EQUILIBRIUM FLUCTUATIONS
FOR A SYSTEM OF HARMONIC OSCILLATORS
WITH CONSERVATIVE NOISE

JOZSEF FRITZ, KATALIN NAGY AND STEFANO OLLA

ABSTRACT. We investigate the harmonic chain forced by an additive
noise, the evolution is given by an infinite system of stochastic differ-
ential equations. Total energy and deformation are preserved, the con-
servation of momentum is destroyed by the noise. Gaussian product
measures are the extremal stationary states of this model. Equilibrium
fluctuations of the conserved fields at a diffusive scaling are described
by a couple of generalized Ornstein-Uhlenbeck processes.

1. INTRODUCTION AND MAIN RESULTS

During the last 15 years a great progress has been made in the theory
of hydrodynamic limits of one component systems, whereas only a few re-
sults are available on two component models, see [5, 9, 4, 6, 12], and these
latter all concern the hydrodynamic law of large numbers. Here we present
an equilibrium fluctuation result for a two component system. Stochas-
tic perturbations of mechanical systems are certainly interesting also from a
physical point of view, see [5, 9, 8] for some examples. The model we discuss
here is also of this kind.

Perhaps the simplest mechanical model is the harmonic chain defined by
its formal Hamiltonian

H = %Z (Pi + (qrs1 — %)2) ) (1.1)
keZ

where pr and ¢ denote the momentum and amplitude of oscillator k£ € Z.
Newton’s equations of motion read as pr = qx+1 + qx—1 — 2q; and g, = pi,
total energy and momentum are certainly preserved by the dynamics. It is
natural to introduce new coordinates ry := qx4+1 — qi called deformation;
total deformation, ) 7y turns out to be a third conserved quantity. In

Date: July 1, 2005.

1991 Mathematics Subject Classification. Primary 60K31, secondary 82C22.
Key words and phrases. Harmonic chain, two-component models, equilibrium
fluctuations,non-gradient methods, generalized Ornstein-Uhlenbeck processes.

Partially supported by Hungarian Science Foundation Grant T37685, the European Sci-
ence Foundation Project RDSES, and by the ACI-NIM 168 ‘Transport hors équilibre’.
1



2 J. FRITZ, K. NAGY AND S. OLLA

terms of the p and ry variables, Gaussian product measures like (1.3) are
stationary states of the Hamiltonian flow.

In this article we consider this linearly ordered system of harmonic oscilla-
tors with damping and conservative noise. This model has been considered
in a non-equilibrium setting in [1] and [2]. The oscillators are labelled by
k € Z, the configuration space 2 = (R x R)Z is equipped with the usual
product topology, a typical configuration is of the form w = (pk,7%)ez
where pi denotes the velocity of oscillator indexed by k € Z , and ry, stands
for the difference between the amplitudes of oscillators k£ + 1 and k. The
dynamics is given by the following set of stochastic differential equations:

dpr = (rk — rk—1) dt — vy prdt + /Y prr1 dWi — /Y Pr—1 AWy 1
dgr = prpdt, ie. dry= (pg+1— pr)dt, (1.2)

where {Wy : k € Z} are independent, standard Wiener processes, and
v > 0 is the coefficient of damping. Since the r.h.s. of (1.2) is uniformly
Lipschitz continuous with respect to any of the norms |jwl|, , |lw|? =
O ren ekl (p,% + 7“,%) , a > 0, a standard iteration procedure yields ex-
istence of unique strong solutions to (1.2) in the associated weighted ¢>
spaces. In fact, the infinite dynamics is approximated by solutions of its
finite subsystems. This approach also shows that for any 8 > 0 and p € R
the Gaussian product measures fg , on {2 with marginals

B p
13,0(dpr, dry) = o exp —5 (pi + (rp — p)2) dpy, dry, (1.3)
are invariant measures of the process. One can also prove that their convex
combinations are the only stationary states, but we do not need this fact
here.

The formal generator of the system reads as L = A 4+ § , where

A=Y " {(rs1 — pr)Ore + (rk — ri-1)0pi}
keZ

_7 2
S=5 gz (Pk+10PK — PEODK41)” -

Here A is the Liouville operator of a chain of interacting harmonic oscillators,
Opr, and Or denote differentiation with respect to pp and ry, finally § is
the noise operator. The symmetric § is acting only on velocities and it
couples the neighboring velocities in such a way that kinetic energy of the
system is conserved. Actually the model admits two conserved quantities:
total deformation (the sum of r;’s ) and total energy (the sum of the Hy s,
where Hy, = 3p7 + 1ri + 1r3_)).

The model is obviously asymmetric, nevertheless it exhibits a diffusive
hydrodynamic behaviour. In fact its hyperbolic (Euler) limit is trivial while
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a couple of nonlinear parabolic equations

1
ou = — Au, (1.4)
v
1+ ~2 1—42 2
= A A
Oe o e+ . (u),

are obtained in the hydrodynamic limit under diffusive scaling, see [1] for a
partial derivation. At a level of hyperbolic scaling there are no fluctuations
either as Euler time is not enough to develop effective randomness.

Our aim is to study the equilibrium fluctuation of the two conserved quan-
tities under diffusive scaling. The fluctuation fields are defined as follows:

ui () = Ve Y Wb(ek)(ri(t/e?) — p), (1.5)

kEZ

1 p?
ei(p) = Ve _w(eh)  Hi(t/e®) — 5 -5 ), (1.6)
g 2
keZ

where ¢ and ¢ are smooth functions of compact support. It is straightfor-
ward to see that in an equilibrium state u = ug,, & = (uf,ef) converges
in law at any fixed ¢ to a Gaussian field & = (u¢, e;) with mean (0,0) and
covariances

B, [ur (1) ur (162)] = ; / 1 (2) e () da,

2
S [ @@ do, (1.7)

B, ur () e (o)) = 5 / b () (x) dr,

where E,, denotes expectation in a stationary regime specified by an arbi-
trary, but fixed stationary state u = ug, .

In this paper we prove that & = (uf,€f), as a vector of two distribution
valued processes converges in law to the solution & = (uy,e;) of the follow-
ing pair of stochastic partial differential equations of generalized Ornstein-
Uhlenbeck type:

1 [2
ou=—Au+4/— Vi, 1.8
! 0l VB ! (18)

E, [e: (01) et (p2)] =

14 ~2 1—72 2p _. V1++2 _.
Ore = il Ae + v A(pu) + Q Vi1 + AVt Via,
2y 2y VB By

where j; and jo are independent, standard white noise processes in space
and time. According to general principles of hydrodynamics the drift of
these equations can be obtained by the linearization of the hydrodynamic
equations, (1.4). Of course, (1.8) should be interpreted in a weak sense, and
the law of & = (uy, e;) is specified as the unique solution to the martingale
problem for (1.8).
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To formulate our result more precisely, we have to introduce some nota-
tion. Let HH,, be the Sobolev space associated to the scalar product

(f,9)m = /Rf (q) (¢ — A)"g (q) dq, (1.9)

and let 3_,, be its dual space with respect to L?(R). We consider the
fluctuation fields & = (uf,ef) as random elements of C' (Ry;H_, xH_,)
with some k& > 0 large enough, and P® denotes the probability distribution
of & in a stationary regime. The parameters 5 > 0 and p € R of the
stationary state pg, are arbitrary; sometimes we put 3 = 1 and p = 0
for convenience. In Section 3 we prove tightness of P¢ for m > 3, thus
first of all, we have to see that any limit point of P° solves the martingale
problem related to (1.8), that is for all compactly supported and infinitely
differentiable 1, ¢ € C2°(R) we have

t
w(®) = uo(®) + > [ e (07) ds+ M) (1.10)
Y Jo
1 2 t A2 t
) = al) + 3 [ enteas+ L [ ds + M),

where M{*(¢) and M{(p) are F; adapted Gaussian martingales with qua-
dratic and cross variations

(M, M) = 2(v8) " |[0'|| dt,

2p? 41
g, Mp) = LTI g ar, (1.11)
v

d(My, M;) = 2p (v8) " (¥, ') dt
respectively, where || f|| and (f, g) denote the usual norm and scalar product
in L?(R). In view of the Holley-Stroock theory of generalized Ornstein-
Uhlenbeck processes (cf. Chapt. 11 in [7]), this martingale problem is
uniquely solved under (1.7). We are now in a position to state our main
result:

Theorem 1. Ifm > 3 and ¢ — 0, then the distribution P¢ of the fluctuation
fields & converges in C(Ry; H_yxH_yy,) to the unique solution P of the
martingale problem (3.7) specified by (1.7).

What makes this linear system interesting is the fact that one of the
conserved quantities, namely energy, is not a linear functional of the coor-
dinates of the system, and the investigation of its fluctuation field is not
trivial. While the derivation of the stochastic PDE for u is straightforward,
to obtain that for e, one has to overcome two difficulties. First we have to
get rid of the singularity coming from the asymmetric Hamiltonian part of
the generator by means of some non-gradient analysis. The second crucial
step is the verification of the Boltzmann-Gibbs principle, we have to replace
the microscopic currents with linear functionals of the conserved quantities,
see Section 2 for further details. In Section 3 tightness of the distribution of
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the fluctuation fields is proven, finally in Section 4, by means of the a priori
bounds of Sections 2 and 3, we prove convergence to the solution of the the
martingale problem (3.7) related to (1.8).

2. TIME EVOLUTION OF THE FLUCTUATION FIELDS

To make computations more transparent, we introduce:

Viag = a1 — ag, Viag := ag_1 — ag, Ajay := app1 + ag—1 — 2ay,
Vef(x) = (f(z+e) = f(2), Vif () =7 (f(x—e) = f(2)) ,
Acf(z)=e?(flz+e)+ f(x—e)—2f(2)).

From the evolution law (1.2)

1 1 1
dry, = §A1rkdt - §V1dpk + —7V1 (Pk1dWy — pe—1dWi—1) . (2.1)

v

thus the deformation fluctuation field satisfies

1 [t € we
ug (¥) = ug(¥) + S /0 ug(Actp) ds + 5 (7 (Ve) =m5(Ve)] + My (Vet),
where

s () = Ve Yy b(ek)pi(s/e?)

k€EZ

MPE () = \ﬂ |3 @b — vk = p) dibic - (22)

0 keZ

is a martingale, and Wj(s) := eWj(s/e?) . Note that here and below the time
argument of all microscopic observables is speeded up by a factor e 2. It is
easy to see that e [} (V.¢)) — n§(V4))] vanishes in mean square as £ — 0.
The replacements V.1 ~ @' and A, ~ 9" are also immediate, thus we
have proven

Proposition 2. For any ¢ € C%(R) we have
2

LR A W ()
lim By 15 (0) —5(0) = = [ i) ds =M =0,

Our next aim is to prove a similar result for the fluctuation field of energy.
Set hy, = Hy — 1/8 — p?/2, from (1.2) we get

1
dhy, = 3 k—1(Pk — Pr—1) + Tk (Pk1 — Pr)] dt + pr(r — TR—1) di

i
t3 (Pisr + Ph1 — 20}) dt + ¥ (PkPr+1dWi — Pr—1pedWi—1)

that is
dh = Ahp + 8 hy + ﬁvl (Pr—1pr AWk—1) , (2.3)

where

1
Ah =Vidy_1, 8hy= %Alp%, Jp = 5Tk (Pry1 + i) - (2.4)
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Using (2.3) and (2.4) we rewrite the energy fluctuation field as

e (p) = -7 nggo k) Ji(s/?) ds (2.5)
keZ
/ ZAago ek) (pk(s/s ) — ﬁ) ds — K;°(Vep),
0 kez
where
/ > o(ek) pr pr1 AW (2.6)
0 kez

is a martingale. Since the Hamiltonian flux is not a gradient, the first inte-
grand of (2.5) containing Jj is rapidly oscillating. In the following proof we
use some elementary tricks to find cancellation of singularities. To simplify
computations we assume that p = 0 and 8 = 1; the general case reduces to
this one by a linear transformation, see the end of Section 4.

Proposition 3. If 3 =1, p =0 and ¢ € C*(R), then
lim E, [65(¢) — €5(0) — 45 (Aep) + K§*(Veip) + N (Ve))? = 0,
where
a / ng EI{ ) (p% — 1) + T’k,ﬂ’k] ds,
while K, and N° are martingales defined by (2.6) and (2.11).
Proof: As 8J, = —vJi, we have
1 1 1
Jp=—(AJy — LJy) and AJy = 5vlpi + 5 Vi(re1ri) (2.7)

Y
Moreover,

Y
dJy, = LJpdt + % Tk (Pkr2 AWk 1 — pp dWy)

Y
+ % Tk (Pry1 AWy — pr—1 dWi_1) (2.8)
while from (2.7)
—— ngap (k) Ji(s/€%) / nggo ek)LJ(s/?)
0 kez keZ
/ Z Acp(ek) —14+rgq rk) ds. (2.9)
0 kez

Since dJj, integrates out, in view of (2.8) we have

lim E,

e—0

2
/ Z Vop(ek)LJy(s/e?)ds + NeE(VEcp)] =0, (2.10)
keZ
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where N¢ is the associated martingale

NEE (o) : /ZGk s/e2) dWy , (2.11)

U kez
Gy := @(ek — e)ri—1pk11 — p(ek)ripr + p(ek)ripry1 — w(ek + &)rry1pr -
Comparing (2.5), (2.9) and (2.10) we obtain the desired statement. O

In view of the Boltzmann-Gibbs principle, in an asymptotic sense we have
to represent A () as a linear functional of the conserved quantities. The
first step in this direction is the treatment of kinetic energy.

Lemma 4. Let 3 =1 and p = 0, then for any ¢ € C*(R)
2

?LI(I)E“ [\f/ ZAgcpek‘ pk—l—hk—frkrk 1)ds| =0
keZ

Proof: Since L(pkrr) = prPr+1 — YPkTk — (pi — 7",% + TR_1TE)

Pr+7h | PrPrer — PRk — L(okTE)  TRo1Tk
+ - .
2 2 2
It is easy to see that the martingale part of the contribution of d(pgry)
vanishes in mean square, and that of d(pgry) integrates out in the limit
which yields

\[/ > Acp(ek) (pkgrk—l—hk—ﬁ( k?"k)) dsr:0.

keZ

pi =

lim E
e—0 ®

The remainder we still have to treat comes from
ac = vE Y Acp(ek) (Prprsr — VPkTE) -
keZ
At this point we use an H~! bound, namely Theorem 2.2 of [10]. In view of
SpkPr+1 = —3YPkPr41 and Spyry = —ypiTE We get
2

E, Uot az(w(s/e?)) ds] < 4te’E,, (a-(—8) 'a.)

2 2
< 4te’E, Z Aé-(p(&tk)pkgkﬂ + 4teE,, Z Aggo(ek)pkrk] ,
kez v keZ v
and the right hand side goes to 0 as € — 0 . (]

The following lemma shows that the contribution of the r;_ir; terms of
A§ vanishes in the limit, too.

Lemma 5. Since p =0, for ¢ € C*(R)

2
hmE Ve ZAeap ek)r re— 1ds] =0 (2.12)

0 kez
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Proof: We have three auxiliary functions and a clever decomposition

Th—1Tk = —LF“;E + FT(LZIB; + FTESZ - VFﬁ

n,

for n > 2, where

n
1 1
F/Erz = ;(” + 1 —D)priri—1

1 n
Flgn T > (n+1 =D (pr = Pr-1)Pr (2.13)
=1

1 n

(3) .

Fp == E TkiTk—1 -
’ =

Let n — oo as € — 0 such that en — 0 . Computing the stochastic differen-
tial of F(!) we see that the related martingale vanishes, consequently

" 2
E, [vE / ZAgso(ek)LFé},i(s/eZ)ds] = (ty + 1)]|¢"|* O(*n?) .

0 keZ

The contribution of F3) can directly be estimated by Schwarz:

" 2
E, |VE / ZA5¢<ek>F£§”;<s/aQ>ds] = 2)|"|> O(1/n).

0 kez

The remaining two terms are treated by means of the H~! bound, Theorem
2.2 in [10]. Taking into account 8(p;pi+1) = —3VpPiPi+1, S(PkTk) = —VDPKTk
and 8(pipj) = —2ypip; for i,j € Z, |i — j| > 2 we obtain that

‘ 2
t
By |VE [ 30 Acolem B s/ ds| =L IR Ofen)
0 kez ’ v
and
t 2 t
B, |VE [ 30 AcplehinENs/=) ds| = I On).
O kez 7 "
which complete the proof of (2.12). O

We are now in a position to state the main result of this section on the
energy fluctuation field.
Proposition 6. Let 3 =1 and p = 0, then for every ¢ € C*(R)

t 2
/0 es(¢")ds + K (') + NJ°(¢')| =0,

. 1+’y2
Im E, e; () — €5 (¢) = %

where K;° and N;*° are the martingales defined by (2.6) and (2.11).
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Proof: This statement is a direct consequence of Proposition 3, Lemma 4
and Lemma 5. O

Let us postpone the easy calculation of the quadratic and cross variations
of the underlying martingales M™*  K%¢ and N®° to Section 4.

3. TIGHTNESS

Here we prove the tightness of the family P®, 0 < ¢ < 1 of the measures of
the conservative fields. Since energy is a nonlinear function of the configura-
tion, some lengthy computations are required. Actually we are extending the
proof of [8], calculations are based on a representation of Sobolev spaces H,,
in terms of Hermite polynomials. For any & > 0 and f, g € C2° (R) consider
the scalar product (f,g),, , see (1.9), and denote by J,, the corresponding
closure. For any positive m, 3_,, is its dual with respect to L? (R) = Hy,
ie. ||fll = IIfllo- It is convenient to represent (-, :),, in terms of Hermite
polynomials, which are the eigenfunctions of ¢> — A. Let h,, denote the n®
normalized Hermite polynomial, each is an infinitely differentiable real func-
tion with Gaussian tail, and h, ,n € Z; form a complete orthogonal base
of L?(R). Since ¢*hy, — Ah,, = (2n + 1)h,, , for every m > 0 and f € L? we
have

191, = [ F@a® = 81" f(a)da = (D™ 32 (f k)
R neN
and this is valid also for negative m, thus the H_,,-norm of a distribution
¢ = ((¢) can be written as

ICIZ 0 =D 2+ 1)7"¢(hn)? (3.1)
neN

In an equilibrium state py and 7 can not grow faster than log(1 + |k|),
thus the fluctuation fields uf and ef can be considered as distributions, i.e.
elements of the Schwartz space S’'(R); S’ is the dual of the space S(R) of
smooth and rapidly decreasing functions. It is plain that, as far as € > 0,
the probability distribution P¢ of the equilibrium process & = (uf,e€}) is
concentrated on the space C' (R4, S’ (R)xS’(R)). The basic result of this

section is

Proposition 7. For any m > 3 and every T > 0, the family P*, 0 <
e < 1 of probability measures has support in C([0,T], H_p,xH_,,), and it
is relatively compact in this space.

In view of the Holley-Stroock theory of Generelized Ornstein-Uhlenbeck
processes (cf. Chapt. 11 in [7]), Proposition 7 is a consequence of the
following result. To avoid too big expressions, let sups ) denote the least
upper bound over the set {s,t:0<s<t<T,t—s<4}.

Proposition 8. For any m > 3 and every T, R > 0 we have

(1) SuP¢(o,1) By [SUP0<t<T ||U§H2—m] < +o00,
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(i) SUPee(0,1) E, [SUP0<t<T ”€§||2—m] < +o0,
(iii) lims_o limsup,_o P, [sup(57T) |uf —uGl|—pm > R} =0,
(iv) lims_.g limsup,_, P, [sup((;,T) llef — €||—m > R] =0.

To prove Proposition 8, we need several technical results, a basic a priori
bound first of all. As before, we may, and do assume that 5 =1 and p = 0.

Lemma 9. There exists a constant B = B(T') < oo such that

E,, [sup{ui(¥)? : t € [0,T1}] < B ([[1* + [|/[|*)
and
E, [sup{ej()? 1t € [0,T]}] < B (Ilell* + 1#'11° + lI¢"1%)
for all p,9p € S(R) and 0 < e < 1.

Proof: Set f-(s) := & Y pez Vet (ek)prii(s/e?) , from (1.2) for rj, we have

i) =) - L [ (o)
o, ([ r0w) ]

< 8T5Eu [fs(_s)_lfs]

_ 8T

whence

E, [ sup uf(w)Q] < 2Euu8(¢))2 + 2F
0<t<T

Since 8f. = —7yfe by Theorem 2.2 of [10]

£ ([ 1)

(Vs¢(€k))2

kEZ

which completes the proof of the first bound because the case of the initial
value is trivial, and by Schwarz

e (Verp(ek))® < [[¢/|° .
keZ

The energy field is a bit more complicated. For Reader’s convenience
recall (2.5),

ei(p) = - — ; k%vggo (ek)Jy(s/?) ds (3.2)
7\[ ZAE@ ek)(p(s/e?) — 1) ds — K& (Vo) ,
0 kez

where

=7 / > o(ek)prprir AW .

kEZ
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The initial value is easy to treat, the second integral on the right hand side
is estimated directly by the Schwarz inequality:

2
E, | sup <’Y\/ > Acp(ek) (pi(s/e®) — 1) ds )

9 2
< Tg / (ZAEM 2(5/¢%) - 1)) ds = O([lv" ).

kEZ

For brevity set g. := Y,z Vep(ek)Jy . Since 8.J;, = —vJy, by Theorem 2.2
of [10] on the critical first integral we get

2
E su /g Vep(ek)Ji(s/e
M0<t£)T< 0 : (s/%) d >

kEZ

< T [0.(-8) M) =

Y (Veplek)? = O(l¢').-

kEZ

Finally, the martingale is treated by means of Doob’s inequality:

E, [ sup Kf’g(vggo)ﬂ <AE, K7 (V.p)?

o<t<T
=47eT Y (Vep(ck)® = O(|l¢'|I*) -
keZ
Combining the estimates above, we obtain the second bound. O

Proof of (i) and (ii) of Proposition 8: From (3.1) and Lemma 9 we
obtain

E, [ sup uuinzm] <Y @nt 1) "E, [ sup ui(hnﬂ
o<t<T

neN o<t<T
< BY @n+ 1) ([hal® + 1)2) < BY @20+ 1)1+ [|hal?)
neN neN

and the last series converges if m > 2 because ||h,||? < 2n +1.
The case of energy field is similar,

E, [ sup uefu%m} <Y (@2n+1)"E, [ sup ei(hn)z]
o<t<T

neN o<t<T
<BY @n+ 1) (|hall® + (IR ]2 + [[Pn?)
neN
<BY (2n+1)7" (24 [l + [1hall3)
neN

Since ||hy,||3 < (2n + 1)%, both bounds are finite if m > 3. O
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By means of the Hermite expansion we reduce the problem of equiconti-
nuity as follows. From (3.1)

E, |sup [u; —U§H2_m] <> (2n+1)"E, [SHP(U?(hn) —U§(hn))2] :
(67T) neN (57T)
however
Ey | sup (uf (h) — S (ha))? | < 4E,, | sup uf (ha)? | |
(6,7) (6,7)

thus in view of Lemma 9, the series above is uniformly convergent if m > 2.
Therefore (iii) is implied by

sup (u$ (hn) — us(hp))?| = 0. (3.3)
(8,7

lim limsup E,,
=0 ¢—0

Similarly, to prove (iv) we have to show that

sup (¢ (hn) — € (hn))?| =0 (3.4)
(6,7)

lim limsup E,
0—0 -0

for each n € Z, , at this point it is important that m > 3. However, we need
not worry about dependence of the rates of convergence on n any more. The
structure of the forthcoming calculations resembles those in Section 2.

Proof of (iii) of Proposition 8: Using notation introduced there, from
(2.1) we get
1 t
i () = ) =~ / W (Auhy) dr

E U
+ ; (75 (Vehn) — 75 (Vehn)) + M (Vehy,) — M, “(Vehn) .

In view of Lemma 9, the integral of u can directly be estimated by Schwarz,

t 2
sup (/ us (Achy) dT)
(6,7) s

The singularity appearing in the stochastic differential of en® is suppressed
by the damping and the factor ¢ in front of it. In fact, we prove that

E, < B(n,T)§.

sup E, { sup Wf(vehn)Z] < 400. (3.5)
0<e<1 0<t<T

Indeed, from (1.2)

t
pr(t) = edﬁpk(O) + / e V(t=s) (rg — rg—1) ds + my(t),
0
where

t
my(t) == ﬁ/o e 1) (pryy AWy, — pr_y dWy_1),
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whence

1 t
T = e M e 6/ e*V(t*S)/‘EQui(Aghn) ds + \/EZ Vehn(ek) my(t/e?) .
0 kez
Due to the exponential factor, the first term obviously vanishes. Separating
ug from e —(t=s)/e by means of the Schwarz inequality, we obtain a factor €,
Wh1ch implies immediately that the contribution of the deterministic integral

is bounded. The case of the stochastic integral is similar. Since
my(t/e%) \F/ W=/ (ppoy AW, — pro—y dWi_1)

where W), are independent standard Wiener process, just as before, the
quadratic variation of the stochastic integral in the above decomposition of
7€ can easily be estimated by Schwarz, and the proof of (3.5) is completed
by Doob’s maximal inequality.
The quadratic variation of M™* is easily controlled, its intensity is just
Q“*, where
€

2 () = 5 3 (ek — e)prra(t/e?) — vlek)pr(t/e?)” . (3.6)
kEZ

Like in many other cases, the equicontinuity of M™*¢ is controlled by its
fourth moment. An easy stochastic calculus exploiting stationarity of the
underlying process yields

E, M"(Veh,)* = O(t?), (3.7)

where the bound does not depend on €. To verify this we use a shorthand
notation My := M,", Q; := Q"°, my :=E, M}, ¢ := E,Q?, and all we need
to exploit is the fact that M; is a continuous martingale with My = 0 and
fg gsds < Kt for all t,e > 0 with a universal constant K. In fact

dM} = AMPdM; + 6 M2Qudt
and Schwartz inequality yields

t t t
my < 6\// mgds \// gsds < 6\// msdsV Kt (3.8)
0 0 0
whence 8,5\/[5 msds < 3v/ Kt which results in \/f(f mgds < 2V K t3/2. Using

(3.8) again we get m; < 12Kt? and thus (3.7) is varified. From (3.7) we
obtain

P, | sup M;**(V.hn)? > R

0<t<é

= 0(3%/R?).

Now we can divide the interval (0,7") into small pieces of size ¢ , and exploit
stationarity to conclude that

P, [[57 > R] = O(6/R?),
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where
2
U570 := sup (My"*(Vehy) — M&(Vehy))™
(6,T)
From here using the fact that JEHI“;T <R (1 +P, [FE,T > RD and tak-
ing supremum in R, we can deduce that the variables I'§ . are uniformly
integrable when € and § go to 0, consequently

lim limsupE,I'j » =0,
6—0 -0 ’

which completes the proof. O

The identities we have established in the proof of Proposition 3. are most
useful for equicontinuity of the energy field. We start with a decomposition

e (hn) = €§(hn) + Af(Achy) +eJ5(Vehy) —eJ; (Vehn) + My (Vep), (3.9)
where M .= —Kf’a — Nte’e, and

€
Jf = Ve > Vehn(ck)Ji(t/<?) .
v keZ
Remember that J& = ri(pg + pry1)/2 and LJg, = (1/29)V1(p2 + rp—17%) —
~vJi , thus all previous tricks are available also here.

Proof of (iv) of Proposition 8: By the Schwarz inequality it follows
immediately that

lim limsup E,,
6—0 ¢—0

sup (A5 (Ahy,) — Ai(Aahn))Ql =0.
(6,T)

Due to the damping of the microscopic current Jj ,

lim limsup E,,
=0 0

sup (eJ; (Vehn) — gjg(vahn»Q] =0
(6,7)
follows in exactly the same way as we did for the velocity field #¢ in the
proof of (iii).

Finally, let Q%< and Q°™¢ denote the intensities of the quadratic varia-
tions of K%® and N“*, respectively. We have

7 (0) =9 > P (ek)pR(t/e)piya (t/7) (3.10)
kEZ
QM (9) = 1= DGR/, (3.11)
v keZ

see (2.11) for the definition of Gj . These martingales can not be expo-
nentiated, but their fourth moments can again be estimated, thus from
E, M (Veh,)* = O(t?) and B, M;{™*(Veh,)* = O(t%) we obtain

lim limsup E,, | sup (M(Vehy,) — M&5(Vehy))* | =0
0—0 £—0 (8,T)
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in the same way as for M™* in the proof of (iii). O

4. THE MACROSCOPIC EQUATIONS

Having proven both the Boltzmann—Gibbs principle and tightness of the
fluctuation fields, the proof of Theorem 1. is almost complete. First we
identify the quadratic variations of the martingales M* and M€ in (1.9)
when 8 =1 and p = 0. From (3.6), (3.10) and (3.11) by the law of large
numbers
. 2 . k . 1
lim Q" (¢') = Z[¢'|I?,  lim Q" (¢) =~lI¢'II*,  lim Q™ (¢) = —[|¢'|
e—0 Y e—0 e—0 Y
in L'. Moreover, all cross variations vanish in the limit, and the bounds
on fourth moments of these martingales imply uniform integrability, conse-
quently
t+ty°
—ll¢1? (@1

e—0

2t
li (M, M) = 2, T (M M) =

and the fluctuation equations read as

1 2 1+ ~2 1+ ~2
Ou = — Au + \/7Vj1 , Oe= 7 Ae + ] Via (4.2)
gl gl 2y gl

in the particular case of 3 = 1 and p = 0. The general case follows from here

by a linear transformation px = pr/v/3, 7t = 7:/V/B + p, i.e.
L oo, . 1 rkp | P
5( I%:—i_rl%):%(pi—i_r]%)—i_ﬁ—i_?v

consequently convergence of the transformed process to the solution of (4.2)
implies convergence of the original to the solution of (1.8).
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