy

for somefiniteconstant C. Thisexpressionislessthan or equal to C (e, d)T2||G” 3.
By asimilar argument, thethird term is bounded aboveby C (a, d)T2||G”||3. Final-
ly, by the Boltzmann-Gibbs principle (Theorem 4.2), the second term is bounded
above by C(a)T||G’ ||§. To conclude the proof of the lemma it remains to collect
al estimates. O

Corollary 5.2. For k > 2+ (d/2),
(a) IimsupN%oo [Eval:SUDOStST ”Yt”Ek] <00
(b) “mn—>oo IimsupN—>oo [Eval:wDOSth ZIZ\ZH V;k|Yt(¢z)|2:| =0.
Proof. Thefirst expression is bounded above by
> v FE, [ sup mmﬂ :
cezd 0<t<T

By the previous lemma and the explicit formula for ., the previous sum is less
than or equal to

Yy vFa+ iz
ze74

for all N > 1 and for some finite constant C depending only on «, d and T. By
definition of y,, this expression is equal to
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1+ izl 1
E - < C E .
(14 4n2||zl12% ~ (14 472|212k 2
zez4 zez4

This estimate proves the first statement. The second claim follows by the same
argument. i

It follows from (5.1), (5.2) and Corollary 5.2 (@) that in order to prove that the
sequence QV istight, we only have to show that for every ¢ > 0,

limlimsupP,, |:U)5(Y) > s] =0.

-0 Noo

In view of part (b) of the previous corollary, this result follows from the following
lemma.

Lemmab.3. Fixk > 2+ (d/2). For every positive integer n and every ¢ > 0,

limlimsupP,,, Y v @) - Ye@)P > & | =0.
-0 Nooo 0<|A z\<5 |l=n
0<s,t<T

Proof. To prove thislemmawe just have to show that

limlimsupP,, sup  |Yi(¥,) — Ys(¥,)| >e| =0 (5.9
-0 N>oo 0<|s—t|<8
0<s,t<T

forevery zinz4 and ¢ > 0. Fix z in ¢ and recall the definition of Z"" (1,) given
at the beginning of section 3. We prove below in Lemma 5.4 that the difference
YN (,) — ZN" () isnegligible in the sense that

N—o00 O<r<T

limsupP,, [ sup Y)Y (yo) — 2" () > 8} =0

for all m > 1. Therefore, in order to prove the lemma, we just need to show that

lim limlimsupP,, | sup ZN" () — ZV () > e | =0
m—>005-0 N0 0<|s—t|<$
0<s,t<T

forevery zinz¢ ande > 0.
Fix asmooth function G: T¢ — R and rewriteZ,N”"(G) asZéV””(G) +M,G +
fé FlG(s)ds, where MU isamartingale. We first claim that for every m > 1,

I|mI|msuvaa sup |ME —MS|>¢e|=0 (5.5)
-0 Noo 0<|s—t|<é
0<s,t<T
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for every ¢ > 0. Indeed, denote by wj (M G the modified modulus of continuity
defined as

wi(M%) =inf max  sup M - MZ|,

{1i} O<i<r f<s<t<tiyq
where the first infimum is taken over all partitions of [0, 7] such that

O=n<t1<---<t, =T,
tiv1i—t>8 0<i<r.

Sincesup, [IME —MZ | = sup, |z (G) — Z"" (G)| isbounded by C(G)N /2
and

ws (M%) < 2wy(M%) + sup |ME — MC |,
0<t<T

in order to prove the lemmawe just need to show that

lim limsup P, [wg(MG) > s] =0 (5.6)
=0 Nooo
for every ¢ > 0.
By Aldous criterion for tightness (cf. [KL], Proposition 4.1.6), to prove (5.6) it
is enough to check that for every ¢ > 0,

limlimsup sup P, [|Mf+9 - M| > s] =0,
=0 Nooo ey
0<6<s
where T stands for all stopping times bounded by T'. By Chebychev inequality,
the last probability isless than or equal to

1 G G\2 1 T G
8_2[EV°‘ I:(MT+9_MT) ]:;Eua l—‘2 (S)dS
T

because M isamartingale and T abounded stopping time. By the explicit formu-
lafor 'S presented in section 3, this expression is bounded by C3]|G’ |12, for all
N > 1 and for some finite constant C that depends only on the dimension d. This
proves (5.6) and thus (5.5).

To conclude the proof of the lemma, it remains to show that

lim limlimsupP,, sup
m—>0058-0 N0 0<|s—t|<$
0<s,t<T

t
/ drT€(r)

>¢|=0. (5.7)

Recall theexplicit formula(4.3) for FlG (r). Wefirst estimate the third term of (4.3),
which we denote by 7p. Noticefirst that
t
/ drlo(r)| > ¢/2].
0

P, sup
0<|s—t]<8
0<s,t<T

t
/ dr Ip(r)

o

> ¢ §2|]3’,,a|:SUp

O<t<T
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The right hand side of this inequality vanishesas N 1 oo in virtue of the Boltz-
mann—Gibbs principle.

We turn now to the first two terms of (4.3). In (3.4) we decomposed these terms
asthe sum of three expressions. Denotethe k-th line of (3.4) by I (s). Fork = 1, 3,
by Schwarz inequality, the left hand side of the previous formula with 7, in place

of Ip isbounded above by
) r
8_2[EU"‘ |:/0 dr I (r)i| .

It is easy to show that this expression vanishesas N 1 oo andthen § | 0. Finaly,
the arguments used to estimate I together with Theorem 2.3 show that

t
lim limsupP,, sup / drIr(r)| >¢| =0.
m—=00 N_so00 O<|s—t|<8 |Js
0<s,t<T
This concludes the proof of the lemma. |

Lemma5.4. ForeachzinZ¢ andm > 1,

limsup P, [ sup YN () — 2" ()| > 8} =0.
N—o0 O<r<T

Proof. Fix asmooth function G: T¢ — R and a cylinder function 4 belonging to
%, . By definition of Z,N””, the probability appearing in the statement of thelemma
isequal to

Py, | sup [N"Y2 7 Gix/N)wh(n)| > eN

0<t<T

o

d
xely

Denote by ﬂﬁ’,,a the probability on the path space induced by the Markov process
n, and the probability measure v,,. The difference between [@Ua and P, isthat the
process is speeded up by N2 in the latter probability. With this notation, we may
rewrite the previous expression as

P, sup [NTY2NT G((x —vn)/N)Th(n)| > eN

0<t<TN?

o

d
xeTy

Since the measure v,, is stationary, the previous probability is bounded above by

TN?supPy, | sup [N~Y2 3" G((x — vi)/N)reh(n)| > eN
G

O=i=1 XGT%

In this formula, the supremum is carried over al smooth functions G which are
bounded, aswell astheir first derivative, by aconstant Co. By Chebychev inequality,
this expression is bounded above by
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4

T —d/2
cayz WPE | s (N / %G((x—vr)/zv)rxhwf) N GES)
xXe N

Denote by F(t, ;) the expression N —4/2 erm G((x — vt)/N)tch(n;). As be-

fore, decompose F (¢, ;) asthe sum of F (0, no) + M, + fé I'1(s)ds, where M,
isamartingale. Since & is amean-zero cylinder function, it follows from Schwarz
inequality that

4
sup {[Eva [F(O, -)4] +Ey, [ sup (/t Fl(s)ds> ]} <C
G O<r<1 0

for some finite constant C that depends only on the bound on the smooth functions
G and on the cylinder function #.

To estimate the martingale part, denote by [ M, M]; itssquare bracket. A smple
computation shows that

[M. M), =" [F(s.n5) = F(s, ;)]
s<t
Since h is a cylinder function, [M, M]; is bounded above by a constant, which
depends on N, times a Poisson process that dominates the total number of jumps
of the Markov process ;. In particular, [M, M], has finite exponential moments.
By Doob’s and Burkholder’s [B] inequality,

E | ] < e o]
O<r<1

for some universal constant C. Recall the definition of I'>(s) and denote by Z, the

martingale [M]; — fé I'2(s)ds. The right hand side of the previous expression is

bounded above by
~ ~ t 2
2ct,, [22]+2ck,, [(/ Fz(s)ds) } .
0

A straightforward computation shows that the second term is bounded above by
a constant that depends only on the bounds on the smooth function G and on the
cylinder function . On the other hand, applying once more Burkholder’s inequal -
ity, we have that thefirst term is bounded above by C[~Eva [[Z, Z]i ]. Noticethat the
square bracket of the martingale Z is given by

[Z.2], = [F(s.n) — Fs, )]
s<t
Since F (s, ny) — F (s, n,—) isbounded above by C (G, h)N ~4/2 and the total num-
ber of jumpsisbounded by aPoisson processof rate C N9, E,,[[Z, Z]1] isbounded
by C N~ for somefinite constant depending only on G and 4. This showsthat (5.8)

is bounded above by C (e, T, Co, h) N —2 and concludes the proof of the lemma. O
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