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Abstract

Let V(4,x), (t,x) € R x R? be a time-space stationary d-dimensional Markovian and Gaussian
random field given over a probability space 7 := (2, 7", P). Consider a diffusion with a random
drift given by the stochastic differential equation dx(¢) = V(£,x(¢))ds + V2 dw(z), x(0) =0,
where w(-) is a standard d-dimensional Brownian motion defined over another probability space
T = (2,7 ,W). The so-called Lagrangian process, i.e. the process describing the velocity
at the position of the moving particle, n(¢) := V(¢,x(¢)), t = 0 is considered over the product
probability space 7o ® 7 ;. It is well known, see e.g. (Lumley, Méchanique de la Turbulence.
Coll. Int du CNRS 4 Marseille. Ed. du CNRS, Paris; Port and Stone, J. Appl. Probab. 13 (1976)
499), that n(-) is stationary when the realizations of the drift are incompressible. We consider
the case of fields with compressible realizations and show that there exists a probability measure,
absolutely continuous with respect to P ® W, under which the Lagrangian process is stationary,
provided that the velocity field V decorrelates sufficiently fast in time. Our result includes also
the case k =0, i.e. motions in a random field.

We prove that in the case of positive molecular diffusivity x the absolutely continuous invariant
measure is unique and in fact is equivalent to P ® W. We formulate sufficient conditions on
the spectrum of V that allow to claim ergodicity of the invariant measure in the case of random
motions (x = 0).
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1. Introduction

Turbulent transport of a passive tracer is often modeled by a stochastic differential
equation with a random drift

dx(1) = V(t,x(¢))dt + V2 dw(t), >0,
x(0) = 0. (1.1)

V:R x R! x Q — RY is assumed to be a d-dimensional, time-space stationary, ran-
dom field over a certain probability space I := (2,7 ,P) and w(-) is a stan-
dard d-dimensional Brownian motion, given over another probability space 7| :=
(2,7 ,W). The tracer particle trajectory X(-) is considered as a stochastic process
over the probability space 7 (@7 | :=(2x 2,7 @ W ,P®W). The parameter k = 0,
also called the molecular diffusivity, models the strength of the intrinsic diffusive dis-
persion of the medium. In the special case when x = 0 the motion of the tracer is
described by an ordinary differential equation.

dx(t)

dr

x(0) = 0, (12)

=V(,x(1)), t>0,

and, under suitable assumptions guaranteeing the existence and uniqueness of solutions
of (1.2), the trajectory process is defined over 7.

One of the central questions appearing in the asymptotic analysis of the turbulent
transport is the stationarity of the Lagrangian velocity process

ne=V(x(@)), t=0. (1.3)

This issue is crucial for an application of the ergodic theory tools in homogenization
that leads further to establishing the law of large numbers, or central limit theorem for
the tracer trajectory.

Only in few particular cases the existence of an invariant measure for the La-
grangian velocity is proven. For example, when V is incompressible, i.e. Vy-V(£,X) :=
Z?:] 0y, Vi(t,x) = 0, process (1;);>0 is stationary under P @ W, see Lumley (1962)
and Port and Stone (1976).

In the case when V is a gradient of a stationary and steady (time independent)
potential and k > 0, the corresponding Gibbs measure gives rise to an ergodic, invariant
measure on (2 x 2,7 ® #"), see Olla (1994). This measure is absolutely continuous
w.r.t. (in fact equivalent to) P @ W.

There are also some other special instances when the invariant measure for (#;);>0
can be constructed, mainly by reducing the problem to the case when the phase space
of V(t,-), t = 0 is of finite dimension. This is, for example, the case for spatially
periodic velocity fields. For a review of the existing literature on the subject a reader
is referred to Zirbel (2001).

Recently, some general results concerning the existence of absolutely continuous
invariant measures for fields decorrelating fast in time, or space have been established
(Komorowski, 2002; Komorowski and Krupa, 2002a; Komorowski and Krupa, 2002b).
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In particular, in Komorowski (2002) it has been shown that if the molecular diffusivity
is strictly positive, V is a centered Gaussian field that decorrelates at finite time and
satisfies some additional regularity properties then there exists a measure P, on (2 X
2,7 @) that is equivalent to P®@W and the Lagrangian process (#; ), is stationary
and ergodic under P,. Such a measure has been called a regular, invariant measure.
The aforementioned result has been obtained using a certain factoring property of the
field that allows to decompose it into the part that is determined by the past, up to a
certain moment of time, and independent of it the “renewal part”. This factoring lead
to a definition of a linear operator preserving densities w.r.t. P. The key observation
made was the existence of an invariant density for this operator. This density was
used to construct .. An analogous result can be also obtained by this method in the
non-gaussian case, see Komorowski and Krupa (2002a).

In the present paper we shall consider Gaussian, Markovian fields that possess a
spectral gap property. More specifically, suppose that:

(V1) V:Rx R x Q — R? is a zero mean, Gaussian field over the probability space
T
(V2) the co-variance matrix of the field is given by

R(t —s5,x —y):=E[V(t,x) ® V(s,¥)]
= / cos((x — y) - k) e "®I=sI (k) dk,
R

(£,X),(s,y) € R x RY. (1.4)

Here [E is the expectation operator corresponding to measure P. r (-) is a certain
Borel measurable function taking values in the space ¥ (d) consisting of all
d x d, real, symmetric, positive matrices. We assume that it is even (i.e. I'(—k)=
I'(k), ke RY) and

/(1+|k|2)’"f(k)dk<+oo, Vm = 0. (1.5)
Rd

(V3) The function r:R? — [0,+00) is continuous, even and satisfies »(-) > a for
some a > 0.

It is well known that, thanks to (1.5), such a random field possesses a modification
that is P a.s. jointly continuous in (z,x)€ R x R? and C* smooth in x for any fixed
teR.
We shall denote
1/2
V. == {E[[V(0,0)]* +|V<V(0,0)*]}? = U A+ k) trlk)dk| .  (1.6)
Rd

Our main objectives are the following results.

Theorem 1.1. Let V be a field satisfying (V1)—(V3) and k > 0. Then, there is a
constant C > 0 depending only on V, and such that for any a = C there exists a
measure P, defined on the measurable space (Q x X,V @ #") that is equivalent to
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P ®@ W. In addition the Lagrangian process (n;);>¢ is stationary and ergodic under
P. (ie., using our terminology, P, is regular).

Theorem 1.2. Suppose that V satisfies (V1)—(V3) and k=0. Then, there is a constant
C > 0 depending only on V, and such that for any a = C there exists a measure Q,
defined on the measurable space (Q,7") that is absolutely continuous with respect to
P and such that the Lagrangian process (n,);>o is stationary under Q.

Remark 1.3. At the expense of further complication of the notation we could generalize
our results to cover the case of stationary Gaussian fields with the covariance matrix
given by

R(t —5,X — ) :/ e Wk e—rMI=sIf(dk),  (4,x),(s,y)ERx R, (1.7)
Rd

where I'(-) is a complex hermitian matrix valued Borel measure that is no longer

invariant under the reflection k — —k but satisfies I'(—dk) = I'*(dk) (because the

field V is real valued) and (1.5). Here * denotes the complex matrix conjugation.

Ergodicity of the invariant measure in case of vanishing molecular diffusivity is a
delicate matter, that requires further investigations. In the present paper we consider
only the fields with an ultraviolet cut-off on their spatial spectrum. Then, we are able
to prove the following.

Theorem 1.4. Suppose that k =0 and the field V satisfies, besides the assumptions
(V1)=(V3), also the following condition:

(A) the spatial structure measure of V(0,-) is of compact support, i.e. there exists
K >0 such that

supp I'(-) C Bx(0),

where B.(X) denotes the ball of radius r > 0 centered at x in the Euclidean
space RY.

Then, we can additionally claim the ergodicity of the invariant measure Q, whose
existence is stated in Theorem 1.2.

One significant, in our view, aspect of this and preceding theorems is the fact that
they admit the case of motions in a random field, i.e. when x = 0. It is, according to
our knowledge, one of the very few existing results concerning the stationarity of the
Lagrangian velocity process for random motions.

The method of the proof of the above results differs substantially from the ap-
proach taken in Komorowski (2000), Komorowski and Krupa (2002a) and Komorowski
and Krupa (2002b). In the present paper we consider an infinite dimensional, time sta-
tionary Ornstein—Uhlenbeck process (V' (¢,-)),>0 whose state space H”', see Section 2.1
for its definition, is an appropriate functional space containing all spatial realizations
of the given velocity field. The Lagrangian process introduced in (1.3) can be then
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identified, see (3.1), with a functional of a certain U-I]Z'—valued Markov process (Z);>o-
This type of a process, called also an environment, or Lagrangian canonical process,
is frequently used in the homogenization theory of random media, see e.g. Olla (1994,
2000).

In what follows we show the existence of an invariant measure for this infinite
dimensional process, see Theorems 3.2 and 3.8 below. These results, as we demonstrate
in Section 3, imply the conclusions of Theorems 1.1 and 1.2.

To prove Theorems 3.2 and 3.8, we consider the equation for an invariant density
formulated via the formal adjoint to the L?-generator of the process. This equation is
interpreted in terms of finite dimensional approximations. The invariant density for the
finite dimensional problem, when k > 0, can be obtained by a quite simple perturbative
argument. In addition, we notice, see (4.28), that the L?-estimates of the invariant
densities do not depend on the molecular diffusivity hence the result extends also to
the case of x = 0. Since we are able to control the L? norms of the densities of the
finite dimensional approximations, see Proposition 4.3, we can conclude tightness of
the family of such measures, see Section 4.2 below. In addition, any limiting measure
of this family is absolutely continuous w.r.t. the law of V(0,-).

In Section 5.1 we present a simple argument, which shows that for ¥ > 0 the invari-
ant measure is in fact equivalent to the law of V(0,-) thus, gives rise to a probability
measure P, on (2 x X, 7" ® #") that is equivalent to P ® W. In addition, it is er-
godic under the dynamics of the Markovian process (Z,),>¢. This fact implies also
the uniqueness of a stationary measure for the Lagrangian process in the class of
measures absolutely continuous w.r.t. P @ W. Section 5.2 is devoted to the proof of
Theorem 1.4.

2. Preliminaries on Ornstein—Uhlenbeck processes
2.1. Homogeneous Gaussian measures on Hilbert spaces

To give an appropriate functional setting we introduce Hj'—the Hilbert space of
d-dimensional vector fields that is the completion of ¥4 := Z(RY; R?) with respect
to the norm

ol = [ (000F + [V +-- + V2000 )0, () dx

for any positive integer m, ¢ € %, and the weight function 9,(x) := (1 + |[x|*)77,
where p > d/2. We shall also assume that m > d/2+ 1 so any ¢ € HY is of C! class
of regularity. In the particular cases when m =0, or p =0, m =0 we shall write [I_%,,
L instead of the respective HY, or HY spaces. We shall also denote by Cy(H?) the
space of all bounded and continuous functions on HJ'.

On HY we have a group of transformations 7y:HJ — HY, given by 7x¢(:) =

@(- +x), xR, Let u be a Gaussian, spatially homogeneous measure of zero mean
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and with the covariance given by

J

Here I (+) is an ¥, (d)-valued function satisfying (1.5) and

(o) = /Rd Y(x) - p(x)dx, Y €Ly peHy.

<<01,<p><<02,<p>u(dco)=/w Fk)¢i(k) - p(k)dk  Veor, 02 € L.

m
p

¢ denotes the Fourier transform of a given function ¢.

We denote by 7 the probability triple (H}, Z(H}), x) and we shorthand L :=
LP(73), 1 < p < +o0. Let also L2 be the space of all d-dimensional random vectors
with L? integrable components.

So(x; 9) = o(x), (x,0)€R? x H7 defines a Gaussian homogeneous random over
J 5. According to the Spectral Theorem for homogeneous random fields, see e.g. Adler
(1981, Theorem 2.4.1, p. 30), we can find a spectral measure So, i.e. Borel Lf,—valued
measure with orthogonal increments such that

So(x) = / e™kSo(dk). (2.1)
R4
So is a real valued random field, therefore we have
So(—A4)=Si(4), AcBRY). (2.2)

Here * denotes the complex conjugate. Also, because Sy is Gaussian, the family of
I.V.-S: ReSO(Al),...,Reﬁo(An), Im SO(AI),...,ImSO(A,,) is jointly Gaussian for any
A,..., A, € B(RY).

We define a strongly continuous group of isometries U*, x € R? on L?, p€[1,400)
given by UXF = F o 14 and set

DjF =0y xoU'F, j=1,....d (2.3)

for F € L?, such that the partial derivative on the right hand side of (2.3) exists in
the L? sense. For any m > 1, p€[l,+oo] we let W7 be the space consisting of
F, such that D’f Di}’F exist in the L? space, when ij + --- 4+ iy < n. It is equipped
with the norm [|F|lm , == >0, o i < DY ---DYF|?,. Here || - ||z» denotes the re-
spective L? norm. In case when F = (F,...,F;) is a random vector we define also
HF”Z‘,’ = 7 ||B||I%,. We shall denote VF := (DyF,...,DyF) for F € W2, and

AF =" | D}F for Fe W>2.
Let %} denote the space of those elements F € L? such that x — F(t4(@)) is of
class C?(R?) with m derivatives bounded by a deterministic constant for p-a.s. ¢.
Let

R = {(pe H7: sup |p(x)|(1+ [x])™! < + 00,0 € C(R?, [Rd)}. (2.4)
xeRd

It can be shown, see e.g. Adler (1990), that u(2) = 1.
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Let 2, be the L? closure of the linear space spanned by the monomials (¢g,-)---
(@ms), where m < n and @1,...,0, € Ly Let Z =,y #y and H, := 2, © P,
be the space of nth degree Hermite polynomials. We denote by ‘3, the orthogonal
projection of L? onto H,.

Let

2= [0 : §(-) € Co(R; RN)].

For any ¢g€ Z there exists a sequence (¢,)y>1 C <4 whose Fourier transforms
converge to ¢y as n — +oo uniformly on any compact set. A direct calculation shows
that then the sequence of random variables (¢,,-) converges in the L? sense to an
element that we denote by (o, -).

We denote by 2™¢ the space of all regular polynomials over H”, i.e.

P = span[FF () := (@1,7) - (@1,°),

for some positive integer / > 1 and ¢y,...,@; € Z].
Using Theorem 2.11 of Janson (1997) one can easily show that ™€ is dense in L?,

Vpe[l,+oo).

2.2. Markovian dynamics

Let € := C([0,+00); HY). Let us also denote
Vit,w):=V(t,;w), t=0 (2.5)

an H7-valued stochastic continuous trajectory process. With no loss of generality we
may assume that Q= ¢ and P is the law of V() in C.

In this section we construct a Cy-continuous, Markovian L2-semigroup (P'),>¢ such
that

E[F(V(t+h)|7 ] =P'F(V(t)), Vth=>0, (2.6)

where £ is a bounded, measurable function on HY' and (77;),> is the natural filtration
corresponding to V(-).

Let W :[0,+00) x R? x ¢ — R be a Gaussian random field over a certain probability
space 7y 1= (¢, 4(C), Py ) whose covariance matrix equals

[Ew[W(l,X) & W(S7 Y)]
= / cos((x — y) - k)e"®I=sl[] — ¢RI (k) dk 2.7)
Rd

for all (#,x),(s,y) €[0,+00) x RY. Here Ey is the expectation corresponding to Pjy.
It is elementary to verify that the realizations of W(-,-) are continuous in (¢,X) and
C*-regular in x for any fixed ¢, Py-a.s. We define also W(t) := W(t,-), t =0 an
H7-valued continuous trajectory process.
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Let also S:[0,+00) x RY x HY — R be a Gaussian random field defined over 7,
that is a continuous trajectory modification of

S(1,x) = /R ) e keI S0 (dK).
Such a field is spatially stationary and its covariance matrix equals
[ 15tx:9) @ S6.3: 0)lutdo)
= /R ) cos((x —y) - K)e "®HEI (k) dk,  (£,X),(s,y) €[0,4+00) x RY.

Let S(-) denote the corresponding HY'-valued stochastic process over 7.
The Hj'-valued stochastic process

Vit,w,)=S(t;0)+W(t,w), t=0 (2.8)

defined over 7 ® J, has the same law in € as the process given by (2.5). Denote
by P,, E, the product measure of 7y ® I, and its respective expectation.
Suppose that

F() = (p1,) (1), (2.9)
for some / > 1 and ¢@,...,0; € ¥, Let
P'F(¢) = Epl(on, V(555 9) - (o1, V(t;, 0))],  VoeHy (2.10)

for any ¢ > 0. Suppose now that ¢1,...,p; € 2. Let (xﬁi("))@] C Py, i=1,...,1 be such
that their Fourier transforms converge to the Fourier of the respective ¢; uniformly on
c0m§)act sets. It can be shown, by a direct calculation, that for any fixed i the r.v.-s
lp(” V(t)) converge as n — +oo in any L?(P,) norm, p €[1,400) to a certain r.v.-s
that we denote (¢;, V' (¢)). Using (2.10) we can extend therefore the definition of P’ to
a linear operator on #"¢. The following result holds.

Proposition 2.1.
(D

/P’FGdu:/FP’Gd,u, VE,Ge ™8, t 2 0. (2.11)
(2) (2.6) holds for any F € ™8,
3)

P Fll < ||Fllp, VFeZ?™, tx=0. (2.12)
(4) P/(P™e) C 2™ for all t = 0
Proof. Parts (1) and (2) of the proposition are the results of straightforward calcula-
tions using elementary properties of a Gaussian measure so we omit them. To show

part (3) observe first that for any F' of form (2.9) an application of Cauchy—Schwartz
inequality yields

[P'F(o) < Ewl{@nV(t-0)) - (onV(t; o) = (P'F*) (@), VoecH
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and (2.12) follows for such elements. The same argument can in fact be used also for
any F = Zle o;Ff, with F as in (2.9) and o, € R, i = 1,...,d, hence (2.12) follows
for all F € "¢,

Part (4) can be shown calculating directly P'F for F' € 2*¢ using formula (2.10) and
the rules of computing the expectation of a multiple product of normal variables. [

From the above proposition we can easily conclude the following

Corollary 2.2. P! can be extended to a Markov operator on L* for any t >0 (i.e. it
is positivity preserving and P'1 = 1) satisfying (2.6), (2.11) and (2.12). In addition,
(P"),>0 form a Cy-semigroup of self-adjoint operators on L.

A standard computation shows that the correlation coefficient
Corr(F(V(t +h)), GV (1)) <e ™, VteR,h>0
and F,G € L%. Theorem 10.1, p. 181 of Rozanov (1969) implies that
|\P'Fl <e “|F|lpz Vi>0 (2.13)

for any F €L} := [FeL?: [ Fdu=0]. Using (2.13) and (2.11) we easily conclude
that u is ergodic, i.e. if P'’F = F for some ¢ > 0, then F € span(1).

Denote by # :D(M) — I?, &4 :D(E.y) X D(E.y) — R the generator and the
Dirichlet form corresponding to (P');>o.

Proposition 2.3. We have %™ C D(M) is a core of the generator M. In addition,
if ©1,....,0,€Z and F(-)={@1,-) -+ (@) is given by (2.9) we have

!
MF="F,+2 Y Fpy (2.14)
p=1 1<p<g<l

where Fy(-) == (@1,-) - (App,-) - - - (@1,-) and the Fourier transform of A, is given
by —r(k)¢,(k), k € R?. Additionally,

Fpg) = {01, ) (@) - (@gs ) -+ (01 ) QU @ps 0, (2.15)

where (-,-) means that the respective term should be omitted in the product and

000 = [ 007 03,K) -6, (K) dk.

Proof. The fact that ™ is a core of the generator can be seen from part (4) of
Proposition 2.1 and Proposition 3.3 of Ethier and Kurtz (1986).

For any Y€ Z we define S(1)} as an inverse Fourier transform of e~ ®1j(k),
k € RY. Since (¢;,S(t,9)) = (S(t)p;, @), p-a.s. in @ we can write from (2.10)

P'F(p) = F()=(S()p1,0)--- (S0, ) — (@1, 0) - - (01, p)

+2 Y Fpy(t.e)+ o). (2.16)

I<p<g<l
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Here the definition of F, ,(¢,-) differs from that of F,,(-) given in (2.15) only by
replacing factor Q by

0000 = [ 1= O 06,00 - 4,00 dk

o(t) denotes a term such that o(¢)/t — 0 as ¢t — O+ in the L? sense. Dividing both
sides of (2.16) by ¢ and letting it tend to 0 we conclude (2.14). [

2.3. Finite dimensional approximation

In this section we construct a finite dimensional approximation of the field V(.,-)
and present its basic properties. The results are presented mostly without proofs, which
are contained in Komorowski (2001).

2.3.1. Approximation of a homogeneous Gaussian measure
For an arbitrary integer N > 1 let Ay := {j€Z¢ : 0 < [j| < N2V}. Let

A = {x = (x1,...,xg) €RY: 27N <y <27V}
and A =27V + A0, je Ay. Let

XM(p) =ReSo(4™;0), ¥ () 1= —Im Sp(4"); ).
Thanks to (2.2) we have X = x™), vy = —y™).

Xj(N), Yj(N), j€ A, are zero mean, independent Gaussian random vectors (after a

suitable modification on a set of p-zero measure) over probability space 7 ,. Here

A]T, is the subset of Ay consisting of those j = (ji,...,js) whose last non-vanishing
component is positive. The covariance matrix of each vector Xj(N), or Yj(N) equals
s ::/ rkydk, jedf. (2.17)
AV
1

Let Ty denote the cardinality of Ay Set my : H” — (R?)?™ by
N N
(@) = XV (@) Y (9)jea. @M.
Let jy : (RY)?™ — H7 be defined by
jn(@,b)(x) := > (gjcos(kj - x) + bisin(kj - X)), x€R,
i€AN
with the convention a_j=aj, b_j=—Dbj. For the abbreviation sake we wrote a to denote
the entire ensemble aj, j€ Ay, and b for b;, je Aj}.
Let u™ := uny'. It is a Gaussian measure on (R?)27¥, which is the joint law of
(Xi(N), Yj(N))je ;- Its characteristic function equals

. 1
So(&m =] exp {Z(S;% &+ 8"y - m)}, (2.18)
jedy
where (&) := (& f)jea; € (RY)? v We shall denote by 7" the probability triple
(ROYPTY, (RPN, u™).
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Let i) be a Gaussian measure on (Hy, #(H}')) that corresponds to u™) via em-
bedding jy, i.e.

AN = Myt (2.19)
Checking that covariance matrices corresponding to the measures iY) converge, as
N — 400, to that of u we conclude that i®™) = u over H”, as N T +oc.

For any (a,b) := (aisbi)je/lz and x € R? we define

©(a,b) := (g cos(kj - X) + by sin(K; - X), —q; sin(k; - X) + b cos(kj - X))j 1 -
Obviously ™M1 = 4™ and jy 0 1{") =1, 0 jy, x € R?. We can introduce the gradi-
ent operator V™) = (D y,...,Dg.n) as the L*(uy)-generator of the group of motions

UNF :=Fo ™), x e R?. The abstract Laplacian is given by

AMNF .= D} \F + -+ + D} yF, for any F e L*(u™)n C((R?)*™).
Let n = 0 be an integer. We denote by 2 the space of all polynomials in variables
(a,b) of degree at most n, PWN) the space of all polynomials and H,EN) = %N) @Wfﬁ)l

the space of all Hermite polynomials of degree n > 0 corresponding to the measure
u™. Here 2%) := {0}. By B we denote the L2(u™)-orthogonal projection onto

a".
Let F € 2W) | a direct calculation shows that
V™M F(a,b) = Z K; (b; - V4, — a; - Vi)F(a,b), (2.20)
jeqy
and
AN F(a,b)
= > ki Ky(bj - Vo — - Va)(by - Vi, — ay - Vi, JF(a,b). (2.21)
iea;

Here V,,, V, correspond to the “standard” gradient operators in R? space with respect
to the indicated variables.

2.3.2. Approximation of the Markovian dynamics
Let W;N)(-), Wj(N)(-), j € A} be independent standard d dimensional Brownian motions
over J  and

gV =\ [2r(k)S, Vi 4y, (2.22)
Let also (a,b) := (aj, bj)jc4; be given. We define

Qt;a,b,w) = (aj(t;a,b,w),bi(t;a,b,w))ic g, 20
by

daj(t;2,b,0) = —r(kp)ai(t: a,b, ) dt + & dwi"(1; ),

dbi(t;a,b, ) = —r(k;)bi(t; a,b, ) dt + &) dwiV (£ w) (2.23)

L ASER et Bad] i L ASE Rt Rad] , ] B > .

with a;(0;a,b, w) = gj, bj(0;a,b,w)=b;, j€ A;.
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(2.23) can be explicitly solved and we can write that
Q(t;a,b,w) = O(1;a,b) + Z(1; ),
with

O(t;a,b) = (e_r(ki)taj,e_r(kj)tbj)ja;:

t t
(4 ) — —r(k)(1—5) ;(N) 3N (. —r(l)(t=5) ;(N) 3 &(N) (.
E(t;w) := </0 e " g dw; (s,cu),/0 e "\ g dw; (s,a))>.
Let
V(5 0) == jy o Qs iy (@), @), 120

be an Ornstein—Uhlenbeck process over J j ® 7, with values in I]-I]Z’ and VE,,N) the
corresponding random field. We define also

SM(t; @) := jiy 0 O(t; Ty (),
and
WN(t; ) = jiy 0 E(t; ),

the respective H7'-valued Gaussian processes over 73 and 7 . To avoid introducing
an additional notation we shall denote the corresponding random fields by the same
symbols. A direct calculation shows that the covariance matrices of W) converge, as
N — 400 to the covariance matrix (2.7) so the laws of W®) in ¢ weakly converge
to the law of . Similarly one can show that the laws of S?) are convergent to the
law of S(-).

The H7-valued process V™)(-) := SM)(-) + WN)(.) is stationary over probability
space 7 y®7 , and gives rise to a random, space-time stationary and spatially periodic,
vector field VIV)(z,x), (,x) € R x RY.

Let Py, A, & 4,(-,-) be the respective L?(u)) semigroup, generator and Dirichlet
form corresponding to the process Q(-) given by (2.23). The following fact is well
known in the theory of Ornstein—Uhlenbeck processes.

Proposition 2.4. 2N) forms a core of the generator of My and

MNF =" r(&))(M g + My)F, (2.24)
i€y
with
MoF(a,b) = (V. Vy)F(a,b) — a;- Vo F(ab),

My F(ab) = (V. Vy)F(a,b) — by - VyF(a,b), VFe?™. (2.25)

Here, as before, (a,b) = (aj, b)ic 1; -

Proof. The fact that ZY) is a core can be seen from the fact that it is a dense subset
of L2(u™)) which is invariant under the semigroup (P4 ),>0, see e.g. Proposition 3.3
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of Ethier and Kurtz (1986). Formulas (2.4) and (2.25) follow from a direct calculation
using It6 formula. [

Y®W)(.) is an approximation of ¥'(-) in the following sense. Let ITy : L2 (u™)) — L2,
Jy: 2 — PWN) be the linear maps given by IINF(f) = F(ny(f)), feu_ﬂzz and
JNF(a,b) = F(jn(a,b)), (a,b) e (R))*™.

Proposition 2.5.

(1) For any F € #™% we have
NlTim IIyP\JyF = P'F in any L?, p € [1,400). (2.26)
+oo

(i) For any F € 2™ we have F € D(& ) and
Nlilf Euy(INF,INF) =& 4(F.F). (2.27)

(iii) The Logarithmic Sobolev Inequality. For any N > 1 and F € D(& 4,)

a / |F[* log|F| du™) < & 4 (F, F) + al|F (|72 00, 10g|F || 220y (2.28)
(iv) Similarly, for any F € D(&_z)

a [ 1FP10g"[Fld < & o(F.F)+ alF [ og [ (229)

Proof. The proof of the above proposition is standard. Part (i) has been shown in
Komorowski (2001), see Proposition 1. To show part (ii) one can use formulas (2.14)
and (2.24) to verify (2.27) for any F(-) = (@1,) - {@s,-), with @1,..., ¢, € Z. Part
(iii) is a consequence of the classical logarithmic Sobolev inequality for finite dimen-
sional Ornstein—Uhlenbeck processes, see e.g. Gross (1993), with the Sobolev constant
independent of the mesh size of the periodic approximation. This fact, the result of part
(ii) and the density argument, in consequence, yield part (iv) of the proposition. [

3. Lagrangian process

Suppose first that ¥ > 0. Let x(-) be the stochastic process over Iy ® I | ® I,
given by (1.1). We introduce the process

Z(t;0,0,0) = Txto0an(V(t,o,0)), t=0 3.1)

over the probability space 7y ® 71 ® 7, with the state space H7'. It shall be called
the Lagrangian canonical process.
Let

O'F(@) :=EyMF(Z(t;-,-,¢)), FeL>®, ¢¢ HY. 3.2)

Here M is the expectation operator relative to the probability triple .7 ;. It has been
shown in Komorowski (2000), see Theorem 1, that

EMIF(Z(t+h)| 7 ®2]= O'"F(Z(t)), th=0 3.3)
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for any F:HJ' — R bounded and measurable (recall that E, is the expectation with
respect to the product probability measure of I ® J7,). Here (¥ );>0, (2;)i>0 are
the natural filtrations corresponding to V(-) and w(-) respectively.

Let € 4 := D(M )ﬂ(éﬁ. A direct calculation, see e.g. (Komorowski, 2002, Theorem
2, p. 424), shows that for any F €% 4,

d
LF = @, OF=(xd+ M+ S + A)F for any FEE 4, (3.4)
=0

Here the derivative is taken in the L?-sense,

SF =1V V)F, (3.5)

AF =V -VF+ XV -V)F, Feb, (3.6)
and

V(@)= (Vi(@),..., Va(@)) :== (¢1(0),..., 9a(0)). (3.7)

The operators &, .o/ defined above satisfy the formal symmetry and anti-symmetry
relations respectively, i.e.

(LF,G)p=F, G2, (AF,G)pp=—(F, 4G, VF,GEF .
One can write therefore the formal adjoint to ¥ as

PF=kd+ M+ — A, Feb,. (3.8)
Remark 3.1. Note that when the field V is compressible, i.e. V-V # 0, the measure u

cannot be invariant under (Z;),>¢. Indeed, from (3.8) we get ¥*1=—V-V # 0, which
in turn shows that the invariance of u implies that the field must be incompressible.

The following result holds.

Theorem 3.2. Under the assumptions of Theorem 1.1 there exists a constant C > 0
depending only on V,, see (1.6), such that for any a = C there exists a Borel prob-
ability measure v, on W} satisfying the following conditions.

(i) v« is invariant under (Z)i>o, i.e. [Q'F dv.= [Fdv. for all F e Cy(H}') and
t=0. (Q")>0 can be therefore extended to a Co-semigroup on L*(v..).
(i) [|V]dv. < + .
(iii) v, is equivalent to u and @, := dv,/du satisfies

/ﬁmg@w<+m. (3.9)

(iv) v. is ergodic in the following sense: if F €L is such that Q'F = F for some
t > 0 then F = const, v.-a.s.

The proof of this theorem is contained in Sections 4 and 5.1.
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Remark 3.3. The proof of Theorem 1.1 can be concluded from Theorem 3.2. Indeed,

let P, P, be the laws of V(-) and Z(-), respectively in €. To simplify the notation

we identify the probability space 7, appearing in Theorem 3.2, with (&, #(<&),P).
We can write then

Pu(A)Z/Hm Py(A)du(p), and

Pv,k(A):/H Py(A)®.(¢)du(p), VA€ A(C), (3.10)

m
P

where P,(-) := Py(- | V(0)=¢). Obviously, from part (iii) of Theorem 3.2 we conclude
that P,, is equivalent to P,. Let § :=dP,,/dP, and let Z:¢ x X — € be given by

(Z(w,0))t) =V(t,x(t;w,0)+ ;0), t=0,(w,0)eCx 2,

where V(-,-) and x(-) are as in (1.1). Set P,(dw,do) := Fo Z(w,0)P(dw)2W(do) a
probability measure on (& x X, 7" ® #"). It can be easily concluded from Theorem 3.2
that P, is a regular invariant measure in the sense of the definition given in Section
1, which concludes the proof of Theorem 1.1.

Remark 3.4. A direct consequence of parts (iii) and (iv) of Theorem 3.2 is the fol-
lowing.

Corollary 3.5. v, is a unique invariant probability measure for (Z;);>0 that is abso-
lutely continuous w.r.t. p.

Remark 3.6. Theorem 3.2 implies also the existence of the Stokes drift, when x > 0.
Namely, the following result holds.

Corollary 3.7 (The vanishing of the Stokes drift). Suppose that x > 0 and the condi-
tions V(1)—(3) hold. Then,
. x(t;w,0)
lim —————= =
tT+o00 t

for P @ W-a.s. (w,0).

0 (3.11)

Proof. Indeed, note that

// \V(0,0;w)|P*(dw,da):/ |V|dv, = < 4 0.
QxX m

H

Hence by virtue of the Individual Ergodic Theorem we conclude that the limit of
the expression on the left hand side of (3.11) exists P ® W-a.s. and equals a certain
deterministic constant, say v.

Let us define V(1,x) := —V(1, —x), (,x) € R x R?. Note that the laws of V and V
in C(R x R?; R?) coincide. However y(¢) := —x(¢), ¢ > 0 satisfies (1.1) with the drift
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V replaced by V and Brownian motion w(-) replaced by —w(-). This, in turn, shows
that the laws of —x(-) and x(-) in C([0,+o0); R?) coincide, so we must have v= —v,
which yields (3.11). O

In the case when k=0 (1.1) becomes an ordinary differential equation (1.2) with a
random right hand side, (3.1) defines then the canonical process (Z(¢));>0 over 7 y ®
T ,. For any ¢ > 0 we can also define an operator Q' via an appropriate modification
of (3.2). In this case for any F € €, we obtain

= %‘ O'F =(Ml + & + oA )F, (3.12)
t=0

where the derivative is taken in the L’-sense and ., .o/ are defined by (3.5), (3.6).
In this case we have the following.

Theorem 3.8. Under the assumptions of Theorem 1.2, there exists a constant C > 0

depending only on V., such that if a = C then there exists a Borel probability measure

v« on HY satisfying (1), (ii) of Theorem 3.2 and

(iil) v. is absolutely continuous with respect to u, with @, =dv,/du satisfying (3.9).

(iv) If, in addition, we assume condition (A) we have the following weaker version
of ergodicity than the one stated in part (iv) of the previous theorem. Namely,
any function F € L>®(v,) satisfying Q'F = F (understood as the equality of ele-
ments from L>°(v,)) for all t > 0 must be equivalent to a constant (in L*(v,)).
Moreover, v, is a unique, absolutely continuous, invariant measure among those
possessing densities satisfying (3.9).

Remark 3.9. The proofs of Theorems 1.2 and 1.4 can be concluded from Theorem 3.8
in the same fashion as Theorem 1.1 has been obtained from Theorem 3.2, see Remark
3.3.

Remark 3.10. The above result can be interpreted in terms of the existence of an
invariant measure for the dynamics that comes from a solution of a certain stochastic
partial differential equation (S.P.D.E.). Namely, in the case when r(k) = a, for some
constant a > 0, it has been shown in Fannjiang et al. (2002) that the process Z(-) can
be constructed as a solution of a S.P.D.E.

dZ(t) = (—aZ (1) + Z(1,0) - VZ(t))dt + CdB(t), (3.13)

with B(-) a [>-cylindrical Wiener process, C: > — H7 a Hilbert-Schmidt operator that

is the unique extension of C: %y — HY, given by Eq\o(k) =1/2al'(K)p(k), ¢ € L.
We assume also that p is the law of Z(0). It is known, see Theorems 2 and 3 of
Fannjiang et al. (2002), p. 179 and p. 185, that (3.13) possesses a unique strong
solution. Theorem 3.8 guarantees the existence of a stationary solution to (3.13) whose
law in € is absolutely continuous w.r.t. the law of Z(-).
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4. The construction of an invariant measure
4.1. Finite dimensional approximation of the Lagrangian process

Let ¢ =20, p € HY and xé{v(p)(') be the solution of

dx{N) (1 0,0) =gV (LX) (6 0, 0); 0) df + V2kdW(t;0), 120,

q’(()
M- _
Xg.p(0;0,0) = 0. (4.1)
Set
(N N
A=) oamano)
q.jn (ab)R

(0,0)ECXZ, >0 (42)

for any (a,b) = (4, bj)iesy € (R, 1t is an (R?)*™ -valued process defined over
TwRT].

Proposition 4.1. (i) For any (a,b) € (R??TV the process 2\ ()= (di(;a,b).5i(;a,
b))ica; is an (RYY? ¥ -valued diffusion described by the stochastic differential equation
ddj(t;a,b) = |—r(k)@(5;a,b) +2¢ | Y dy(6;a,b) |- kibj(t; a,b) — x[kj*Gi(t; a,b)| dt
yeq)

+ &™) dWi(1) + V2K byt 2, b) k; - dW(2)

dbj(t;a,b) = |—r(kpbi(t:a,b) — 2¢ | > dy(t:a,b) |- k(1 a,b) — «lki*bi(z; a,b)| dt
i’eq,

+ &™) dW{(1) — Vara(ta,b) ki - dW(r)

dj(0;a,b) = g;, b~j(0;a,b):bj, Vje A} 4.3)

Here (Wi(-), Wj/('))je A4 W(-) are mutually independent standard d-dimensional Brow-

nian motions (recall also that e is given by (2.22)).
(i1) The generator of the diffusion described by (4.3) is given by

LnF =[kAN) &ty + q( Sy + AW)IF,  FeCE(RY)TY), (4.4)
where
SNF = =5V . V),

ANF =V YWE 4 Ly v E - Fe (R (4.5)
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are finite dimensional analogs of &, </ defined in (3.5) and (3.6). Here

V™ (a,b) := (V" (a,b).....V{V(@,b)):=2> g (4.6)
jeAy
(iii) Set
O F(ab) := EgMF(ZN), (1), (4.7)

it is the transition of probability semigroup for SZ(qN)(), ie.

EnMIF(Z%) 0+ )™ @ 7)) = 0 F(Z qan(0)), (4.8)

Vt,h =0, F € Cy((R7)*™), (a,b) € (RY)?TV. Here (W'N )es0, (W t)is0 are the natu-
ral filtrations corresponding to (wi(-), Wi o Nieaz> W), respectively.

The proof of the proposition can be obtained via a standard application of 1t6 stochas-
tic calculus so we omit it.

In what follows we shall denote Q}, := i - Let xV)(.) be the solution of (1.1) with
the drift replaced by VW), Recall that m > d/2 + 1 (then, Hy € CH(RY,RY)). To state
our next result let us define Jy : Co(H7) — Co((R?)*™V), JyF(a,b) := F(jx(a,b))
for any F e Cy(H?), (a,b) € (R?)*™. We show that (O} );>o approximates (Q');>o,
as N T +o0.

Proposition 4.2. For any F € C,(H}) we have
Jim 1IN QjuvF — O'F| 1z = 0. (4.9)

Proof. Thanks to Skorokhod’s representation theorem, see e.g. Theorem 2.7, p. 9 of
Ikeda and Watanabe (1981), there exist Hj'-valued processes SM(), N =1 and S(-)
given over a certain probability space 7| := (21,77,P;) and [H]’p"—valued processes
W(N)(~), N >1 and W(~) given over another probability space 912 = (Qz,”fz,ﬂi’z),
for which

(1)

lim sup ISM (1) — S(1)|

=0, P, (4.10)
NT+o0 te[0,T

lim sup [[7™N(0) = W(@0)|luy =0, Pr-as. (4.11)

NT+o00 t€[0,T]

(2) The laws of S™(-), SM(-) and W M)(-), W™(-) in € coincide for each N > 1
The same also holds for the laws of S(-), S(-) and W(.), W(-).

We denote by [, E, the expectation operators corresponding to P, and P, respec-
tively.

Since Hy' is continuously embedded into C I(R?,R?) we have almost sure conver-
gence of the respective random fields VV(.,-) := SM(.,.) + WX)(.,.) defined over
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T10T 5 to V(-,-) :=8(,-)+ W(-,-) in C}([0,T] x B,R?) for any 7 > 0 and closed
ball B C R?. This fact, in turn, implies that

lim sup [RY)(t; @y, 0, 0) — X(t; &y, @, 0)| =0,
NT+00 rg0,7]

for P,@P,@W-a.s. (&1, d,0) Ef)l xQyx 2. Here K™)(.), () denote the solutions of
(1.1) with the drift replaced by V®)(-,-) and V(-,-) correspondingly. In consequence,

lim  sup [tz M (@) — )V (O)]lun =0, Py @ Py @ W. (4.12)
NT+00 4¢[0,7] !

In light of condition (2) spelled above, the laws of (r,;(m(t)l;'(N)(t), V' ™(0)) and
(txrnVN(2), VV)(0)) in H? x H? coincide for each N > 1 and ¢ > 0. Thus, for
any F € Co(H™), the law of r.v. [ITy Q4 JyFT(V™)(0)), cf. (2.1), considered over 7,
coincides with that of

[ExMF (tgongi,. .V Ut 01, )P
considered over . Hence

: t 240 Lo EE o PN
im, TN QR T dui= Jim EEMP (e 7 O]

— B\ [EMF (250 P ()] = /H (OFPde @13)

The last equality follows from the fact that the laws of r.v.-s (Q'F)? (V(0)) and
[ExMF (g, V (£ 01, )],

considered over 7, and 7, respectively, coincide.
For any F,G € Cyp(H}), we also have

lim IyONINFIININGdp = lim EE;MIF (teon) V Y()G(V (0))]
NT+oo H NT+oo

(4.12) E][EQM[F(T)Z(t) 7(1)G(V(0))]
[ orcan (4.14)
H

The conclusion of the proposition follows from (2.26), (4.13) and (4.14). [

Proposition 4.3. Suppose that the field V satisfies the assumptions of Theorem 1.1,
(Q(;,N)tzo is given by (4.7). Then, there is C > 0 independent of N such that for all

q < Ca there exists a Borel measure VE]N) on (RO for which

(1)
/ 0! yFdviM) = / Fdv®, vFer=u™), >0,
(Rd )2 Ty ’ ([Rd )2 Ty

ie. v(qN) is invariant under % ((IN)()
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2) vE,N) is absolutely continuous w.r.t. u™). Let <D£,N) = dvE,N)/d,u(N). We have

sup H@E]N)”Lz(u(m) < + oo. (415)
1

=

Proof. First, notice that without any loss of generality we may assume that all matrices
Sj(N), j € A}, are non-degenerate. Otherwise we would reduce the phase space (RY)? Ty
to R := Djc 1. (#DAj), where Zj is the range of Sj(N) for a given j € A and consider
an isometric image of & EIN)() in that space. As a result of this simplification we can

assume that the diffusion given by (4.3) is non-degenecrate.
Suppose first that ¥ > 0. By <I>fc,Nq) we shall denote the invariant density corresponding

to the given value of k. Note that for g=0 we obviously have @févo) =1. Let us suppose
that

+00
o) =1+ ¢"F™ e L2(u™). (4.16)
k=1

We are seeking @fX} € C2((RY)* ™)L (™)) that is nonnegative, satisfies f @é\i}d U
=1 and

[Lon + Sy — A y)]DL) = 0. (4.17)
Equivalently, we can rewrite (4.17) in the form

LoNEY) +(Py — AEN) =0, V=1 (4.18)
Here E)(N) = 1. Suppose that we have already found E(N) EHZ(N), i=0,....,k—1 and

such that fE(N)du(N) =0,i=1,...,k—1 for some k > 1. Thus, in particular Ec(ivf is
C>-smooth, (¥ — #/n)F") € 2" and

/ (y = /)R du®
_ /\/(m LT EN) g ) _ /(V(N) AV EN ) —
which in turn implies that G,({N) =(SN— AN )Ec(ivl) € ?,({N) belongs to the range of the
operator %oy and
FY =25 6N eV, (4.19)
with [ EM dp™ =o.

Let fi, = SBE,N)EC(N). Note that f; ¢=0 for £ > 1 and f; ,=0 for n > k+1. Rewriting
(4.18), using orthogonal projections onto the Hermite polynomial spaces, we obtain

Lo fron + Y~]3f11\7)«Vka—1,n+1 + mgN)nyk—l,n—l
PN oAy ficimrr — BN AN fi1ao1 =0, Vn =1 (4.20)
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Multiplying both sides of (4.20) by —f;, and summing up over n we obtain the
following estimate:

Z (_go,N.ﬁc,m .f/‘c,n )Lz(,u(N))

n=1

< Z (LN fi—t.n=15 )2yl + 1CEN fi—t.n—15 Jin)i2(uo0)]

n=1

LWV fr—t.n15 i) 2oy | + [N fe—tnt15 fen)2em))- (4.21)

The hypercontractivity property of L?” norms over Gaussian measures, see the proof
of Theorem 5.10 in Janson (1997) (in particular the first formula after (5.4) there),
implies that there exists a constant C > 0 independent of N, n, k, i such that (both here
and in the ensuing estimates we denote any such generic constant by C)

(LN Si=t=15 S 2o | < CVAl femtn=tll 200 | fen 2200

< 3@l gy + il (422)
Here we used an elementary inequality
ab < 1/2(a* +b*), a,beR. (4.23)
Analogously,

|(52{Nﬁc71,n713 ﬁ{,n)LZ(u(N))| = |(fk*1,nfls Mka,n)LZ(H(N))‘
1
< 3 | femtnm1s (VY V) £ 20| 4 e i1, V- YY) £ |

< CvVn(l| fnllz2guony + HV(N)fk,n\|L2(W>))||ﬁc—1,n—l Il 2y,
Using again inequality (4.23) we conclude that

ICZN Sfe—1n—15 Jon) 2o

1 1 X X
< 5 |:C2n (1 + K) | fiet.n—1 HEZ(#(M) + ka,nHiZ(u(M) + K”V(N)ﬁc,nHJ%Z(M(N)) .
(4.24)

Analogous estimates can be derived for |(Ln fx—1,nt1> )2y and [(Zy fr—1,n11,

S ) r2quen |-
From (4.22), (4.24) we obtain that the left hand side of (4.21) can be estimated
from above by

1 N N N
26 (14 32 IR + IV R By, + 205 oy (425)

Here

IEI? = 3 0t IR F By F 2™,

n=0
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On the other hand we can estimate the left hand side of (4.21) from below by
a Y nll fnllFgeon, + €I VORY |2 ) (4.26)

n=1

This estimate is obtained using the fact that on each space HMN) the spectral gap of
the operator .#y is greater than or equal to na, see Proposition 5.1 below.
Using both (4.25) and (4.26) we conclude that

8C
IEVIE < 5 (1 5 ) IEXIE 427)

Here we used the fact that an —2 > a(n+ 1)/4 for a = 2. (4.27) leads to an estimate
8C? 1\1"
FVIP<|=(1+— Vk = 0.
IEVIR < | == (1+5-) |

Hence, 455\ ¢ is well defined by means of (4.16) for a sufficiently large ¢ > 0 and

satisfies (4.17). The fact that (15,“1 0 can be shown by proving that the space of
solutions to Eq. (4.17) is of linear dimension one, which is a standard fact for a
non-degenerate finite dimensional diffusion.

Now we remove the assumption on positivity of the molecular diffusivity by proving
an estimate

||‘D%)HL2(H<N>) <C, (4.28)

with the constant C that may depend on ¢ but is independent of x and N.
Let &, := CD(N) — 1. It satisfies the equation

Lonbi + 4N De — gty D =gV - V. (4.29)

Projecting both sides of (4.29) onto H") and letting q:)w = %;N)tﬁ,c, we obtain the
equations

Lon®e1 + ‘p(lN)gN@K,z - ‘]3(1N)&/N4~5K,2 =gV vy, (4.30)
gO,N@K,n + ‘B;N)SﬂN @K,n+l + Ypg\llg‘N@K,n—l
- ‘B;N)&[Nélc,n—o—l - ‘Bg,N)&{Nélc,n—l - 0, Vn = 2. (431)

We take the L*(u™))-scalar products of both sides of (4.30) and (4.31) against (13,6,1
and @, , respectively. Then,

al| B |72y < gV Vi, D)o
(NP2, P )2y — (AP, P )2 (4.32)
and
an”(ijx,nniz(mw’))
<(INDPnsis éK,n)LZ(’u(N)) (LN D1, qg,c,n)LZ(ﬂ(M)

— (A (ij;c,nJrl > €§K,n )Lz(y<A’)) - (&{Ncﬁk,nfly cﬁK,n )Lz(y(N))y Vn = 2. (4.33)
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Performing the summation on both sides of (4.32), (4.33) over all » > 1 we conclude
the following estimate

a Z ””qu,nH%Z(u(N))

n=1

<OV -V, B D)oy +2 Y (SN Pt Bron)izeon)- (4.34)

nx=1

Here we have used the fact that

(AN D1, éx,n)Lz(y(N)) = —(AN P, éK,n+l)L2(y(N))-
Applying (4.22) we conclude that

a Z n”ijx,n”?}(mN))

n=1
< gV V|| 2o 1B lz2geny +4C DVl Bienll o) (4.35)
n=1

Supposing that a is chosen sufficiently large (but independent of N) we obtain (4.28)
and the conclusion of the lemma follows. [

4.2. The construction of the invariant measure via finite dimensional approximations

Let ¢ =1 and choose C > 0 from part (iv) of Proposition 4.1 so that (4.15) holds
for all N > 1. Let v := ") and

¢(N) . (D(N) _ dV(N)
: 1 A
Let also v?V) := V(N)j]§1 and

P dy)
Tdawy’

(4.36)
where ™) is given by (2.19).
Obviously, in light of (4.28),
sup [|PM || 2z < C. (4.37)
N>1

The sequence (V))y>, is tight. Indeed, let & > 0 be arbitrary and K C H? be a
compact set such that i™)[K¢] <&, VN > 1. Using Cauchy-Schwartz inequality and
(4.15) we conclude that

MK < PN 2oy VAMIK] < CVe, YN > 1
and tightness follows from an application of Prokhorov’s theorem.

Suppose that v, is a weak limiting point of (¥(*))y~,. We show the following.

Proposition 4.4.
(1) ve<p.
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(2) Let @, := dv,/du. We have ®, cL*log" L, i.e. the Orlicz space consisting of
all functions F that satisfy [F*log" Fdu < + oc.
(3) v. is invariant for Z(-).

Proof. Part (1). Suppose that ¢ > 0 and 4 € Z(H}') is such that u[4] < := £2/(8C).
Let F € Cy(HY) be such that 0 < F' < 1 and

/ |F— 14]dv < ¢/4. (4.38)
We have
v.[4] < / Fdv, +¢/4= lim / Fdi™ 4+ ¢/4
NT+o0
1/2 1/2
< lim sup ( / F(pM)y? dﬁW)) ( / FdﬁW)) + /4. (4.39)
NT+o0

In light of (4.28) and (4.38) the expression on the utmost right hand side of (4.39)
can be estimated by

1/2
C(/qu) +eld<e

for a given choice of F' and absolute continuity of v, w.r.t. i follows.
Part (2). First, we prove that @, € L2, Suppose that F € Cp(H7) and & > 0. Then
for sufficiently large N we have

/ Fo,du < / FPM da™ 4 ¢ (4.40)

The right hand side of (4.40) is, by virtue of (4.37) less than or equal to

12
c(/ deﬁ(N)> +& VYN =1

Letting first N T 400 and then subsequently ¢ | 0 we conclude that
/ Fd, dj < C|[F|l  VF e Cy(H)

hence @, € L2,

Note also that in light of (4.28) sequence (ITy®™))y~, is weakly compact in L.
Let us choose a subsequence (ITy, @) that corresponds to a subsequence (¥¥')) that
weakly converges to dv, = @, du. We show that w — limy/_ oo Iy, @) = &, With
some abuse of the notation we shall omit writing the prime by the subsequence.

In fact, thanks to Propositions 4.2 and 4.3 applied with # =0 we have

lim [ FlIy®™) du= lim / NIy FIy®™N) du
NT+o00 NT+o0

= lim Fdi®™) = / Fdv,
NT+o0

:/F«I)* du,  VF € Cy(H?).
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Hence (ITy®@™))y~| converges L>-weakly to @,. There exists therefore a sequence
(Yy)n>1 of convex combinations of (ITy®"))y~; that converges L>-strongly to ®,.
We can assume, with no loss of generality, that it is also pointwise convergent.

On the other hand, we can conclude from the argument contained in Section 4.1 that
™) e D(6 4, ) and

S=sup & 4,(&N), dM)) < + 0.
Nzl

Hence, by virtue of part (iii) of Proposition 2.5, we conclude that there exists a constant
C > 0 such that

/ Ty @M [log" (ITy ™)) + 1]1dp < C < 4 . (4.41)

The set ¥ of elements of L? satisfying (4.41) is convex. Thus (Yy)y>1 C ¥ and from
(4.41) we obtain by virtue of the Fatou lemma that (3.9) holds.
Part (3). Let F € Cy(HY). Using Proposition 4.2 and the weak convergence of

(ITy®™M))y 1 we conclude that
'Fdv, = "Fo,du= lim [ HyQ\JyFIy®™) dp. 4.42
H N1 N H
+o0

Using the definition of u¥) we can rewrite the utmost right hand side of (4.42) as
being equal to
li VIV 4™ = 1 /J Fo™N) du™, 4.43
NTlggﬁ/QN v 1 yim [y 1 (4.43)

The last equality follows from the invariance of &) under (04 )i>0. The right hand
side of (4.43) can be further rewritten as being equal to

lim Fdﬁ(N):/de*. 0O

NT+o0

Remark 4.5. Suppose that ¢ > 0 is arbitrary. Let us fix a certain V5 > 0. Assume
further that u, the law of V(0,-), is such that V,(u) < ¥y, where V,(u) is defined in
(1.6). It is clear from (4.34) that, there exists ay(e, V) such that

@, — 1|12 <e, (4.44)

provided that a > ay.
Recall the y-distance between two Borel probability laws £ and %, defined on R’
and possessing the first moments, see p. 330 of Dudley (1989),

y(gl,gz):sup{’/G(x)gl(dx)—/G(x)gz(dx) . Lip(G) < 1, G(O)zo}.

Here Lip(+) is the Lipschitz constant of a given function and we assume that both laws
possess the first absolute moments. Convergence of laws in y-metric implies the weak
convergence.

Let #; be the law of V(0,0) over the probability space corresponding to probabil-
ity P and %, be the law V(z,x(¢)) over the probability space corresponding to P,
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(according to Theorem 1.1 it is independent of 7). Note that (4.44) implies that,
V(fl,»%)Zsup{‘/ G(V)(®. —1)dp| :G:R! = R,

Lip(G) <1, G(0) =0} < |[[V|[|®. — 1|2 < Vo

for a > ag. Thus the y-distance between the law of the Eulerian velocity and that of
the stationary Lagrangian velocity asymptotically vanishes as the spectral gap increases
to infinity, provided the second absolute moments of the field together with its gradient
remain bounded. This result would be of even greater importance if we had an accom-
panying result proving some sort of statistical stability of the Lagrangian process. More
specifically, assume that uQ" denotes the law of Z(¢), see (3.1). It can be quite easily
shown, at least in the case when x > 0, that uQ" <pu, see the argument contained in
Section 5.1 below. Denote 10" := duQ'/du. Suppose we could prove that

Jim_[|10" — @.]],2 =0. (4.45)

Then, denoting by #(¢) the law of V(z,x(¢)) over the probability space corresponding
to PQW we would also have y(Z(¢), ¥») — 0, as t — +00. We could claim therefore
that the laws of the Lagrangian and Eulerian velocities get closer in y-distance with
the spectral gap increasing to infinity. To show (4.45) one would need to prove for
example the spectral gap estimate for the Lagrangian dynamics, which is currently
beyond our reach.

5. Ergodicity of the invariant measure
5.1. The case k >0

We prove that @, > 0, u-a.s. Indeed, let 4, := supp @.. We have u(4.) >0 and
(O, ®,);2 =0 for all > 0. In consequence,

Ex /Rd L (7y(V(2))) p(0,0,2,y; V)14, (V(0))dy =0
which in turn implies
0= Eu Ly (ry(V (1)) La, (V(0)) = (UYP'Lye, 1. )12 (5.1)

for m-a.e. y € R?. Here p(-,-,-,-; V) denotes the transition of probability density cor-
responding to diffusion given by (4.1). Cy-continuity of the group U implies that
(5.1) holds for all yeR? and in particular also for y = 0. Therefore, Py <1y
Self-adjointness of P’ implies that also P'l,, <1, . Thus, 14, is invariant under P’
and thanks to ergodicity of that semigroup A, must be of full 4 measure.

Let us assume that

Li(p) = 0'l4(), v.-as. (5.2)
Since the invariant measure is equivalent with u we conclude that
L) = L) = Fw [ LG 0)p0.0.0y: Vo) dy.,  ras
(5.3)
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Then multiplying both sides of (5.3) by 14(¢) and integrating over ¢ with respect
to u we get (since p(0,0,£,y;V) >0, P, as.)

Li(zy(V(£))1se(V(0)) =0

for m a.e. y and P, as. in V. Repeating, from this point on, the argument used to
show that 4, is of full measure we infer that the set 4 is u, thus also, v.-trivial.

5.2. The case k=0

We shall assume throughout this section that condition (A) holds, see the statement
of Theorem 4.1. Under this assumption we shall prove that @, is a unique invariant
density for (Q'),>o belonging to L?log™ L. This implies ergodicity of v,. Indeed, the
existence of 4 € #(H}) that satisfies

O'l,=1, in L®v,), V>0 and 0<v.,(4) <]l

would imply that @, , := v;'(4)®P.1, is another such invariant density, thus leading
to a contradiction.
Suppose therefore that @, , € L?log" L is non-negative, satisfies J ®1.du=1 and

/¢1,*Q’qu=/ & Fdy, V>0, FEL™. (5.4)
Then ¥ := @, — @, € L?log" L satisfies [ ¥ du =0 and
/‘I/Q’Fd,u:/‘PFd,u, Vi>0, Fel™. (5.5)

Recall, see Section 2.1, that 2, H, denote the spaces of all polynomials and Hermite
polynomials of degree n in L?> correspondingly. The following proposition holds.

Proposition 5.1. (i) For any F € H, we have F € D(.#) and
an||F||% < |(MF,F)p|, Vo> 1. (5.6)
(i1)
IVF| 2 < 4Kn*?||F|2,  Vn>1,F€H,. (5.7)
The constant K > 0 comes from condition (A).
(i) Q'F €~ L? for any F€ 2.
(iv) Suppose that G € L? and F € ?. Then
G QPO = (.G (58)

where LF is given by (3.12). Note that in light of the results contained in parts (1),
(ii) we have F € D(.#) N W2,

The proof of this proposition is a bit technical. Not to distract our attention from
the principal objective of this section we postpone briefly its presentation.
An immediate corollary of the above proposition and (5.5) is the following.
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Corollary 5.2.
(P, PF); =0, VFeP. (5.9)
Let ¥, := P,V and let /, := ||P,]|;2. We show that
[,=0, Vn>=1.

From (5.9) we obtain

(5.10)
(P, MYV )2 + (LY i1, Vo)ie + (LW, Vo)
(Pt LY — (AW, W) =0, Vn>1, (5.11)
with &, o/ given by (3.5), (3.6) correspondingly.
Let us fix N > 1. Summing up both sides of equations (5.11) for 1 <n <N we
obtain
N N-1
D (W W) +2Y (P S W) + (V- Vy, Pyvg1)p =0,
n=1 n=1
However,

(V- V&, Py :/ V- B(VE)dp — (V- V¥, Py (5.12)

We claim that V¥ € L2. This can be seen as follows. Let k € {1,...,d}. Suppose that
A4 > 0 is sufficiently small so that [ Vi dy < + oo. By virtue of Young’s inequality

2 p2 2
/\/,%‘Pzd,ué/{(l—i-/l) log<1+) }d,u

4) 4
+/[eA\/i—l—A\/ﬂ dp < +oc.

Letting cy = ||'Br(V¥)]|z2, we can write using parts (i) and (ii) of Proposition 5.1

N N—1
az nl*> < C
n=1

Z Vilyl,o + N*¥eyly +N”/61N11N>
n=1

N

d ol <G

n=1

for some constant C; > 0 independent of N > 1, K > 0 and a > 0. Hence, for a suf-
ficiently large a > 0, we have

[IN*3 eyly + SNYS(I_y + )]

(5.13)

We claim first that in fact (5.13) implies that Z:ff nl? < + co. Indeed, denote the

left hand side of (5.13) by Sy and assume that SN_T 400. From (5.13) we conclude
then

1 / 1 S
5(1%1—1 + L)+ oy ~

> — X H
N1/2 C2 N11/6

(5.14)
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hence

N 1 Sy
?(Z%/—l + l%/)"‘Nl/leCN 2 62 X W

We conclude therefore that there exists C; > 0 such that

Sy

NG +13)+ck =G N

(5.15)
Since for sufficiently large N we have Sy =1, (5.15) implies that (remember that
3 & < +00) in fact

Sy = C4NV6 (5.16)

for some C4 > 0. Using once more (5.15), this time together with estimate (5.16), we
get Sy > CsN'3 for some Cs > 0. Iterating this procedure 5 times we conclude that
Sy = C¢N>/° for some Cs > 0. Thus from (5.14) we get

ZNCN C6

i 2 (5.17)

1
5(112\/—1 + )+

hence we conclude that >, /3 = +oco , which leads to a contradiction caused by
our assumption that limy_, ;o Sy = +00.
We have proved therefore that

D (K +NIy_ily) < Y (e + Ny + NIF)) < + oc. (5.18)

N=0 NZ=0

On the other hand, (5.18) implies in particular that there exists a subsequence
(Ni)k =1, for which

Jim [Neck, + NP,y + I3)]1=0. (5.19)

From (5.13) we get however that

N
> by < GING + NS + 1)

n=1

for some constant C; > 0 and all N > 1. Thus, by virtue of (5.19), we have lim} .00 Sy,
=0, which in turn implies (5.10).

5.3. Proof of Proposition 5.1

5.3.1. Part (i)
To prove (5.6) it suffices to show that

"aHFHiz(,t(N)) < Euy(FLF) (5.20)

for any FEH,(,N) and all n,N > 1.
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With no loss of generality we shall assume for the sake of transparency of the ensuing
calculation that the matrices Sj(N) given by (2.17) are non-singular for j€ Ay. Let

elj,...»eqj be the eigenvectors of Sj(N) and Aj = --- = A4 > 0 be the corresponding
to them eigenvalues. For any j€ A, n=(ny,...,nq4) € Zi, a= Z‘;Zl apepj define
d ,—1)2
hin(a) == 2 (2,3 ap), (5.21)

where /,(+), n > 0 the standard orthonormal system of Hermite polynomials on L*(R, v),
with v is the standard d-dimensional Gaussian measure. For any n=(nj € Z%; j€ A}),
a=(aq; jeAy) we set

ha(a) = @ hyu(ay). (5.22)
i€y

The set of all Ay(a) ® Ay(b), with |n| + |m| = forms an orthonormal basis of HM,
n = 0. In addition, /,(-) ® hm(-) are the eigenvectors of the generator of the Ornstein—
Uhlenbeck process given by (2.24) corresponding to the eigenvalue Zje A5 r(ky)(|m] +

[mi)-
Let
F(ab):= ) a(mm)h(a)® hm(b). (5.23)
[n]-+|m|=n
where a(n,m) are certain coefficients. Obviously
||FHi2(ﬂ(N>) = Z o’(n,m).
[n]-+|m|=n
On the other hand, we obtain that
Euy(F. )= a(mm)> r(k)(|m| + [m]). (5.24)
|n|+|m|=n ey

Using (V3) we conclude (5.20).

5.3.2. Part (ii)
In order to prove (5.7) it suffices to show that

IV 20y < 4Kn*P | F || p2gamy (5.25)

for any FeH,gN) and all n,N > 1.

For any n = (nj; j€ Ay) define n(p,j,+) := (Ay; j € AY), with iy =ny, § # i,
liq,j = gjs for. q~7é p and 7Ai,j=n,;+ 1. Similarly, n(p,j,—) = Giy; j € Ay), with
iy =ny, i # 1, figj = nyj, for ¢ # p and

ﬁp’j = (I’lp’j — 1)+ = {

np,j—l if np,j>l,
0 if 1,5=0.

A similar notation is introduced for the multi-index m.
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Applying (2.20) to F given by (5.23) we can write, with the help of the above
notation,

V™F(a,b) = Z > kemm)e(p, jnmYhncp(2) @ hp i (b)
p=1jeAf [n|+|m|=n

= 2(p> §0,m) Iy j1y(2) © hmpj (b)), (5.26)

with y(p, j,n,m) := \/(npj+ Dm,j, e(p,j,n,m) := /n,i(m,;+1). To get (5.26)

we use the following elementary formulas for Hermite polynomials
h;(a) = \/’;hnfl(a) and ah,,(a) =vn+1 hn+1(a) - \/ﬁhnfl(a)

A direct calculation shows that

d
IVOOF |, = Y Y ki-kya(nm)x(n’,m’)

i’ €Ay pp'=1 [n|+[m|=n
0’| +[m’|=n

X[Vylén,+,+5m,—,— + 88/5n,—,—5m,+,+
— '))Slén,+’_5m’_,+ - 8”/5“’_#5,“,%_]. (527)
Here

5n,sl,sz = 5(“(1)9 ja §1 )7n/(p/9 j/: SZ))a

5m,31,S2 = 6(m(p> j,Sl )> m/(pla jlasz))s

for any s1,s, € {—,+}, 7, 7' are the abbreviations for y(p, j,n,m), y(p’,j,n’,m’) and
a similar convention concerns also ¢ and ¢&’. The expression corresponding to each of
the four terms appearing in parentheses on the right hand side of (5.27) can be dealt
with separately.

Let us consider the first term. Using an elementary inequality ab < a*> + b? it can
be estimated by

d
SN (kPmpgeimm) + K [Parl, X', m'))

ij’eAl pp'=1 [n[+|m|=n
[0’ |+|m’|=n

X[ + Dty o+ 11604 G (5.28)

We split the summation in the expression above into 2 sums corresponding to o?(n, m)
and o?(n’,m’). We deal with them in the same fashion so we only estimate the first
one. For any multi-index n= (nj;j € A3,) we let J(n) := [j€ Ay : |nj| > 0].

Z Z (npj+1) /2mp,jo< (n,m)

p,i€J(m) |n|+|m|=n

x>y >+ 1) 00 O (5.29)

PV €J(m(p.i+)) [’ |+|m’ |=n
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Here we used the fact that |k;| < K. Because of the presence of the Kronecker symbols
the summation over n’,m’, for a given p, j,m,n,j’, p’ reduces only to those terms for
which

n'(pi,+)=n(p,j+) (5.30)
m'(p,§,—)=m(p,j,—). (5.31)
The solution A(p, p', j,§') = (7(p, p',§,7'); 1€ A3) of (5.30) is given by
Mg.i if (¢.1) ¢ {(p. D). (P 1)},

Agi(p P 51) = npj+1=0((p, ). (P71 if (¢.0)=(p. ),
npy —1+0((p 0 (P, 1)) if (g.1)=(P,7)
Note that [i(p, p',§.§')| = [n|.

Eq. (5.31) has only one solution m(p, p',j,i') = ((p, p',§,i'); i€ Ay) satisfying
Im(p, p’,i,i’)| = |m| whose form depends on the size of m, j and whether, or not
(p,j) and (p',§) coincide.

First, suppose that m, j =1 or m, y > 1 and (p,j) # (p',i’) then, taking into
account that |m(p, p’, j,i')| = |m|, the solution to (5.31) is given by

Mg if (¢.0) € {(p. D). (PN}
tigi(p, P 3§ = mpy— 1 if (¢.0)=(p, ) (5.32)
mpp+ 1 if (¢.0) = (p.§).
If however m, jy =mp;=0, or (p,j)=(p'.|’) we have m(p, p',j,j'’) =m.

The expression appearing (5.29) can be estimated by
K2 Z Z (np,j + l)l/zmp»jaz(n’m) Z (ﬁp’,j/(p’ p/’ j’j/) + 1)1/2

p.i€J(m) |n|+|m|=n p.ieJ(n(p,j+))

=K 30 30 O+ DV pl(am)

p,J€J(m) |n|+|m|=n

< ST s 2T + 5P (P TN (5.33)
PV eJ(n(p,j+))

The summation over p’, i’ €J(n(p, j,+)) can be split into the summation over those
P, §-s for which n, y(p, p',§,i') = n' (since > |n;j| < n, there are at most n*3 such
terms) and those p’,j’-s for which the opposite holds. We can estimate therefore the
right hand side of (5.33) by

2K2032(n*3 x \/n +n x Vn1/3)||F||iz(NN) = 4K2n8/3||FHiz(ﬂN).

The remaining terms appearing in (5.27) can be dealt with similarly so the right
hand side of this equation can be estimated by 16K2n%3||F||2, . and inequality (5.25)
follows.

(uv)
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5.3.3. Part (iii)
Thanks to (5.6) we have 2 C D(.). In addition, by virtue of assumption (A) we
also have 2 C (), ,>, "™ and
(1
(t.X) = F(xV (1), (6x)— VF(V (1)), (LX) — MF(V (1))

are continuous P-a.s.
(2) For any ¢ > 0 the random variables

|F(x0)| |VF(tx0)|
Fo(@) = sup —————, Y, (¢):=sup ——— (5.34)
7 xeR? (1 + |X|)q 7 xeR? (1 + |X|)q
belong to [, L.
Using (3.2) and (5.34) we can write
|0"F(0)| < Ew[Z(V(T;-, o)1 + [X(T;-, @))1],  p-as. (5.35)
For each n we define
oy Yexs o, ) d
Y,,(t,X, (U) = W, (t,X)E [0, T] x R

a Gaussian random field defined over 7 5 ® J,. Let
Ki(2) = |(09):  sp LX<, >l
(tX)€[0,T] x Rd

By virtue of Theorem 5.2, p. 120 of Adler (1990), there exist 4y, C;, C, independent
of n such that

Pu(Ky(Z0)) < Crexp{—Con}, Vn=1. (5.36)
From (1.2) we obtain that X7(w, @) := sup, ., <7 [X(¢; , @)| satisfies
Xr(w,0) < C3(1 +n"?)  for (w,9)€K,(lg), n=1 (5.37)

for some deterministic constant C; > 0 depending only on /gy, T'. Thus,

P.(Xr = Cin'?) < Crexp{—Can}, Vn>1. (5.38)
In particular, (5.38) implies that X7 Eﬂp>1 LP(P,) and the conclusion of part (iii)
follows from this, condition (2) and (5.35).

5.3.4. Part (iv)
For any F € 2 and G € L* we have

(O'F,G)p2 = EJ[G(V(0))F (tx(iy V(1))]. (5-39)
Note that
F(tx V() =F(V(t)) + /0 VF(tx)V(t)) - V(s,Xx(s))ds (5.40)

and

F(V(t))F(V(O))/OZ MF(V(s))ds, >0 (5.41)
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is a (7";);>0 martingale. Using both (5.40), (5.41) we obtain

1
n [(Q'F,G)2 — (F,G).2]
1 ' S
:; {/O(P ﬂF,G)LZ ds

+/0 ELVF(txsV(2)) - V(s,x(5))G(V(0))] ds}. (5.42)

Formula (5.8) is obtained after taking the limit with ¢ | 0 in (5.42). Passage to the
limit under the integrals can be justified with the help of the estimates obtained in the
previous section.
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