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Abstract: The set of stationary measures of an infinite Hamiltonian system with noise
is investigated. The model consists of particles movingiwith bounded velocities

and subject to a noise that does not violate the classical laws of conservation, see [OVY].
Following [LO] we assume that the noise has also a finite radius of interaction, and prove
that translation invariant stationary states of finite specific entropy are reversible with
respect to the stochastic component of the evolution. Therefore the results of [LO]imply
that such invariant measures are superpositions of Gibbs states.

0. Introduction

Let Q2 denote the space of locally finite configuratians= (g, p.)acr indexed by a
countable sef , that isq,, p. € R3 are the position and momentum of partilec I ;

the set{ ¢, }oes has no limit points irR3 by assumption. The classical dynamics of the
system is governed by a formal Hamiltonianh

H@) =Y o)+ 5 3 5" Vg —a9).

aecl a€l f7a

where the kinetic energy : R® — R is strictly convex with bounded derivatives, and
V : R® — Ris a symmetric and superstable pair potential of finite range. The associated
Liouville operator will be denoted by ,
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where (-, -) denotes the usual scalar productRA. Almost nothing is known on the
ergodic properties of such infinite systems. In fact, very few results are available even
for finite systems of this type (e.g., [KSS, DL, BLPS, LW]). To ensure proper ergodic
behavior of the system we add some noise, whereby obtaining stochastic equations of
motion; these equations read

dqa = (b/(pa) dta
d
dpo = =D V'Ga—qp)dt +ba(w)dt+> > " 0f sw)dwl, 5,  (0.1)
B 0=1 B7«x

where wiﬁ is a family of independent one-dimensional Wiener processe$d fer
1,2,...,danda 7 g3 such thatw? , = —wf ,; ¢’ andV’ denote the gradient af
andV | respectively. The coefficients,, o—g 512 R3 are smooth local functions

to be specified in the next section in such a way that total energy and momentum are
both preserved by the randomized evolution (0.1). In addition, any Gibbs/Btatéh
energyH will be a reversible measure for the stochastic part of the evolution:

[elu@ P = [@Le P ©.2)
for all smooth local functiong, ¢ : Q@ — R, where
T = o 1< 0 2 0
Ly =) (bas g =d+ 32D D (ons (D% )00 ). (0.3)
acl « 0=1 a€cl f7a

and D? ;4 is the matrix of second derivatives obtained by applyings = 8/, —
d/0,, twice to . Since the Liouville operator is antisymmetric with respect to Gibbs

distributions, the full generatof, = L + L also satisfies the stationary Kolmogorov

equation,/ Ly dIP = 0 for a wide class of test functionsand any Gibbs stat® .

The converse problem is much more complex. In our basic reference [LO] itis shown
thatif a translation invariant measu@ewith finite specific entropy satisfies the stationary
Kolmogorov equation and (0.2), together with some other technical conditionsithen
enjoys the Gibbs property. Let us remark that finiteness of specific entropy is a fairly
natural and effective condition in the theory of hydrodynamics limits (see [OVY]). On the
contrary, condition (0.2) looks rather restrictive and, at least in general, not particularly
natural. The main purpose of this paper is to show that condition (0.2) of reversibility
is superfluous (i.e., it follows from the stationarity of the meastifE).obtain such a
result we are forced to prove the existence of a semigroup defined by (0.1); its regularity
(locality) will play a crucial role in the argument. This problem may not seemto be a very
difficult one since)’(p.,) , the velocity of particley, is bounded by assumption. However,
the evolution must be defined for a very large QetC 2 of initial configurations: we
need@(2) = 1 for any probability measur@ of finite specific entropy. On the other
hand, to obtain the necessary regularity properties of the dynamics we have to restrict
the configuration space by excluding extremely high values of particle density. We shall
see that the desired construction fails unless the dimension of the space is less than four,
cf. [FD] and [S].

1 Note that in applications to hydrodynamics the reversibility (0.2) is insured by construction (see [OVY],
Lemma 4.4), hence the present paper does not add to hydrodynamics type problems for which the results in
[LO] suffice. The focus here is on the classification of stationary translation invariant measures.
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1. Notations and Results

Configurations can be interpreted adinite integer valued measures @& x R3;
sometimes we write» = (g, p) With ¢ = (¢a)aer andp = (pa)acr » and if A C R3, then
wy denotestherestriction @fto A ,i.e.wa = (ga, Pa)g, en , While jw, | is the cardinality
of this set. The centered cubic box of side> 0 will be denoted byA,. . Referring
to functionalsw(y) := 3, c; ¢(da, o), Wherep : R? x R® — R is continuous with
compact support, we equipwith the associated weak topology and Borel structure, and
Co(£2) denotes the space of cylinder (local) functidns) = f(w(p1), w(p2), ..., w(en))
such thatf € C(R™).

Since all sets¥(§), defined for an increasing sequentes (41, d2, ...) such that
01 > 1by

Y0©0) ={weQ: |wa,

< b, and|p,| < 6, if ¢o € Ay}

are compact, we need not worry too much about topology. Indeed, in the forthcoming
considerations we always do have an a priori bound allowing us to restrict calculations
to some compac¥'(0) . In these situations all reasonable topologies coincide, moreover
any continuous function can be uniformly approximated by element@t) in view

of the Stone-Weierstrass Theorem.

Interaction. We consider a repelling pair potentiél of finite range such thdt' (z) =
V(—=) is twice continuously differentiablé](0) > 0 butV (x) = 0if |z| > Ry, finally
(z,V'(x)) < 0forallz € R®. These conditions imply thdt is superstable, see [R]:
for each cubic box or balh C R3 there exist some constants, > 0 andB, > 0 such
that, for any configuration, we have

> > V(ga — q5) = Balwal> = Anlwal. (1.1)

aiga €A fFo

Kinetic energy.We assume that has bounded second derivatives, and velocities are
also bounded, i.d¢’(y)| < ¢ < +oo for all y € R3. To define Gibbs measures we need
a lower bound: liminf,| ... #(y)/|y| > ¢ > 0. When results of [LO] are applied an
extra technical condition ot is needed. For simplicity one can consider the case in
which ¢(y) = Zle ooly;:) for y = (y1, y2,y3) , wheregpg € C*°(R) is strictly convex
and

L O = P+ 68 () () 70

2 duz 0 u = 9o u 0 u u
apart from, at most, finitely many points (see [LO], Sect. Two, “Condition on the Noise"

for the general condition that must satisfy). Notice that i{%(d)({(u))z = 0 for eachu
and if we require the natural conditiaf(u) = ¢o(—u), thengg is a constant, which is
the classical case of a quadratic kinetic energy function.

Stochastic perturbation of classical dynamicehere are several ways to select the
coefficients of the stochastic perturbation. We set

ba(@) =D Yas8(@)F(Pa:ps) and o? 5(w) = \/7as(@)GoPa, pp), (1.2)
B7a
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where, as in [LOF v..5(q) = vs..(q) > 0 is continuously differentiabley,, 5(g) > 0

if |go — q3| < Ry and it is zero forlg, — qg| > Ra, i.e. R1 > Ry is the radius of
stochastic interaction. The functiofs Gy : R® — R are infinitely differentiable and
bounded together with their derivatives; they are chosen in such a way that the stochastic
interaction also preserves the total momentum and energy of an interacting couple of
particles. Moreover{Gy}4., spans, at each point, &°. It is natural to assume that

7,3 depends only on the interparticle distances, and it does not depend on a coordinate
g5 If |go — g5| > R2 0r|gg — ¢s5| > R, whereR, > 2R, is a constant. Therefore the
stochastic interaction is also translation invariant and has a finite lange R; + R» .

A new feature of the present model is thats vanishes when the number of particles
nearg, or gs tends to infinity. For convenience, we 3gt3(q) = (g0 — ¢38)Ba,5(q)

where

Ou (@) = (1+3 e — )+ 3 xlas — ) (L3)

oel o€l

In (1.3) 0, x : R® — [0, 1] are twice continuously differentiable(z) = o(—x) > 0 if
|z| < Ry and itis zero folxz| > Ry . Similarly, x(z) = x(—z) > 0 if || < 2R; and
x(z) = 0if |x| > RywithsomeR, > 2R; . Atechnical conditionjy’(z)| < Kx(z)* ",
where 0< x < 1/9, will be exploited in Lemma 2.4.

Sincew;, 5 = —wf , , the conditionF (pa, ps) = —F(ps, pa) of antisymmetry off”
clearly implies the conservation of total momentum. For convenience, we choose

d
1
F(pa, ps) = 5 > (Go(pas P5), Davp)Gopas ps)  and
0=1
0 1
Xa,ﬁgp - ﬁ(Ge(paa pﬂ)7 Daﬁ‘P> )

then the formal generatcfr of the random component of our process becomes

d
o= 23 33 e s@X 20 (X0 50). 1.4)

0=1 acl B7x

In this case the orthogonality relations

(Go(pa, ps), ¢' (D) — ¢'(ps)) = 0 (1.5)

imply the formal conservation of energy, see [LO]. To have conservation of phase volume
it is also assumed that

<Da,ﬁ7 G@(poupﬂ» = 0, (16)

i.e. the operatorsmﬁXzﬂXgﬁ are symmetric with respect to Lebesgue measure
dpadpg . As a consequence we shall see that the conservation laws imply the reversibil-
ity of Gibbs states with respect tb. For an explicit example of' and Gy, see the
Appendix of [LO].

2n fact, in [LO], the functionsy, s depend only on the variableg, andgg; yet all that is done there
applies without changes to the situation described here.
3 The future requirements (1.5) and (1.6) imply ttaf 5* =-x? 5+ Where the adjoint is taken with

respect to the measure defined by the kinetic energy, (see[LO]).
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Gibbs measured.et A = (Ao, A1, A2, A3, \4) be a set of real parameters with > 0 and

M +X3+)3 < ¢?, and denote byT the distribution of a Poisson process of unit intensity
in R3. A probability measurdP on 2 is called a Gibbs state fd# with parameters\

if its conditional distributions given the configuration outside of any cubic hox R3
can be represented as

n 3
1 )
IP [dwp|wae] = Zn exp [ Aojwa | + E E AiDe — MHA(wa,wae)| TI(dga) dpa ,

a=1 i=1

whereZ, is the normalization, and a natural decompositign= (g4, pa) is used, see
[D]. The local Hamiltonian}, is defined as

Halonwn)= 3 6047 Y Viae—a)+ Y Viga—a5)|

o Ewp gpEwp; aFB apEwpe

the set of such measures will be denotedyy, see [R] for the existence of Gibbs states
for superstable interactions.

Relative entropylLet @ andP be probability measures @ and for anyA C R3denote
Fa the set of continuous and bounded functigns 2 — R such that)(w) = ¥ (w,a)
forallw € Q. The entropy of in A, relative toP , is defined by

HAQIP) = sup {IE°@) —logE"(e?)}, 1.7)
PEFA

wherelE © denotes the expectation with respect to the probability measuifer = R3
thenthe subscript of H, will be omitted; for properties off  , see, for example [OVY].
As a reference measure a distinguished, translation invariant, Gibbgstat® will
be chosen. We say th@thas finite specific entropy if there exists a constastuch that
HA(Q|IP) < C(1 +]|AlJ) for any cubic boxA . If Q is translation invariant with finite
specific entropy, then the particle density= p(w) is Q-a.s. defined as the following
limit taken along any increasing sequence of cubic boxes, see [LO],

p)= lim |A|"wal.
|[A| =00

Main results of [LO] for the system under consideration can be summarized as
follows.

Theorem 1.1. Suppose tha® is a translation invariant probability measure @nwith

finite specific entropy, and let. := 3/(4rR3) . If

(i) Qlp(w) > p'T = 1forsomep’ > p.,

(i) @ is invariant with respect td, = L + L in the sense that, for any smooth local
functiont) we havelE ?(Ly) = 0,

(i) Q is reversible with respect b, i.e. IE (¢ Ly) = IE %(pL1p) for any pairy, 1
of smooth local functions,

then Q is a convex combination of Gibbs states.
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Statement of the resulNotice that the theorem above is stated without any reference
to the existence of the infinite dynamics; properties (ii) and (iii) of invariance are purely
formal. However, the extraction of such local information as reversibility is usually based
on a method of Liapunov functions, namely entropy and its rate of change are compared,
so the first step of our argument is intrinsically related to the evolution.

Theorem 1.2. Under the conditions on the stochastic dynamics listed above, there exists
an explicitly defined s&2 C 2 suchthat)(2) = 1for each with finite specific entropy.
Moreover, for eachuy € Q we have a unique strong solutiarft) , t > 0to (0.1) such
thatw(0) = wo andw(t) € 2 a.s. The solution is a measurable function of the initial
configuration, and every Gibbs staflé € P, with A, > 0and)\; =\, = A3 =0isa
stationary measure for the random evolution.

This theorem is proven in the next section; solutions are defined by a limiting procedure
starting from finite systems. The restriction on the parameters of a Gibbs measure in the
last statement could have been removed by elaborating some technical details, but we
do not need such a general assertion.

Having constructed the infinite evolution we can consider stationary measures instead
of simply measures formally invariant as in Theorem 1.14(ii).

Theorem 1.3. Every translation invariant stationary measure with finite specific en-

tropy is reversible with respect to the stochastic pfadf the generator; thatis, condition
(iii) in Theorem 1.1 holds.

The proof of Theorem 1.3 is the content of Sect. 3. Combining the above results we get
the final result of the paper:

Theorem 1.4. Let @ be a translation invariant stationary measure with finite specific
entropy, then condition (i) of Theorem 1.1 implies tats a superposition of Gibbs
states.

2. Infinite Dynamics

We start this section by describing the set of allowed initial configurations. Although the
definition is a bit technical our choice boils down to configurations for which the energy
in a box does not grow too fast with respect to the size of the box. The exact meaning of
this construction will become more clear later on when the desired a priori bounds for
a family of partial dynamics and the requirements for the existence of a unique limiting
dynamics are discussed.

Initial conditions. Let H,,, (w, ) denote the total energy af € Q in a ball B,,(r) C R®
of centerm and radius < oo, i.e.Hy,(w, ) := H(ws,,()); the number of points af in
B, (r) will be denoted a®V, (g, ) . Forx € (0,1/9), see (1.3), and > R3 = R1 + Ry,
define

Hm (wa R3)

W 5 §K7T(h) = {(U S Q . ﬁn,r(w) S h}

ﬁ,{yr(w) = sup

[m|<r

4 Notice that, since the infinite dynamics satisfies Eqs. (0.1 i stationary, then it satisfies (ii) of
Theorem 1.1.



Reversibility in Infinite Hamiltonian Systems with Conservative Noise 487

LetQ,.(k) be the set of Borel probability measuresﬁ,nr(h) suchtha®)(H,,(w, R3)) <
kforall jm| < r.
Now the set of all allowed configurations is defined as

Qoo = | Quco(h) = {w € Q@ 1 Hyoo(w) < 00}
h>0

Remember that the level s&®s, (k) are compact in the weak topology @fand, in

view of (1.1), N, (g, Rs) = O(VhL¥?*) for q, € B,,(L — Rs) and ¢, p) € Q. 1(h).

We shall see that the initial condition for the existence and uniqueness of the limiting
dynamics could have been formulated in term&/gfonly, but a preservation of bounds

on kinetic energy will be needed when we prove locality of the dynamics.

Lemma 2.1. If x > Othen for any fixed: > 0 we have

lim inf inf Q,..r(h) = 1,
hLOO TIZRa QGIQr(k)Q( ’ ( ))

that iIsQ(R.00) = 1if Q € Qne = Upog Qoo (k).

Proof. This statement is a direct consequence of the Markov inequality. In fact we have
some universab > 0 such that (byZ3 we denote the tridimensional cubic lattice of
sizev)

Q2 (1)) < D QHm(w, Ra) > vh(L+|m[**?)]

me Bo(r)NvZ3

QM) k 1
< A S A - -
a Z h(1+ |m|3+2ﬁ)v ~ vh ;Za 1+ \m\3+2“) ’

me€ Bo(r)NvZ3
which proves the statement for any> 0. d

Observe that the entropy conditiéfy (Q|IP) < C(1 +|Al) impliesQ € Q. via (1.7)
and (1.1), see Lemma 3.1 of [LO].

Local dynamics.There are several ways to define a family of partial dynamics, the
advantage of the following construction consists in its direct relation to Gibbs states. Let
a : R® — [0, 1] be twice continuously differentiable with compact support. We assume
also|a’(z)| < 1 for all z € R3. We interpreta as a smooth version of the indicator
function of a ball, its concrete shape is not very important. For every such cuaoif
inverse temperaturk, > 0 we consider a system of stochastic differential equations,

1 o}

dg, = —— AdHA (WA wpe) 2 o —AHA WA WA gt
q Y oo (a(ga)e ) dt,

1 0
dp, = — AHA(wpswpe) 2 " —AHAAwAC) gt
Pa W e (a(ga)e )

+a(ga) Y Vo,8(0)alqs)F (Pa, pp) dt (2.1)

BFe

d
+Va(g) YD Valas) Va5 Go(Par pp) dw?, 5,

0=1 B7a
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where itis assumed that ¢ R is bounded and contains the supporafi its interior;
in such a situation the equations above do not depend on the particular chaice of
Notice that in a region where= 1 our particles follow the original equations of motion,
while they are frozen outside of the supportoi.e.q, = p, = 0. Particles approaching
the boundary of the support afslow down, thus we have a smooth transition between
moving and frozen patrticles, see [F1] for a similar construction. This means that we
essentially have a finite dimensional diffusion. Ilﬁgha denote the Markov semigroup
induced by partial dynamics (2.1), i.é’§47aw(w) = IF ,(@(w(t)), wherew(t) is the
solution with initial conditionw(0) = w, ¥ : @ — R is continuous and bounded,
while I/, denotes the expectation with respect to the joint distribution of our Wiener
processes.

By a direct application of the Ito lemma we see that the (formal) generarBLglf

decomposes @by, o = L, .o + La , Where

1 d o
Ly, a - _ AHA(wp wpe) 2 N —AHp(wp,wae))y 27
= X A (alao)e ) o
1 AHA ) 0 “AaHAC ) 9v
+ AIIA WA WAC) o 4N WA WAC —_—, 22
A4 Ze 0qa (a(q )e ) Opa ( )
a€el
N 1
Lot = 5300 Yaus(@alda)alas) X o(XE 5)-
6=1 acl B7a

Since the coefficients of (2.1) are bounded smooth functions, we have a differentiable
dependence of solutions on initial values. Therefore a diassf twice continuously

differentiable functions forms a common corelgf, , andL, , e.g. in the space of con-

tinuous and bounded functions. An extension to the sSpACE ») of square integrable
functions with respect to a distinguished Gibbs st&tg follows by the next lemma.

Lemma 2.2. Let \; = X\, = A3 = O while A4 > 0, then every Gibbs stat® < P,
satisfies
ET (1L, at02) = —ET (2L, ot1) and ET (1 L,102) = ET (Y2La11)

for 41,12 € D, , consequentlyP is a stationary measure of the proca@;4 , foreach
cutoffa. 7

Proof. Both symmetry relations follow from the definition &t by integrating by parts.
The property of reversibility is a direct consequence of (1.6). Integration by parts with
respect to positions is possible because of the presence of thecutoff [

Since (2.1) violates the law of momentum conservation in regions whésenot a
constant, Lemma 2.2 is not true for general Gibbs measures.

Construction of the infinite dynamicBirst we derive an a priori bound for local dynam-
ics; we show that the set of initial conditions is preserved fot all 0 and the related
bound does not depend on the particular choice of the cutoff fungtion

Lemma 2.3. There exists a constant depending only on4 and on the parameters of
the infinite system (0.1) such that

IE  (Hm(wa(t), R3)) < (c1+ c1t)(1 +Hyp(wa(0), R3 + ct)
for all m,t anda , wherew,(t) is any solution to (2.1).
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Proof. Since all velocities are bounded by we have|q.(t) — ¢.(0)| < ct, whence
No(q(@®),7) < N4(q(0),r + ct), which yields an explicit deterministic bound for the
potential energy via superstability (1.1). On the other hand,

d

(@)l + > 108 5@)? < ¢t Nalg, Ra),
0=1 B7x

and the same bound holds true for the corresponding coefficients of (2.1). From the
stochastic equations by the Schwarz inequality we get

E y (Ipa(t) = pa(0)?) < /8L +1)Na(q(0), Ry +ct)?, (2.3)

which completes the proof. Indeed, a&) < ¢(0) + c[y|, taking the square root of
both sides and summing for € I such thaiq,(0) — m| < R3 + ct, we get a bound

for H,,(w(t), R3) ; the square of the number of points at time zero is estimated again by
superstability. O

To prove the existence of limiting solutions when the cutoff is removed we have to
compare different partial solutions. Ldt; denote the set of twice continuously dif-
ferentiablea : R3 — [0, 1] with compact support such that'(z)| < 1 for all = and

a(z) =1if |z| < L.Fora,a € A letw(t) = (p(t), ¢(t)) andw(t) = (q(¢), p(t)) denote

the corresponding solutions to (2.1) with a common initial val(@) = w(0) = (£, 7).
Supposindz| < L — 2¢t, for |z — £, | < Ro + 2ct we getd;|qa — ¢a| < Ko|pa — Pal s
whence

4a(t) — G0 < 21 /O 100(8) — () pals) — Pals) ds:  (2.4)

here and in what followsk, K1, K7 ... denote constants depending only on the coeffi-
cients of the infinite system. The case of the momentum variables is more complex. If
a =a = 1 can be assumed as before, then by Ito’s formula we get

Ew (|pa(t) - p_a(t)|2) = E’w (/0 (Ja,l(s) + Ja,Z(S) + J(x,3(3)) dS) )

where
Joz,l = _22<pa - ﬁaa V/(qa - Qﬁ) - VI((ZX - q_ﬁ)> )
a7B
Jap = 22<pa — Da, 'Ya,B(Q)F(pmpﬁ) - 'Ya,ﬁ(CDF(p_oup_ﬁ» »
BFer
d 2
Jag = D IV 108@GCo®a:ps) = vV Vas@Coas )|
0=1 B7ax

Introduce now™; for i = 1,2 andr,t > 0 by
Fi(¢n,a,am,0) = Y galt) = Ga@®);
Oti|§a|§7’

in the definition ofl", the variableg,, andg, should be replaced hy, andp,, , respec-
tively. Our main tool is the following:
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Lemma 2.4. Suppose that < 1/9,2¢T < R;.Forallr > R3, ¢t < T, h > 0and
1=1,2we have

lim  sup sup ., T, n,a,a,7,1) =0,
L= q,aeAL (¢,m)eQn,L(h)

and the convergence is uniform on the time intef@al7.

Proof. The idea of the proof is to define and to estimate a “distance" (basdd)on
among different partial dynamics in boxes of radius L. This will lead us to Eq. (2.9)
in which such a distance in a given box is related to the distance in a larger box, the
result will easily follow.

Let N = Np p := maxN,(¢, Rs+2cT) foralla € I suchthaté,|+Rz+2cT < L.
Suppose+R3+2T < L, |¢,| < r,and remember thigs(t) — &s| < ctis always true.
The uniform Lipschitz continuity o’ , o, F' andGy shall also be used without any
further reference in the following calculations. Let™, g(t) denote any matrix such
that 0< 4, g(t) < 1if ¢ < T, moreovery, s(t) = 0 whenevel¢, — {3| > Rz + 2ct.
For J; we get

Jaa® < Kilpa — bal 3 Fas® (|ga — @l + las — 33l) = KiJas®.  (2.5)
Bel
In the case off, the patterraz — by| < min{|al, |b|}|z — y| + |a — bl maxX{|z|, |y|} is
used several times to derive

Ja,Z(t) < KZja.,l(t) + K2|pa —P_a| Z'Va,ﬂ(Q)“pa - p_a‘ + |pﬂ _p_ﬂ‘)
BF

+Ko|po — Palo(@a — 45) Y Y 1050a,5(G")llas — as] .
B €T

whereds := 9/9qs andg™” is an intermediate configuration on the line segment con-
nectingg andq . Observe that by Blder's inequality

D 105Caps@ < KOZ 5@ (X(da — )" "+ x(Gs — @) ")
6erl sel
< KOup(@)(Nald, R2)" + Ns(, Ro)") . (2.6)

On the other handz(g, — q3) > 0 implies|G®? — (}g‘ﬂ| < Ry +2ct < 2Ry, i.e.

Nu(g, R1) < No(G*?,2R;). This means thaiV, (g, R1) < 1/6,.5(G*?), conse-
quently

Ja2t) < KONF 3 Joa(t) + Kjdaoft);

Ja2(t) > Y0.80) (1P — Pal® + Ips — Pal?). 2.7)
BFe

In a similar way we get
Joz,3(t) < KBja,Z(t) + K3jo¢,3(t)

o(qa — qp) o —\?2
+K3 > (Y 7 050a,5(G ) las — asl)
B7a @O"B(q ﬁ) (561 )

ja,3(t) = Z’?a,ﬁ(ﬂ('ﬁla - q_a|2 + |P6 - ]9_6|2) )
o€l
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whence by the Cauchy inequality and (2.6)
Jaa(t) < KiJao+ KyNZJos(t). (2.8)

Introduce nowd(r, t) := IE ., (T2(¢, 1, a,a;r, t))+Z\_7L,TE w (T1(&,n, a,a;r,t)) fort <
T . Comparing (2.4), (2.5)—(2.8) and using the elementary inequality

2pa = Pallas — @] < N7Y?pa = pal® + N*2|g5 — g5,
we obtain, by a direct calculation,
_ t
d(r,t) < K4N7/ 2™ / d(r + Ry + 27T, s) ds (2.9)
0

which completes the proof by a standard iteration procedure. Indeed, we get
+1
£

d(r,t) < —— (KaNY2™) " supd(L, 1), (2.10)

i t<T
wherel , the number of allowed iterations is at leastL with cr > 0 depending only
on Rz andT, while Ny, 7 = O(VhL3/?*). Using |g.(t) — .| < ct and the second
a priori bound (2.3), we see that the right-hand side of (2.10) vanishés-as+oo
becausé! = O((¢/e)") and (Y2 +£)(3/2 + ) < 1 by hypothesis. [

Now we are in a position to prove the existence and uniqueness of limiting solutions to
(0.1). Let us consider a sequence of partial solutions w, (), n € N of (2.1) with

a common initial valuev,,(0) = (£,7) € Q. ; the corresponding cutoff,, : R® — R

is assumed to be a decreasing smooth functigm|a&fuch that,,(z) = 1 if |z] < n and

an(z) = 0if || > n+ 1. In view of Lemma 2.4v,, converges in probability to some
limit w(¢) for eacht < T' = Ry/2c. Itis easy to verify that the limit satisfies the infinite
system (0.1); the uniqueness of limiting solutions follows again by Lemma 2.4. Since
T does not depend on the initial configuratignif) € 2,  , the construction extends

to all times.

Properties of the infinite dynamic&et P! denote the Markov semigroup induced by
the partial dynamics,, . Sincew, (t) is a continuous function of the initial data, it is
well defined byPiy(¢,n) := IE (¥ (wn () if w,(0) = (£,n) for any measurable and
bounded) : Q. ~ — R. As alimit of measurable functions, the limiting solutio()

is again a jointly measurable function @f ¢) and the random element representing the
Wiener processe&iyﬂ, the limiting semigroup P! can be defined in the same way.
If the initial configuration is distributed by) € 9., thenQ P! andQ P! denote the
evolved measure at time> 0. In view of Lemma 2.1 and Lemma 2.3 we know that
QP' € Q. ,t00. WhileP! has fairly good regularity properties, semigroup theory does
not apply directly to the limiting case. Nevertheless, all we need in the next section is
summarized as follows.

Lemma 2.5. Suppose thap : §,wo — R is a continuous and bounded local function,
i.e.(w) 1= Y(wpyr) for somer > 0, then

lim sup sup |QP!y— QP'y|=0
{—o0 n>0+r QEQ, (k)

forall ¢, k > 0, and the convergence is uniform on compact time intervals.
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Proof. The a priori bound of Lemma 2.3 extends immediately to the limiting dynamics,
thus for any, T > 0 we have somé > k andh > k such thatQ(Q...(h)) > 1 — ¢,

QP! (Q4,r(h) > 1—¢,andQP (2. (h)) > 1—ewhenevet < T',n > r+Rz+2cT
and@ € Q,(k). SinceQ, ,(k) is compact, there exists also ah > 0 such that

|90 — G| +|Pa — Dol < &, foralla € I with |ga], |qa| < r, implies|y(w) — ¢Y(w)| < e

for w,w € Q..(k). Therefore the statement follows from Lemma 2.4 and Chebishev
inequality by a 3 argument. O

The final statement of Theorem 1.2 on stationarity of certain Gibbs states is now a direct
consequence of Lemma 2.2.

3. An Entropy Argument

In this section we extend a familiar argument by Holley [H] to the present more complex
situation.

For a probability measuré on Q, let H(Q|IP ») denote the entropy relative to
a distinguished Gibbs stat® , with \; = X\, = A3 = 0, as defined by (1.7) with
A =R3. The family of partial dynamics (2.1) has been chosen suchifthgits a common
stationary measure of each local dynanitis= P, ,,, introduced in Sect. 2. Therefore
P! is a strongly continuous semigroup (/P ,), and smooth cylinder functions
form a core for its generatadr,, = L,, + Zn, see (2.2). Remember that, := Ly, q,,,
the Hamiltonian part, is antisymmetric ib?(IP ,) while the symmetric (reversible)
component is just,, = L,, .

If G is a generator il.?(IP y), then the corresponding Donsker-Varadhan rate func-
tion is defined as

Gy :
D = — [ 2240 - D f ol
(Ql9) Sgp{ m Q : ¢ € Domg, inf > }

If G is self-adjoint and; < 0, then we can apply the following result due to Donsker
and Varadhan (cf. [DV], Theorem 5).
Theorem 3.1. D(Q|G) < +oo if and only if Q << P andg = \/dQ/dIP , €
Dom+/—G; moreover
2
D@I9) = [ (V=0g) dp . (3.1)

Our main tool consists of the following entropy inequality.
Proposition 3.2. LetQ", := (1/t) fg QP:ds. If HQ|P ) < oo, then

H(QP;|IP ) +2tD(Q| L) < HQIP »). (3.2)

Proof. Let P:* be the adjoint semigroup with respectlfd,, which is again a diffusion

with formal generatoﬁ;; = L, +L,.Both forward and backward diffusion are essen-
tially finite dimensional with smooth coefficients, thus twice continuously differentiable
functions form a common corB,, of L,, and L} . This suffices to justify the following
computations. Observe first that, as an easy consequence of Jensen’s inequality, we have

HQ'P;|Q"P;) < H(Q'1Q) (3.3)
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for any two measureQ’, Q”. For any strictly positive) € D,, with IP 5(¢)) = 1 define
Q" by dQ"” =dIP y . Since

dQ"Pr _ ..
dIP =BT
we have
H(Q'|Q") = H(Q'|IP ») — Q'(log¥)
and

H(Q'PrIQ"Py) = HQ'Py|IP ) — Q' Py (log Py7 ).
Accordingly, by (3.3),
H(Q'|IP ) - H@Q'P;|IP ) > Q'(logy) — Q' Py (log P, v),
whence, by the concavity of the logarithm and the inequalitydegl) < z,
Y-PiPY
— " 4@
m Q

Remembering tha®! andP;:* are both Feller semigroup amdbelongs to the common
core ofL,, andL?,, we have, for smalt,

YD P = = Prrp—PT+ Py (= PrT) = (¢ — PiT) = —2rLyyo(7).
Therefore, by dividing the given interval [f into m small pieces, withr = ¢/m and
Q' = QPn:'T, we get

H(Q'|IP ) - H(Q'P;|P ) = Q'(logy) —Q'(log Py Py ¢) > /

m—1

. 1 g
lim — [H P

Lt ,
dQPs?.
o dor

=0
t
2_4/@/L
0

By taking the supremum over ali considered we conclude the proof. O

Py) - HQP'

H(QI|IP y) — HQP.|IP ) IP))

Observe now that iD(Q|ﬁn) < o0, then by Theorem 3.1 it can be written as a sum,
namely, ifg = \/dQ/dIP ,,°
N 1
D@L =5 [ Y anlaa)an(@) s (X0 P .
0,a,0

Let an 1(x), an2(z), . . ., an j(x) be smooth non-negative functions with compact sup-
port, and assume that their supports are disjoint. Furthermore, assums, {hjpt>
ana(z)+ - +ay,;(z), then

D(Q|Ln) = D@QILa, )+ + D(Q|La, ).
Therefore, from (3.2), we have

5 Toseethis, sincg € Dom 4/ —Ln (hencgy € Dom  /a(qa)a(qs)vas(q) X o 3)), ONE can approximate

it by local smooth functions, then use the closability of the Dirichlet fdsm
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j — A
H@QPLIP ) +2t>  D(Qh|La, ) < HQ|P ).
i=1

Thus we can choose strictly positive and smooth functiong1, . . ., ¢; such that

i o_ (] ,
QPL(wo) —log P (™) — 2t > Q! (ﬂﬂ) < HQIP»).

=1

This inequality extends by continuity to the infinite dynamics (cf. Lemma 2.5 and note
that@ € Q)

i (i
QP'(o) —log P A(¢"") — 2t Y Q" <ww ) SHQIPY).  (34)
i=1 '

Now we are in a position to take the thermodynamic limit and conclude the main
result of this section.

Proposition 3.3. If Q.. isatranslation invariant stationary measure of the infinite system
(0.1), andQ.. has finite specific entropy with respectlfv,, thenD(Q.|Lz) = Ofor all
smooth functions < 1 of compact support.

Proof. We are going to use (3.4) wit) = Q..,,, whereQ.,, is defined by

Qunleh) = / PA@|Fr,) dQ..,

and A, denotes the centered cubic box of size Of course, H(Q.,|IP ) =
HAn (Q*‘P >\) ) thus

H(Q*nuP)\)

H(Q,|IP )= lim
n—o0 \An|

= s{gp(ww ~ F(y)) , (3.5)

wherey are the local, bounded and continuous functions; in addition,

F(y) = lim_ ﬁ log / exp( > s’w> dPP , (3.6)

keA,NZ?

ands® denotes the shift ilR3 by k£ € R3, i.e.s%¢)(p, q) = ¥(p, s"q) ands®q = {q, + k}
if ¢ = {q~}. The proof of the existence of (3.5) and (3.6) can be found in [OVY].

Now we set
do= Y, Y

keA,NZ3

for some local bounded continuous functipn

Without loss of generality we can suppasso large that\,, contains the support of
a, and define,, ;(x) = alz +k;), k; € J,,, andJ,, is a discrete subset of,, such that the
an,; have the disjoint supports containedAn, and% > Jp, for some fixed constant

Jo.8 Correspondingly we choosg = s*iv, k; € J,, for a local bounded continuous
function.

& This can be done in such away to ensure that> Zzzl Qi



Reversibility in Infinite Hamiltonian Systems with Conservative Noise 495

Substituting in (3.4) and dividing by ,, |, it remains to prove that
1

Jim a2 QuP'E)=0.w) (3.7)
" keA,nz?
and o -
. 1 = Ly Lz
lim — S = Q. : 3.8
Jim,; Jn|k;”62*n A (3.8)

Indeed, then (3.4), (3.5), (3.6), (3.7) and (3.8) imply

Lay

Q. () — F(4) — 2L.JoQ.. < H(Q.|P ),

and taking the supremum over dlland¢> considered we obtain the wanted result.

To prove (3.7), observe first that the rate of convergence in Lemma 2.5 depends only
on the magnitude and the modulus of continuity of the underlying function. In the present
situation all functions are translates of each other, thus the convergence is uniform on
such functions. Therefore, fére A,,_ 5 we approximate”? with the local dynamics

s’“Pf/ﬁ in the ball B, (1/n) , otherwise we use simply the uniform bound/of The proof
of (3.8) is similar. [

As it is well known, see [DV],D(Q*\E(;) = 0 implies the reversibility of), with
respect talz , which completes the proof of Theorem 1.3, whereby proving Theorem
1.4 as well, by a direct argument.
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