H stochastic
s processes
and their
applications

ELSEVIER Stochastic Processes and their Applications 94 (2001) 1-27

www.elsevier.com/locate/spa
Fluctuations for V¢ interface model on a wall

Tadahisa Funaki®*, Stefano Olla®

aGraduate School of Mathematical Sciences, University of Tokyo, 3-8-1 Komaba, Meguro-ku,
Tokyo 153-8914, Japan
Y Département de Mathématiques, Université de Cergy-Pontoise, 2 Av. Adolphe Chauvin, B.P. 222,
Pontoise 95302 Cergy-Pontoise Cedex, France

Received 23 May 2000; received in revised form 29 November 2000; accepted 5 December 2000

Abstract

We consider V¢ interface model on a hard wall. The hydrodynamic large-scale space-time
limit for this model is discussed with periodic boundary by Funaki et al. (2000, preprint). This
paper studies fluctuations of the height variables around the hydrodynamic limit in equilibrium
in one dimension imposing Dirichlet boundary conditions. The fluctuation is non-Gaussian when
the macroscopic interface is attached to the wall, while it is asymptotically Gaussian when the
macroscopic interface stays away from the wall. Our basic method is the penalization. Namely,
we substitute in the dynamics the reflection at the wall by strong drift for the interface when
it goes down beyond the wall and show the fluctuation result for such massive V¢ interface
model. Then, this is applied to prove the fluctuation for the V¢ interface model on the wall.
(© 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction and main result

This paper concerns fluctuations of an interface on a wall. System is defined on the
one-dimensional lattice I' = I'y :={1,2,...,N — 1} and the location of the interface at
time ¢ is represented by height variables ¢, ={¢:(x);x € I'} measured from the wall I,
see Funaki and Spohn (1997) and Funaki et al. (2000) for details. Since the interface
stays over the wall, the height variables ¢,(x) are always non-negative. The dynamics
of ¢, is determined by the stochastic differential equation (SDE) of Skorohod type:

dgu(x) = —{V"(d:s(x) = u(x = 1)) + V' (du(x) — $pu(x + 1))} dt
+V2dw,(x) + d/i(x), x€eT, (1.1)
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subject to the conditions:
(i) du(x)=0,

(i1) Z(x) is non-decreasing in ¢, (1.2)

(iii) /OOO ¢i(x)dsi(x) =0,

for every x € I'. Condition (iii) means that /,(x) increases only when the interface
touches the wall, i.e., ¢;(x)=0. We impose boundary conditions at dI' = ¢I'y={0,N }:

$:(0) = ¢(N) =0. (1.3)
In Eq. (1.1), the potential V' satisfies the following conditions:
(i) VeC(R),
(i) (symmetry), V(-n)=V(n), neR, (1.4)
(iii) (strict convexity), c_<V"(n)<c,, n € R, for some c_,c, > 0.

Since V' is Lipschitz continuous, the SDE (1.1) subject to the conditions (1.2)—(1.3)
has a unique solution ¢, for every initial data ¢ € [0,00)"; see Tanaka (1979) for
the existence and uniqueness for the SDEs of Skorohod type on a convex domain and
Lions and Sznitman (1984) for more general domains.

The dynamics ¢, constructed as above is stationary under the Gibbs measure asso-
ciated with the Hamiltonian Hy(¢) = E)]cv:1 V(¢p(x) — ¢p(x — 1)) conditioned for all
¢(x) to be non-negative. Let u = u" be the probability measure on R’ defined by

N
du=dp =2y " exp {— > V() — dla — 1))} I] dé). (1.5)

x=1 xel’

where ¢(0) = ¢(N) =0, Zy is a normalization, and let ut = p™* be its conditional
probability:

ph= =)V ()20, x € T). (1.6)

Then, ™" is the unique (tempered) stationary probability measure for the SDE (1.1)—
(1.3), see Proposition 2.3 below. The related problem of entropic repulsion is discussed
by several authors including Deuschel and Giacomin (2000).

The macroscopic height variables are defined from the microscopic ones ¢, by rescal-
ing them in space and time as

hN(t, 9) = % Z ¢N2[(.x)1[X/Nfl/zN’x/NJrl/zN)(Q) >0, 0 e [0, 1], (17)
xerl’

see Funaki and Spohn (1997) for the physical background of such rescaling. The
companion paper by Funaki et al. (2000) discusses the SDE (1.1), (1.2) added weakly
perturbed drift as a macroscopic external force on the d-dimensional lattice under
periodic boundary conditions, i.e., I is taken as I'=I'$,:=(Z/NZ)". 1t is proved that
WV(t,0) defined similarly to (1.7) for 0 € (R/Z)? converges to h(t,0) which is a
solution of certain non-linear partial differential equation with reflection at the wall.
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In this paper, we shall assume that ¢, is stationary, namely ¢, is distributed by p™ .
Then, since its mean behaves as E"M[(]S(x)]:O(\/]V ) (cf. Section 3), the macroscopic
height variable 4V (z,0) converges to 0 as N — oo. The main purpose of this paper is
to study the asymptotic behavior of the fluctuation field of #"(z,0) around its limit O:

OV (1,0) = VNI (1,0) = —— 3 () 1w s1/1(0). (1.8)
\/ﬁ xer
We are now at the position to formulate our main result. To be precise, we introduce
the Sobolev space on the interval [0,1]. Consider on L?([0,1]) the positive symmet-
ric linear operator —A with Dirichlet boundary conditions. Then we can denote by
H*([0,1]),o € R the Hilbert space obtained as the completion of C§°([0,1]) endowed
with the inner product

1
g = /O 7(0) (—AYg(6) do.

The corresponding norm in H*([0,1]) can be written as

15 =D (k)| 7 (k)
k=1
with the corresponding Fourier coefficient f(k):= (f,h), where hy(0) = /2 sin(nk0)
and (f,h;) denotes the inner product of L2([0, 1]).

Theorem 1.1. Define {®"(1,0); 0 € [0,1]} by (1.8) from the solution {$,(x);x € I'}
of the SDE (1.1)—(1.3) with initial distribution p™>*. Then, as N — oo, ®V(¢,0)
weakly converges to ®(t,0) in C([0,T],H=*([0,1]1)) N L2(Or), Or = [0,T] x [0, 1]
for every T >0 and o > L, where L2, denotes the L*-space endowed with the weak
topology. The limit &(t,0) is a unique weak stationary solution of the stochastic par-
tial differential equation (SPDE) with reflection of the type of Nualart and Pardoux
(1992):

0D P .
S (60) =g 55 (60)+ V2B(L0) + &.0), 0 € [0,1], (1.9)
satisfying the conditions
o(1,0)>0, /qb(t,e).»:(dtd@)zo, (1.10)
0
®(1,0) = d(1,1) =0, (1.11)

where & is random measure on Q =1[0,00) x [0, 1] and B(t,0) is the space—time white
noise. The positive constant q is determined by

-1
g =) v(dn)—(/eV(”dn) e dy. (1.12)
R

In Section 2, weakly massive dynamics is introduced by replacing the reflection terms
/,(x) in (1.1) with penalizations. The fluctuation limit for the penalized dynamics is
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stated in Section 4.1 and proved in Section 6 based on the Boltzmann—Gibbs principle
established in Section 5. This gives by the comparison argument the lower bound for
the fluctuation limit for the original dynamics defined by the SDE (1.1)—(1.3), see
Section 4.2. The upper bound is also necessary to complete the proof of Theorem
1.1 but, since the dynamics is in equilibrium, static upper bound is sufficient and
shown in Section 3. Section 7 discusses the case where the macroscopic interface
h(t,0) :=limy_ ., h"V(t,0) stays away from the wall and it is proved that the limit of
the fluctuation field is Gaussian, see Theorem 7.1.

One of the key ideas in our approach is the comparison theorem which corresponds
to the maximum principle in the PDE theory. The convexity condition on the potential
V' is crucial for such property, see Proposition 2.1. In this respect, our technique is
rather restrictive. For instance, in modeling the surface diffusion, one needs to introduce
the microscopic dynamics which conserve the total height variables ) _¢;(x) and after
taking the hydrodymanic scaling limit the macroscopic evolution is expected to be
described by a partial differential equation of fourth order, see Spohn (1993). The
comparison argument does not work for such model. The extension of our result to
other SOS-type models with discrete height variables might be difficult, as well.

2. Penalized SDE and energy estimates

The proof of Theorem 1.1 relies on the penalty method and comparison argument.

2.1. Penalized SDE

We replace the local times d/,(x) appearing in the SDE (1.1) with penalizations
—U/(p:(x))dt, where the function U,, ¢ > 0 is defined by

Ufz)=0 forz=0 and U(z)=(2¢) 'z* for z<0. (2.1)

Namely, we consider the penalized SDE:

depj(x) = —{V'(¢j(x) — ${(x — 1))+ V'(¢pj(x) — pj(x + 1))} d¢
+V2dw(x) — Ul(¢pi(x))dt, xeT,
$;(0)=¢;(N)=0. (2.2)

The solution ¢? = {p%(x);x € I'} of the penalized SDE can take negative values. For
two microscopic height variables ¢ = {¢(x);x € I'} and ¢ = {Pp(x);x € I'}, we write
¢>(;’_> if ¢(x)>(;’_>(x) holds for every x € I'. Then, the following comparison theorem
holds for the solutions ¢? of the penalized SDE (2.2) and ¢, of the SDE (1.1)—(1.3)
of Skorohod type, see Propositions 4.1 and 4.2 of Funaki et al. (2000). The convexity
condition 7" >0 which follows from the condition (1.4) (iii) plays a crucial role for
the proof.
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Proposition 2.1. (i) Let ¢¢ and q_ﬁf, e > 0 be two solutions of (2.2). If ¢f 2(;_33 holds
at t =0, then (;5;2(;_5? (a.s.) hold for all t > 0. Similar result holds for two solutions
¢, and ¢, of (1.1)—(1.3). ) ]

(ii) Assume 0 < e <& and ¢§= ;. Then, ¢;=¢; (a.s.) hold for all t > 0.

(iii) Assume ¢o=¢§ for all € > 0. Then, ¢(x)=sup,., ¢;(x) (a.s.) hold for all t > 0.

Remark 2.1. For the proof of Theorem 1.1, we replace d/,(x) with
—~N"'U/(N~'¢,(x))dt rather than —U/(¢,(x))ds, see Section 4. Note that
NT'U/(N7'z) = Ul (2).

2.2. Energy estimates

1%

We denote I':=I'y Udly = {0,1,2,...,N}. Let I'* = {b = {x,x — I}Cf}
{1,2,....,N} and set Vo(b) = ¢p(x) — dp(x — 1) for b={x, x — 1} € I'*.

Proposition 2.2. (i) Let ¢¢ and ¢%, ¢ >0 be two solutions of (2.2) and set (f)f =
¢i— ¢t. Then, we have

3 (@)Y + 2 /0 S (VB ds< S (o))

xerl beT* xel’

(ii) The same estimate holds for solutions of the SDE (1.1)—(1.3) of Skorohod type.

Proof. Similar to Lemma 2.3 of Funaki and Spohn (1997), noting that (]3:(0) =
qb;(N )=0, we have

d ~E ~E -
5 2 G0 ==2 3 VeV (Vb)) — V'(Vbi(h))}
xer beT*

—23 ", {UN$H(x)) — Ui} (23)

xel’
The first term on the right-hand side is bounded from above by
~E
—2c_ Y (Vb))
beT™
while the second term is non-positive since U, is convex. Therefore, we get the asser-

tion (i). For the difference of two solutions (¢;,¢;) and (q_S,,/_,) of the SDE (1.1)-(1.3),
we have similar equality to (2.3) with second term on the right-hand side replaced by

2 [ 3000~ BN ~ a0
0 yer
written in integrated form. However, this term is equal to
2 [ S (6,044 + i) 42,
0 xel’

which is again non-positive and accordingly assertion (ii) is shown. [
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2.3. Stationarity of u+

It is easy to show that the probability measure

dul :=Zylexp o = Y V(V(B) = Y U($(x)) p [[ do(x) (2.4)
peT™ xer xer
with ¢(0) = ¢(IN) =0 is reversible under the dynamics defined by the penalized SDE
(2.2), where Zy,, is a normalization. Based on this fact and using the energy estimate,
we can show the following result for the SDE (1.1)—(1.3) of Skorohod type.

Proposition 2.3. (i) The probability measure u* = u™* is reversible under the
dynamics defined by the SDE (1.1)—(1.3).

(i1) The tempered stationary probability measure for (1.1)—(1.3) is unique, where
temperedness means L?-integrability.

Proof. It follows from the definition that 1 weakly converges to u™* as ¢|0 and
therefore, one can construct on a proper probability space a sequence of random vari-
ables {¢§}.~0 and ¢y such that ¢f are ul-distributed, ¢ is u*-distributed and ¢}
converge to ¢ a.s. as ¢ | 0. Let ¢/ and ¢, be solutions of the SDEs (2.2) and (1.1)
—(1.3) with initial data ¢{ and ¢y, respectively. Then, from Propositions 2.1(iii) and
2.2(i), we see ¢, =lim, ¢ ¢%, a.s., and this proves the reversibility of p¥* under the
SDE (1.1)—(1.3).

To show the uniqueness, let 1 and ji be two tempered stationary probability measures
for (1.1)—(1.3), and let ¢, and q_S, be two solutions of (1.1)—(1.3) realized on a
common probability space with common Brownian motions and having initial data ¢
and (]_50 distributed by p and fi, respectively. Then, by Proposition 2.2(ii), we have

/ > El(Vu(b) = V(b)) Tds <5 — ZE (ho(x) = Po(x))’],
beT™
which goes to 0 as ¢+ — co; note that the temperedness assumption on u and ji ensures
finiteness of the expectation on the right-hand side. This proves that the distributions
of {V¢(b);b € T'*} are the same under p and ji, which implies = j. [

3. Static upper bound

In this section, we give an upper bound on the limit distribution of stationary mea-
sures {M*} of the SDE (1.1)—(1.3) as N — oco. For any probability measures u on
R”, we denote the distribution of

oV(0):= \ﬁ > @) v—1/2nam+12m)(0), 0 €[0,1] 3.1)
xerl’
on the space L*([0,1]) by 4, where {¢(x); x € I'} € Rl is p-distributed. For each
a=0, let {h(0);0 € [0,1]} be the pinned three-dimensional Bessel process with time
parameter 0 starting at ¢'/2a and reaching ¢'2a (i.e., h(0) = (1) = ¢'?a) and let v,
be the distribution of {g~'2h(0); 0 € [0,1]}; ¢ is the constant determined by (1.12).
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In general, for a topological space &, 2(&) stands for the family of all Borel prob-
ability measures on &. Further assuming that the space & is endowed with semiorder
>, we denote by u=v for u and v € 2(&) if E*[F]=E"[F] holds for every increasing
function ' on &. Here, we call F: & — R increasing if e>¢ implies F(e)=F(é) for
e,é € &. In the following, we shall take & = R’ with semiorder ¢>¢ introduced in
Section 2.1 and & = L*(Qr) with that given in Section 4.2 below.

Proposition 3.1. (i) The family {,LlN’+}N of probability measures on L2 ([0, 1]) is tight,
where L2([0,1]) stands for the space L*([0,1]) equipped with the weak topology.
(ii) The inequality vo,o=v holds for an arbitrary limit v of {ﬁN’+}N as N — oo.

Remark 3.1. Combining this result with the dynamic lower bound, we see that
AN itself weakly converges to vo,0 as N — oo.

Proof. Step 1: For a>0, we define u™* € 2(R") in a similar manner to (1.5) but
with Dirichlet boundary conditions ¢(0) = ¢(N) = a/N, and define p™** by the
conditional probability of x4 on the event Q" ={¢ € R'; ¢p(x)>0,x € I'}. Then, we
have

‘uN,a,Jr Z‘ul\’,o,Jr (:‘uN’Jr), a> 0. (32)

Indeed, we can give a dynamical proof for (3.2). Let ¢, and q_St be the solutions of the
SDE (1.1), (1.2) of Skorohod type with a- and 0-boundary conditions, respectively,
with deterministic initial data satisfying ¢o > ,. Then, ¢, = ¢, hold for all >0 by the
comparison theorem. However, the time averages of distributions of ¢, (or d;t) over
the long interval [0, T] weakly converges to u™®*+ (or ™%, respectively) as T — oo.
This can be seen based on the coupling argument with the help of the energy estimate
derived in Proposition 2.2 (ii). Accordingly, we get (3.2).

Step 2: The invariance principle for u™“ shows that weakly converges to the
distribution p,, of pinned Brownian motion multiplied by ¢~'/? starting at a and
reaching a as N — oco. However, if a > 0, the event Q" has uniformly positive measure
under ™4, ie. infy uM9(Q") > 0. Therefore, we see that

~N,a
Hn

At = v, (N — 00), (3.3)

note v, is the conditional distribution on QF of i, ,.

Step 3: In particular, {i™“ "}y is tight on L2([0,1]) (with strong topology) and
therefore the assertion (i) follows from (3.2). Let v be an arbitrary weak limit of
{ﬁN’+}N. Then, from (3.2) and (3.3), we have v, ,>v for all a > 0 so that vo o>V by
letting ¢ | 0. [

4. Dynamic lower bound and proof of Theorem 1.1
4.1. Scaling limit for interface dynamics with weakly massive term

We consider the SDE (2.2) with U/(¢,(x)) replaced by N ~'U/(N~'¢,(x)) and study
the fluctuation limit for the solutions. This will give the lower bound for the fluctuation
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limit of the SDE (1.1)—(1.3) of Skorohod type. Since ¢ > 0 is fixed at this stage, we
study a slightly more general SDE:

doi(x) = —{V"(ds(x) — Ps(x — 1)) + V'(¢s(x) — ¢u(x + 1))} dt
+V2dw(x) = N'U'(N "' ¢i(x))dt, xeT,

$:1(0) = ¢(N) = 0. (4.1)
The potential U is assumed to satisfy
U e C(R)NC}R\{0}), U(z)=0, U0)=U'(0)=0,
0<U"(z)<c (z#0) for some ¢ > 0,

the limits o4 := U”(£0) exist and sup |U"'(z)| < cc. (4.2)
z#0

The function U may not be C2. The unique tempered stationary probability measure
for (4.1) is given by the formula (2.4) with U,(z) replaced by U(N~'z)

pU(de) =2y | exp{—Hy.u.00(9)} [ do(x). (4.3)
xer
where Zy  is a normalization and

Hyu00(@) =Y V(VeB) + > UN'dx), ¢={d(x)xeTl}

beT™ xel’

with ¢(0) = ¢(N) = 0. The fluctuation limit for weakly massive dynamics (4.1) is
formulated as follows. The proof will be established in Sections 5 and 6.

Theorem 4.1. Let ¢, = {¢:(x);x € I'} be the stationary solution of the SDE (4.1),
ie., we take uMY as its initial distribution. Then, the family of distributions of the
fluctuation fields {®V(t,0);(t,0) € Or}, Or =[0,T] x [0,1] defined by (1.8) is tight
on the space C([0,T], H=*([0,1]))NL2(Qr) for o > %, and every limit &(t,0) satisfies

E[[|®]|7:0,)] < o0 (4.4)
and is characterized by the SPDE:
2
%—(f(z, H=gq %(rﬁ) +V2B(t,0) — o &F(1,0) + a_d(1,0), 0¢€[0,1],
&(1,0) = d(1,1) =0, (4.5)

where ®F stand for the positive and negative parts of ®, respectively.

In this theorem, we call @ = @(¢,60) a weak solution of the SPDE (4.5) if @(¢,0) €
C([0,T],2'((0,1))) N L*(Or) (a.s.) and satisfies

(@(0.0) = (@O) +q [ (@60 ds + V2B + [ (@) b5 s
(4.6)
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for every ¢ € [0,T] and test function J =J(0) € C3((0,1)) N C([0,1]) satisfying
J(0)=J(1)=0, where Z’((0, 1)) is the topological dual space of Z((0,1))=Cg°((0,1)),
(®, J) is the inner product of L2([0,1]) and

f@)=—ozt +a_z7, z€R. 4.7)

The following lemma makes a remark on the uniqueness of weak solutions of the
SPDE (4.5).

Lemma 4.2. For each initial data ®(0) € L'([0,1]), the weak solution of the SPDE
(4.5) satisfying

is unique. Moreover, if ®(0) € C([0,1]) and ®(0,0) = &(0,1) =0, then ® admits a
version such that

D(1,0) € C(Qr), D(1,0)=P(1,1)=0. 4.9)

Proof. The proof goes quite similar to Theorem 3.2 of Walsh (1986, p. 313) or The-
orem 4.2 of Iwata (1987) so that we only outline it. Note that Walsh treats the case
of Neumann boundary conditions (and solutions in the class of L”-functions), while
Iwata discusses the solutions in the class of continuous functions.

First, one shows that @(¢,0) is the so-called mild solution of the SPDE (4.5), i.e.,
it satisfies

1 t 1
«p(r,a)z/ p(t,@,a')«p(o,e’)deurﬁ// p(t —5,0,0)dB,(0')d0’
0 0J0

t ol
+/0/0 p(t—s,0,0")f(P(s,0))dsd0’,

where p(¢,0,0'), t >0, 0,0 € [0,1] is the fundamental solution of the heat equation
having diffusion constant ¢ and Dirichlet 0-boundary conditions. Therefore, if @'(¢)
and @*(¢) are two solutions with common initial data @®(0), then we have

t 1
D'(1,0) — <P2(t,0):/ / p(t—5,0,0){ f(P'(5,0')) — f(P*(5,0'))} dsdb.
0 JoO

This proves @'(¢,0)= ®%(¢,0) a.e. (¢,0); in fact, take the norms in the space L'([0,1])
of both sides and then apply Gronwall’s lemma. The existence of solutions @ of the
SPDE (4.5) satisfying the regularity condition (4.9) is known and therefore such version
always exists, see Funaki (1983). [

4.2. Dynamic lower bound

Let PV be the distribution on the space L2 :=L*(Qr) of {®"(1,0);(t,0) € Or} which
is determined from stationary solutions of the SDE (1.1)—(1.3) of Skorohod type and
let PV¢ be that determined from stationary solution of the penalized SDE (4.1) taking
U(z) = Uy(z). The semiorder ‘“>" can be naturally introduced on the space L%: We
say @>@ for @ and @ € L% iff &(¢,0)>P(1,0) holds for a.e.-(t,0) € Or.
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Lemma 4.3. For every ¢ > 0, we have PY >=PN¢, recall Section 3 for inequalities for
probability measures.

Proof. Let i*¢ be the measure defined by (4.3) with U = U,. Then, u"?¢ is stationary
for PM¢ and pN* > ¢ holds for every & > 0. Indeed, to show such inequality, we
first notice that u™¢>u™? holds if 0 < ¢ < & which follows from Proposition 2.1(ii)
and coupling argument, and then take the limit & | 0. This inequality is for initial
distributions. For dynamics, one can use Proposition 2.1(ii) and (iii), and obtain the
conclusion. [J

Let P? be the distribution on the space L% of unique weak stationary solution of the
SPDE:

0P P . r__
= (60)=q =5(6.0) + V2B(1,0) + —~(.0), 0 €[0.1],

®(1,0) = d(t,1) =0, (4.10)

Then, the next theorem is immediate from Theorem 4.1; we take U = U,.
Theorem 4.4. For each ¢ > 0, PN? weakly converges to P* as N — 0.

Let P be the distribution on the space L% of unique stationary solution of the SPDE
(1.9)—(1.11) with reflection of Nualart—Pardoux type. The following theorem gives the
lower bound for an arbitrary limit of {P"}y as N — oo.

Theorem 4.5. (i) The family {P"}y of probability measures on C([0, T],H*([0,1]))
NL2(Qr) is tight for o> 1.
(il) The inequality P=P holds for an arbitrary limit P of {P"}y as N — cc.

Proof. (i) In Section 6, we prove that {P"¢}y, is tight in C([0, 7], H*([0,1]))
NL2(Qr) for o > % (cf. Remark 6.1(1)).

(ii) Taking the limit N — oo in the inequality PV >P"¢ shown by Lemma 4.3, from
Theorem 4.4, we have P>P¢ for every ¢ >0 and for arbitrary limit P of {PN}y.
However, Nualart and Pardoux (1992, p. 83) shows that P* weakly converges to PP as
€10 and this implies the second assertion. [J

4.3. Proof of Theorem 1.1

We first notice the following property of the distribution PP of Nualart—Pardoux
process.

Proposition 4.6. Po @, ! =v9,0 for every t > 0; i.e., unique tempered stationary prob-
ability measure for the SPDE (1.9)—(1.11) is vg,.

Proof. Step 1: We use the coupling argument again to show the uniqueness of tem-
pered stationary probability measures. Let u; and u; be two tempered stationary prob-
ability measures and let (®'(z,0),£'(dzd0)) and (P%(z,0), £2(dt d0)) be solutions of
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(1.9)—(1.11) with common space-time white-noise B(t,0) having initial distributions
w1 and pp, respectively. Then, since

/ (D'(1,0) — P*(1,0))(E'(dr dO) — £2(dr dO)) <0,
Or
we have

d
312/ = POl < ~2aIV(@' () = L) 2201

< —21q|| D' (1) — DD 0.1y

and this concludes p; = pp; recall that @'(¢) are p;-distributed for i = 1,2 and
every ¢t =0.

Step 2: It is shown by Otobe (1998) that, for a > 0, v,, is a stationary measure
for the SPDE (1.9), (1.10) imposed a-boundary conditions:

O(1,0)=d(t,1)=a, 0. (4.11)

Moreover, a similar argument as in Step 1 proves that v,, is a unique tempered
stationary probability measure for such SPDE. To conclude the proof of the proposition,
we shall let @ |0 and show that v is stationary for (1.9)—(1.11) (i.e., 0-boundary
conditions). To this end, we prepare the next lemma.

Lemma 4.7. Let (9(¢,0),£4(dtd0)), a=0 be the solutions of the SPDE (1.9), (1.10)
imposed a-boundary conditions (4.11) having initial data ®*(0) which satisfy ®*(0)=
®(1) = a and are decreasing as a | 0: ®*(0)=d* (0) if a > da' =0. Then, we have
d9(1,0)= DY (1,0) and E(drd0)<&(drd0) (a.s.) (ie., & — & is a non-negative
measure) for every a >a' >0. In addition, if ®°(0) = lim, | o ®*(0) holds, then we
have @°(t,0) = lim, | o ®°(,0) (a.s.).

Proof. Consider the penalized SPDE (4.10) with a-boundary conditions (4.11) in place
of 0-boundary conditions and denote the solutions with initial data ®¢(0) by ®“*(¢,0).
Then, the comparison theorem for such SPDEs shows that ®%%(¢,0)> <D“/’8(t, 0),
a>a >0 for every ¢ >0 (cf. Nualart and Pardoux, 1992). This, in particular, im-
plies that gae(dr d0) < &9-¢(dr dO), where &-¢(drd0):=(1/e)(®*(1,0)) d¢d0. There-
fore, letting ¢ |0, we have the first assertion of the lemma. Note that £*%(drdf)
converges to £%(d¢rdf) as ¢ 0, see Nualart and Pardoux.

From the first assertion, the limit @(¢,0):=lim, 10 D%(2,0)=0 and the weak limit
&(drd0):=1lim, | o &(dr d0) exist (a.s.). One can show that (&, &) is a solution of the
SPDE (1.9)—(1.11). Indeed, from fQ @°(t,0)¢%(drd0) = 0 and 0< P <P’ we have
fQ &(1,0)E%(dr d@) = 0 which implies fQ &(1,0)&(dtdO) =0 by letting a | 0. The weak
form corresponding to Eq. (1.9) can be easily checked by letting a | 0 again. Therefore,
the uniqueness of solutions of (1.9)—(1.11) proves the conclusion. [

We continue the proof of Proposition 4.6. As a |0, v,, weakly converges to vg .
In fact, this is easily seen by recalling the fact that v,, is the distribution of the
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distance from the origin of the three-dimensional pinned Brownian motion. Further-
more, if @ >a >0, v, .=V holds. Indeed, to see this, take two solutions satis-
fying @%(1,0)> % (1,0) as in Lemma 4.7 and denote the distribution of 4(t,-) by
u¢. Then, from the uniqueness of stationary measures, the Cesaro mean (1/7') fOT w dt
of {u¢;t € [0,T]} always converges to v,, as T — oo and, since ,u?;uf/, we have
Va.a =Var.«r. Therefore, on a proper probability space, one can construct a family of
random functions {®“(0);a=0} such that the distribution of each ®“(-) is given by
Voo and @“(0) monotone decreasingly converges to @°(0) as a | 0 (a.s.).

Now, consider the solutions @“(z,0) of the SPDE (1.9), (1.10) imposed a-boundary
conditions (4.11) with initial data ®?(0) constructed as above. The noise B(t,0) is
common and independent of the initial data {®%(0);a>0}. Then, ®(z,0) is stationary
for @ > 0. Finally, let a |0 for ®%(¢,0) and we see from Lemma 4.7 that vy is
stationary for (1.9)—(1.11). This completes the proof of Proposition 4.6. [

We are at the position to complete the proof of Theorem 1.1. Let P be an arbitrary
limit of {P"}y. Then, from Theorem 4.5(ii) and Proposition 4.6

Pod '=Pod ! =y
On the other hand, since PV o &, ! = 3", Proposition 3.1(ii) shows
vo0=Po d;!
and therefore we obtain
Pod ' =Pod,! (4.12)

for each +>0. However, since Theorem 4.5(ii) claims P >[P, equality (4.12) for every
one-dimensional marginal distribution implies the equality P = [P for distributions on
the path space L%. This proves that PV itself converges to P as N — co. [J

5. Boltzmann—Gibbs principle for weakly massive dynamics

The main step for the proof of Theorem 4.1 is to establish the so-called Boltzmann—
Gibbs principle, by which one can replace the “non-linear Laplacian” (i.e. the first
term on the right-hand side of (4.1)) with “linear Laplacian” under the large space-time
scaling limit. In Section 5.1, the Boltzmann—Gibbs principle is formulated for the height
difference process 7V in equilibrium. After giving several uniform a priori bounds
(Section 5.2) and equivalence of ensemble (Section 5.4) for equilibrium measures, the
proof of the Boltzmann—Gibbs principle will be established in Section 5.5 based on
the localization scheme introduced in Section 5.3.

5.1. Boltzmann—Gibbs principle
Let ¢; = {¢:(x);x € I'} be the solution of the SDE (4.1). The associated height

difference process 1, = {n,(h); b € I'*} is then defined by 1,(b):= ¢, (x) — ¢.(x — 1) for
the bond b= {x,x — 1} € T'*. Identifying the bond b= {x,x — 1} with x € {1,2,...,N},
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we shall simply denote #,(b) by n,(x). Note that the process #, has a conservation law,
Zivzl n,(x)=0. The time-changed processes ¢y2, and ny2, of ¢, and 5, are denoted by
¢V and nV, respectively. Then, the Boltzmann-Gibbs principle for #" in equilibrium
can be stated as follows. Recall that ¢ > 0 is the constant defined by (1.12).

Theorem 5.1. For every J € C'([0,1]),
2

tq N
| S smcut e | o (5.1)
x=1

. N.U
lim E*
N—oo

where

Gy =V'(n)—qn, neRr.

The result does not depend on the massive perturbation U. As we shall see, such
weakness of U is guaranteed by condition (4.2) together with the fact that the height
variables ¢(x) behave like O(v/N) under equilibrium.

5.2. A priori bounds for uMY

We prepare several a priori bounds for V. Recall that the measures ™V and
wV = "0 are defined by (4.3) and (1.5), respectively.

Lemma 5.2. (i) There exist C, and C; > 0 such that
B fexp{ag(n)}] < Cre® Y, EX [exp{a(¢(x + K) — d(x)H < Cre® K,
for every o € R and x € T.
(ii) For every p=1, there exists C = C, > 0 such that
E* ¢ T<CN2, B I+ K) — ¢(x)|P1< CK .
(iii) We have
sup max EX [G(n(x))*] < occ.

NeN IsxsN

Proof. Since the potential ¥ is strictly convex, noting that (¢(x)),~ =0, the assertion
(i) and therefore (ii) for pV = ™0 in place of ™Y are consequences of Brascamp—
Lieb inequality, see Lemma 2.9 of Deuschel et al. (2000) for instance. Now set
X:=> UN"¢(x))=0.
xerl’

A1 . s ..
Then, we have dp™Y=Z ,e™" du" with a normalization Zy, . However, the condition

(4.2) on U implies
1 -
0< (X0 <535 10" oo D (b)) <C
xel
for some C > 0; we have used (ii) with p=2 for u". Accordingly, Z ¢ is uniformly
positive in N:

Zno = (e wze {1 — V(X >2C)} =2 > 0.
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Thus, the assertion (i) for u™V follows from that for w". The assertion (ii) is an
immediate consequence of (i) and the assertion (iii) follows from the second inequality
in (i) with K =1 and p =2, since V'(5) is linearly growing. []

5.3. Localization scheme

We follow Kipnis and Landim (1999, p. 292) for the proof of Theorem 5.1. For
each x € I', introduce a differential operator L, by
2

L= PR {V'(¢(x) = d(x = 1) + V'(p(x) — p(x + 1))
1
N ) 5
and for the box B=[x_,x;]NZ, 1<x_ <x, <N and ¢_,¢p, € R
Lg=Lggy ¢ = Z L, B :=B\{x.}. (5.2)

xeB’

The operator Lp acts on functions of {¢(x);x € B°} and ¢p(x_ —1)=¢_, p(x.)=¢ 4
on the right-hand side of (5.2). The variables {¢(x);x € B°} and {n(x);x € B}
satisfying Eye s N(y) = ¢4+ — ¢_ correspond to each other by the relations

nx):=¢(x)—dx—1), xeB

and

X
o

$@):= > n(»)+¢_, xeB.

y=x_
In this way, the operator Lg naturally acts on functions of {5n(x);x € B}. We denote
such operator by Lp = L, b The unique reversible probability measure for Lg is

denoted by ,uB ¢ . € 7(RB ); namely
Wy 0 A =Z 0, o exp{—Hpup_g (6)} H dep(x) (53)

xeB®

for ¢ = {p(x);x € B°}, where Zp 1.4 4, is a normalization and

Hpug 9. ($) =Y V(dEx) = dplx— D)+ Y UN"'$(x))
xXEB xeB°

with ¢p(x_ — 1)=¢_, ¢(x;) = ¢,. Note that ugf;’gﬂ by coincides with the conditional
probability measure u™Y(-|a{p(x),x & B°}) of uMV. Since u*U enjoys the Markov
property, this conditional probability is a{¢(x_ — 1), ¢(x, )}-measurable. The image
measure of ug;’g_,m(dq’)) under the map {n(x):=¢(x) — ¢(x — 1);x € B} is denoted
by g g, (dn).

We divide the total set I'* = {1,2,...,N} into M small boxes with size K; namely,
let M:=[(N —1)/K]+ 1 and consider the boxes B; = {x;—; + 1,...,x;}, | <i<M in
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T'*, where x; =iK for 0<i<M — 1 and xjy = N (we assume N = MK for simplicity).
Set

Gi(n):= " G(n(x)),

XEB;

Fi() = FUd (1), §lx)) i= Esiss-400[G
for 1 <i<M,; recall that ¢(x;):= Z’y’:l n(y) are regarded as functions of 5-variables.

Lemma 5.3. The conclusion of Theorem 5.1 follows from

M 2
lim Tfim E* ]:]{ZJ(xi/N)Fi('])} =0. (54)
i=1

K—o0o M—oo

Proof. Take J € C!([0,1]) and then we have from Lemma 5.2(iii) and the stationarity

of the process 1Y
2

lim Tim E*° |/ \FZ{J(x/N) J(Xi/N)YGY (x))ds| | =0, (5.5)

K—o0o M—o0

where i(x), x € I'* denotes the number i for which x € B; holds. On the other hand,
using the bound (1.2) of Kipnis and Landim (1999, p. 294) and by similar computations
there, we have

2
t 1 M N v
/0 ﬁ§J<xi/N>LB,Iﬂ(nS )ds

<20eM || J |2 N 3 max (=L Hi, Hy) o, (5.6)

for arbitrary functions {H;(n); 1 <i<M}. If we take

Hin) = Ly, {Gin) = Fi(m)},
since the operator —L~3, on the space Lz(ﬂgf;%(x‘;])v ¢(x[)) has a spectral gap larger than
CK 2 with certain universal constant C > 0 (indeed the logarithmic Sobolev inequality
can be shown by means of Bakry and Emery’s result, since the potential functions V
and U are convex), we see

(—Lg Hi, Hi)ww < CT'K?||G; — FiHiZ(qu)
<4CT |G ey <4CTKD Y B (G0 .

XEB;

Hence, from (5.6) and Lemma 5.2(iii), we obtain

" 2
Jm w2 || t " > SNHG) ~ Fei)as | =0 67
Combining (5.5) and (5.%), (5.1) can be proved once we have
R | vl
Jim - fim £ 7 ;J(x,«/N)Fi(ns Yds| | =o0. (5.8)
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However, (5.8) is an easy consequence of (5.4) by using Schwarz’s inequality and
noting the stationarity of Y under p™V. O

5.4. Equivalence of ensemble

To show the static property (5.4), we need to establish the equivalence of ensemble
for ﬂgg_ b (see Proposition 5.5 below). To this end, we first refer to the result for
ﬁgf;’%ﬂ o> the probability measure ﬁgf;’gﬂ b with U = 0. Since ﬁg@%ﬂ " is determined
depending only on the size K :=|B| of the set B and u = (¢ — ¢_)/K, we denote it
simply by fix, and regard it as a measure on RI"K1N% = (i = (n(x); 1 <x<K)}. Let

V¥, € 2(R), 4 € R be the probability measure defined by
Gdp) =2, et gy 7 / e VOt gy
R

and set v, :=7,,) € Z(R), u € R with a function 1 = A(u) introduced by the relation
E"[j] =u.

Proposition 5.4 (Equivalence of ensemble for fiy ). For each ug >0, there exists
C > 0 such that

(P () ko — ()l <% { sup (W, W) 0 + 1}, || <uo
4] < Auo)+1,le| < 1/K

for every at most linearly growing function ¥ on R and every 1<x<K. Here (-)g,

and (-), denote averages under [iy, and v,, respectively; (-;-),.w denotes the trun-

cated correlation function under v, , € P(R) which is defined similarly to v, but with

—V(n) + in replaced by —V(n) + e¥(n) + /n.

Proof. See Lemma 3.1 and Corollary 3.2 of Chang and Yau (1992). Note that fiy , is
symmetric, i.e., invariant under permutations of coordinates {x; | <x<K}. O

This result is generalized to the weakly massive case and the speed of convergence

can be estimated as follows. Since ﬂg’; Zﬂm depends only on K=|B|, u=(¢; —¢_)/K

and ¢_, we denote it by ﬂ%’g(p_ and regard as a measure on R[-KINZ,

Proposition 5.5 (Equivalence of ensemble for ﬂzftj o ). For each uy and hy > 0, there
exists C > 0 such that

C
|<qj(7l(x))>%::¢_ — (¥l < X { sup (Vs W) 50w + 1}
[ 2] < Auo)+1,|e| <1/K

C
372 (=K [ul K2 4 K2) (W) k(o))

for every at most linearly growing function ¥ on R and every 1<x<K, if |u|<
o, |p—| <hoN and K = o(N). Here (->§¥:Z¢_ and (-;-)k., denote the average under

ﬁgg . and the truncated correlation function under fiy ., respectively.
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Proof. The measure ﬂzfl] 6 has a representation:
~ s—1 _x~
u%fﬂp (A =7 e g, (dn), n={n(x);1<x<K},

with a normalization Z and a random variable
K—1

X:= Y {UWN " ¢(x) — UN"H(x)ka)}s

x=1
where ¢(x) = ¢(x,n) = p_ + Z);Zl n(y) and (¢p(x))k., = ¢_ + xu. Hence, we see
PNV =Pk + 2 (P — Dk

where ¥ = Y(5(x)) for some 1<x<K. One can apply Proposition 5.4 for the first
term on the right-hand side. For the second term, we observe that

Z=(g., =1 -X)g,=1—-CK*/N* > ]

for large N; recall that K =0(N ). Here the second inequality in the above line is shown
based on the following two bounds:

1 K—1 ) B . 1 , K—1 .
—N;U(N H))k))| <5331V Hoo;qs(xf, (5.9)

by the Taylor expansion, and

(PO k.u <CK,

by Brascamp-Lieb inequality, where &(x)::(j)(x) — (¢p(x))k.4- Applying Schwarz’s
inequality for the term (¥(e ¥ —Z))k.,, the proof of the proposition can be concluded
once
C
(™ = 200 < 3 (b= |K2 + [ulK + K2) (5.10)
is shown. However,
(™ =20 ku = (€ )k — (e )ko
< (1= 200k + 207 X)) = (1= (Xka)’
< AN <2 LG

where X* is a certain random variable taking values between 0 and X. Since X > 0
implies X* > 0 and since U" >0,

<674X*>K,u < <374X>Ku +1

<<exp{ —4N~ IZU(N ¢(x)>1<u)</><x>}> +1

K,u

which is bounded uniformly in K,u and N by Brascamp-Lieb inequality. Finally,
recalling that

[U'N"HE) k)| < NU" [loN T (-] + [ulK),
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we have from (5.9)

324 K—1 4
(i, < o { (O] <<,1< > ¢<x/1<>> >K

K2\ | K 4
() { (s 3en7) )

Cl
< 39— 1K2 + [ulK>? + K2)Y,

where ¢, ::K‘l/z(;’;[Kg] for 0 € [0,1]. This concludes the proof of (5.10). [
5.5. Proof of Theorem 5.1

We finally complete the proof of (5.4). The next lemma is a consequence of the
equivalence of ensemble.

Lemma 5.6. There exists C > 0 such that

N, U 2 KS .
EUIFISC (14 35 ). 1<isM, (5.11)

U K32
EXUFF]<C (1 + N> KN772 1<i < j<M. (5.12)

The last bound can be improved as
'uN.U 2 —7/6 . .
EF [FiF]<CKNT'°, 1<i<j<M, (5.13)
if i and j satisfy N35 <x;<x; <N — N33 or x; —x; = N35.
Proof. Step 1: For 0<x* <x} <N, set B* = [x*,x7]NZ, K =x} —x¥,

~N, U

Ff = F(x0)=E "D [G(na))). x € B
and
A x5 0) = {1005) — )| <K gt <NV, 0 < o<l
Then, since A(u) = (V'(n))y, 4(0)=0 by symmetry of ¥ and ¢ = A’(0), we have
{GYul = (V' ())u = qul < 3lu* sup [2"(v)]

[o] < Ju]

and therefore, from Proposition 5.5 with ¥ = G and K =K

7| <CIR T (P(xT) — p™ )2 + K+ NTZPRRVP L N2RTY (5.14)

on the set A(x*,x%;0); the first term on the right-hand side is the contribution of |(G),|
with u = (H(x}) — ¢(x*))/K. On the other hand, noting § > 0, by Lemma 5.2(ii) and
Chebyshev’s inequality,

YA x50 )< CR T (5.15)

for some C, >0 and every p>1.
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Step 2: We first take K = K and 6 = % to show (5.11). With this choice, (5.14)
implies

|Fi(n)| =

ZF;(xi—l,xi)

XEB;

< C{K N ((xi) — p(xim1))* + 1+ NT'KY, (5.16)
on the set 4;:=A(x;_1,x;; %). Therefore,

i [Fiz] — gt [F,-Z,Ai] +E;¢N,U [F,-Z,Af]
=2 ™Y ¢ S
S CIKT7EY (@) = ¢lxim1)) T+ 1+ N7T°K7)

MU aq1/2 N, 1/2
+ B IR P An'
v

which proves (5.11) since EX""[(¢(x;) — p(xi—1))*1 < CK? and EX""[F4]< CK*. Next,
let us give the proof of (5.12) and (5.13). Choose x}_,x; € Z such that 0<x} | <x;
<x;<x!<N and xf —x; | =N*5, and set

Fp =B [Fi| (i), )]

Then, (5.14) taking K = N3° and § = & shows

|[F|<CKN~T"2, (5.17)

on the set A} :=A(x;_,,x}; ). Similar arguments are possible for F; with Xi_p, Xf
and F 7 defined similarly. Now, in general case, one can choose four points x;_ |, x},
Xi_y, Xj in such a way that 0<x | <x;j—1 <X <x/ <xj_; <xj—; <x;<xj <N and
xf —xf_, =N*3 or x; —x7_; = N3/ hold. The Markov property of ™V implies
EVUIRF] =E(FTF) (or =" [FFT])

and therefore, from (5.16) and (5.17), we obtain (5.12) with the help of similar cut-off
argument used above. Under the additional assumption for (5.13), we can choose four
points such that both x; — xf | = N** and x7 — x| = N3 hold. Hence, in this
case, we can apply the bound (5.17) both for /" and F}, and obtain (5.13) from

1
B FF) =B [FE R D

Proof of Eq. (5.4). The expectation in (5.4) is expanded as
M

1 NU
v > " J@i/N)J(xj/NEF [FiF;].
ij=1
Divide the sum into those in the following three regions: S1={i=j}, S;={i < j;x;,N—
x;=N35 or x; —x; =N}, Sy = {i <j;(i,j) € S»} and use (5.11) for S, (5.13) for
S>, (5.12) for S5, respectively. Then, the absolute value of the above sum is bounded
by

113 IS 2 -2 A7 —7/6 —1773/542 K2 —7/12
C'oAM (14 5 | + MPKAN O (KTINPP) (14 = | KN

which tends to 0 as N — oo and then K — oo, recall N = MK. This concludes the
proof of (5.4). O
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6. Proof of Theorem 4.1

Recall that I' =Ty = {1,2,...,N — 1} and T'* = {1,2,...,N} index the sets
of sites and bonds, respectively. We begin with showing the tightness of the fam-
ily of distributions of the fluctuation fields {®"(z,0)} defined as in Theorem 4.1.
Set (I]_Tw)3 ={L2(07)} and (12)3:={L*([0,1])}?, where L2(Qr) and L*([0,1]) are
L?-spaces endowed with the weak and strong topologies, respectively. The coordinate
functions of these spaces are denoted by ¥(z,0) = (V1(¢,0), P2(¢,0), V5(¢,0)) € (I}_Tw)3
and ¥(0) = (¥1(0), ¥2(0), P3(0)) € (L)%, respectively.

Proposition 6.1. (i) The family of distributions of {®V(t,0)}y=1 on the space
C([0, T), H=*([0,11)) N L2(Qr) is tight for o> 1.

(ii) The families of distributions of positive and negative parts {®*(t,0)}y>1 of
{®N(1,0)}n=1 on the space L*(Qr) are tight.

(iii) Let PNV be the joint distribution of {(®" (¢,0), ®*"(¢,0), ®*~(1,0));(t,0) € Or}
on the space (13.,)* and let PV € 2((13,,)*) be an arbitrary limit of {P*Y}y as
N — oo. Then,

Yy(1,0) =V (1,0), Y3(,0)=¥(0), ae. (1,0)€ QOr,
holds for PY-as. ¥ € (13,,)°.

Proof. The tightness of ®"(z,0) and ®¥*(¢,0) on the space L2(Qr) is shown from
N.U
ECC 0N (4 2 qony) =N T2 S EX [g(0)P1<C r e [0,T], (6.1)
xel’

which follows from Lemma 5.2(ii) by noting the stationarity of ®"(z,).
The tightness of ®"(¢,0) on the space C([0,T],H*([0,1])) can be studied with a
method similar to the one used by Giacomin et al. (2001). Observe that

N,U i 1 N,U AN
E" {sup |¢N<t,->||2a} <Z(nk)2ﬁ" [sup | <t,k>|2]
k=1

0<t<T 0<t<T

Recall the general bound for reversible processes (cf. formulas 5.40-5.42 of Giacomin

et al., 2001)
G\
> ()

We apply this bound to the function G = <f>N(k) which is the Fourier coefficient of
@V (0) defined in (3.1) and viewed as a function of ¢ € R'. Using (6.1) we have

N,U ~N lN, U N,U
EC [0 (K)PT=E* (@Y, ) 1<E" [|| @V |72 q0.p] <C-

B [ sup |G(¢(r))|2} <CE" [G($)] + CN*TE”

0<t<T

It is easy to see by explicit computation that

AN 2
od (k) 1 -
N? ==Y (x/NP*<2
3 () -y ey <2
xer x€r
where we denote for A=h(0) and x € T’
h(x/N) =N 1y 12858 -+1/20): ). (6.2)
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Then, putting all these together, we have shown that for every o > %

EC ] sup oV, | <G

0<t<T

We can now control the modulus of continuity by observing

N, U

EC | sup o [|0V( ) = 9Y(s, I,
|t—s| <o
0<s<t<T
= 1 NU AN
<4 E* [sup ] (t,k)ﬂ
k:RZH (k) 0<t<T| |

R

1 N.U AN ~N

+Z(nk)2aE" sup  |B (L,k)—d (s, k)| .
k=1

[t—s| <o

0<s<t<T

The first term on the right-hand side will converge to 0 as R — oo uniformly in N.
Then it is enough to show that for each k

lim Y sup (8 (k) — 8" (s,0)|| =0. (6.3)
[t—s| <o
0<s<t<T

From the SDE (4.1) we have
t
8" (10 = 8" 5.k = [ B (@) dr VI 0 = 6)),
where m} (¢) is a martingale given explicitly by
my (£) = N7 " (/N ywi(x)
xerl’
and

0 . -
B (¢)=—N"%" (I;I(Nﬁgcg(’) ()i (x/N).
xerl’

Since mkN (¢) has bounded quadratic variation (uniform in N), its modulus of continuity
is controlled by standard martingale estimates.
From the Garsia—Rodemich—-Rumsey inequality one obtains
t
sup | [ B (@
lt—s|<s 70
0<s<t<T

T T
<Cydlogd! [log<4/ / exp{
0 Jo

/ t By (¢Y)de

[vimsfusa)+al.
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where the constants Cy, Cs do not depend on bY, cf. the proof of Lemma 11.3.10 of
Kipnis and Landim (1999, p. 306). Using Feynman—Kac formula one can show that

LU LN N
10gEu“(e/f|f., bl (e drly

2
<(t—s)s?p BOY 12) sz<(@¢(x)>>

xel

—(¢ s)supxezr BN I /N)< 5(f)(x)>u,v,u N <<5¢(x) e

<(t - s)f D (/N Y <2(1 — ),

xer

where sup  are taken over all f=f(¢) > 0 satisfying (f? )vv=1. Then, by stationarity,
the estimates above and Jensen’s inequality, we have

t 2
[ o

which completes the proof of (6.3). Assertion (i) is therefore concluded.

Finally we prove (iii). Denoting by (€2, %, P) the probability space on which the
fluctuation fields {®V(z,0) = &V (1,0; w); (¢,0) € Or} are defined, let MY e 2((1L2)*)
be the distribution of <1_5N(t,~;w) = (PV(t,-;0), PV (L, 0), PV (L, 0)) € (12)
realized on the probability space ([0,7] x Q,d¢dP/T). Then, the family {PN’U}N is
tight on (.?)%; recall that this space is equipped with the strong topology. In fact, this
follows from the stationarity of @V(z-) and the second inequality in Lemma 5.2(ii)
which gives uniform bound on Hélder norms. Now assume that PV WU weakly converges
to PY on (L%,,)* as N’ — oo. Then, one can find further subsequence {N”} of {N'}

and PV € 2((1%)*) such that MY weakly converges to Y on (L2)* as N — oc.
Consider a function

N,U —
E* sup <Cdlogd™!,
[t—s| <o
0<s<t<T

F(Y):= ¥ — Pallpqom AL ¥ =¥, ¥, ¥s) e (L),
Then, since F € Cy((L?)*), we have
5U sN''.U
EFP [F(P)] :N;;m EF" T [F(P)]=0.
However, since
1 pv ! + Y +
E [(P7(s) = Pa(s),J)|ds| =E7 [[(¥] — ¥2,J)[]=0
0

for every J € C([0, 1]), we get ¥2=¥;, PU-as. Similarly, we have ¥3=¥, PlV-as.
|
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Remark 6.1. (i) Observe that the bounds that are involved in the proof above are
independent from U. It follows that the family of distribution {PN’S}N,,; introduced in
Section 4.2 is tight in C([0, 7], H~*([0,1])) N L3(Qr) for o > %
(ii) Since E“N'U[H(I)N(t,-)||iz((R/Z)d)] = O(N?"") in d-dimension (e.g., on the periodic
lattice I'¢)), the tightness in L?-space can be shown only when d = 1.

Now we turn to the proof of Theorem 4.1. The process ®V(z,0) satisfies

(@V(1),]) = (@"(0),]) + V2m)'(J) + /t{biv’l(J) + b))} ds, (6.4)
0
for every test function J € C2([0, 1]) such that J(0)=J(1) =0, where

m)(J)=N""2>"J/Nywi(x),

xerl
BN = =NV ) )T (x/N) = J((x — D/N)},
XEF
BYAJ)==N""2> " UNT N ()W (x/N)
xel’

and J(x/N) is defined from J(0) by (6.2) for x € I' and J(x/N):=0 for x € oI =
{0,N'}; recall that ¢ (x) = dye((x) and 7 (x) = ¢ (x) — $Y (x — 1),

The asymptotic behaviors of two terms fot bMi(J)ds,i = 1,2 are given by the
following two lemmas, respectively.

Lemma 6.2. For every J € C*([0,1]) satisfying J(0)=J(1) =0,

7 t 2
lim g ‘/{bﬁ,v’l(J)—q(@N(s),J”ﬂds ]:o. (6.5)
— 00 O
Proof. Set
~N, 1 _
by ()= =N V') () (x/N),
xel'*
and
=N, 1 _
by ()= =N gn () (x/N).
xel'*
Then, we have
N,U ! ~N, 1 2
Jim £ ‘/ {B¥N(J)— by (J)}ds| | =0, (6.6)
— 00 0

since

~N, 1 _ _
BYT) = by (DIS2TINT T oo D V0 ()]
xeﬁ
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and Lemma 5.2(ii) gives supy E“N’U[n(x)z] < oo. However, the Boltzmann—Gibbs prin-

ciple (Theorem 5.1) enables us to replace 5?“(] ) further with Z;iv’l(J ) in (6.6). Noting
that ¢ (0) = ¢ (N) =0, we have

B () =aN TS GO /N + Ry ()},
xel’

with error terms Ry(x) defined by
Ry(x) = N{J'((x + /N) = I (x/N)} = J"(x/N)
which satisfies
ngnoo Sl;p |[Rn(x)| = 0.
Since Lemma 5.2(ii) implies
E" [p(x)?]<CN,
the error terms are negligible as N — oo and we obtain the conclusion. [J

Lemma 6.3.

. N,U
lim E*
N—o0

\ [0+ 06— w0 s as
0

2
] =0. 6.7)

Proof. From condition (4.2) on U, we have
UG)=oazt —a_z7 +R(2)

with an error term R(z) satisfying
R(2)|<C2, C=[|U"||o/2.

Hence, the expectation in (6.7) is rewritten as
2

s ‘/tN—l/Z ZR(N—I(j)?’(x))j(x/N)ds
0

xel’

By Schwarz’s inequality and the stationarity of ¢¥, this is bounded from above by

2R NTE [px)*]

xerl’
which tends to 0 as N — oo; use Lemma 5.2(ii) with p=4. [
Proposition 6.1, Lemmas 6.2 and 6.3 conclude the proof of Theorem 4.1 by a stan-
dard argument (cf. Kipnis and Landim, 1999, Chapter 11).

7. Fluctuations of interfaces away from the wall

So far we have studied the case with 0-boundary conditions. In this case, as we
have seen, the macroscopic interface is attached to the wall in the sense that AV (z,0)
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converges to 0 as N — oo, and the fluctuation is non-Gaussian. This section discusses
the case where the macroscopic interface stays away from the wall. Contrastively in
such case, the limit of the fluctuation field is Gaussian.

For the SDE (1.1), (1.2), we impose the boundary conditions

$(0)=aN, ¢(N)=aN (7.1)

with a,a > 0 in place of (1.3). Let u = uéVN’ v be the probability measure on R’ defined
by the formula (1.5) with boundary conditions ¢(0) =aN and ¢(N)=aN, and let u* =
/127;\,}]\, be its conditional probability defined by (1.6) with " replaced with ufl\'N’ AN
Then, uflvj\,fa-N is stationary for the SDE (1.1), (1.2) with (7.1). Let ¢, ={¢,(x);x € I'}
be its stationary solution and we define the macroscopic height variable 4V (z,0) by the
formula (1.7). Then, one can show that 4V (z,0) converges as N — oo to the linear
profile 4(0) defined by

hO):=a+(a—a)d, 0e€c]l0,1]. (7.2)
Let ®V(¢,0) be the fluctuation field of 4" (z,0) around the limit 4(0):

dN(1,0):= VN (1,0) — h(0)), 0 €[0,1]. (7.3)
We determine the positive constant ¢, for # € R by

g, = (01— (), ),

where v, is the probability measure on R defined in Section 5.4.

Theorem 7.1. As N — oo, the fluctuation field ®"(t,0) weakly converges to ®(t,0)
in C([0,T],H~*([0,1])) N L2 (Qr), Qr =[0,T] x [0,1] for o > % The limit &(t,0) is
a unique weak stationary solution of the SPDE:

0P *®

E(t’ 6) = %‘—a W(tr 6) + \/EB(L 6)3 0 € [03 1]5
&(1,0) = d(1,1) = 0. (7.4)

The proof goes quite similarly to that of Theorem 1.1. We only outline it in the
following.
Step 1 (cf. Proposition 3.1): Denote by ﬁizvivjra'zv the distribution of

®V(0):= VN (0) — h(0)) = VN {]:/ Z SO v =128 nv+1/28)(0) — h(@)}
xel’

with {¢(x);x € I'} distributed under ,uflvjvjra-N. Then, one can show that

N, +
Hah'ay = Moo (N — 00),

weakly on L, ([0, 1]), where po o denotes the distribution of pinned Brownian motion
multiplied by q;f starting at 0 and reaching 0.

Step 2 (cf. Theorem 4.1): Let us consider the SDE (4.1) with the boundary con-
ditions (7.1) instead of the 0-boundary conditions having U which satisfies (4.2) and
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U(z) = 0 for z=0. Then the limit of the fluctuation field @V (¢,0) defined from the
solution of this SDE satisfies the SPDE (7.4). In fact, under the present situation, ot
should be replaced with U”(h(0)) which is equal to 0, since A(6) > 0. The diffusion
coefficient g;_, is obtained through the Boltzmann—Gibbs principle (cf. Theorem 5.1),
which tells that V(" (x)) can be replaced with the equilibrium average

V) ()

with an error o(1/v/N) as N — oo and K — oo under the space-time average, where
we denote (-)(u)= (-), and

— 1
) 0=y > ww)
yily—x|<K

By the Taylor’s expansion, this quantity can be further approximated by

Vot G0 O

Noting the identity

d
V/u: us
V=4

the SPDE (7.4) can be derived.

Step 3: Step 2 gives the dynamic lower bound for the fluctuation field defined by the
SDE (1.1), (1.2) with (7.1) and the proof of Theorem 7.1 can be completed similarly
to Section 4.3.

References

Chang, C.-C., Yau, H.-T., 1992. Fluctuations of one dimensional Ginzburg—Landau models in nonequilibrium.
Comm. Math. Phys. 145, 209-234.

Deuschel, J.-D., Giacomin, G., 2000. Entropic repulsion for massless fields. Stochastic Process. Appl. 84,
333-354.

Deuschel, J.-D., Giacomin, G., Ioffe, D., 2000. Large deviations and concentration properties for V¢ interface
models. Probab. Theory Related Fields 117, 49-111.

Funaki, T., 1983. Random motion of strings and related stochastic evolution equations. Nagoya Math. J.
89, 129-193.

Funaki, T., Nishikawa, T., Otobe, Y., 2000. Hydrodynamic limit for V ¢-interface model on a wall. Preprint.

Funaki, T., Spohn, H., 1997. Motion by mean curvature from the Ginzburg-Landau V¢ interface model.
Comm. Math. Phys. 185, 1-36.

Giacomin, G., Olla, S., Spohn, H., 2001. Equilibrium fluctuations for V¢ interface model. Ann. Probab., to
appear.

Iwata, K., 1987. An infinite dimensional stochastic differential equation with state space C(R). Probab.
Theory Related Fields 74, 141-159.

Kipnis, C., Landim, C., 1999. Scaling Limits of Interacting Particle Systems. Springer, Berlin, Heidelberg,
New York.

Lions, P.-L., Sznitman, A.-S., 1984. Stochastic differential equations with reflecting boundary conditions.
Comm. Pure Appl. Math. 37, 511-537.



T. Funaki, S. Ollal Stochastic Processes and their Applications 94 (2001) 1-27 27

Otobe, Y., 1998. White noise driven stochastic diffusion equations defined on infinite interval with reflection.
Master Thesis, University of Tokyo.

Nualart, D., Pardoux, E., 1992. White noise driven quasilinear SPDEs with reflection. Probab. Theory Related
Fields 93, 77-89.

Spohn, H., 1993. Interface motion in models with stochastic dynamics. J. Statist. Phys. 71, 1081-1132.

Tanaka, H., 1979. Stochastic differential equations with reflecting boundary condition in convex regions.
Hiroshima Math. J. 9, 163-177.

Walsh, J.B., 1986. An introduction to stochastic partial differential equations. In: Hennequin, P.L. (Ed.),
Ecole d’Eté de Probabilités de Saint—Flour XIV-1984, Lecture Notes in Mathematics, Vol. 1180. Springer,
Berlin, Heidelberg, New York, pp. 265-439.



