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In Memoriam Roland Dobrushin

Abstract: The set of stationary measures of an infinite Hamiltonian system with noise
is investigated. The model consists of particles moving inR3 with bounded velocities
and subject to a noise that does not violate the classical laws of conservation, see [OVY].
Following [LO] we assume that the noise has also a finite radius of interaction, and prove
that translation invariant stationary states of finite specific entropy are reversible with
respect to the stochastic component of the evolution. Therefore the results of [LO] imply
that such invariant measures are superpositions of Gibbs states.

0. Introduction

Let � denote the space of locally finite configurationsω = (qα, pa)α∈I indexed by a
countable setI , that isqα, pα ∈ R3 are the position and momentum of particleα ∈ I ;
the set{qα}α∈I has no limit points inR3 by assumption. The classical dynamics of the
system is governed by a formal HamiltonianH ,

H(ω) =
∑
α∈I

φ(pα) +
1
2

∑
α∈I

∑
β 6=α

V (qα − qβ) ,

where the kinetic energyφ : R3 7→ R is strictly convex with bounded derivatives, and
V : R3 7→ R is a symmetric and superstable pair potential of finite range. The associated
Liouville operator will be denoted byL ,

Lϕ =
∑
α∈I

〈 ∂H
∂pα

,
∂ϕ

∂qα
〉 − 〈 ∂H

∂qα
,

∂ϕ

∂pα
〉 ,
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where〈·, ·〉 denotes the usual scalar product inR3. Almost nothing is known on the
ergodic properties of such infinite systems. In fact, very few results are available even
for finite systems of this type (e.g., [KSS, DL, BLPS, LW]). To ensure proper ergodic
behavior of the system we add some noise, whereby obtaining stochastic equations of
motion; these equations read

dqα = φ′(pα) dt ,

dpα = −
∑
β 6=α

V ′(qα − qβ) dt + bα(ω) dt +
d∑

θ=1

∑
β 6=α

σθ
α,β(ω) dwθ

α,β , (0.1)

wherewθ
α,β is a family of independent one-dimensional Wiener processes forθ =

1, 2, ..., d andα 6= β such thatwθ
α,β = −wθ

β,α ; φ′ andV ′ denote the gradient ofφ
andV , respectively. The coefficientsbα, σθ

α,β : � 7→ R3 are smooth local functions
to be specified in the next section in such a way that total energy and momentum are
both preserved by the randomized evolution (0.1). In addition, any Gibbs stateIP with
energyH will be a reversible measure for the stochastic part of the evolution:∫

ϕ(ω)L̂ψ(ω) IP (dω) =
∫

ψ(ω)L̂ϕ(ω) IP (dω) (0.2)

for all smooth local functionsϕ, ψ : � 7→ R , where

L̂ψ =
∑
α∈I

〈bα,
∂ψ

∂pα
〉 +

1
4

d∑
θ=1

∑
α∈I

∑
β 6=α

〈σθ
α,β , (D2

α,βψ)σθ
α,β〉 , (0.3)

andD2
α,βψ is the matrix of second derivatives obtained by applyingDα,β = ∂/∂pα

−
∂/∂pβ

twice toψ . Since the Liouville operator is antisymmetric with respect to Gibbs

distributions, the full generator,̃L = L + L̂ also satisfies the stationary Kolmogorov
equation,∫ L̃ψ dIP = 0 for a wide class of test functionsψ and any Gibbs stateIP .

The converse problem is much more complex. In our basic reference [LO] it is shown
that if a translation invariant measureQ with finite specific entropy satisfies the stationary
Kolmogorov equation and (0.2), together with some other technical conditions, thenQ
enjoys the Gibbs property. Let us remark that finiteness of specific entropy is a fairly
natural and effective condition in the theory of hydrodynamics limits (see [OVY]). On the
contrary, condition (0.2) looks rather restrictive and, at least in general, not particularly
natural. The main purpose of this paper is to show that condition (0.2) of reversibility
is superfluous (i.e., it follows from the stationarity of the measure).1 To obtain such a
result we are forced to prove the existence of a semigroup defined by (0.1); its regularity
(locality) will play a crucial role in the argument. This problem may not seem to be a very
difficult one sinceφ′(pα) , the velocity of particleα, is bounded by assumption. However,
the evolution must be defined for a very large set�̄ ⊂ � of initial configurations: we
needQ(�̄) = 1 for any probability measureQ of finite specific entropy. On the other
hand, to obtain the necessary regularity properties of the dynamics we have to restrict
the configuration space by excluding extremely high values of particle density. We shall
see that the desired construction fails unless the dimension of the space is less than four,
cf. [FD] and [S].

1 Note that in applications to hydrodynamics the reversibility (0.2) is insured by construction (see [OVY],
Lemma 4.4), hence the present paper does not add to hydrodynamics type problems for which the results in
[LO] suffice. The focus here is on the classification of stationary translation invariant measures.
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1. Notations and Results

Configurations can be interpreted asσ-finite integer valued measures onR3 × R3 ;
sometimes we writeω = (q, p) with q = (qα)α∈I andp = (pα)α∈I , and if3 ⊂ R3, then
ω3 denotes the restriction ofω to3 , i.e.ω3 = (qα, pα)qa∈3 , while |ω3| is the cardinality
of this set. The centered cubic box of sider > 0 will be denoted by3r . Referring
to functionalsω(ϕ) :=

∑
α∈I ϕ(qα, pα) , whereϕ : R3 × R3 7→ R is continuous with

compact support, we equip� with the associated weak topology and Borel structure, and
C0(�) denotes the space of cylinder (local) functions9(ω) = f (ω(ϕ1), ω(ϕ2), ..., ω(ϕn))
such thatf ∈ C(Rn) .

Since all setsΣ(δ), defined for an increasing sequenceδ = (δ1, δ2, ...) such that
δ1 ≥ 1 by

Σ(δ) := {ω ∈ � : |ω3n
| ≤ δn and|pα| ≤ δn if qα ∈ 3n}

are compact, we need not worry too much about topology. Indeed, in the forthcoming
considerations we always do have an a priori bound allowing us to restrict calculations
to some compactΣ(δ) . In these situations all reasonable topologies coincide, moreover
any continuous function can be uniformly approximated by elements ofC0(�) in view
of the Stone-Weierstrass Theorem.

Interaction. We consider a repelling pair potentialV of finite range such thatV (x) =
V (−x) is twice continuously differentiable,V (0) > 0 butV (x) = 0 if |x| > R0 , finally
〈x, V ′(x)〉 ≤ 0 for all x ∈ R3 . These conditions imply thatV is superstable, see [R]:
for each cubic box or ball3 ⊂ R3 there exist some constantsA3 ≥ 0 andB3 > 0 such
that, for any configuration, we have∑

α:qα∈3

∑
β 6=α

V (qα − qβ) ≥ B3|ω3|2 − A3|ω3|. (1.1)

Kinetic energy.We assume thatφ has bounded second derivatives, and velocities are
also bounded, i.e.|φ′(y)| ≤ c̄ < +∞ for all y ∈ R3 . To define Gibbs measures we need
a lower bound: lim inf|y|→∞ φ(y)/|y| ≥ c > 0 . When results of [LO] are applied an
extra technical condition onφ is needed. For simplicity one can consider the case in
which φ(y) =

∑3
i=1 φ0(yi) for y = (y1, y2, y3) , whereφ0 ∈ C∞(R) is strictly convex

and
1
2

d2

du2
(φ′′

0 (u))2 = φ′′′
0 (u)2 + φiv

0 (u)φ′′(u) 6= 0

apart from, at most, finitely many points (see [LO], Sect. Two, “Condition on the Noise"
for the general condition thatφ must satisfy). Notice that ifd

2

du2 (φ′′
0 (u))2 = 0 for eachu

and if we require the natural conditionφ0(u) = φ0(−u), thenφ′′
0 is a constant, which is

the classical case of a quadratic kinetic energy function.

Stochastic perturbation of classical dynamics.There are several ways to select the
coefficients of the stochastic perturbation. We set

bα(ω) =
∑
β 6=α

γα,β(q)F (pα, pβ) and σθ
α,β(ω) =

√
γαβ(q)Gθ(pα, pβ) , (1.2)
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where, as in [LO],2 γα,β(q) = γβ,α(q) ≥ 0 is continuously differentiable,γα,β(q) > 0
if |qα − qβ | < R1 and it is zero for|qα − qβ | ≥ R1 , i.e. R1 > R0 is the radius of
stochastic interaction. The functionsF, Gθ : R6 7→ R3 are infinitely differentiable and
bounded together with their derivatives; they are chosen in such a way that the stochastic
interaction also preserves the total momentum and energy of an interacting couple of
particles. Moreover,{Gθ}d

θ=1 spans, at each point, allR3. It is natural to assume that
γα,β depends only on the interparticle distances, and it does not depend on a coordinate
qδ if |qα − qδ| > R2 or |qβ − qδ| > R2 , whereR2 > 2R1 is a constant. Therefore the
stochastic interaction is also translation invariant and has a finite rangeR3 := R1 + R2 .
A new feature of the present model is thatγα,β vanishes when the number of particles
nearqα or qβ tends to infinity. For convenience, we setγα,β(q) = σ(qα − qβ)Θα,β(q) ,
where

Θα,β(q) :=
(

1 +
∑
δ∈I

χ(qα − qδ) +
∑
δ∈I

χ(qβ − qδ)
)−1

. (1.3)

In (1.3)σ, χ : R3 7→ [0, 1] are twice continuously differentiable,σ(x) = σ(−x) > 0 if
|x| < R1 and it is zero for|x| ≥ R1 . Similarly, χ(x) = χ(−x) > 0 if |x| ≤ 2R1 and
χ(x) = 0 if |x| > R2 with someR2 > 2R1 .A technical condition,|χ′(x)| ≤ Kχ(x)1−κ ,
where 0< κ < 1/9 , will be exploited in Lemma 2.4.

Sincewθ
α,β = −wθ

β,α , the conditionF (pα, pβ) = −F (pβ , pα) of antisymmetry ofF
clearly implies the conservation of total momentum. For convenience, we choose

F (pα, pβ) :=
1
2

d∑
θ=1

〈Gθ(pα, pβ), Dα,β〉Gθ(pα, pβ) and

Xθ
α,βϕ :=

1√
2
〈Gθ(pα, pβ), Dα,βϕ〉 ,

then the formal generator̂L of the random component of our process becomes3

L̂ϕ =
1
2

d∑
θ=1

∑
α∈I

∑
β 6=α

γα,β(q)Xθ
α,β

(
Xθ

α,βϕ
)
. (1.4)

In this case the orthogonality relations

〈Gθ(pα, pβ), φ′(pα) − φ′(pβ)〉 = 0 (1.5)

imply the formal conservation of energy, see [LO]. To have conservation of phase volume
it is also assumed that

〈Dα,β , Gθ(pα, pβ)〉 = 0 , (1.6)

i.e. the operatorsγα,βXθ
α,βXθ

α,β are symmetric with respect to Lebesgue measure
dpαdpβ . As a consequence we shall see that the conservation laws imply the reversibil-
ity of Gibbs states with respect tôL . For an explicit example ofF andGθ, see the
Appendix of [LO].

2 In fact, in [LO], the functionsγαβ depend only on the variablesqα andqβ ; yet all that is done there
applies without changes to the situation described here.

3 The future requirements (1.5) and (1.6) imply thatXθ
α,β

∗
= −Xθ

α,β , where the adjoint is taken with

respect to the measure defined by the kinetic energy, (see[LO]).



Reversibility in Infinite Hamiltonian Systems with Conservative Noise 485

Gibbs measures.Letλ = (λ0, λ1, λ2, λ3, λ4) be a set of real parameters withλ4 > 0 and
λ2

1 +λ2
2 +λ2

3 < c2 , and denote byΠ the distribution of a Poisson process of unit intensity
in R3. A probability measureIP on � is called a Gibbs state forH with parametersλ
if its conditional distributions given the configuration outside of any cubic box3 ⊂ R3

can be represented as

IP [dω3|ω3c ] =
1

Z3

exp

[
λ0|ω3| +

n∑
α=1

3∑
i=1

λip
i
α − λ4H3(ω3, ω3c )

]
Π(dq3) dp3 ,

whereZ3 is the normalization, and a natural decompositionω3 = (q3, p3) is used, see
[D]. The local Hamiltonian,H3 is defined as

H3(ω3, ω3c ) =
∑

qα∈ω3

φ(pα) +
1
2

∑
qβ∈ω3; α 6=β

V (qα − qβ) +
∑

qβ∈ω3c

V (qα − qβ)

 ,

the set of such measures will be denoted byPλ , see [R] for the existence of Gibbs states
for superstable interactions.

Relative entropy.LetQ andP be probability measures on�, and for any3 ⊂ R3 denote
F3 the set of continuous and bounded functionsψ : � 7→ R such thatψ(ω) = ψ(ω3)
for all ω ∈ � . The entropy ofQ in 3 , relative toP , is defined by

H3(Q|P ) = sup
ψ∈F3

{
IE Q(ψ) − logIE P (eψ)

}
, (1.7)

whereIE Q denotes the expectation with respect to the probability measureQ . If 3 = R3

then the subscript3ofH3 will be omitted; for properties ofH3, see, for example [OVY].
As a reference measure a distinguished, translation invariant, Gibbs stateP = IP will
be chosen. We say thatQ has finite specific entropy if there exists a constantC such that
H3(Q|IP ) ≤ C(1 + |3|) for any cubic box3 . If Q is translation invariant with finite
specific entropy, then the particle densityρ = ρ(ω) is Q-a.s. defined as the following
limit taken along any increasing sequence of cubic boxes, see [LO],

ρ(ω) = lim
|3|→∞

|3|−1|ω3|.

Main results of [LO] for the system under consideration can be summarized as
follows.

Theorem 1.1. Suppose thatQ is a translation invariant probability measure on� with
finite specific entropy, and letρc := 3/(4πR3

1) . If

(i) Q[ρ(ω) > ρ′] = 1 for someρ′ > ρc ,

(ii) Q is invariant with respect tõL = L + L̂ in the sense that, for any smooth local
functionψ we haveIE Q(L̃ψ) = 0 ,

(iii) Q is reversible with respect tôL , i.e.IE Q(ψL̂ϕ) = IE Q(ϕL̂ψ) for any pairϕ, ψ
of smooth local functions,

then Q is a convex combination of Gibbs states.
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Statement of the result.Notice that the theorem above is stated without any reference
to the existence of the infinite dynamics; properties (ii) and (iii) of invariance are purely
formal. However, the extraction of such local information as reversibility is usually based
on a method of Liapunov functions, namely entropy and its rate of change are compared,
so the first step of our argument is intrinsically related to the evolution.

Theorem 1.2. Under the conditions on the stochastic dynamics listed above, there exists
an explicitly defined set̄� ⊂ � such thatQ(�̄) = 1for eachQ with finite specific entropy.
Moreover, for eachω0 ∈ �̄ we have a unique strong solutionω(t) , t ≥ 0 to (0.1) such
that ω(0) = ω0 andω(t) ∈ �̄ a.s. The solution is a measurable function of the initial
configuration, and every Gibbs stateIP ∈ Pλ with λ4 > 0 andλ1 = λ2 = λ3 = 0 is a
stationary measure for the random evolution.

This theorem is proven in the next section; solutions are defined by a limiting procedure
starting from finite systems. The restriction on the parameters of a Gibbs measure in the
last statement could have been removed by elaborating some technical details, but we
do not need such a general assertion.

Having constructed the infinite evolution we can consider stationary measures instead
of simply measures formally invariant as in Theorem 1.1 (ii).4

Theorem 1.3. Every translation invariant stationary measure with finite specific en-
tropy is reversible with respect to the stochastic partL̂ of the generator; that is, condition
(iii) in Theorem 1.1 holds.

The proof of Theorem 1.3 is the content of Sect. 3. Combining the above results we get
the final result of the paper:

Theorem 1.4. Let Q be a translation invariant stationary measure with finite specific
entropy, then condition (i) of Theorem 1.1 implies thatQ is a superposition of Gibbs
states.

2. Infinite Dynamics

We start this section by describing the set of allowed initial configurations. Although the
definition is a bit technical our choice boils down to configurations for which the energy
in a box does not grow too fast with respect to the size of the box. The exact meaning of
this construction will become more clear later on when the desired a priori bounds for
a family of partial dynamics and the requirements for the existence of a unique limiting
dynamics are discussed.

Initial conditions.Let Hm(ω, r) denote the total energy ofω ∈ � in a ballBm(r) ⊂ R3

of centerm and radiusr ≤ ∞, i.e.Hm(ω, r) := H(ωBm(r)); the number of points ofq in
Bqα (r) will be denoted asNα(q, r) . Forκ ∈ (0, 1/9) , see (1.3), andr ≥ R3 = R1 +R2,
define

H̄κ,r(ω) := sup
|m|≤r

Hm(ω, R3)
1 + |m|3+2κ

, �̄κ,r(h) = {ω ∈ � : H̄κ,r(ω) ≤ h}.

4 Notice that, since the infinite dynamics satisfies Eqs. (0.1), ifQ is stationary, then it satisfies (ii) of
Theorem 1.1.
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LetQr(k) be the set of Borel probability measures on�̄κ,r(h) such thatQ(Hm(ω, R3)) ≤
k for all |m| ≤ r.

Now the set of all allowed configurations is defined as

�̄κ,∞ =
⋃
h>0

�̄κ,∞(h) = {ω ∈ � : H̄κ,∞(ω) < ∞}.

Remember that the level sets̄�κ,∞(h) are compact in the weak topology of� and, in
view of (1.1),Nα(q, R3) = O(

√
hL3/2+κ) for qα ∈ Bm(L − R3) and (q, p) ∈ �̄κ,L(h) .

We shall see that the initial condition for the existence and uniqueness of the limiting
dynamics could have been formulated in terms ofNα only, but a preservation of bounds
on kinetic energy will be needed when we prove locality of the dynamics.

Lemma 2.1. If κ > 0 then for any fixedk > 0 we have

lim
h→∞

inf
r≥R3

inf
Q∈Qr(k)

Q(�̄κ,r(h)) = 1,

that isQ(�̄κ,∞) = 1 if Q ∈ Q∞ :=
⋃

k>0 Q∞(k).

Proof. This statement is a direct consequence of the Markov inequality. In fact we have
some universalv > 0 such that (byvZ3 we denote the tridimensional cubic lattice of
sizev)

Q(�̄κ,r(h)c) ≤
∑

m∈B0(r)∩vZ3

Q[Hm(ω, R3) > vh(1 + |m|3+2κ)]

≤
∑

m∈B0(r)∩vZ3

Q(Hm)
h(1 + |m|3+2κ)v

≤ k

vh

∑
m∈vZ3

1
(1 + |m|3+2κ)

,

which proves the statement for anyκ > 0 . �

Observe that the entropy conditionH3(Q|IP ) ≤ C(1 + |3|) impliesQ ∈ Q∞ via (1.7)
and (1.1), see Lemma 3.1 of [LO].

Local dynamics.There are several ways to define a family of partial dynamics, the
advantage of the following construction consists in its direct relation to Gibbs states. Let
a : R3 7→ [0, 1] be twice continuously differentiable with compact support. We assume
also |a′(x)| ≤ 1 for all x ∈ R3 . We interpreta as a smooth version of the indicator
function of a ball, its concrete shape is not very important. For every such cutoffa and
inverse temperatureλ4 > 0 we consider a system of stochastic differential equations,

dqα = − 1
λ4

eλ4H3(ω3,ω3c ) ∂

∂pα

(
a(qα)e−λ4H3(ω3,ω3c )

)
dt ,

dpα =
1
λ4

eλ4H3(ω3,ω3c ) ∂

∂qα

(
a(qα)e−λ4H3(ω3,ω3c )

)
dt

+a(qα)
∑
β 6=α

γα,β(q)a(qβ)F (pα, pβ) dt (2.1)

+
√

a(qα)
d∑

θ=1

∑
β 6=α

√
a(qβ)γα,β(q)Gθ(pα, pβ) dwθ

α,β ,
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where it is assumed that3 ⊂ R3 is bounded and contains the support ofa in its interior;
in such a situation the equations above do not depend on the particular choice of3 .
Notice that in a region wherea = 1 our particles follow the original equations of motion,
while they are frozen outside of the support ofa , i.e. q̇α = ṗα = 0 . Particles approaching
the boundary of the support ofa slow down, thus we have a smooth transition between
moving and frozen particles, see [F1] for a similar construction. This means that we
essentially have a finite dimensional diffusion. LetP t

λ4,a
denote the Markov semigroup

induced by partial dynamics (2.1), i.e.P t
λ4,a

ψ(ω) := IE w(ψ(ω(t)) , whereω(t) is the
solution with initial conditionω(0) = ω , ψ : � 7→ R is continuous and bounded,
while IE w denotes the expectation with respect to the joint distribution of our Wiener
processes.

By a direct application of the Ito lemma we see that the (formal) generator ofP t
λ4,a

decomposes as̃Lλ4,a = Lλ4,a + L̂a , where

Lλ4,aψ = − 1
λ4

∑
α∈I

eλ4H3(ω3,ω3c ) ∂

∂pα

(
a(qα)e−λ4H3(ω3,ω3c )

) ∂ψ

∂qα

+
1
λ4

∑
α∈I

eλ4H3(ω3,ω3c ) ∂

∂qα

(
a(qα)e−λ4H3(ω3,ω3c )

) ∂ψ

∂pα
, (2.2)

L̂aψ =
1
2

d∑
θ=1

∑
α∈I

∑
β 6=α

γα,β(q)a(qα)a(qβ)Xθ
α,β(Xθ

α,βψ).

Since the coefficients of (2.1) are bounded smooth functions, we have a differentiable
dependence of solutions on initial values. Therefore a classDa of twice continuously
differentiable functions forms a common core ofLλ4,a andL̂a , e.g. in the space of con-
tinuous and bounded functions. An extension to the spaceL2(IP λ) of square integrable
functions with respect to a distinguished Gibbs stateIP λ follows by the next lemma.

Lemma 2.2. Let λ1 = λ2 = λ3 = 0 while λ4 > 0 , then every Gibbs stateIP ∈ Pλ

satisfies

IE IP (ψ1Lλ4,aψ2) = −IE IP (ψ2Lλ4,aψ1) andIE IP (ψ1L̂aψ2) = IE IP (ψ2L̂aψ1)

for ψ1, ψ2 ∈ Da , consequentlyIP is a stationary measure of the processP t
λ4,a

for each
cutoffa.

Proof. Both symmetry relations follow from the definition ofIP by integrating by parts.
The property of reversibility is a direct consequence of (1.6). Integration by parts with
respect to positions is possible because of the presence of the cutoffa . �
Since (2.1) violates the law of momentum conservation in regions wherea is not a
constant, Lemma 2.2 is not true for general Gibbs measures.

Construction of the infinite dynamics.First we derive an a priori bound for local dynam-
ics; we show that the set of initial conditions is preserved for allt > 0 and the related
bound does not depend on the particular choice of the cutoff functiona .

Lemma 2.3. There exists a constantc1 depending only onλ4 and on the parameters of
the infinite system (0.1) such that

IE w (Hm(ωa(t), R3)) ≤ (c1 + c1t)(1 +Hm(ωa(0), R3 + c̄t)

for all m, t anda , whereωa(t) is any solution to (2.1).
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Proof. Since all velocities are bounded by ¯c , we have|qα(t) − qα(0)| ≤ c̄t , whence
Nα(q(t), r) ≤ Nα(q(0), r + c̄t) , which yields an explicit deterministic bound for the
potential energy via superstability (1.1). On the other hand,

|bα(ω)| +
d∑

θ=1

∑
β 6=α

|σθ
α,β(ω)|2 ≤ c′

1Nα(q, R1) ,

and the same bound holds true for the corresponding coefficients of (2.1). From the
stochastic equations by the Schwarz inequality we get

IE w

(|pα(t) − pα(0)|2) ≤ c′′
1 t(1 + t)Nα(q(0), R1 + c̄t)2 , (2.3)

which completes the proof. Indeed, asφ(y) ≤ φ(0) + c̄|y| , taking the square root of
both sides and summing forα ∈ I such that|qα(0) − m| ≤ R3 + c̄t , we get a bound
for Hm(ω(t), R3) ; the square of the number of points at time zero is estimated again by
superstability. �

To prove the existence of limiting solutions when the cutoff is removed we have to
compare different partial solutions. LetAL denote the set of twice continuously dif-
ferentiablea : R3 7→ [0, 1] with compact support such that|a′(x)| ≤ 1 for all x and
a(x) = 1 if |x| ≤ L . For a, ā ∈ AL let ω(t) = (p(t), q(t)) andω̄(t) = (q̄(t), p̄(t)) denote
the corresponding solutions to (2.1) with a common initial valueω(0) = ω̄(0) = (ξ, η) .
Supposing|x| ≤ L − 2c̄t, for |x − ξα| ≤ R0 + 2c̄t we get∂t|qα − q̄α| ≤ K0|pα − p̄α| ,
whence

|qα(t) − q̄α(t)|2 ≤ 2K0

∫ t

0
|qα(s) − q̄α(s)||pα(s) − p̄α(s)| ds ; (2.4)

here and in what follows,K0, K1, K
′
1... denote constants depending only on the coeffi-

cients of the infinite system. The case of the momentum variables is more complex. If
a = ā = 1 can be assumed as before, then by Ito’s formula we get

IE w

(|pα(t) − p̄α(t)|2) = IE w

(∫ t

0

(
Jα,1(s) + Jα,2(s) + Jα,3(s)

)
ds

)
,

where

Jα,1 = −2
∑
α 6=β

〈pα − p̄α, V ′(qα − qβ) − V ′(q̄α − q̄β)〉 ,

Jα,2 = 2
∑
β 6=α

〈pα − p̄α, γα,β(q)F (pα, pβ) − γα,β(q̄)F (p̄α, p̄β)〉 ,

Jα,3 =
d∑

θ=1

∑
β 6=α

|√γα,β(q)Gθ(pα, pβ) − √
γαβ(q̄)Gθ(p̄α, p̄β)|2.

Introduce now0i for i = 1, 2 andr, t ≥ 0 by

01(ξ, η, a, ā; r, t) :=
∑

α:|ξα|≤r

|qα(t) − q̄a(t)|2 ;

in the definition of02 the variablesqα andq̄a should be replaced bypα andp̄α , respec-
tively. Our main tool is the following:
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Lemma 2.4. Suppose thatκ < 1/9 , 2c̄T < R1 . For all r ≥ R3 , t ≤ T , h > 0 and
i = 1, 2 we have

lim
L→∞

sup
a,ā∈AL

sup
(ξ,η)∈�̄κ,L(h)

IE w (0i(ξ, η, a, ā; r, t)) = 0 ,

and the convergence is uniform on the time interval[0, T ].

Proof. The idea of the proof is to define and to estimate a “distance" (based on0i)
among different partial dynamics in boxes of radiusr < L. This will lead us to Eq. (2.9)
in which such a distance in a given box is related to the distance in a larger box, the
result will easily follow.

Let N̄ = N̄L,T := maxNα(ξ, R3 +2c̄T ) for all α ∈ I such that|ξa|+R3 +2c̄T ≤ L .
Supposer+R3+2c̄T < L , |ξα| ≤ r , and remember that|qδ(t)−ξδ| ≤ c̄t is always true.
The uniform Lipschitz continuity ofV ′ , σ , F andGθ shall also be used without any
further reference in the following calculations. Let ˜γ = γ̃α,β(t) denote any matrix such
that 0≤ γ̃α,β(t) ≤ 1 if t ≤ T , moreover ˜γα,β(t) = 0 whenever|ξα − ξβ | ≥ R3 + 2c̄t .
ForJ1 we get

Jα,1(t) ≤ K1|pα − p̄α|
∑
β∈I

γ̃α,β(t)
(|qα − q̄α| + |qβ − q̄β |) =: K1J̃α,1(t). (2.5)

In the case ofJ2 the pattern|ax − by| ≤ min{|a|, |b|}|x − y| + |a − b| max{|x|, |y|} is
used several times to derive

Jα,2(t) ≤ K2J̃α,1(t) + K2|pα − p̄α|
∑
β 6=α

γα,β(q)
(|pα − p̄α| + |pβ − p̄β |)

+K2|pα − p̄α|σ(qα − qβ)
∑
β 6=α

∑
δ∈I

|∂δΘα,β(q̃α,β)||qδ − q̄δ| ,

where∂δ := ∂/∂qδ andq̃α,β is an intermediate configuration on the line segment con-
nectingq andq̄ . Observe that by Ḧolder’s inequality∑

δ∈I

|∂δΘα,β(q̃)| ≤ KΘ2
α,β(q̃)

∑
δ∈I

(
χ(q̃α − q̃δ)1−κ + χ(q̃β − q̃δ)1−κ

)
≤ KΘα,β(q̃)

(
Nα(q̃, R2)κ + Nβ(q̃, R2)κ

)
. (2.6)

On the other hand,σ(qα − qβ) > 0 implies |q̃α,β
α − q̃α,β

β | ≤ R1 + 2c̄t ≤ 2R1 , i.e.
Nα(q, R1) ≤ Nα(q̃α,β , 2R1) . This means thatNα(q, R1) ≤ 1/Θα,β(q̃α,β) , conse-
quently

Jα,2(t) ≤ K ′
2N̄

κ
L,T J̃α,1(t) + K ′

2J̃α,2(t) ;

J̃α,2(t) :=
∑
β 6=α

γα,β(q)
(|pα − p̄α|2 + |pβ − p̄β |2). (2.7)

In a similar way we get

Jα,3(t) ≤ K3J̃α,2(t) + K3J̃α,3(t)

+K3

∑
β 6=α

σ(qα − qβ)
Θα,β(q̃α,β)

(∑
δ∈I

|∂δΘα,β(q̃α,β)||qδ − q̄δ|
)2

,

J̃α,3(t) :=
∑
δ∈I

γ̃α,β(t)
(|qα − q̄α|2 + |pδ − p̄δ|2

)
,
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whence by the Cauchy inequality and (2.6)

Jα,3(t) ≤ K ′
3J̃α,2 + K ′

3N̄
2κ
L,T J̃α,3(t). (2.8)

Introduce nowd(r, t) := IE w (02(ξ, η, a, ā; r, t)) + N̄L,T IE w (01(ξ, η, a, ā; r, t)) for t <
T . Comparing (2.4), (2.5)–(2.8) and using the elementary inequality

2|pα − p̄α||qδ − q̄δ| ≤ N̄−1/2|pα − p̄α|2 + N̄1/2|qδ − q̄δ|2 ,

we obtain, by a direct calculation,

d(r, t) ≤ K4N̄
1/2+κ
L,T

∫ t

0
d(r + R3 + 2c̄T, s) ds , (2.9)

which completes the proof by a standard iteration procedure. Indeed, we get

d(r, t) ≤ T `+1

`!

(
K4N̄

1/2+κ
L,T

)`
sup
t<T

d(L, t) , (2.10)

where` , the number of allowed iterations is at leastcT L with cT > 0 depending only
on R3 andT , while N̄L,T = O(

√
hL3/2+κ) . Using |qα(t) − ξα| ≤ c̄t and the second

a priori bound (2.3), we see that the right-hand side of (2.10) vanishes asL → +∞
becausè! = O

(
(`/e)`

)
and (1/2 +κ)(3/2 +κ) < 1 by hypothesis. �

Now we are in a position to prove the existence and uniqueness of limiting solutions to
(0.1). Let us consider a sequence of partial solutionsωn = ωn(t) , n ∈ N of (2.1) with
a common initial valueωn(0) = (ξ, η) ∈ �̄κ,∞ ; the corresponding cutoffan : R3 7→ R
is assumed to be a decreasing smooth function of|x| such thatan(x) = 1 if |x| ≤ n and
an(x) = 0 if |x| > n + 1 . In view of Lemma 2.4ωn converges in probability to some
limit ω(t) for eacht < T = R1/2c̄ . It is easy to verify that the limit satisfies the infinite
system (0.1); the uniqueness of limiting solutions follows again by Lemma 2.4. Since
T does not depend on the initial configuration (ξ, η) ∈ �̄κ,∞ , the construction extends
to all times.

Properties of the infinite dynamics.Let P t
n denote the Markov semigroup induced by

the partial dynamicsωn . Sinceωn(t) is a continuous function of the initial data, it is
well defined byP t

nψ(ξ, η) := IE w(ψ(ωn(t))) if ωn(0) = (ξ, η) for any measurable and
boundedψ : �̄κ,∞ 7→ R . As a limit of measurable functions, the limiting solutionω(t)
is again a jointly measurable function of (ξ, η) and the random element representing the
Wiener processeswθ

α,β , the limiting semigroup,P t can be defined in the same way.
If the initial configuration is distributed byQ ∈ Q∞, thenQP t

n andQP t denote the
evolved measure at timet > 0 . In view of Lemma 2.1 and Lemma 2.3 we know that
QP t ∈ Q∞ , too. WhileP t

n has fairly good regularity properties, semigroup theory does
not apply directly to the limiting case. Nevertheless, all we need in the next section is
summarized as follows.

Lemma 2.5. Suppose thatψ : �̄κ,∞ 7→ R is a continuous and bounded local function,
i.e.ψ(ω) := ψ(ωB0(r)) for somer > 0 , then

lim
`→∞

sup
n>`+r

sup
Q∈Qn(k)

|QP t
nψ − QP tψ| = 0

for all t, k > 0 , and the convergence is uniform on compact time intervals.
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Proof. The a priori bound of Lemma 2.3 extends immediately to the limiting dynamics,
thus for anyε, T > 0 we have somēk > k andh > k̄ such thatQ(�̄κ,r(h)) ≥ 1 − ε ,
QP t

n(�̄κ,r(h)) ≥ 1−ε , andQP t(�̄κ,r(h)) ≥ 1−ε whenevert < T , n > r+R3 +2c̄T
and Q ∈ Qn(k) . Since �̄κ,r(k̄) is compact, there exists also anε′ > 0 such that
|qα − q̄α| + |pα − p̄α| < ε′, for all α ∈ I with |qα|, |q̄α| ≤ r, implies|ψ(ω) −ψ(ω̄)| ≤ ε
for ω, ω̄ ∈ �̄κ,r(k̄) . Therefore the statement follows from Lemma 2.4 and Chebishev
inequality by a 3ε argument. �

The final statement of Theorem 1.2 on stationarity of certain Gibbs states is now a direct
consequence of Lemma 2.2.

3. An Entropy Argument

In this section we extend a familiar argument by Holley [H] to the present more complex
situation.

For a probability measureQ on �, let H(Q|IP λ) denote the entropy relative to
a distinguished Gibbs stateIP λ with λ1 = λ2 = λ3 = 0, as defined by (1.7) with
3 = R3. The family of partial dynamics (2.1) has been chosen such thatIP λ is a common
stationary measure of each local dynamicsP t

n = Pλ4,an introduced in Sect. 2. Therefore
P t

n is a strongly continuous semigroup inL2(IP λ) , and smooth cylinder functions
form a core for its generator̃Ln = Ln + L̂n , see (2.2). Remember thatLn := Lλ4,an

,
the Hamiltonian part, is antisymmetric inL2(IP λ) while the symmetric (reversible)
component is just̂Ln := L̂an

.
If G is a generator inL2(IP λ), then the corresponding Donsker-Varadhan rate func-

tion is defined as

D(Q|G) = sup
ψ

{
−

∫ Gψ

ψ
dQ : ψ ∈ DomG, inf ψ > 0

}
.

If G is self-adjoint andG < 0, then we can apply the following result due to Donsker
and Varadhan (cf. [DV], Theorem 5).

Theorem 3.1. D(Q|G) < +∞ if and only if Q << IP λ and g :=
√

dQ/dIP λ ∈
Dom

√−G; moreover

D(Q|G) =
∫ (√−Gg

)2
dIP λ. (3.1)

Our main tool consists of the following entropy inequality.

Proposition 3.2. Let Q̄t
n := (1/t)

∫ t

0 QP s
nds. If H(Q|IP λ) < ∞, then

H(QP t
n|IP λ) + 2tD(Q̄t

n|L̂n) ≤ H(Q|IP λ). (3.2)

Proof. Let P ∗t
n be the adjoint semigroup with respect toIP λ, which is again a diffusion

with formal generator̃L∗
n = −Ln + L̂n. Both forward and backward diffusion are essen-

tially finite dimensional with smooth coefficients, thus twice continuously differentiable
functions form a common coreDn of Ln andL∗

n . This suffices to justify the following
computations. Observe first that, as an easy consequence of Jensen’s inequality, we have

H(Q′P τ
n |Q′′P τ

n ) ≤ H(Q′|Q′′) (3.3)
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for any two measuresQ′, Q′′. For any strictly positiveψ ∈ Dn with IP λ(ψ) = 1 define
Q′′ by dQ′′ = ψdIP λ . Since

dQ′′P τ
n

dIP λ
= P ∗τ

n ψ ,

we have
H(Q′|Q′′) = H(Q′|IP λ) − Q′(logψ)

and
H(Q′P τ

n |Q′′P τ
n ) = H(Q′P τ

n |IP λ) − Q′P τ
n (logP ∗τ

n ψ).

Accordingly, by (3.3),

H(Q′|IP λ) − H(Q′P τ
n |IP λ) ≥ Q′(logψ) − Q′P τ

n (logP ∗τ
n ψ),

whence, by the concavity of the logarithm and the inequality log(x + 1) ≤ x,

H(Q′|IP λ)−H(Q′P τ
n |IP λ) ≥ Q′(logψ)−Q′(logP τ

n P ∗τ
n ψ) ≥

∫
ψ − P τ

n P ∗τ
n ψ

ψ
dQ′.

Remembering thatP t
n andP ∗t

n are both Feller semigroup andψ belongs to the common
core ofL̃n andL̃∗

n, we have, for smallτ ,

ψ−P τ
n P ∗τ

n ψ = ψ−P τ
n ψ+ψ−P ∗τ

n ψ+P τ
n

(
ψ − P ∗τ

n ψ
)−(

ψ − P ∗τ
n ψ

)
= −2τL̂nψ+o(τ ).

Therefore, by dividing the given interval [0, t] into m small pieces, withτ = t/m and

Q′ = QP
it
m

n , we get

H(Q|IP λ) − H(QP t
n|IP λ) = lim

m→∞
1
m

m−1∑
i=0

[
H(QP

i
m t

n |IP λ) − H(QP
i+1
m t

n |IP λ)
]

≥ −2
∫ t

0
ds

∫
L̂nψ

ψ
dQP s

n.

By taking the supremum over allψ considered we conclude the proof. �

Observe now that ifD(Q|L̂n) < ∞, then by Theorem 3.1 it can be written as a sum,
namely, ifg =

√
dQ/dIP λ, 5

D(Q|L̂n) =
1
2

∫ ∑
θ,α,β

an(qα)an(qβ)γαβ(q)(Xθ
αβg)2 dIP λ.

Let an,1(x), an,2(x), . . . , an,j(x) be smooth non-negative functions with compact sup-
port, and assume that their supports are disjoint. Furthermore, assume thatan(x) ≥
an,1(x) + · · · + an,j(x), then

D(Q|L̂n) ≥ D(Q|L̂an,1) + · · · + D(Q|L̂an,j ).

Therefore, from (3.2), we have

5 To see this, sinceg ∈ Dom
√

−L̂n (henceg ∈ Dom
√

a(qα)a(qβ )γαβ (q)Xαβ )), one can approximate

it by local smooth functions, then use the closability of the Dirichlet formD.



494 J. Fritz, C. Liverani, S. Olla

H(QP t
n|IP λ) + 2t

j∑
i=1

D(Q̄t
n|L̂an,i

) ≤ H(Q|IP λ).

Thus we can choose strictly positive and smooth functionsψ0, ψ1, . . . , ψj such that

QP t
n(ψ0) − logIP λ(eψ0) − 2t

j∑
i=1

Q̄t
n

(
L̂an,i

ψi

ψi

)
≤ H(Q|IP λ).

This inequality extends by continuity to the infinite dynamics (cf. Lemma 2.5 and note
thatQ ∈ Q∞)

QP t(ψ0) − logIP λ(eψ0) − 2t

j∑
i=1

Q̄t

(
L̂an,i

ψi

ψi

)
≤ H(Q|IP λ). (3.4)

Now we are in a position to take the thermodynamic limit and conclude the main
result of this section.

Proposition 3.3. If Q∗ is a translation invariant stationary measure of the infinite system
(0.1), andQ∗ has finite specific entropy with respect toIP λ, thenD(Q∗|L̂ā) = 0 for all
smooth functions̄a ≤ 1 of compact support.

Proof. We are going to use (3.4) withQ = Q∗n, whereQ∗n is defined by

Q∗n(ψ) =
∫

IP λ(ψ|F3n
) dQ∗ ,

and 3n denotes the centered cubic box of sizen. Of course,H(Q∗n|IP λ) =
H3n

(Q∗|IP λ) , thus

H̄(Q∗|IP λ) := lim
n→∞

H(Q∗n|IP λ)
|3n| = sup

ψ

(
Q∗(ψ) − F̄ (ψ)

)
, (3.5)

whereψ are the local, bounded and continuous functions; in addition,

F̄ (ψ) := lim
n→∞

1
|3n| log

∫
exp

 ∑
k∈3n∩Z3

skψ

 dIP λ, (3.6)

andsk denotes the shift inR3 by k ∈ R3, i.e.skψ(p, q) = ψ(p, skq) andskq = {qα + k}
if q = {qα}. The proof of the existence of (3.5) and (3.6) can be found in [OVY].

Now we set
ψ0 =

∑
k∈3n∩Z3

skψ

for some local bounded continuous functionψ.
Without loss of generality we can supposen so large that3n contains the support of

ā, and definean,i(x) = ā(x+ki), ki ∈ Jn, andJn is a discrete subset of3n such that the

an,i have the disjoint supports contained in3n, and |Jn|
n3 ≥ J̄0, for some fixed constant

J̄0.6 Correspondingly we chooseψi = ski ψ̄, ki ∈ Jn, for a local bounded continuous
functionψ̄.

6 This can be done in such away to ensure thatan ≥
∑j

i=1
an,i.
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Substituting in (3.4) and dividing by|3n|, it remains to prove that

lim
n→∞

1
|3n|

∑
k∈3n∩Z3

Q∗nP t(skψ) = Q∗(ψ) (3.7)

and

lim
n→∞

1
|Jn|

∑
ki∈Jn

Q̄t
∗n

(
ski

L̂āψ̄

ψ̄

)
= Q∗

(
L̂āψ̄

ψ̄

)
. (3.8)

Indeed, then (3.4), (3.5), (3.6), (3.7) and (3.8) imply

Q∗(ψ) − F̄ (ψ) − 2tJ0Q∗

(
L̂āψ̄

ψ̄

)
≤ H̄(Q∗|IP λ),

and taking the supremum over allψ andψ̄ considered we obtain the wanted result.
To prove (3.7), observe first that the rate of convergence in Lemma 2.5 depends only

on the magnitude and the modulus of continuity of the underlying function. In the present
situation all functions are translates of each other, thus the convergence is uniform on
such functions. Therefore, fork ∈ 3n−√

n we approximateP t with the local dynamics
skP t√

n
in the ballBk(

√
n) , otherwise we use simply the uniform bound ofψ . The proof

of (3.8) is similar. �

As it is well known, see [DV],D(Q∗|L̂ā) = 0 implies the reversibility ofQ∗ with
respect tôLā , which completes the proof of Theorem 1.3, whereby proving Theorem
1.4 as well, by a direct argument.
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