FOURIER’S LAW FOR A MICROSCOPIC MODEL OF
HEAT CONDUCTION.

CEDRIC BERNARDIN AND STEFANO OLLA

ABSTRACT. We consider a chain of N harmonic oscillators perturbed
by a conservative stochastic dynamics and coupled at the boundaries
to two gaussian thermostats at different temperatures. The stochastic
perturbation is given by a diffusion process that exchange momentum
between nearest neighbor oscillators conserving the total kinetic energy.
The resulting total dynamics is a degenerate hypoelliptic diffusion with
a smooth stationary state. We prove that the stationary state, in the
limit as N — oo, satisfies Fourier’s law and the linear profile for the
energy average.

1. INTRODUCTION

In insulating crystals heat is transported by lattice vibrations, and since
the pioneering work of Debye, systems of anharmonic oscillators have been
used as microscopic models for heat conduction (for a review cf. [12] and [4]).
These systems are then connected at the extremities to two thermostats at
different temperatures. Non-linear effects are extremely important in order
to obtain finite conductivity. Enough strong non-linearity causes scattering
between phonons and should imply a sufficiently fast decay of correlations
for heat currents. In fact it is well known that harmonic chains, because of
their infinitely many conserved quantities, have energy transport indepen-
dent of the lenght of the chain and do not obey Fourier’s law (cf. [14]). On
the other hand a rigorous treatment of a nonlinear system, even the proof
of the existence of the conductivity coefficient, is out of reach of current
mathematical techniques.

In the present paper we study a model of a chain of harmonic oscillators
where the hamiltonian dynamic is perturbed by a random continuous ex-
change of kinetic energy between nearest neighbors oscillators. This random
exchange conserves the total kinetic energy and destroy all other conserva-
tion laws. In this sense it simulates the long time effect of the non-linearities
in the deterministic model. This random exchange of kinetic energy is real-
ized by a diffusion on the circle of constant kinetic energy of nearest neighbor
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oscillators. We expect the same macroscopic behavior and results if this dif-
fusions are replaced by jump processes.

The interaction with the reservoirs are modeled by Ornstein-Uhlenbeck
processes at the corresponding temperatures. It results that the total dy-
namics of the system is a degenerate hypoelliptic diffusion on the phase
space. The stationary state is given by the law of independent gaussian
variables if and only if the temperatures of the thermostats are equal (equi-
librium).

We prove that in the stationary state Fourier’s law is valid for the energy
flow, that the total energy of the system is proportional to its size, and
that the average energy per volume, in the infinite volume limit, is given by
the average of the temperatures ad the boundaries. Then we prove a linear
profile for the energy. A corresponding law of large number (hydrodynamic
limit) should be valid for this system, but at the moment we have not been
able to prove this.

The macroscopic evolution of the dynamical fluctuation in equilibrium for
the corresponding infinite model, have been proven in a companion paper
(cf. [9]).

With similar motivations other stochastic models have been proposed be-
fore. In 1970, Bosterly, Rich and Visscher (cf. [2]) considered a chain of har-
monic oscillators where each oscillator is also connected to an interior bath,
modeled, like the boundary terms, by Ornstein-Uhlenbeck processes. The
temperature of each bath is then chosen in a self-consistent way. Fourier’s
law and the linear profile of temperature for this model in the steady state
have been proven recently by Bonetto, Lebowitz and Lukkarinen (cf. [3]).
There are two main difference between this model and ours. In the Bosterly,
Rich and Visscher model, energy is not conserved by the bulk dynamics, even
though the temperatures of the internal baths are regulated so that the av-
erage flow of energy between the oscillators and the internal baths is null.
In our system the bulk dynamic conserves energy, and only the boundary
reservoirs can change the total energy. The second difference is that the dy-
namic of the Bosterly, Rich and Visscher model is linear, and consequently
the stationary state is fully gaussian. Fourier’s law, linear profile of temper-
atures and other result can then be obtained by computing the limit of the
2-point correlations of the stationary state. The stochastic perturbation we
consider is intrinsically non-linear and the stationary state is non-gaussian
(except in the equilibrium case).

Another model has been introduced in 1982 by Kipnis, Marchioro and
Presutti (cf. [10]) where the energy is microscopically conserved but the
hamiltonian part of the dynamics is removed. The dynamics consist only
on random exchange of energy between nearest-neighbor oscillators, given
by properly defined jump processes. The striking duality properties of this
process make it explicitly solvable, and in [10] Fourier’s law and linear profile
of temperature are proven. Recently a deterministic hamiltonian model has
been proposed in [7] where it is argued that, in a proper high temperature
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limit and under a chaoticity assumption, the model of Kipnis, Marchioro
and Presutti can be recovered.

The main tool we use in our proof is a bound of the entropy production of
the bulk dynamics. This tool has been successful in the analogous problem
of Fick’s law in some lattice dynamics (cf. [6], [11]).

One of the main difficulties in proving Fourier’s law and hydrodynamic
limit is to establish a fluctuation-dissipation relation, i.e. a decomposition of
the current of the conserved quantity (here the energy) in a dissipative part
(a spatial gradient) and a fluctuating part (a time derivative). Thanks to the
stochastic perturbation one can write here an exact fluctuation-dissipation
relation (cf. equation (28)). Then, in order to obtain Fourier’s law, we have
to bound (uniformly in the size of the system) the second moment of the
positions and velocity at the boundary. In fact we can bound the second
moments of all the coordinates, that gives a bound of the expectation of the
total energy proportional to the size of the system.

2. THE MODEL

Atoms are labeled by z € {1,...,N —1}. Atom 1 and N — 1 are in
contact with two separate heat reservoirs at two different temperatures 7j
and T,.. The interaction between the reservoirs is modeled by two Ornstein-
Uhlenbeck processes at the corresponding temperatures. The moments of
the atoms are denoted by pi,...,pn—1 and the positions by q1,...,qn—1.
The distances between the positions are denoted by r1,...,rNy_2, Where
Te = Qet1 — ¢z The hamiltonian of the system that represents the total
energy inside the system is given by

N—-1 2 2 2
+ (1 — _
Hy = exr, ex:(px (s p)) zr=1,...,N —2; eN,lszél.

The dynamics is described by the following system of stochastic differential
equations:

(2)
dry = (pr+1 — p)dt, r=1,...,N—-2

dpx = (TCL‘ - Tx—l)dt - ’prdt + \/’7 (px—ldwx—l,x - px+1dwx,x+1) , T=2,...

+
V101dt — /T p2dwi 2 + v/ Tidwo 1,

1
dpy = (r1 — p)dt —

1+
dpn—1 = —(rn—2 — p)dt — T’YPN—ldt + V7 pN—2dwn_2 N1 + VT dwn_1 N,

Here wy z41(t),z = 0,..., N — 1, are independent standard brownian mo-
tions (with 0 average and diffusion equal to 1). The parameter v > 0 regu-
lates the strength of the random exchange of momenta between the nearest
neighbor particles.
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Observe that by translating r, in r, — p one has the same equations for
the new coordinate but with p = 0. So we set p = 0 without any loss of
generality.

The generator of the evolution has the form

(3)

N-2 N—-2
Ly = Z(pxﬂ Pz)0r, + Z —rp—1)0p, +710p, — TN—-20py5_,
=1 r=2
~ N-2 1
+ 9 X:c ,z+1 + Tla}i - plapl) + 92 (TTaZ%N—l _pN—lapN—1>
rx=1
where
(4) Xx,a:+1 = Pe110 " _pxapz+1

One can check easily that the Lie algebra generated by these vector fields
and the hamiltonian part of Ly has full rank at every point of the state
space RV~1 x RN=2, By Hérmander theorem it follows that this operator is
hypoelliptic (cf. thm 22.2.1 in [8]), so the stationary measure has a smooth
density. We denote with < - > the expectation with respect to the stationary
measure. In the appendix at the end of the paper we give a proof of the
existence and uniqueness of the stationary measure.

Energy is conserved by the bulk part of the dynamics and we have

(5) LNex = jx—l,x - jx,x—f—l
with
. Y
Jro+1 = —TzPz+1 — §(p§+1 _pi)v r=1,--- N -2
(6) T L
Jo1 = Q(Tl —p1)7 JN-1,N = _i(Tr —prl)

Consequently j; 41 is called instantaneous current of energy. Because of
stationarity, for any z = 1, N — 1 we have

(7) < Jza+1 >=<Joq >=<JN-1,N >
The following theorems are the main results of this paper.

Theorem 1. For any v > 0

—_

(8) Jim N < e >= Y+ (T -T,).

2
Theorem 2. For any vy > 0

(9) lim — (Hy) = = (1 +T).
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It is easy to see that the averages of the total kinetic and potential energy
are equal. It follows then, as corollary of theorem 9, that the same result is
valid for the kinetic and the potential energies, i.e.

(10) hm—z<pz = hm—z<2>— (T1 + T7)

N—oo N

Theorem 3. Fory =1 and any bounded function G : [0,1] — R, we have

(11) Nhinoo< ZGx/N > /G

where T'(q) = T; + (T, — T7)q is the linear profile interpolating Ty and T).

3. ENTROPY PRODUCTION

Denote by g7, (p1,71, .- -,PN—-2,"N—2,PN—1) the density of the product on
gaussians with mean 0 and variance 7,,. We denote by fn the density of
the stationary measure with respect to gr.. By hypoellipticity this density
is smooth.

By stationarity we have

(12)
N—-2
Xoar1/n)? g ’
0=-2< Lylogfy >=~ Z /(7'*'1fN)gTrdp dT‘—I—Tr/(M\,JN)gTpo dr
In I
-2 < Ljlog fn >

where L; = (1;83, —p10p,). Define h = g1, /g, , then we can rewrite the last
term as

(13)

—2< Ljlog fy > = —2/“)2\7Lllog <fN

3 > iy dp dr — 2 / fNLl(IOg h)gTrdﬁ dr

0, h)]?
- Tz/[ p;ﬁ% L gndp ar + (@71~ 17 (1~ <0 >).
So by (30) we have the following bound
(14)
N-2 2 2
(Xz x—i—lfN)Z _ g /(8PN—1fN) g / [apl(fN/h)] .
—————grdpdr+ T, | —————grdpdr +1; | —————gr,dp dr
7;/ Iy gr,.ap I gr,.ap ! /b gr,ap
= (I =1, ) (Ti— < pi >)

In section 4, we prove that this last expression is bounded by CN~! for
some constant C' (cf. (30) and (6)). This relation also gives us the right sign
for the energy current, i.e. if 7} < T, we have < j; ;41 >< 0.
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4. SOME BOUNDS
From (6) and (7) we have

(15) <pi>+<py >=Ti+T,
Observe that, since Lyr? = 2(ripa — r1p1), we have

(16) <ripg >=<T1p1 >
Equation (7) for x = 1 gives
(17) < j1o >=— < ripg > —% (<p3>—<pi>)
Since this last is equal to < jo 1 >, using (16), we obtain

1 1
(18) %<P% >=—<rp >+§(’Y+1)<P%>—§Tl

Then by Schwarz inequality there exists a constant C, depending only on ~,
such that

(19) <p3><C(<ri>+<pi>)
Analogous computation for the index x = N — 2 gives
(20) < Ph_a >XC(< Py >+ <13y >).

Observe now that

+1
(21) Ln(rip1) = pi(p2 — p1) + 75 — i

pir1
so we have the relation
2 2 v+1
(22) <r{>=<pi>-—<pp2 > —i-? < piry >
and by use of (18)
(23)
+1\? +1 +1
<7 >=<p?>—<p1p2>+<72> <p%>—7(74) <p§>—'74 7
and by Schwarz inequality, for any o > 0
+1\? 1 o +1
(24) <ri><(1+ (72) —I—2a)<p%>+(2—7(74))<p%>

choosing properly « one obtains a constant C' depending only on +, such
that

(25) <r?><C<pi>
and an analogous bound is obtained for < 7"]2\,72 >.

Putting all together we have obtained the following lemma:

Lemma 1. There exists a constant C' depending only on v and linearly on
T, and T, such that

(26)

<> H <P >t <pist <y >+ <pho >+ <pho >< O(THT)
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The bulk dynamics is only apparently non-gradient since defining

1 1
(27) h’CE: ﬂpx+l(7’z+7”z+1)+1pi+l, Tr = ].,,N—?)
permits to rewrite
(28)
Joat1 ==V [ =12+ 7p2 + ipggpggH + lV(pQ) +Lhy, x=1,...,N-3.
’ 27 277 2y 4T

where the discrete gradient V of a discrete function w is defined by (Vw)(z) =
w(z + 1) —w(x). Using again (7) we have

(29)
1 N—
<j0,1>—N Z<sz+1>
! > +1 < p? >+1< >
:— — <2

% N-2 2PN2 % PN—2PN-1
V2 > < p? >)—i<7’2>—1<p2>—i<p2p1>—z(<p2>—<p2>)
4 N—-1 N—-2 27 1 9 1 2,7 4 2 1

and by (26) we obtain that there exists a constant C depending only on 77,
T, and y such that

. C
(30) |<]m,:p+1>|§ﬁ, r=0,...,N —1.

5. FOURIER’S LAW

Proposition 1. For x =1 and N — 2 we have

(31a) lim < pgpy+1 >=0
N—o00

(31Db) lim < TgPey1 >=0

(31c) hrn < (p —p24) >=0

Proof. Let us prove the case x = 1, for x = N — 2 the proof is similar.
By (14), (30) and (26)

(32)
< ripg >=<rip >= /T1p1(fN/h)9Tldl7 dr =1, /mam(fzv/h)gndﬁ dr

1/2
<T <l (/ [aplﬁifjéh)}Qng> dp dF < \?

The proof for < pipy > is similar.
Now by (30) for x = 1 we have

(33) lim < (pf —p3) >=0

N—oo
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O

Then by (22) we have
34 li 2 >= i 2 >=T,
(34) am <ri>= lim <pp>=T
and similarly
(35) lim < 7% _o>= lim <pi_;>=T,

N—oo N—oo
By (29) it follows that
1

36 lim N <j == VN1 -T.
(36) Jim N <o >= 5 (v+77) (L= T5)

i.e. the law of Fourier.

6. AVERAGE ENERGY

We first state the following equipartition result:

Proposition 2.
N-1 N-2
@) (Xt)=(X7)
=1 r=1
Proof. Recall that r;, = ¢z4+1 — gz. Then
(38)
N-1 N-1 -2 N-2 14+~
Ly (Z qxpx> =D Pi= D T ) b — — (@1 aN-1PN-1)
r=1 r=1 =1 r=2

Since Lyq? = 2q.ps, (37) follows. O

We prove now theorem 2.

Proof. We claim there exists a constant C' > 0 independent of N such that

Hy
—) <
- ) <o
Define
1 ¥ 1
A _ 1 _ .2 2 2 2 =< papa '
(40)  6(a) = oo <>+ (<P >+ <Poya >) + o0 <Pabatr >
By (5) and (28), we have
(41) Ag(x) =0, r=2,...,N—-3

Here, (Aw)(z) = w(z+1)+w(x—1)—2w(zx) is the usual discrete Laplacian
of the function w(x). By (26) and the maximum principle, it follows that
there exists a constant C' independent of N such that

(42) 6(z)| <C, a=1,...,N-2
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In fact we have furthermore, by the explicit expression of ¢(x) and the result
of the previous sections that

1 1
4 lim — = T+ T,
(43) m ;:1 ¢a) = 5O+ )N+ 1)
By a straightforward calculation we can write, for x =2,..., N — 2,
(44)
S (ot roct)pect) = Ly (L o) + 2

=—— Ty + Tpe 1) — — —(ry + 7o —-r

PzPx+1 37 T z—1)Pz—1 37 N 2 T rz—1 PzPz+1 T

Consequently, taking expectation with respect to the stationary state and
summing from x = 2 to N — 2 we obtain
N-3
1
(45) D < papes1 >= 3 (< (rn—2 +7rN-3)pN—3 > — < (r2 +71)p1 >)

r=2

Now we also have that

5y +
(46) Ln(pip2) = — 72

1 r?
pip2 +r2p1 + L o>
which implies, by (26),

5] 1
(47) < ropp >= 7;—

<pip2 > <C

For the other side we have

1
Ly (—2(7‘1\/2 +ry_3)®+ pN1PN2>

(48)
oy +1
=TrN_2DN-2 — PN-3("rN—2 + TN_3) — 5 PN-1PN-2
so that
5y +1
(49) < pn_s(rN—2+7TN_3) >= — 72 < PN_1PN—2 > + < I'N_aDN—_2 >

and again by (26) this quantity is bounded in absolute value by a constant
independent of N. So we can conclude that
N-3

Z < PzPz+1 >

=1

with C' a constant independent of N. It follows by (50) and (43) that
(51)

(50) <C

. 1 Y 1 _
fn ¥ 2 5 <rte ] (<ot e <k >)| = jl e @A T

The by using (37) we finally get (9) and (10). O
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7. ENERGY PROFILE FOR v =1

From the results of the previous section we have that

(52) Jim 6(INg) = 3 (v +77)T(0)

If v =1 we have

1 1 1
(53) ¢(‘T> =5;< r; > +Z(< (piJrl >+ < p?: >) + < PzPx+1 >

2 2
=< ez > +1(x)

with
1 1 9 )
1/)(.%) = 5 < DPzPzx+1 > +1(< (sz > — < p; >)

2
forx=1,...,N — 2.
Then, in order to prove (11), we are left to prove

(54) lim % Y G(z/N)yp(z) =0

Because of (44), ¢(z) = V{(z) with £ a bounded function, so (54) follows
by summation by part.

8. OPEN PROBLEMS AND OTHER MODELS

We have proven for our stochastic model the Fourier law for any value of
the coupling v and the linear profile of the energy for the case v = 1. The
essential tool used has been a bound on the entropy production. This bound
on the entropy production together with a uniform bound on < p?f‘s > will
provide a proof of the linear temperature profile and of local equilibrium for
any value of v. Unfortunately we have not been able to prove yet such
uniform bound of the higher moments of the velocities, but we conjecture
that it is certainly satisfied.

A generalization in more dimension looks like a difficult problem, since
the decomposition of the current in a gradient plus a time derivative (cf.
equation (28)) will be much more complex, involving non-local functions.

The proof we have exposed in the present paper can be adapted for some
modification of the model. For example one can add a pinning given by on
site harmonic potential, adding to the hamiltonian a term SN '12¢2/2.
Or adding stochastic reservoirs like in the model of Bolsterli-Rich-Visscher
(cf. [2] and [3]) with self consistent temperatures, i.e. we can add to the
generator a term

A Z Pz pz)

where the temperatures 7T, are 1mposed to be equal to < p2 >. In this case
we find that the self-consistent profile T, is asymptotically linear and the
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Fourier law is given by

. . 1 0
m N < jppr1 >= (=———+ = | (T} = T).
(55) JI N < egir > (2(7+/\)+2>( 1= 1)

which, in the limit as v — 0 is in agreement with the results of Bonetto-
Lebowitz-Lukkarinen (cf. [3]). The proof of (55) is very close to the one

exposed in sections 3, 4, 5. In fact one has the decomposition of the current
in the form

~ A
VQS.'E + Lth - E(pi—H - Tz+1)

with the function h, given by

1 1
(56) hm:mpz+l(7am+7qm+l)+ng+l, r=1,...,N—-3

Observe that this works also in the case v =0 if A > 0.

In this last model one can also prove local equilibrium by proper use of
the entropy production bound, similarly as done in [13]. In the case v = 0
and in presence of pinning, local equilibrium is proved in [3].

9. APPENDIX

In this section, we prove existence and uniqueness of the stationary mea-
sure < - > for any left temperature 7; and right temperature 7T,. Recently,
[5], [15] proved existence and uniqueness of the stationary measure for a
nonharmonic chain with reservoirs at the boundaries.

9.1. Existence. Let us denote by @ = {w = (p1,...,PN-1,71,...,"N-2) €
R2V=31 the configuration space and by (ws)s>o the Markov process with
generator (3).

Lemma 2. If wg is a configuration with finite energy: Hy(wo) < +oo then
there exists a constant C' > 0 such that

(57) vt > 0, Euo [t—{—ll/ot HN(ws)ds} <C
Proof. By (5) and(6), we have

(58) LNHN = jo1 — JN-1,N

It follows that

(59)

1 [t 1/t
o () =H(on) = 5 [ By @-rh(e)ds [ Bun(T—r 1 ()
Hence there exists a constant C > 0 such that

(60) Vi>0, E. (HN(wt)> <C

t+1

Using the preceding bound, we can repeat the estimates of section 4 with
< . > replaced by the average ¢! fg E.,- The only difference is that we
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have to take in account the boundary terms depending on ¢. In the sequel,
C is a constant independent of ¢ which can change from line to line. By (59)
and (60), we know that

t
(61) 1 ) Bl + i aehas <€
Since LNT% = 2(r1p2 — r1p1), we have
62) L [Bn (2(0) — 12(0)] = — [ B ra(s)pals) — ra(s)pa(s))ds
t+1 t+1J,

By (60), the modulus of the left hand-side is bounded by a constant inde-
pendent of ¢. Similarly as what is done in (17) and (18), and using (60) to
bound the boundary terms, we have

1 t ol 1
©) |y [ |36+ nne) - 5o+ k)| <
By Schwarz’s inequality, we conclude
! 2 ¢ ’ 2 2
04 7 [ R < o [ a3 + 0k + C

This estimate is the equivalent to the estimate (20). In the same way, we
can obtain the equivalent of lemma 1, meaning

(65)
1 t
51/, dsE, (17 (s) + pi(s) + p5(s) + ri_o(s) + pR_1(5) + piy_a(s)) < C
Let us now define the function
(66)
' L o Y2 2 L
¢(t7x) = m 0 Ewo ﬂrm(s) + Z (pm(s) +px+1(5)) + %px(s)px-i-l(s)

Similarly as section 6, one can prove there exists functions (0;)y=2 .. N3
such that 6,(w) < CHy and satisfying

(67) Ag(t,z) = mEum (0z(wt)) — max(wo)
and we obtain
(68) |Ap(t,z)| < C
Moreover, by (66), |¢(t,2)] < C, |p(t, N —1)| < C. By the maximum
principle, it follows that
(69) o(t,2)| < C

Using equation (44) and the bound (60), it is easy to show

1

70 ——
(70) t+1J

t N-3
Ewo [Z px(s)prrl(S) <C
r=1
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It follows by (69) and the preceding inequality that

(71) E,, [Hll /0 tHN(ws)ds] <cC
O

The proof of the invariant measure is now standard. Let us denote by
(T)t>0 the semi-group corresponding to the diffusion (2) and let wy be an
arbitrary configuration with finite energy. We consider the following family
ut of probabilities on :

1 t
(72) = / duwo Tsds
tJo

where J,, is the Dirac mass on the configuration wy. By lemma 2, the
sequence of probability measures (1)¢~o is tight. Let p* a limit point of the
family (u¢)¢>0. A simple checking shows that p* is an invariant probability
measure of the diffusion (2).

9.2. Uniqueness.

Lemma 3. Assume T} =T, = 0. Then for any initial configuration wy we

have
1 t
(73) tlim i Euo [Hn(ws)]ds =0
—00 0
Proof. By (59) we have

% ; E., [(P%(S) +p%v_1(s))] ds < 'HNt(wO)

as t — oo. This implies

(74)

— 0

1
(75) Jim <o, [y (wr)] =0

By (5) for z = N — 1 we have
(76)
By, len-1(t)] =en-1(0)

(B brveaoa o] + T B 2] )

‘y
4 [ 28, [ o)) ds
0

Notice that

(77) Eu [rn-2(5)7] < Bug [Hn(ws)] < Euy [Hy(wo)] -
Then by Schwarz inequality we obtain

1 t
(78) lim — [ E,, [p?V_Q(s)] ds =0
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Iterating this procedure one obtains for any x =1,..., N — 1
1 t
(79) lim — [ Eo, [p2(s)]ds=0
t—oo ¢ 0
By integrating in time formula (38) and observing that Y. ¢2 < Cn Y., r2
one obtains
1t N—2
. 2
(80) tlirélog ; E., Z rz(s)| ds =0
r=1
[l
Let p1 and pg two invariant probability measures for (2) with temperature

on the left 1; and temperature on the right T,,. We consider the following
coupling. We note the diffusion satisfying (2) with initial condition dis-
tributed according to u1 (resp. p2) by (w})i>o (resp (w?)i>0) and driven
by the same Wiener processes wy z+1(t),z =0,..., N — 1. By linearity, the
process (wj — w?);>o is solution of (2) with T; = T, = 0.

L
(81)
We

et now F': () — R be a Lipshitz function:

[F(w) = F(@)] < CyHN(w - ®)

have

B - eP) = [e]7 [ Febas] -5 [} [ Fea
CE [1/; {Hn(w! —wg)}m] ds

C\/E E/OtHN(w; —wg)} ds

IN

IN

By (73), this last term goes to 0 as ¢ goes to infinity. It follows easily that
H1 = p2.

3l

(4]

[5]

(7]
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