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Abstract. We study a diffusion with a random, time dependent drift. We prove the invari-
ance principle when the spectral measure of the drift satisfies a certain integrability condition.
This result generalizes the results of [13, 7].

1. Introduction

We consider the long time behavior of a diffusive particle inarandom flow described
by the 16 stochastic differential equation

{ dx(t) =V (1, X(1); w)dt + ~/2dw(?),

%(0) = 0, (1.1)

whereV : R x R x @ — R? is a zero mean, stationary, ergodic random vector
field over a certain probability spa¢g, 7, P). We assume further that the real-
izations ofV are almost surely of divergence free in the sense that, for any smooth
compactly supported functign(x) onR¢, and any € R,

/ V(t, X; w) - Vip(X) dX =0 P—a.s.,
R4

with P the underlying probability measure. In order to guarantee the existence of the
solution of (1.1) we will also assume théiz, X; w) is (P —a.s.) locally Lipschitzin

X. We are interested in proving an invariance principledoy, i.e. the convergence

in distribution of the process«(¢ ~2¢) to a Brownian motion with a certain co-vari-
ance matrix, sometimes referred to asdffective diffusivityD > 2I. This problem

has been widely studied under various conditions on the random flow. Typically the
flow is assumed to be the divergence of a stationary random anti-symmetric matrix
valued fieldH (¢, x; w) = {H, 4(t, X; w)} — the so-calledtream matrix

V(t,X; w) = Vx - H(t, X; w) .
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This stream matrix was assumed bounded ([13]), or with some finite p-moments
for p > d + 2 ([7]). The novelty of the present paper is that our assumption carries
only on the spatial energy spectrum of the flow. More precisely, supposé tres

the second absolute moment and consider its co-variance:

Cpqgt,X) = / Vy(t, X, w)V,4(0,0, w)dP(w), p,g=1---,d.

Thespatial energy spectrumy, (dk) of V is a measure defined by

trace[C (0, x)] =f e k) oy (dk)
R4

ey (dK)
/Rd Kz T

This condition implies the existence of a stationary stream matrix with the right
properties. Observe that we do not put any restrictions on the time energy spec-
trum. As a consequence our result includes the static oW, &, w) = V (X, w))
considered earlier in section 7 of [8].

However we should point out that our argument does not take any advantage
from eventual mixing properties of the flow in the time direction. It remains an open
problem how to improve this condition taking into account the time-mixing of the
flow (cf. [2, 5, 6] for results in this direction, assuming a Markovian evolution of
the flow).

We will outline now the main ideas of the proof. The goal is to show that the
rescaled process

We assume that

t/s2

ex(e721) = X, (t) = v/2ewW (;—2) +e / V (s, X(s); ) ds, (1.2)
0

converges in law to a Brownian motion with a certain positive variance matrix. The
general strategy (cf. [11] for example) suggests to find an approximation of the
second term on the right hand side of (1.2) by a sequence of martingales, and then
apply a central limit theorem for martingales. It turns out that the Brownian motion
coming out from this term is orthogonal va(z).

In order to find such martingale approximation, one exploits the translation
invariance of the system. Sind&(s, x; ) is a stationary process d@f 1, it can
be written a§/(t,,xa)) for a corresponding vector valued functivhon Q and a
group of measure preserving transformatfory}. Then one can look at thenvi-
ronment as seen form the particthis is a Markov process on the probability space
Q defined by

n(t) = 4 x@nw (1.3)

The generatof of this Markov process can be explicitly computed (cf. (3.2)), and
it turns out thatP (dw) is invariant and ergodic. The term of (1.2) that we want to
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study can be written as a functional of the procegs:

t/a2 t/a2
P / V (s, X(s): @) ds = ¢ / V(n(s)) ds . (1.4)
0 0

At this point one should look for a sequence of functiapgw) in the domain of
the generato” such thatZu, approximateV, (p = 1, ..., d), in the sense that

the variance of
t/e2

£ / (Vp — 314,1) (n(s)) ds (1.5)
0

will be small for largen and smalle. This will permit to approximate (1.4) with
the martingales

t/s2

e [1nnre2) ~ s 0] = ¢ [ Lunnion ds (1.6)
0

In order to find such sequence of functions one can look at the solution of the
resolvent equation y
)\M}L — S’m = —Vp (1.7)

and choosing. = ¢2 one tries to make the approximation at the same time as the
limitin ¢ — 0O (cf. [10]). Because of the lack of spectral gap of generatofas

an operator orL2($2, P)), the L?~norm ofu; can explode as — 0. The above
strategy will work if one has some control on thi§—norm, in particular if

A / ()2 P(dw) — 0 (1.8)

the one can easily see that the boundary terms arising in the corresponding mar-
tingale approximation (1.6) will vanish in the limit. Furthermore (1.8) also implies
the convergence of the quadratic variation of these martingales. So the (1.8) is the
central point of the proof and it is the content of Lemma 5.1.

Our proof of (1.8) is inspired by [14]. The difference here is that, because of the
time dependence of the random field, an extra term appears in the getératioe
to the shift in the time direction. To deal with this term (the first in the equation 5.2),
we need to prove a sublinear growth of the-norm of thecorrectors(instead of
the usualL? sublinear growth, cf. [15], sufficient in the static case, cf. [14]). This
key estimate is proven in section 4, proposition 4.2.

The paper is organized as follows. In the next section we give the precise setup
and we state the main result. In section 3 we construaitikgonment procesgr)
and we study the main properties of it. In particular, we need to prove certain regu-
larity properties of the functions contained in the domain of the generator. Section
4 contains the proof of the! sublinear growth of the correctors. Section 5 contains
the proof of (1.8) and the proof of the main theorem. Tightness is shown following
the argument of [17]. In the appendix we prove the global existence of the process.
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2. Setup and the statement of the main result

Let P be a certain Borel probability measure on a Polish sg&xe?). Let t; x,
(t,X) € R x R? be astochastically continuous, measuralgeoup of measure
preservingtransformations actingrgodicallyon 2, see [13] pp. 204-206 for def-
initions. The stochastic continuity of the growgy, (¢, X) € R x R implies that
USX f(w) := f(m.x(®)), (1, X) € R x R? is a strongly continuous group of unitary
maps inL2. HereL? := LP(Q, (), P), 1 < p < +o0. The group possesses
d + 1 generators defined as

- d he, =
D,f = —U"% _ =0,1,---,d
qf dh S =0 q

with e,, p = 0,1,---,d the canonical basis dR x R?. Using these gener-
ators, given a positive integer, we can define for any I p < +oo the
Sobolev space#?" consisting of thosef € L? that belong to the domains
of DY'*-.. D/’ wherem1 + -+ + mq < m. On WP we consider the norm
1 pm = Y pitotmyem 1D+ D f1I7,. This definition can be extend-
ed in an obvious way to include also the case whper= +o00. By C,’j”" we
denote the space consisting of those elemgntsL >, for which f(tt’x(a))) arek
times differentiable in, m times differentiable irx, P a.s., and whose all relevant
derivatives are bounded. We adopt the usual convention that vanishing of either
k or m means just continuity in the appropriate variable. €et= (", .0 Cif"".
Another consequence of the strong continuityé, (r, x) € R x R? is the fact
that there exists an orthogonal projection valued meag\tk, dk) defined on
(R x R, Z(R) x #(R%)) such that for anyf, § € L2

(U™ f,8)2 =//ei("+x'k>(5(dr, dOF, 92 Y, x) eRxRY (2.1)
R Rd
For any f € L2 we can define itspatial spectral measuras the random mea-
sure given byf(A) =ER x A)f, A € B(RY). Its structure measukgr (A) =
||f(A)||§2 is sometimes called thepatial energy spectrumf f.
We denote b)Lfl the space of all square integrablaimensional random vec-
tors F = (Fu,---, F;) equipped with the usual Hilbert space nonrﬁnizl =

.. .~ d . . . . .
(F, F)Lg with (F, G) = Y (Fp, Gp) 2. F(A) = (F1(A),---, Fa(A)) is the
p=1
spatial spectral measuref any F ¢ Lﬁ. The numerical measurer(A) =
trace/ ﬁ(A) ® ﬁ(A)dP, A € B(RY) is referred to as thepatial energy spec-
trumof F.
Theabstract gradienbperatorv : W21 — L2 is defined by

Vf:=(Dif, -, Daf) € L3,

d

and theabstract LaplaciarasA f := Zq:l

f e.g.f € WP2. Suppose now that

D(ff defined for sufficiently smooth
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V1) V e L2 and it hagnean zerdg.e. [ VdP =0
V 2) Vis of divergence fregi.e. for anyp € W21 we have[ VVpd P = 0.

V 3) ey, the spatial energy spectrumf satisfies [ eV(‘I“‘) < +oo.

R4
Conditions V 3) allows to define an anti-symmetric matrx = [ﬁp,q] - the
so-calledstream matrix by

e / kaq(dk)|k|2k Vp(dk) 22)

R4

HereV(dk) = (Vl(dk) Vd(dk)) is the spatial spectral measure correspond-
ing toV. By condition V 3) itis easy to see thﬂgp q € L2. Then, using conditions
V 1) and V 2), it is not difficult to prove tha¥ =V - H.

We define the random velocity as

V(1 X; ) := V(1 x(@)). (2.3)

RemarkIn what follows tilde sign will be used to distinguish between a random
elementf defined on% and the corresponding stationary objgat, X; @) =
S (7t x(w)). With this notation we have

V(t, X; w) = Vx - H(#, X; w)
We assume that (z, X; w) satisfies the following regularity condition.

V 4) For any compact se&k € R? and7 > O there exists a random constant
Cy(T, K) < +o00 such that

sup |V, X;w) —V(t,Y; w)| < Cu(T, K)IX—Y], X, yeK, Pa.s.
0<t<T

and sup|V(t,0; w)| < +oo, Pa.s..
0<t<T
By Itd’s existence and uniqueness theorem for solutions of stochastic differential
equations it is well known that under the above condition thetuation

dXs x(t; w,0) =V (t, X x(t; ®, 0); ) dt + \/idw(t; o), (2.4)

Xs x (83 0,0) =X

possesses a unique local solution, i.e. determined up to a possible explosion time,
for P a.s.w. Herew(s; o), t > 0 is a standard Brownian Motion given on a certain
probability spacex, %4, Q). We denote by, the mathematical expectation cor-
responding to measu@ and by#";, r > 0 the filtration ofo-algebras generated
by wy, s < ¢. In the special case when bath= 0 andx = 0 we omit writing the
subscript by the trajectory.

If we assume in addition thaV|| ;. < +oo then, due to incompressibility of
the drift, it can be shown, see [16] Theorem 2 p. 500, that forjfaryL?, p > 1
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the processg(r,,x(t)(a))), t > 0 is stationary with respect tB ® Q. This fact can
be used to show that the trajectories of (2.4) do not expldes. for any velocity
field V(z, x), (t, X) € R x R? satisfying V 1) - 4). Indeed the following proposition
holds.

Proposition 2.1. Suppose thaV satisfies conditions V 1), 2) and 4). Then the
following hold.

a) There exists a sequence df”) € %, n > 1 such that eacl ™ satisfies V 1),
2) and for any compack < R? andT > 0 we have

T

lim /sup|v(”)(t,x; ) —V(t, X; w)| dt =0,
nt+o00 xeK
0

P a.s.inw.

b) SupposexAE’f)Z (t; w), t > s is the sequence of the solutions of

dx" (13 w) = VO (1, X (1; ); w) dt + v2dw(r), (2.5)

with x"(s) = x. Then, for anyI" > s, x € R?

lim  sup [x" @) — xR (@) =0 (2.6)

m,n1t+400 s<t<T

for P a.s.w.

c) Denote byx, x(t; ), t > s, X € R? the respective limits of the solution of
(2.5). For P a.s.w they are unique global solutions of (2.4). Furthermore,
they are non-degenerate, i.e. for any Borel measurabletsetR?, for which
mg(A) > Owe haveP®(s, X, t, A) > 0, P a.s. Herem, denotes the-dimen-
sional Lebesgue measure aRd (s, X, t, -) is the distribution o, x (¢, @) in
R,

Because of the technical character of this proposition we present its proof in the
appendix.

The main theorem we set out to prove in this paper can be formulated as follows.

Theorem 2.2. We suppose that a velocity fieM(r, x), (£,Xx) € R x R is

given by (2.3), satisfies the assumptions V 1) - 4). Then, the laws of the trajec-
toriesx, (1) := ex(t/¢2), t > 0converge, in probability with respect  ase | 0,

to the law of a Brownian motion with a non-trivial co-variance maix> 2.

The co-variance matri® > 2| can be also expressed with variational formulas,
exactly as in [13].



On homogenization of time-dependent random flows 7

3. The environment process

For any vector fieldV satisfying the assumptions of Theorem 2.2 we define the
Markovian process over the probability space, 4, Q) with the state space
(Q, 2()) by

n(t) == T x@ (w). (3.1)

We denote byP!, f := M f(t: x4y (@), t > 0, f € L?its L? semigroup and by’

its generator. The measupeis invarianti.e./ P’ fdP = [ fdP,forany f € L?.

In fact, it is ergodic, i.e. any e L? satisfying P'f§dP = [ f gdP, for all

t > 0 andg € L?, must be P-a.s. constant. To show this assertion we suppose that
C € #(Q) is such that

/ | P'lc —1c | dP = / /lc(rt,y(a)))P’”(t,dy) —1c(w)| P(dw) = 0.

R4

We have then/ 1¢(ty(w))P®(t,dy) = 0 or 1, P a.s. depending on whether
R4
w ¢ Corw e C. SinceP®(t,-) charges any set of positive Lebesgue measure
we conclude thaP (r; y(C)AC) = 0, forall (z,y) € R x R? and in consequence
P(C) = 0or 1 by virtue of ergodicity of the group.
An elementary calculation shows that for afiye ¢ we have

Pyf=Dof +Af+V-Vf (3.2)
In fact the following proposition holds, cf. Proposition 3.1 of [13].

Proposition 3.1. Assume tha¥V € L. Then® is a core of#y. The domain of
the generatoZ (%v) € W21 n %(Dp) and

—vf, Pz =1Vl forall fea(2v). (3:3)

For anyx > 0 we denote by, the resolvent of the generator, that is the oper-
ator determined by = (A — £v)R, = R, (A — Zv). The operator norm of the
resolvent inL? satisfies

Rl < 1/A. (3.4)

Proposition 3.2. Assume tha¥ satisfies VV 1) - 4). Then the domain of the generator
D(%y) C W2l

Proof. By virtue of Proposition 3.1 the conclusion of Proposition 3.2 holds for
Ve L. To show the proposition it suffices to prove that for ahy ¢ we
havefs = Rig € W2t and| fill 2 < 711802, IV full,2 < =181l 2. The first
inequality follows from (3.4). The second can be argued by approximation as fol-
lows. Letn > 1 be an integer. Suppose thdt’ (1), r > 0 are the solutions of (2.5)
satisfyingx (0) = 0 with V™ as in the statement of Proposition 2.1. We define
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then /™ := Rz, whereR" is the resolvent o/, i.e. the unique solutions
of

M = Ly i =g (3.5)

It is well known that
+00
A () = / e MG (T, i s (@) ds.
0

Using a similar expression fof, = R; & and (2.6) we infer, by Proposition 2.1
and via the Lebesgue Dominated Convergence Theorem - applicable herg since
is bounded — that

l Fm _ fll,2 =0, .
Jm LF = filliz =0 (36)

Multiplying both sides of (3.5) b)fx(") and integrating oveP (dw) we obtain that
15712 < 12l 2/% and IV £ 17, < 1211211 ;" 2. We conclude therefore

thatf, € WLV " —~ V f,,weaklyinL3,as 1 +oo. Sinceliminf, |V /| 2
= |V /il 2, we have

M2, + ||Vﬂ||§5 <@ e = MAIER + (L) fi o2 (37)

Notice also that (3.7) remains valid for an arbitrgrg L2 with no assumption on
its boundedness. O

It follows immediately from 3.7 that for any € L2, for f, = R, &
IVAIZ2 < (=20 e (3.8)

In fact, we will prove, cf. Proposition 3.4 below, that equality holds in (3.8). This
will be a consequence of the following proposition that establishes the regularity
of f,. Recall thatf, (¢, X; ®) = fi(tr.x(®)).

Proposition 3.3. For P a.s.w we havef, (-, -; ) € Hﬁ;f([R x R9) — the Sobolev

space consisting of functions that are locally square integrable together with one
generalized derivative inand two inx. Furthermore

)‘f)u(tv X) - (at + L[,X)f)»(ts X) = g(tv X)’ (39)
with L; x = Ax + V (1, X) - Vx and

filt,X) = 9(£.0,), Vi, g — ), %), t <0, x e RY, (3.10)
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where

G F.)(t.%) = / G(—1.X —y) f(y)dy

R4

+/fG(s — 1. X=Y)[V(s.y) - F(s.y) 4 g(s.y)] dsdy
t Rd
(3.11)

forany f € L2 (RY), g € L2 (R x RY), F € L?. Here
G, %) = ren??exp—|x|?/(20)}, t>0, xeR‘.
Proof. Suppose first thal' € L>. We choosef;, € %. Then
§=0 =2V == (L +V-V+DolfeL™

A standard argument shows thai(z, x; ») is a solution of (3.9), fo? a.s.w.
Since(d; + Ax) fo, = =V - Vi fi. + Afo, — g and f, is bounded we conclude,
with the help of the argument contained in Section 4.1 of [12], thais given
by (3.10). Now letz € L? be arbitrary andﬁ = R, g. By virtue of Proposition
3.1 we can find ar.? approximation off; by elementsi, € %, n > 1 such

that ¢I|m (r — PV)iiy = &, in the L? sense andVii, — V f; weakly in L.
nt—4o00

This approximation allows to obtain the representatioryoin terms of (3.10).
A standard a’priori estimates, see e.g. [12] Theorem 9.1 p. 342, show also that
fr € H-2(R x RY) and (3.9) holds.

For a generaV e L2 we can use the approximation W™ introduced in
Proposition 2.1. The correspondirfy” := Rz satisfy both (3.9) and (3.10).
since " — f andV ™ — Vf, asn 1 +oo strongly in 2 and weakly in
L3 we conclude that, (-, -), dx, £, 1) € L2 (R x RY), p = 1,---,d and, in
consequenceﬁ satisfies (3. 10) foP a.s.w.

Let

loc

®) _ t X

@1, X) 1= 8d+1¢(8 8) (3.12)
wherep (¢, X), (1, X) € RxR? be anonnegative, smooth, compactly supported func-
tion satisfyingg (—1, —x) = ¢(¢,x) and [ [ ¢ (z, X)dtdx = 1. Thenf(‘”(t, X) =
fir * 9@ (2, x) satisfies

@+ 80 f = (=V - Vo fi + Afr — ) % 6.

Notice thatV (-, -; w) € L}, (R x R?), for P a.s.w, thanks to the assumption V 4).
Using, again, Theorem 9.1 from [12] we conclude thasyii £ (-, < o)[1 15 <
+00, P a.s. inw for any cylinderk := [a,b] x[|X| < R] S Rx R%, a < b,

R > 0.Here|- ||(1{(2) denotes the normiff 1-2(K ). The conclusion of the proposition
follows upon the passage to the limit with| 0. ]
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Proposition 3.4. For any f € D(%v) (3.3) holds.

We postpone the proof of this proposition till Section 5 after we demonstrate
the proof of Lemma 5.1, since the arguments used to obtain both these results are
quite similar.

4. The corrector field

We seti,, = —RiV,. Since|(V,, f) 2] < ”ﬁ”Lﬁxde”Lﬁ’ we have the

bounds

MZp gz + 1V Zpa M2 < MZpalTz + Gpors (L T2 = 1Vp, Tl
<|H “Lgxd ||VX[),)~ ”Lg

we deduce that both||)2p,)\||i2 <C andllV)Zp,xlliz < C with constantC > 0
d

independent of. > 0. In consequence

lim A || x =0. 4.1
lim I Xp.allL2 (4.1)
We can also findE, = (Ep1,---,Epq) - an L2-weak limiting point of

{Vp,.},. — obtained by taking a subsequencg i 0. We construct a non-station-
ary field

& ek
0,(X; ) 1= —i Z/ quEp,q(dk) (4.2)
‘Iled
whose spatial gradient equalg:6,(x) = E,(0,x), where E,(t,x;w) =
E,(nx(@)). Let x,(t,x),t < 0,x € R? be defined by
xp(t, %) :=%(0,, Ep, V))(1,X). (4.3)

where% is defined by (3.11). The following proposition holds.
Proposition 4.1. We have

Vxxp(t, X; ) = E, (1, X; 0), (4.4)
P as.inw € Q,

X (1 X) = / G(—1, % — )8, y)dy

R4

0
+f/G(s—r,x—y) [V(s.Y) - Vaxp (s, y) + Vi (s, )] ds dy.

t Rd
(4.5)
In addition x, (-, -; @) € HE2((—00, 0) x RY),
dxp(t,X) + Lexxpt,X) = =V,(t,X), t <0, x e R? (4.6)

foranyp =1,---,d with x,(0, X) = 6,(X).



On homogenization of time-dependent random flows 11

Proof. The proof is quite routine so we only highlight its main points. First, from
Proposition 3.3 we conclude that

0
Vxxpa(t, X) =/G(—t,x—y)Em(0, y)dy—l—/fVXG(s—t,x—y)
R4 t Rd
X [V(Sv y) . Ep,)»(ss Y) + Vp(s7 y) - )"Xp,)»(ss Y)] ds dys (47)

with EN = V.. Passing to the limit for a sub-sequence corresponding to
A | 0 we conclude (4.4) from (4.7), using (4.3) and (4.1). (4.5) now follows from
(4.4) andy, (0, x) = 6, (x). To obtain the second part of the proposition we con-
sider x ) := x, * ¢® with ¢@® given by (3.11). From (4.5) we conclude that
XY € HEAR x RY) andd, xS + AxxY = =V - Vexp + V] % 6@, in the
classical sense. The remark on local boundedne$& of; w) together with the
classical a'priori estimates, cf. the corresponding part of the proof of Proposition
3.3, imply thaty (-, -; w) € HE2(R x RY) and (4.6) follows. O

O
For an arbitrarys > 0 we definex\ (,x) := a~1x,(a?, ax), 65 (x) =

6,(ax)/a andH@ (1, x) := H(a?, ax), HY (1, x) := H, (@, ax), EX (¢, )
E,(a?t,ax). HereH, = (Hp1,---, Hpy4). From (4.3) we get that for < 0,
x € R4

XS0t X) = f G(—1,X =)0\ (y)dy
R4

0
+ //vyc(s —LX—y)- [Hf,f')(s,y) +H@ (s, y)EW s, y)] ds dy,

t Rd

(4.8)

The following result shows sub-linear growth of the corrector.

Proposition 4.2. For any positivep € C5°((—0o0, 0) x R?) we have

0
lim / /cb(t, )1 x S (2. %) || 1 dt dx = O. (4.9)
at+oo
—00 R4

Proof.Using (4.8) we getthat the expression under the limitin (4.9) can be estimated
by

0
1
;/u(y)Ewl,(ay)ldy—i— / / | (2, X)|vg (2, X) dt dX (4.10)
R4 —00 Rd

where

0
u(y) = / /G(—t,x—y)|¢(r,x)|dtdx

—0o0 Rd
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and

Vg (2, X)

0
=E //VyG(s—t,X—y) : [Hg”(s,y)+H<“>(s,y)E§,“>(s,y)] dsdy|.
t Rd

Due to the fact thaVy G (- — ¢, x — -) € L([t, 0] x RY) we can use the Mean
Ergodic Theorem to conclude that

0
lim v, (z,x) = /nyG(s—t,X—y)dsdy .E(HP+HE,,) =0
at4oo

t Rd

for any (, X) € (—oo, 0) x R?. On the other hand

0
lva(t,X)| < E(|Hp + HE)) //|VyG(s—t,X—y)| dsdy < C/—t
t Rd

for some constanf’ > 0. Thanks to the Lebesgue convergence theorem we con-
clude that the second term of (4.10) vanishes with +oo. After routine calcu-
lations it can be shown that the first term of (4.10) vanishesg, fist-co. This is

due to the fact tha¥y6, (y) = Ep(ro,y(w)) is stationary and square integrable, and
6,(0) = 0. See Proposition 3 of [4] for details on this point. O

5. The proof of Theorem 2.2.

We shall follow a version of the argument contained in [14]. The key element is
the following.

Lemma 5.1. For an arbitrary p € {1, - - -, d}
lim x|l x 2, =0. 51
A0 1 Xp.all2 (5.1)

Proof. For arbitraryR, a > 0 we seth, r(t, X; @) = fa(xp(t, X; @))0a (X)W, (1)
JR(®), Wheref,(r) i= —aV (r Aa), ga(X) := a~p(X/a), Ya(t) := a= 2P (t/a?),
Jr(w) = 1[\H|5R](“’)' Herep > 0, v > 0 are compactly supported, smooth

probability densities ofk? and(—oo, 0) correspondingly. Equation (4.6) yields

0
/ / / 0L Fa G (1 X0V 00 0OV (1) i () dt dX P(d)

—00 R4

0
- / f / V(1 X) - Vil fa Gt (12 X000 001 (1) i (@) dit dx P (deo)

—00 Rd
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0
- / / f (H@, ) Vxp(t, X)) - Vi [ fa (., X)0a (0] ¥a (1) jr (@) di dX P(dw)

—OORd

0
- / //Hl’(t’x)'vx [£4Otp (1. 0)9a (0] Wa (1) jr (@) dt dX P(dw),

—00 Rd
(5.2)
with F, - the primitive of f, - satisfyingF,(0) = 0. Obviously
fa) <anlrl, Far) <alrl, 1.0 < 1A H forallr eR. (5.3)
a

Consider now the first term on the left hand side of (5.2). After integration by parts
in z variable we find that its absolute value equals

0
1
= Faltp 309000V (5 ) jr(@) dt dx P(dew)
at a

o0 Rd
0
53 @ /
< Xy (&, ) 19O ()] dt dX. (5.4)
—00 Rd

wherex (1, x) = a~1x,(a?, ax). By virtue of Proposition 4.2 the right hand

side of (5.4) vanishes witl 1 +o00. The second term on the left hand side of (5.2)
equals

0
///IEp(t,X)Izwa(X)I//a(t)jR(w)dldXP(dw)

—00 Rd

0
+f//IEp(t,X)IZ[f;(xp(t,X))—1]<pa(X)1/fu(t)jR(w)dtdxP(dw)

—00 Rd

0
1
toar [ [ [0 o) (2) 30000 jr@) dr ax P,
—00 Rd

(5.5)

Allowing a 1 +o0 and, then subsequently letti®g 1 +oo we obtain that, in the
limit, the first term of (5.5) become|$Ep||i2. Since|f;(r) — 1| = 1jr=a], the
d

second term of (5.5) can be estimated by

0
1
2 / //|Ep(tsX)|21[|Xp(t,x)\2a](pa(X)wa(t)jR(w)dldxP(da))

—00 Rd
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< K2 / //1[|Ep(z,x)|51<]1[|X,,(t,x)|za]</7a(x)1ﬁa(l)dde dP

—00 R4

- 2
+/1[‘Ep|>K]|E,,| dP

0
1 )
< K2 / //;|X,,(t,x)|<pa(x)1pa(t)dtdx dP+/1[‘E1)‘>K]|Ep|2dP

—00 R4

i | [ [popsoasirs [y, e 6o

—00 Rd

for an arbitraryk > 0. Passing to the limit witr 1 +oo we obtain from Propo-
sition 4.2 that the left member of (5.6) is estimatedjb11[|é,,\>,q |Ep|%d P for an

arbitraryK > 0. Letting thenk — oo we obtain that the second member of (5.5)
vanishes, as 1 +oo. The last remaining term of (5.5) can be estimated by

ad+1///fa(xp(t X))IVx<p( >|wa(t)dtdxdp

—00 Rd

/// [E,(t.x)>K]|Ep(t, x)IIwa( )Il/fa(t)dtdde

—00 Rd

<K / /le(“)(t X) [l .11 Vi (X) [ (1) dt dx

—00 Rd

+/l[|EpI>K]|EP|dP/|Vx¢ () | dx (5.7)
R4
Arguing as in (5.6) we conclude that this expression vanishes in the limifas co

andK — oo. Summarizing, we conclude that, in the limit, firstirt +o00, thenin
R 1 400, the second term on the left hand side of (5.2) becqmemzz Similar

argument applied to the right member of (5.2) shows that in the aforementloned
limit the term becomes- (H,,, EP)LZ. In fact this can be written as
d

—E (H,, : E,,) (5.8)
0
- f //Hp(l, X) - Ep(t, X)[ £ (xp (1, %)) = Lga (X)¥a (1) jr (@) dt dX P(dw)

—00 Rd

(5.9)
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0
- ///Hp(tvx)'V(/)a(x)fa(Xp(laX))Wa(t)].R(w)dthP(dw) (5.10)

—00 Rd

and by the same arguments used in (5.5), one can show that the expressions in line
(5.9) and line (5.10) vanish as— oo.

Finally we consider the third member of the left hand side of (5.2). Due to
anti-symmetry oH it is equal to

0
_f//(H(t’x)vx)(p(tax))'VX(pa(X)fa(Xp(t»X))Wa(t)jR(w)dthP(dw)

—00 Rd

and its absolute value can be bounded by

0
RKf/fIVwa(X)Ifa(Xp(t,X))lﬂa(t)dthP(dw) (5.11)

—00 Rd

+R (f 1[EP>K]|Ep|dP> a/|V(pa(X)|dX (5.12)
Rd

for an arbitraryk > 0. The term (5.11) goes to zero@ag +oo exactly like (5.7),
while (5.11) is independent afand goes to 0 ak — oco.
Summarizing we have shown that

IEplZ2 =—(Hp, Ep)p2. (5.13)
On the other hand multiplying both sides of (3.5) whére- —\7,, by )Z,(,”,)\ =

—Ri")f/p, integrating over P(dw) and then passing to the respective sub-
sequences, firstim 1+ +o0 and then ink | 0 we conclude that

i U1 %172+ 1l = - / A, EpdP (5.14)

and (5.1) follows from (5.13). O

Proof of Proposition 3.4lt suffices to prove the proposition fg§, = R, g, where
g € L2 By Proposition 3.1f, € W2 and, by Proposition 3.3f, (-, ; ) €
HM2(R x RY) and satisfies equation (3.9)-a.s. Multiplying both sides of the
equation by atest functidn, g (¢, X; w) := fa(fo(t, X; ©))@a )V, (1) jr(w), with

Ya, Ya, JR, fa the same as in the proof of Lemma 5.1, and subsequently integrating
over(—oo, 0) x R4 and2 we obtain

0
/ / / 0L Fa £t )]0 0V (1) jr (@) di dX P(dw)

—0o0 Rd
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0
_ / f / Yy fu (0 X) - el fa (1. X))00 001V (1) j (@) di dX P(da)

—00 Rd

0
- ///(H(I,X)fox(t,x))~Vx[fa(fx(t,x))<pa(x)] Va(t) jr(w) dt dX P(dw)

—OooRd

0
_ / / / Ly (T1x) falfo (1 X0)0a )V (1) jr (@) di dX P(dw).  (5.15)

—00 Rd
Repeating exactly the same argument as in the proof of Lemma 5.1 will lead us
to (3.3). |

We also have the following.
Corollary 5.2. IAIT(]) IVXpa— Ep||L5 =0.

Proof. It follows, by a standard argument, from (5.1). By (5.13) and sélge's a
weak limit of Vy xp, 1,
= _IE 112 ; S 2
_(H[?a Ep)Lt% = ”E/’”LS = )['D;'o ”VXX/;,A”L5
= 1@0_(Hp’ VXXp,A)Ltzl = _(Hpv Ep)L‘Zl

This implies lim ;o ||V)Zp’l||i2 = ||Ep||i2,which inturn yields thav 7, — E,
d d

strongly inL?, ask | 0. O

The proof of Theorem 2.2 follows in two steps.

Convergence of finite dimensional distributioBy. the definition (3.1) of the
environment process and proposition 3.3, Ito’s formula can be appligd t@and
we obtain

t
t
fo LV xpa () ds = Xp () — xpr(n(0)) — \/5/ VXpa(n(s)) - dw(s)
0

According to (2.4) and choosirig= ¢2, we have
t/s2

&) - Xe(1) = /25w, (:—2> + / V,(1(s))ds
0

t/s2

=M, (;—2> + V2 f [V)N(p’ez 0 (5)) — E,,(n(s))] - dw(s) (5.16)
0

t/s2

+e%,.2(0(0) — £, .2 (n (é)) + &3 / Xpe2((s)ds,  (5.17)

0
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where

t
M,(t) = ﬁ/ [ep + Ep(n(s))] - dW(s).
0

A standard calculation shows that

2 2

t/e
ME [v/2¢ / [vxl,,gz n(s)) — Ep(n(s))] Hdw(s)| =20V 5p2 = Bpli7s.
0

Then the convergence &fx, > given by Corollary 5.2 implies that the mean of
the square of the second term in line (5.16) tends to § as 0. By Lemma 5.1
and stationarity, the same is true for the expression in line (5.17).

(eM1(t/€2), - -+, eMq(t/€2)), t > 0 is ad-dimensional continuous trajectory
martingale with joint quadratic variation of ifsth andg-th components equal to

t/s2

262 / [e,, + E,,(n(s))] : [eq + Eq(n(s))] ds.
0

By the ergodic theorem it converges,sa$ 0, to
Zt/[e,, +Eyl [e +EjldP =2 <8M +/E,, -E, dP)

(since [ EP dP = 0). The martingale central limit theorem applied tada
dimensional martingaléMy(z), - - -, My(t)), t > 0 (cf. e.g. [3], Theorem 7.1.4
pp. 339-340) allows to conclude the convergence of the finite dimensional distri-
butions ofx.(¢), r > 0 to a Brownian motion with the co-variance matrix given by
2[6,.4 + (Ep, Eq)Ls]. ]

TightnessAs in [13], we use the argument of [17] (see also [18])..BY and
A _1 we denote respectively the completioriéivith respect to the normnf |1 :=

(. —Aw)7y, and| fll_1 := SURyy,1(f. ) .2], f € €. Notice that V 3) implies
thatV, e #_1,p=1,---,d. Since? is L2-dense and invariant under the group
U%*, x € R?, itis a core ofA. Then for anyo > O there exists, € % such that
|Aup —Vyllr2 < o. We are then in the position to apply Theorem 2.2 of [17] that
leads to the estimate

t/s2 2

ME { sup S/Vp(n(s))ds < 14TV, |%, (5.18)
0<t<T

This implies the compactnessxf(z), t > 0in D([0, T]; RY). O
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Appendix: the proof of Proposition 2.1.
LetV = V - H with H given by (2.2). Set

F'gl)((l)) ::/¢(”)(S’y)ﬂ([_‘v’_y(a)))dsdy
R4

with ¢ := n=4"Ip(mt,nx),n > 1, wherep : R x R — R, is nonnegative,
compactly supported and smooth. Ea?(ﬁl? = V-FIE,”) hasC* smooth trajectories
and satisfies part a) of the proposition except for the fact that it needs not be bounded.
However one can find ™ with componentsiif§ such thatf ™ —H" |12, < 1/n,
for some sufficiently large:, saym > d + 2.

ThenV® := v . H® satisfies part a) of the proposition. Moreover all fields
V® (£, x), (,X) € R x R, n > 1 satisfy condition V 4) uniformly im > 1.

Let us denote byg‘ﬁ (t; ), t > s the sequence of solutions of (2.5). Then

ME ( sup [x((1))? < 2 [TZIIV(")IILgI +2M( sup (w(r) - w(s>|)2} (5.19)

s<t<T s<t<T

Let " be the exit time ok}, (), # > O from a given compact sé&. Then, with
e = 1 A ) we have
XA T = XA T
(m.n)

[/\TK

< / IV, X)) — VO (X ()| da
N
T

5/sup|v(”)(u,x)—V<’")(u,x)|du

xekK
N

TI((m,n)
X () — X\ (u)| du

A
+Co(K, T)/

that in turn implies that the sequence of stopping tim%’%, n>1lisP®Q
a.s. convergent to a certaig . In addition the trajectories™ (r A tx), t > s are
uniformly convergent ta x(r Atk), t € [s, T] - asolution up to timex, of (2.4).
Additionally, in view of (5.19) we deduce that

ME ( sup |xx,x<t>|)252[T2||V||L3+2M( sup |w(r)—w(s)|)2] (5.20)

s<t<tg s<t<T

Note that the right hand side of (5.20) is independenkofAllowing K to be as
large as we wish, we conclude thaix(t), T >t > s is well defined and does not
explodeP ® Q a.s. for anyl" > s.

We show now non-degeneracy of the constructed diffusionALbé a Borel
measurable set witlr;(A) > 0. We denote by the exit time ofx, x(t; ), > s
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out of the ballB centered ad with radius sufficiently large to have; (BN A) > 0
andU(r,X) = p(X)V(t, X), (t,X) € R x R?, wherey is a nonnegative, smooth
function equal to 1 irB and 0 outside B. We havex; x(t A o) =Y(t A o), t >0,

P ® Q a.s. withy(r), ¢ > 0 the solution of Id stochastic differential equation (2.4)
whereV is replaced byJ. We conclude therefore th@t(x, x(r) € A) > Q(y(¢t) €

A,t < ) > 0. The last inequality follows from the Girsanov Theorem, see e.g.
Theorem 3.5.1 of [9]; notice tha@(w(¢) € A, < o) > 0. O
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