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Abstract. We study a diffusion with a random, time dependent drift. We prove the invari-
ance principle when the spectral measure of the drift satisfies a certain integrability condition.
This result generalizes the results of [13, 7].

1. Introduction

We consider the long time behavior of a diffusive particle in a random flow described
by the It̂o stochastic differential equation{

dx(t) = V(t, x(t);ω)dt + √
2dw(t),

x(0) = 0,
(1.1)

whereV : R × Rd × � → Rd is a zero mean, stationary, ergodic random vector
field over a certain probability space(�,V, P ). We assume further that the real-
izations ofV are almost surely of divergence free in the sense that, for any smooth
compactly supported functionϕ(x) on Rd , and anyt ∈ R,∫

Rd
V(t, x;ω) · ∇xϕ(x) dx = 0 P − a.s.,

withP the underlying probability measure. In order to guarantee the existence of the
solution of (1.1) we will also assume thatV(t, x;ω) is (P−a.s.) locally Lipschitz in
x. We are interested in proving an invariance principle forx(t), i.e. the convergence
in distribution of the processεx(ε−2t) to a Brownian motion with a certain co-vari-
ance matrix, sometimes referred to as theeffective diffusivity, D ≥ 2I . This problem
has been widely studied under various conditions on the random flow. Typically the
flow is assumed to be the divergence of a stationary random anti-symmetric matrix
valued fieldH(t, x;ω) = {Hp,q(t, x;ω)} – the so-calledstream matrix:

V(t, x;ω) = ∇x · H(t, x;ω) .
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This stream matrix was assumed bounded ([13]), or with some finite p-moments
for p > d + 2 ([7]). The novelty of the present paper is that our assumption carries
only on the spatial energy spectrum of the flow. More precisely, suppose thatV has
the second absolute moment and consider its co-variance:

Cp,q(t, x) =
∫
Vp(t, x, ω)Vq(0,0, ω) dP (ω), p, q = 1, · · · , d.

Thespatial energy spectrumeV(dk) of V is a measure defined by

trace[C(0, x)] =
∫

Rd
ei(x·k) eV(dk)

We assume that ∫
Rd

eV(dk)
|k|2 < +∞.

This condition implies the existence of a stationary stream matrix with the right
properties. Observe that we do not put any restrictions on the time energy spec-
trum. As a consequence our result includes the static flow (V(t, x, ω) = V(x, ω))
considered earlier in section 7 of [8].

However we should point out that our argument does not take any advantage
from eventual mixing properties of the flow in the time direction. It remains an open
problem how to improve this condition taking into account the time-mixing of the
flow (cf. [2, 5, 6] for results in this direction, assuming a Markovian evolution of
the flow).

We will outline now the main ideas of the proof. The goal is to show that the
rescaled process

εx(ε−2t) = xε(t) =
√

2εw
(
t

ε2

)
+ ε

t/ε2∫
0

V(s, x(s);ω) ds, (1.2)

converges in law to a Brownian motion with a certain positive variance matrix. The
general strategy (cf. [11] for example) suggests to find an approximation of the
second term on the right hand side of (1.2) by a sequence of martingales, and then
apply a central limit theorem for martingales. It turns out that the Brownian motion
coming out from this term is orthogonal tow(t).

In order to find such martingale approximation, one exploits the translation
invariance of the system. SinceV(s, x;ω) is a stationary process onRd+1, it can
be written asṼ(τt,xω) for a corresponding vector valued functionṼ on� and a
group of measure preserving transformation{τt,x}. Then one can look at theenvi-
ronment as seen form the particle: this is a Markov process on the probability space
� defined by

η(t) = τt,x(t)ω (1.3)

The generatorL of this Markov process can be explicitly computed (cf. (3.2)), and
it turns out thatP(dω) is invariant and ergodic. The term of (1.2) that we want to
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study can be written as a functional of the processη(s):

ε

t/ε2∫
0

V(s, x(s);ω) ds = ε

t/ε2∫
0

Ṽ(η(s)) ds . (1.4)

At this point one should look for a sequence of functionsun(ω) in the domain of
the generatorL such thatLun approximateṼp (p = 1, . . . , d), in the sense that
the variance of

ε

t/ε2∫
0

(
Ṽp − Lun

)
(η(s)) ds (1.5)

will be small for largen and smallε. This will permit to approximate (1.4) with
the martingales

ε
[
un(η(tε

−2))− un(η(0))
]

− ε

t/ε2∫
0

Lun(η(s)) ds (1.6)

In order to find such sequence of functions one can look at the solution of the
resolvent equation

λuλ − Luλ = −Ṽp (1.7)

and choosingλ = ε2 one tries to make the approximation at the same time as the
limit in ε → 0 (cf. [10]). Because of the lack of spectral gap of generatorL (as
an operator onL2(�, P )), theL2–norm ofuλ can explode asλ → 0. The above
strategy will work if one has some control on thisL2–norm, in particular if

λ

∫
uλ(ω)

2 P(dω) −→
λ→0

0 (1.8)

the one can easily see that the boundary terms arising in the corresponding mar-
tingale approximation (1.6) will vanish in the limit. Furthermore (1.8) also implies
the convergence of the quadratic variation of these martingales. So the (1.8) is the
central point of the proof and it is the content of Lemma 5.1.

Our proof of (1.8) is inspired by [14]. The difference here is that, because of the
time dependence of the random field, an extra term appears in the generatorL, due
to the shift in the time direction. To deal with this term (the first in the equation 5.2),
we need to prove a sublinear growth of theL1–norm of thecorrectors(instead of
the usualL2 sublinear growth, cf. [15], sufficient in the static case, cf. [14]). This
key estimate is proven in section 4, proposition 4.2.

The paper is organized as follows. In the next section we give the precise setup
and we state the main result. In section 3 we construct theenvironment processη(t)
and we study the main properties of it. In particular, we need to prove certain regu-
larity properties of the functions contained in the domain of the generator. Section
4 contains the proof of theL1 sublinear growth of the correctors. Section 5 contains
the proof of (1.8) and the proof of the main theorem. Tightness is shown following
the argument of [17]. In the appendix we prove the global existence of the process.
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2. Setup and the statement of the main result

Let P be a certain Borel probability measure on a Polish space(�, d). Let τt,x,
(t, x) ∈ R × Rd be astochastically continuous, measurablegroup of measure
preservingtransformations actingergodicallyon�, see [13] pp. 204-206 for def-
initions. The stochastic continuity of the groupτt,x, (t, x) ∈ R × Rd implies that
Ut,xf̃ (ω) := f̃ (τt,x(ω)), (t, x) ∈ R×Rd is a strongly continuous group of unitary
maps inL2. HereLp := Lp(�,B(�), P ), 1 ≤ p ≤ +∞. The group possesses
d + 1 generators defined as

Dqf̃ := d

dh
Uheq f̃ |h=0 q = 0,1, · · · , d

with ep, p = 0,1, · · · , d the canonical basis ofR × Rd . Using these gener-
ators, given a positive integerm, we can define for any 1≤ p < +∞ the
Sobolev spacesWp,m consisting of thosef̃ ∈ Lp that belong to the domains
of Dm1

1 · · ·Dmdd , wherem1 + · · · + md ≤ m. OnWp,m we consider the norm
‖f̃ ‖pp,m := ∑

m1+···+md≤m ‖Dm1
1 · · ·Dmdd f̃ ‖pLp . This definition can be extend-

ed in an obvious way to include also the case whenp = +∞. By Ck,mb we
denote the space consisting of those elementsf̃ ∈ L∞, for which f̃ (τt,x(ω)) arek
times differentiable int ,m times differentiable inx, P a.s., and whose all relevant
derivatives are bounded. We adopt the usual convention that vanishing of either
k orm means just continuity in the appropriate variable. LetC := ⋂

k,m≥0C
k,m
b .

Another consequence of the strong continuity ofUt,x, (t, x) ∈ R × Rd is the fact
that there exists an orthogonal projection valued measureE(dτ, dk) defined on
(R × Rd ,B(R)× B(Rd)) such that for anyf̃ , g̃ ∈ L2

(Ut,xf̃ , g̃)L2 =
∫
R

∫
Rd

ei(tτ+x·k)(E(dτ, dk)f̃ , g̃)L2 ∀(t, x) ∈ R × Rd . (2.1)

For anyf̃ ∈ L2 we can define itsspatial spectral measureas the random mea-
sure given byf̂ (A) := E(R × A)f̃ , A ∈ B(Rd). Its structure measureef (A) :=
‖f̂ (A)‖2

L2 is sometimes called thespatial energy spectrumof f̃ .

We denote byL2
d the space of all square integrabled-dimensional random vec-

tors F̃ = (F̃1, · · · , F̃d) equipped with the usual Hilbert space norm‖F̃‖2
L2
d

:=

(F̃ , F̃ )L2
d

with (F̃ , G̃) :=
d∑
p=1

(F̃p, G̃p)L2. F̂ (A) := (F̂1(A), · · · , F̂d(A)) is the

spatial spectral measureof any F̃ ∈ L2
d . The numerical measureeF (A) :=

trace
∫
F̂ (A) ⊗ F̂ (A)dP , A ∈ B(Rd) is referred to as thespatial energy spec-

trum of F̃ .
Theabstract gradientoperator∇ : W2,1 → L2

d is defined by

∇f̃ := (D1f̃ , · · · ,Ddf̃ ) ∈ L2
d ,

and theabstract Laplacianas4f̃ := ∑d
q=1D

2
q f̃ , defined for sufficiently smooth

f̃ e.g.f̃ ∈ Wp,2. Suppose now that
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V 1) Ṽ ∈ L2
d and it hasmean zeroi.e.

∫
ṼdP = 0

V 2) Ṽ is of divergence free, i.e. for anyφ̃ ∈ W2,1 we have
∫

Ṽ∇φ̃dP = 0.
V 3) eV , the spatial energy spectrum ofṼ, satisfies

∫
Rd

eV (dk)
|k|2 < +∞.

Conditions V 3) allows to define an anti-symmetric matrixH̃ = [H̃p,q ] - the
so-calledstream matrix- by

H̃p,q := −i
∫

Rd

kpV̂q(dk)− kqV̂p(dk)
|k|2 . (2.2)

HereV̂(dk) = (V̂1(dk), · · · , V̂d(dk)) is the spatial spectral measure correspond-
ing to Ṽ. By condition V 3) it is easy to see that̃Hp,q ∈ L2. Then, using conditions
V 1) and V 2), it is not difficult to prove that̃V = ∇ · H̃.

We define the random velocity as

V(t, x;ω) := Ṽ(τt,x(ω)). (2.3)

Remark.In what follows tilde sign will be used to distinguish between a random
elementf̃ defined on� and the corresponding stationary objectf (t, x;ω) :=
f̃ (τt,x(ω)). With this notation we have

V(t, x;ω) = ∇x · H(t, x;ω)
We assume thatV(t, x;ω) satisfies the following regularity condition.

V 4) For any compact setK ⊆ Rd andT > 0 there exists a random constant
Cω(T ,K) < +∞ such that

sup
0≤t≤T

|V(t, x;ω)− V(t, y;ω)| ≤ Cω(T ,K)|x − y|, x, y ∈ K, P a.s.

and sup
0≤t≤T

|V(t,0;ω)| < +∞, P a.s..

By Itô’s existence and uniqueness theorem for solutions of stochastic differential
equations it is well known that under the above condition the Itô equation

dxs,x(t;ω, σ) = V(t, xs,x(t;ω, σ);ω) dt +
√

2dw(t; σ), (2.4)

xs,x(s;ω, σ) = x

possesses a unique local solution, i.e. determined up to a possible explosion time,
for P a.s.ω. Herew(t; σ), t ≥ 0 is a standard Brownian Motion given on a certain
probability space(6,B,Q). We denote byM , the mathematical expectation cor-
responding to measureQ and byWt , t ≥ 0 the filtration ofσ -algebras generated
by ws , s ≤ t . In the special case when boths = 0 andx = 0 we omit writing the
subscript by the trajectory.

If we assume in addition that‖Ṽ‖L∞ < +∞ then, due to incompressibility of
the drift, it can be shown, see [16] Theorem 2 p. 500, that for anyf ∈ Lp, p ≥ 1
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the processf̃ (τt,x(t)(ω)), t ≥ 0 is stationary with respect toP ⊗Q. This fact can
be used to show that the trajectories of (2.4) do not explodeP a.s. for any velocity
field V(t, x), (t, x) ∈ R × Rd satisfying V 1) - 4). Indeed the following proposition
holds.

Proposition 2.1. Suppose that̃V satisfies conditions V 1), 2) and 4). Then the
following hold.

a) There exists a sequence ofṼ(n) ∈ C, n ≥ 1 such that each̃V(n) satisfies V 1),
2) and for any compactK ⊆ Rd andT > 0 we have

lim
n↑+∞

T∫
0

sup
x∈K

|V(n)(t, x;ω)− V(t, x;ω)| dt = 0,

P a.s. inω.
b) Supposex(n)s,x(t;ω), t ≥ s is the sequence of the solutions of

dx(n)s,x(t;ω) = V(n)(t, x(n)s,x(t;ω);ω) dt +
√

2dw(t), (2.5)

with x(n)s,x(s) = x. Then, for anyT > s, x ∈ Rd

lim
m,n↑+∞

sup
s≤t≤T

|x(n)s,x(t)− x(m)s,x (t)| = 0 (2.6)

for P a.s.ω.
c) Denote byxs,x(t;ω), t ≥ s, x ∈ Rd the respective limits of the solution of

(2.5). For P a.s.ω they are unique global solutions of (2.4). Furthermore,
they are non-degenerate, i.e. for any Borel measurable setA ∈ Rd , for which
md(A) > 0 we havePω(s, x, t, A) > 0, P a.s. Heremd denotes thed-dimen-
sional Lebesgue measure andPω(s, x, t, ·) is the distribution ofxs,x(t, ω) in
Rd .

Because of the technical character of this proposition we present its proof in the
appendix.

The main theorem we set out to prove in this paper can be formulated as follows.

Theorem 2.2. We suppose that a velocity fieldV(t, x), (t, x) ∈ R × Rd is
given by (2.3), satisfies the assumptions V 1) - 4). Then, the laws of the trajec-
toriesxε(t) := εx(t/ε2), t ≥ 0 converge, in probability with respect toω, asε ↓ 0,
to the law of a Brownian motion with a non-trivial co-variance matrixD ≥ 2I .

The co-variance matrixD ≥ 2I can be also expressed with variational formulas,
exactly as in [13].
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3. The environment process

For any vector fieldṼ satisfying the assumptions of Theorem 2.2 we define the
Markovian process over the probability space(6,B,Q) with the state space
(�,B(�)) by

η(t) := τt,x(t)(ω). (3.1)

We denote byP tV f̃ := M f̃ (τt,x(t)(ω)), t ≥ 0, f̃ ∈ L2 itsL2 semigroup and byLV

its generator. The measureP is invariant i.e.
∫
P t f̃ dP = ∫

f̃ dP , for anyf̃ ∈ L2.
In fact, it is ergodic, i.e. anyf̃ ∈ L2 satisfying

∫
P t f̃ g̃ dP = ∫

f̃ g̃ dP , for all
t > 0 andg̃ ∈ L2, must be P-a.s. constant. To show this assertion we suppose that
C ∈ B(�) is such that

∫
| P t1C − 1C | dP =

∫ ∣∣∣∣∣∣∣
∫

Rd

1C(τt,y(ω))Pω(t, dy)− 1C(ω)

∣∣∣∣∣∣∣P(dω) = 0.

We have then
∫

Rd

1C(τt,y(ω))Pω(t, dy) ≡ 0 or 1,P a.s. depending on whether

ω 6∈ C or ω ∈ C. SincePω(t, ·) charges any set of positive Lebesgue measure
we conclude thatP(τt,y(C)4C) = 0, for all (t, y) ∈ R × Rd and in consequence
P(C) = 0 or 1 by virtue of ergodicity of the groupτ .

An elementary calculation shows that for anyf̃ ∈ C we have

LV f̃ = D0f̃ + 4f̃ + Ṽ · ∇f̃ (3.2)

In fact the following proposition holds, cf. Proposition 3.1 of [13].

Proposition 3.1. Assume that̃V ∈ L∞. ThenC is a core ofLV . The domain of
the generatorD(LV) ⊆ W2,1 ∩ D(D0) and

−(LV f̃ , f̃ )L2 = ‖∇f̃ ‖2
L2
d

, for all f̃ ∈ D(LV). (3.3)

For anyλ > 0 we denote byRλ the resolvent of the generator, that is the oper-
ator determined byI = (λ − LV)Rλ = Rλ(λ − LV). The operator norm of the
resolvent inL2 satisfies

‖Rλ‖ ≤ 1/λ. (3.4)

Proposition 3.2. Assume that̃V satisfies V 1) - 4). Then the domain of the generator
D(LV) ⊆ W2,1.

Proof. By virtue of Proposition 3.1 the conclusion of Proposition 3.2 holds for
Ṽ ∈ L∞. To show the proposition it suffices to prove that for anyg̃ ∈ C we
havef̃λ := Rλg̃ ∈ W2,1 and‖f̃λ‖L2 ≤ 1

λ
‖g̃‖L2, ‖∇f̃λ‖L2

d
≤ 1√

λ
‖g̃‖L2. The first

inequality follows from (3.4). The second can be argued by approximation as fol-
lows. Letn ≥ 1 be an integer. Suppose thatx(n)(t), t ≥ 0 are the solutions of (2.5)
satisfyingx(n)(0) = 0 with Ṽ(n) as in the statement of Proposition 2.1. We define
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thenf̃ (n)λ := R
(n)
λ g̃, whereR(n)λ is the resolvent ofLV(n) , i.e. the unique solutions

of

λf̃
(n)
λ − LV(n) f̃

(n)
λ = g̃. (3.5)

It is well known that

f̃
(n)
λ (ω) =

+∞∫
0

e−λsM g̃(τs,x(n)(s)(ω)) ds.

Using a similar expression for̃fλ = Rλg̃ and (2.6) we infer, by Proposition 2.1
and via the Lebesgue Dominated Convergence Theorem - applicable here sinceg̃

is bounded – that

lim
n↑+∞

‖f̃ (n)λ − f̃λ‖L2 = 0. (3.6)

Multiplying both sides of (3.5) byf̃ (n)λ and integrating overP(dω) we obtain that

‖f̃ (n)λ ‖L2 ≤ ‖g̃‖L2/λ and‖∇f̃ (n)λ ‖2
L2
d

≤ ‖g̃‖L2‖f̃ (n)λ ‖L2. We conclude therefore

thatf̃λ ∈ W2,1,∇f̃ (n)λ ⇀ ∇f̃λ, weakly inL2
d , asn ↑ +∞. Since lim infn ‖∇f̃ (n)λ ‖L2

d

≥ ‖∇f̃λ‖L2
d
, we have

λ‖f̃λ‖2
L2 + ‖∇f̃λ‖2

L2
d

≤ (g̃, f̃λ)L2 = λ‖f̃λ‖2
L2 + ((−LV)fλ, fλ)L2 (3.7)

Notice also that (3.7) remains valid for an arbitraryg̃ ∈ L2 with no assumption on
its boundedness. ut

It follows immediately from 3.7 that for anỹg ∈ L2, for f̃λ = Rλg̃

‖∇f̃λ‖2
L2
d

≤ ((−LV)f̃λ, f̃λ)L2 (3.8)

In fact, we will prove, cf. Proposition 3.4 below, that equality holds in (3.8). This
will be a consequence of the following proposition that establishes the regularity
of f̃λ. Recall thatfλ(t, x;ω) = f̃λ(τt,x(ω)).

Proposition 3.3. For P a.s.ω we havefλ(·, ·;ω) ∈ H 1,2
loc (R × Rd) – the Sobolev

space consisting of functions that are locally square integrable together with one
generalized derivative int and two inx. Furthermore

λfλ(t, x)− (∂t + Lt,x)fλ(t, x) = g(t, x), (3.9)

withLt,x = 4x + V(t, x) · ∇x and

fλ(t, x) = G(fλ(0, ·),∇f̃λ, g − λfλ)(t, x), t < 0, x ∈ Rd , (3.10)
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where

G(f, F̃ , g)(t, x) :=
∫

Rd

G(−t, x − y)f (y)dy

+
0∫
t

∫
Rd

G(s − t, x − y)
[
V(s, y) · F(s, y)+ g(s, y)

]
ds dy

(3.11)

for anyf ∈ L2
loc(R

d), g ∈ L2
loc(R × Rd), F̃ ∈ L2

d . Here

G(t, x) := (2πt)d/2 exp{−|x|2/(2t)}, t > 0, x ∈ Rd .

Proof.Suppose first that̃V ∈ L∞. We choosef̃λ ∈ C. Then

g̃ := (λ− LV) f̃λ = [λ− (4 + Ṽ · ∇ +D0)]f̃λ ∈ L∞.

A standard argument shows thatfλ(t, x;ω) is a solution of (3.9), forP a.s.ω.
Since(∂t + 4x)fλ = −V · ∇xfλ + λfλ − g andfλ is bounded we conclude,

with the help of the argument contained in Section 4.1 of [12], thatfλ is given
by (3.10). Now letg̃ ∈ L2 be arbitrary andf̃λ = Rλg̃. By virtue of Proposition
3.1 we can find anL2 approximation off̃λ by elementsũn ∈ C, n ≥ 1 such
that lim

n↑+∞
(λ − LV)ũn = g̃, in theL2 sense and∇ũn ⇀ ∇f̃λ weakly inL2

d .

This approximation allows to obtain the representation offλ in terms of (3.10).
A standard a’priori estimates, see e.g. [12] Theorem 9.1 p. 342, show also that
fλ ∈ H 1,2

loc (R × Rd) and (3.9) holds.
For a general̃V ∈ L2 we can use the approximation bỹV(n) introduced in

Proposition 2.1. The corresponding̃f (n)λ := R
(n)
λ g̃ satisfy both (3.9) and (3.10).

Sincef̃ (n)λ → f̃λ and∇f̃ (n)λ ⇀ ∇f̃λ asn ↑ +∞ strongly inL2 and weakly in
L2
d we conclude thatfλ(·, ·), ∂xpfλ(·, ·) ∈ L2

loc(R × Rd), p = 1, · · · , d and, in
consequence,fλ satisfies (3.10) forP a.s.ω.

Let

φ(δ)(t, x) := 1

δd+1
φ(
t

δ
,

x
δ
), (3.12)

whereφ(t, x), (t, x) ∈ R×Rd be a nonnegative, smooth, compactly supported func-
tion satisfyingφ(−t,−x) = φ(t, x) and

∫ ∫
φ(t, x)dtdx = 1. Thenf (δ)λ (t, x) :=

fλ ∗ φ(δ)(t, x) satisfies

(∂t + 4x)f
(δ)
λ = (−V · ∇xfλ + λfλ − g) ∗ φ(δ).

Notice thatV(·, ·;ω) ∈ L∞
loc(R × Rd), for P a.s.ω, thanks to the assumption V 4).

Using, again, Theorem 9.1 from [12] we conclude that supδ>0 ‖f (δ)λ (·, ·;ω)‖(K)1,2 <

+∞, P a.s. inω for any cylinderK := [a, b] × [|x| ≤ R] ⊆ R × Rd , a < b,
R > 0. Here‖·‖(K)1,2 denotes the norm inH 1,2(K). The conclusion of the proposition
follows upon the passage to the limit withδ ↓ 0. ut
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Proposition 3.4. For anyf ∈ D(LV) (3.3) holds.

We postpone the proof of this proposition till Section 5 after we demonstrate
the proof of Lemma 5.1, since the arguments used to obtain both these results are
quite similar.

4. The corrector field

We setχ̃p,λ := −RλṼp. Since |(Ṽp, f̃ )L2| ≤ ‖H̃‖L2
d×d

‖∇f̃ ‖L2
d
, we have the

bounds

λ‖χ̃p,λ‖2
L2 + ‖∇χ̃p,λ‖2

L2
d

≤ λ‖χ̃p,λ‖2
L2
d

+ (χ̃p,λ, (−LV)χ̃p,λ)L2 = |(Ṽp, χ̃p,λ)L2|
≤ ‖H̃‖L2

d×d
‖∇χ̃p,λ‖L2

d

we deduce that bothλ‖χ̃p,λ‖2
L2 ≤ C and‖∇χ̃p,λ‖2

L2
d

≤ C with constantC > 0

independent ofλ > 0. In consequence

lim
λ↓0

λ ‖χ̃p,λ‖L2 = 0. (4.1)

We can also findẼp = (Ẽp,1, · · · , Ẽp,d) - an L2
d -weak limiting point of

{∇χ̃p,λ}λ – obtained by taking a subsequence inλ ↓ 0. We construct a non-station-
ary field

θp(x;ω) := −i
d∑
q=1

∫
Rd

eik·x − 1

|k|2 kqÊp,q(dk) (4.2)

whose spatial gradient equals∇xθp(x) = Ep(0, x), where Ep(t, x;ω) :=
Ẽp(τt,x(ω)). Letχp(t, x), t < 0, x ∈ Rd be defined by

χp(t, x) := G(θp, Ẽp, Vp)(t, x). (4.3)

whereG is defined by (3.11). The following proposition holds.

Proposition 4.1. We have

∇xχp(t, x;ω) = Ep(t, x;ω), (4.4)

P a.s. inω ∈ �,

χp(t, x) =
∫

Rd

G(−t, x − y)θp(y)dy

+
0∫
t

∫
Rd

G(s − t, x − y)
[
V(s, y) · ∇xχp(s, y)+ Vp(s, y)

]
ds dy.

(4.5)

In additionχp(·, ·;ω) ∈ H 1,2
loc ((−∞,0)× Rd),

∂tχp(t, x)+ Lt,xχp(t, x) = −Vp(t, x), t < 0, x ∈ Rd (4.6)

for anyp = 1, · · · , d with χp(0, x) = θp(x).
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Proof.The proof is quite routine so we only highlight its main points. First, from
Proposition 3.3 we conclude that

∇xχp,λ(t, x) =
∫

Rd

G(−t, x − y)Ep,λ(0, y)dy +
0∫
t

∫
Rd

∇xG(s − t, x − y)

× [
V(s, y) · Ep,λ(s, y)+ Vp(s, y)− λχp,λ(s, y)

]
ds dy, (4.7)

with Ẽp,λ := ∇χ̃p,λ. Passing to the limit for a sub-sequence corresponding to
λ ↓ 0 we conclude (4.4) from (4.7), using (4.3) and (4.1). (4.5) now follows from
(4.4) andχp(0, x) = θp(x). To obtain the second part of the proposition we con-

siderχ(δ)p := χp ∗ φ(δ) with φ(δ) given by (3.11). From (4.5) we conclude that

χ
(δ)
p ∈ H

1,2
loc (R × Rd) and∂tχ

(δ)
p + 1xχ

(δ)
p = −[V · ∇xχp + Vp] ∗ φ(δ), in the

classical sense. The remark on local boundedness ofV(·, ·;ω) together with the
classical a’priori estimates, cf. the corresponding part of the proof of Proposition
3.3, imply thatχp(·, ·;ω) ∈ H 1,2

loc (R × Rd) and (4.6) follows. ut
For an arbitrarya > 0 we defineχ(a)p (t, x) := a−1χp(a

2t, ax), θ(a)p (x) =
θp(ax)/a andH(a)(t, x) := H(a2t, ax), H(a)

p (t, x) := Hp(a
2t, ax), E(a)p (t, x) :=

Ep(a2t, ax). HereH̃p := (H̃p,1, · · · , H̃p,d). From (4.3) we get that fort < 0,
x ∈ Rd

χ(a)p (t, x) =
∫

Rd

G(−t, x − y)θ(a)p (y)dy

+
0∫
t

∫
Rd

∇yG(s − t, x − y) ·
[
H(a)
p (s, y)+ H(a)(s, y)E(a)p (s, y)

]
ds dy,

(4.8)

The following result shows sub-linear growth of the corrector.

Proposition 4.2. For any positiveφ ∈ C∞
0 ((−∞,0)× Rd) we have

lim
a↑+∞

0∫
−∞

∫
Rd

φ(t, x)‖χ(a)p (t, x)‖L1 dt dx = 0. (4.9)

Proof.Using (4.8) we get that the expression under the limit in (4.9) can be estimated
by

1

a

∫
Rd

u(y)E|θp(ay)|dy +
0∫

−∞

∫
Rd

|φ(t, x)|va(t, x) dt dx (4.10)

where

u(y) :=
0∫

−∞

∫
Rd

G(−t, x − y)|φ(t, x)| dt dx
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and

va(t, x)

:= E

∣∣∣∣∣∣∣
0∫
t

∫
Rd

∇yG(s − t, x − y) ·
[
H(a)
p (s, y)+ H(a)(s, y)E(a)p (s, y)

]
ds dy

∣∣∣∣∣∣∣ .
Due to the fact that∇yG(· − t, x − ·) ∈ L1([t,0] × Rd) we can use the Mean

Ergodic Theorem to conclude that

lim
a↑+∞

va(t, x) =

∣∣∣∣∣∣∣
 0∫
t

∫
Rd

∇yG(s − t, x − y) ds dy

 · E
(
H̃p + H̃Ẽp

)∣∣∣∣∣∣∣ = 0

for any(t, x) ∈ (−∞,0)× Rd . On the other hand

|va(t, x)| ≤ E
(∣∣Hp + HEp

∣∣) 0∫
t

∫
Rd

∣∣∇yG(s − t, x − y)
∣∣ ds dy ≤ C

√−t

for some constantC > 0. Thanks to the Lebesgue convergence theorem we con-
clude that the second term of (4.10) vanishes witha ↑ +∞. After routine calcu-
lations it can be shown that the first term of (4.10) vanishes, asa ↑ +∞. This is
due to the fact that∇yθp(y) = Ẽp(τ0,y(ω)) is stationary and square integrable, and
θp(0) = 0. See Proposition 3 of [4] for details on this point. ut

5. The proof of Theorem 2.2.

We shall follow a version of the argument contained in [14]. The key element is
the following.

Lemma 5.1. For an arbitraryp ∈ {1, · · · , d}
lim
λ↓0

λ‖χ̃p,λ‖2
L2 = 0. (5.1)

Proof. For arbitraryR, a > 0 we setha,R(t, x;ω) := fa(χp(t, x;ω))ϕa(x)ψa(t)
jR(ω), wherefa(r) := −a∨ (r∧a), ϕa(x) := a−dϕ(x/a),ψa(t) := a−2ψ(t/a2),
jR(ω) := 1[|H̃|≤R](ω). Hereϕ ≥ 0, ψ ≥ 0 are compactly supported, smooth

probability densities onRd and(−∞,0) correspondingly. Equation (4.6) yields

0∫
−∞

∫
Rd

∫
∂t [Fa(χp(t, x))]ϕa(x)ψa(t)jR(ω) dt dxP(dω)

−
0∫

−∞

∫
Rd

∫
∇xχp(t, x) · ∇x[fa(χp(t, x))ϕa(x)]ψa(t)jR(ω) dt dxP(dω)
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−
0∫

−∞

∫
Rd

∫ (
H(t, x)∇xχp(t, x)

)·∇x
[
fa(χp(t, x))ϕa(x)

]
ψa(t)jR(ω) dt dxP(dω)

= −
0∫

−∞

∫
Rd

∫
Hp(t, x) · ∇x

[
fa(χp(t, x))ϕa(x)

]
ψa(t)jR(ω) dt dxP(dω),

(5.2)

with Fa - the primitive offa - satisfyingFa(0) = 0. Obviously

|fa(r)| ≤ a ∧ |r|, Fa(r) ≤ a|r| , |f ′
a(r)| ≤ 1 ∧

∣∣∣ r
a

∣∣∣ , for all r ∈ R. (5.3)

Consider now the first term on the left hand side of (5.2). After integration by parts
in t variable we find that its absolute value equals

1

a4

∣∣∣∣∣∣∣
0∫

−∞

∫
Rd

∫
Fa(χp(t, x))ϕa(x)ψ ′

(
t

a2

)
jR(ω) dt dxP(dω)

∣∣∣∣∣∣∣
(5.3)≤

0∫
−∞

∫
Rd

‖χ(a)p (t, x)‖L1ϕ(x)|ψ ′(t)| dt dx. (5.4)

whereχ(a)p (t, x) = a−1χp(a
2t, ax). By virtue of Proposition 4.2 the right hand

side of (5.4) vanishes witha ↑ +∞. The second term on the left hand side of (5.2)
equals

0∫
−∞

∫
Rd

∫
|Ep(t, x)|2ϕa(x)ψa(t)jR(ω) dt dxP(dω)

+
0∫

−∞

∫
Rd

∫
|Ep(t, x)|2[f ′

a(χp(t, x))− 1]ϕa(x)ψa(t)jR(ω) dt dxP(dω)

+ 1

ad+1

0∫
−∞

∫
Rd

∫
Ep(t, x) · (∇xϕ)

(x
a

)
fa(χp(t, x))ψa(t)jR(ω) dt dxP(dω).

(5.5)

Allowing a ↑ +∞ and, then subsequently lettingR ↑ +∞ we obtain that, in the
limit, the first term of (5.5) becomes‖Ẽp‖2

L2
d

. Since|f ′
a(r) − 1| = 1[|r|≥a] , the

second term of (5.5) can be estimated by

1

a

0∫
−∞

∫
Rd

∫
|Ep(t, x)|21[|χp(t,x)|≥a]ϕa(x)ψa(t)jR(ω) dt dxP(dω)
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≤ K2

0∫
−∞

∫
Rd

∫
1[|Ep(t,x)|≤K]1[|χp(t,x)|≥a]ϕa(x)ψa(t) dt dx dP

+
∫

1[|Ẽp |>K] |Ẽp|2dP

≤ K2

0∫
−∞

∫
Rd

∫
1

a
|χp(t, x)|ϕa(x)ψa(t) dt dx dP +

∫
1[|Ẽp |>K] |Ẽp|2dP

= K2

0∫
−∞

∫
Rd

∫
|χ(a)p (t, x)|ϕ(x)ψ(t) dt dx dP +

∫
1[|Ẽp |>K] |Ẽp|2dP (5.6)

for an arbitraryK > 0. Passing to the limit witha ↑ +∞ we obtain from Propo-
sition 4.2 that the left member of (5.6) is estimated by

∫
1[|Ẽp |>K] |Ẽp|2dP for an

arbitraryK > 0. Letting thenK → ∞ we obtain that the second member of (5.5)
vanishes, asa ↑ +∞. The last remaining term of (5.5) can be estimated by

K

ad+1

0∫
−∞

∫
Rd

∫
fa(χp(t, x))|∇xϕ

(x
a

)
|ψa(t) dt dx dP

+ 1

ad

0∫
−∞

∫
Rd

∫
1[|Ep(t,x)|>K] |Ep(t, x)||∇xϕ

(x
a

)
|ψa(t) dt dx dP

≤ K

0∫
−∞

∫
Rd

‖χ(a)p (t, x)‖L1|∇xϕ (x) |ψ(t) dt dx

+
∫

1[|Ẽp |>K] |Ẽp|dP
∫

Rd

|∇xϕ (x) | dx (5.7)

Arguing as in (5.6) we conclude that this expression vanishes in the limit asa ↑ +∞
andK → ∞. Summarizing, we conclude that, in the limit, first ina ↑ +∞, then in
R ↑ +∞ , the second term on the left hand side of (5.2) becomes‖Ẽp‖2

L2
d

. Similar

argument applied to the right member of (5.2) shows that in the aforementioned

limit the term becomes−
(
H̃p, Ẽp

)
L2
d

. In fact this can be written as

−E
(
H̃p · Ẽp

)
(5.8)

−
0∫

−∞

∫
Rd

∫
Hp(t, x) · Ep(t, x)[f ′

a(χp(t, x))− 1]ϕa(x)ψa(t)jR(ω) dt dxP(dω)

(5.9)
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−
0∫

−∞

∫
Rd

∫
Hp(t, x) · ∇ϕa(x)fa(χp(t, x))ψa(t)jR(ω) dt dxP(dω) (5.10)

and by the same arguments used in (5.5), one can show that the expressions in line
(5.9) and line (5.10) vanish asa → ∞.

Finally we consider the third member of the left hand side of (5.2). Due to
anti-symmetry ofH it is equal to

−
0∫

−∞

∫
Rd

∫ (
H(t, x)∇xχp(t, x)

) · ∇xϕa(x)fa(χp(t, x))ψa(t)jR(ω) dt dxP(dω)

and its absolute value can be bounded by

RK

0∫
−∞

∫
Rd

∫
|∇ϕa(x)|fa(χp(t, x))ψa(t) dt dxP(dω) (5.11)

+R
(∫

1[|Ẽp |>K] |Ẽp|dP
)
a

∫
Rd

|∇ϕa(x)| dx (5.12)

for an arbitraryK > 0. The term (5.11) goes to zero asa ↑ +∞ exactly like (5.7),
while (5.11) is independent ofa and goes to 0 asK → ∞.

Summarizing we have shown that

‖Ẽp‖2
L2
d

= −(H̃p, Ẽp)L2
d
. (5.13)

On the other hand multiplying both sides of (3.5) whereg̃ = −Ṽp by χ̃ (n)p,λ :=
−R(n)λ Ṽp, integrating overP(dω) and then passing to the respective sub-
sequences, first inn ↑ +∞ and then inλ ↓ 0 we conclude that

lim sup
λ↓0

λ‖χ̃p,λ‖2
L2 + ‖Ẽp‖2

L2
d

≤ −
∫

H̃p · Ẽp dP (5.14)

and (5.1) follows from (5.13). ut
Proof of Proposition 3.4.It suffices to prove the proposition for̃fλ = Rλg̃, where
g̃ ∈ L2. By Proposition 3.1f̃λ ∈ W2,1 and, by Proposition 3.3,fλ(·, ·;ω) ∈
H

1,2
loc (R × Rd) and satisfies equation (3.9),ω-a.s. Multiplying both sides of the

equation by a test functionha,R(t, x;ω) := fa(fλ(t, x;ω))ϕa(x)ψa(t)jR(ω), with
ϕa ,ψa , jR, fa the same as in the proof of Lemma 5.1, and subsequently integrating
over(−∞,0)× Rd and� we obtain

0∫
−∞

∫
Rd

∫
∂t [Fa(fλ(t, x))]ϕa(x)ψa(t)jR(ω) dt dxP(dω)
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−
0∫

−∞

∫
Rd

∫
∇xfλ(t, x) · ∇x[fa(fλ(t, x))ϕa(x)]ψa(t)jR(ω) dt dxP(dω)

−
0∫

−∞

∫
Rd

∫
(H(t, x)∇xfλ(t, x)) · ∇x [fa(fλ(t, x))ϕa(x)] ψa(t)jR(ω) dt dxP(dω)

=
0∫

−∞

∫
Rd

∫
LV f̃λ(τt,xω) fa(fλ(t, x))ϕa(x)ψa(t)jR(ω) dt dxP(dω). (5.15)

Repeating exactly the same argument as in the proof of Lemma 5.1 will lead us
to (3.3). ut

We also have the following.

Corollary 5.2. lim
λ↓0

‖∇χ̃p,λ − Ẽp‖L2
d

= 0.

Proof. It follows, by a standard argument, from (5.1). By (5.13) and sinceẼp is a
weak limit of∇xχ̃p,λ,

−(H̃p, Ẽp)L2
d

= ‖Ẽp‖2
L2
d

≤ lim
λ→0

‖∇xχ̃p,λ‖2
L2
d

= lim
λ→0

−(H̃p,∇xχ̃p,λ)L2
d

= −(H̃p, Ẽp)L2
d

This implies limλ↓0 ‖∇χ̃p,λ‖2
L2
d

= ‖Ẽp‖2
L2
d

, which in turn yields that∇χ̃p,λ → Ẽp

strongly inL2
d , asλ ↓ 0. ut

The proof of Theorem 2.2 follows in two steps.
Convergence of finite dimensional distributions.By the definition (3.1) of the

environment process and proposition 3.3, Ito’s formula can be applied toχ̃p,λ and
we obtain∫ t

0
LV χ̃p,λ(η(s)) ds = χ̃p,λ(η(t))− χ̃p,λ(η(0))−

√
2

t∫
0

∇χ̃p,λ(η(s)) · dw(s)

According to (2.4) and choosingλ = ε2, we have

ep · xε(t) =
√

2εwp

(
t

ε2

)
+ ε

t/ε2∫
0

Ṽp(η(s))ds

= εMp

(
t

ε2

)
+

√
2ε

t/ε2∫
0

[
∇χ̃p,ε2 (η (s))− Ẽp(η(s))

]
· dw(s) (5.16)

+ εχ̃p,ε2(η(0))− εχ̃p,ε2

(
η

(
t

ε2

))
+ ε3

t/ε2∫
0

χ̃p,ε2(η(s))ds, (5.17)



On homogenization of time-dependent random flows 17

where

Mp(t) :=
√

2

t∫
0

[
ep + Ẽp(η(s))

]
· dw(s).

A standard calculation shows that

ME

∣∣∣∣∣∣∣
√

2ε

t/ε2∫
0

[
∇χ̃p,ε2 (η (s))− Ẽp(η(s))

]
· dw(s)

∣∣∣∣∣∣∣
2

= 2t‖∇χ̃p,ε2 − Ẽp‖2
L2
d

.

Then the convergence of∇χ̃p,ε2 given by Corollary 5.2 implies that the mean of
the square of the second term in line (5.16) tends to 0 asε → 0. By Lemma 5.1
and stationarity, the same is true for the expression in line (5.17).

(εM1(t/ε
2), · · · , εMd(t/ε

2)), t ≥ 0 is ad-dimensional continuous trajectory
martingale with joint quadratic variation of itsp-th andq-th components equal to

2ε2

t/ε2∫
0

[
ep + Ẽp(η(s))

]
·
[
eq + Ẽq(η(s))

]
ds.

By the ergodic theorem it converges, asε ↓ 0, to

2t
∫

[ep + Ẽp] · [eq + Ẽq ] dP = 2t

(
δp,q +

∫
Ẽp · Ẽq dP

)
(since

∫
Ẽp dP = 0). The martingale central limit theorem applied to ad-

dimensional martingale(M1(t), · · · ,Md(t)), t ≥ 0 (cf. e.g. [3], Theorem 7.1.4
pp. 339-340) allows to conclude the convergence of the finite dimensional distri-
butions ofxε(t), t ≥ 0 to a Brownian motion with the co-variance matrix given by
2[δp,q + (Ẽp, Ẽq)L2

d
]. ut

Tightness.As in [13], we use the argument of [17] (see also [18]). ByH1 and
H−1 we denote respectively the completion ofC with respect to the norm‖f ‖1 :=
(u,−1u)1/2

L2 , and‖f ‖−1 := sup‖φ‖1=1 |(f, φ)L2|, f ∈ C. Notice that V 3) implies

thatVp ∈ H−1, p = 1, · · · , d. SinceC isL2-dense and invariant under the group
U0,x, x ∈ Rd , it is a core of1. Then for anyσ > 0 there existsup ∈ C such that
‖1up −Vp‖L2 < σ . We are then in the position to apply Theorem 2.2 of [17] that
leads to the estimate

ME

 sup
0≤t≤T

∣∣∣∣∣∣∣ε
t/ε2∫
0

Vp(η(s)) ds

∣∣∣∣∣∣∣
2
 ≤ 14T ‖Vp‖2

−1 (5.18)

This implies the compactness ofxε(t), t ≥ 0 inD([0, T ]; Rd). ut
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Appendix: the proof of Proposition 2.1.

Let Ṽ = ∇ · H̃ with H̃ given by (2.2). Set

H̃(n)
0 (ω) :=

∫
Rd

φ(n)(s, y)H̃(τ−s,−y(ω)) ds dy

with φ(n) := n−d−1φ(n t, n x), n ≥ 1, whereφ : R × Rd → R+, is nonnegative,
compactly supported and smooth. EachṼ(n)0 := ∇·H̃(n)

0 hasC∞ smooth trajectories
and satisfies part a) of the proposition except for the fact that it needs not be bounded.
However one can find̃H(n)with components inC such that‖H̃(n)−H̃(n)

0 ‖2,m < 1/n,
for some sufficiently largem, saym > d + 2.

ThenṼ(n) := ∇ · H̃(n) satisfies part a) of the proposition. Moreover all fields
V(n)(t, x), (t, x) ∈ R × Rd , n ≥ 1 satisfy condition V 4) uniformly inn ≥ 1.

Let us denote byx(n)s,x(t;ω), t ≥ s the sequence of solutions of (2.5). Then

ME ( sup
s≤t≤T

|x(n)s,x(t)|)2 ≤ 2

[
T 2‖Ṽ(n)‖L2

d
+ 2M ( sup

s≤t≤T
|w(t)− w(s)|)2

]
(5.19)

Let τ (n)K be the exit time ofxs,xn,ω(t), t ≥ 0 from a given compact setK. Then, with

τ
(m,n)
K := τ

(m)
K ∧ τ (n)K , we have

|x(n)s,x(t ∧ τ (m,n)K )− x(m)s,x (t ∧ τ (m,n)K )|

≤
∫ t∧τ (m,n)K

s

|V(n)(u, x(n)s,x(u))− V(m)(u, x(m)s,x (u))| du

≤
T∫
s

sup
x∈K

|V(n)(u, x)− V(m)(u, x)| du

+Cω(K, T )
∫ t∧τ (m,n)K

s

|x(n)s,x(u)− x(m)s,x (u)| du

that in turn implies that the sequence of stopping timesτ
(n)
K , n ≥ 1 is P ⊗ Q

a.s. convergent to a certainτK . In addition the trajectoriesx(n)(t ∧ τK), t ≥ s are
uniformly convergent toxs,x(t ∧ τK), t ∈ [s, T ] - a solution up to timeτK , of (2.4).
Additionally, in view of (5.19) we deduce that

ME ( sup
s≤t≤τK

|xs,x(t)|)2 ≤ 2

[
T 2‖V‖L2

d
+ 2M ( sup

s≤t≤T
|w(t)− w(s)|)2

]
. (5.20)

Note that the right hand side of (5.20) is independent ofK. Allowing K to be as
large as we wish, we conclude thatxs,x(t), T ≥ t ≥ s is well defined and does not
explodeP ⊗Q a.s. for anyT > s.

We show now non-degeneracy of the constructed diffusion. LetA be a Borel
measurable set withmd(A) > 0. We denote by% the exit time ofxs,x(t;ω), t ≥ s
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out of the ballB centered at0 with radius sufficiently large to havemd(B ∩A) > 0
andU(t, x) = ϕ(x)V(t, x), (t, x) ∈ R × Rd , whereϕ is a nonnegative, smooth
function equal to 1 inB and 0 outside 2B. We havexs,x(t ∧ %) = y(t ∧ %), t ≥ 0,
P ⊗Q a.s. withy(t), t ≥ 0 the solution of It̂o stochastic differential equation (2.4)
whereV is replaced byU. We conclude therefore thatQ(xs,x(t) ∈ A) ≥ Q(y(t) ∈
A, t ≤ %) > 0. The last inequality follows from the Girsanov Theorem, see e.g.
Theorem 3.5.1 of [9]; notice thatQ(w(t) ∈ A, t ≤ %) > 0. ut
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