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Abstract

In this paper we present the functional central limit theorem for a class of Markov
processes, whose L’-generator satisfies the so-called graded sector condition. We apply the
result to obtain homogenization theorems for certain classes of diffusions with a random
Gaussian drift. Additionally, we present a result concerning the regularity of the effective
diffusivity tensor with respect to the parameters related to the statistics of the drift. The
abstract central limit theorem, see Theorem 2.2, is obtained by applying the technique used in
Sethuraman et al. (Comm. Pure Appl. Math. 53 (2000) 972) to the case of infinite particle
systems.
© 2002 Elsevier Science (USA). All rights reserved.
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1. Introduction

In the present paper we wish to show applications of various versions of the sector
condition to homogenization of diffusions with a stationary Gaussian drift. We
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formulate and present a certain abstract result, see Theorem 2.2 of Section 2, that
asserts the functional central limit theorem (FCLT) for a class of additive functionals
of a Markov stochastic process (1,),-, that possesses a stationary ergodic measure u

and whose L?(u) generator L satisfies the graded sector condition, see condition (H4)
of Section 2. This condition has been introduced and applied to infinite particle
systems by Sethuraman et al. [19], see also [11].

It is well known, see [9], that FCLT holds in the case when L is self-
adjoint. The generalization of this result to the so-called quasi-reversible case,
i.e. processes whose generator satisfies the strong sector  condition

(|(Lf,g)L2|<C|(Lf,f)Lz|1/2\(Lg,g)L2|1/2, for some C>0 and f,ge D(L)), has been
done in [15,20]. In Theorem 2.2 we show that the FCLT holds even in the case when
the generator does not satisfy the sector condition globally but there exists a family
of mutually orthogonal subspaces H, of L? such that L maps H,nD(L) into
H, @®H,®H,,, cf. condition (H3), and the sector condition holds on each H,
with the sector constant possibly increasing at the rate no faster than n’ for some
be|0, 1), cf. condition (H4). The version of this theorem has been proven for infinite
particle systems in [19], cf. also [11,14], and the present paper essentially follows the
proof shown there. Our main objective is to show applications of this result in the
context of diffusions with a Gaussian incompressible drift. In this case we suppose
that the particle trajectory is described by It0’s stochastic differential equation

dx(t) = V(t,x(2)) dt + V2 dw(t), x(0) =0, (L.1)
where V= (V,...,Vy4) : R % RY x Q> R? is a d-dimensional stationary, Gaussian

random field with incompressible (Vy-V(z,x) =0) realizations given over a
probability space 7| = (Q,%8(Q),u), w(-) is a d-dimensional standard Brownian
motion, independent of V, given on another probability space 7 = (X, #", Q). The
parameter k>0 is sometimes referred to as the molecular diffusivity. When x = 0
Eq. (1.1) becomes an ordinary differential equation.

We are interested in proving the FCLT (or homogenization) for the family of
continuous trajectory processes X () = ex(%), t=0, as € | 0. Gaussianity of V implies
that there is a natural way of selecting H, as the space of the n-degree Hermite
polynomials built over the Gaussian Hilbert space generated by the field, cf. Section
4 below for the steady case (time-independent field). Using the abstract results of
Section 2, we show (cf. Theorem 4.2) that the homogenization holds when V is a
divergence of an anti-symmetric Gaussian stationary tensor. This result is quite well
known and follows also from [4,13]. With the described technique we are able to
show, see Theorem 5.1 of Section 5, that the covariance tensor of the limiting Wiener
measure, the so-called effective diffusivity, depends smoothly on the drift. In proving
regularity of the effective diffusivity we follow closely the method developed in [12]
for proving regularity of the self-diffusion coefficient for a tagged particle in a simple
exclusion process.

Finally, in Section 6.4.3 we apply Theorem 2.2 to prove FCLT for a class of time
dependent Gaussian, Markovian drifts (the so-called Ornstein—Uhlenbeck drifts), see
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Theorem 6.3. In particular, we prove homogenization for V(-,-) with the power-law
energy spectrum, i.e. a field whose covariance matrix R(-,-) can be written as

« a(k k®k
R(z,x) = /[sz’ e kexp{—|k\2pt} |k|2(“|‘+‘|l)2 (l — ) dk, (1.2)

[k[?

with a : [0,+00)—[0,+00) a certain compactly supported cut-off function, >0 and
o< 1—the latter condition is needed to ensure the square integrability of the field.
This class of fields plays an important role in statistical hydrodynamics because in
d =3 for (a,p) = (4/3,1/3) the energy spectrum corresponding to (1.2) satisfies
Kolmogorov—Obukhov self-similarity hypothesis for the velocity field of a turbulent
flow.

In case when x>0, one can show that the generator of the corresponding
Lagrangian canonical process, see Section 6.3 for the definition, satisfies the strong
sector condition provided that o <0, or «€(0,1) and o + f< 1, see part (i) of Lemma
6.2. This fact in turn implies the FCLT. We point out here that the FCLT has been
established in this case, via a different technique, by Fannjiang and Komorowski
[5,6]. Using the method presented here we show that the homogenization takes place
also in the case when k = 0 (random motions), provided that o + f<1 and f€][0, 1].
Then, the generator of the Lagrangian process satisfies the graded sector condition
with b = 3/4.

2. Preliminaries and the formulation of the abstract result

Suppose that (Q,d) is a Polish metric space and u is a probability measure on
A(Q)—the o-algebra of Borel subsets. Let (P'),., be a strongly continuous
semigroup of Markov operators on L? == L*(Q, #(Q), u), i.e. P/f >0 for f >0, P'1 =
1. We assume that

(M) u is invariant, i.e.

/Ptfdu:/fdu, VfeL? t>0, (2.1)

and ergodic, i.e. any f such that P'f = f for all >0 must satisfy f espan{1}.
We suppose that (1,),- is a stationary, Q-valued Markov process, defined over a

probability space 7 = (o/,7",P,), with (P'),,, its transition of probability
semigroup, i.e.

Eulf ()| Z 1) = P'f (1))

for any feL?, t,h>0 and p is the law of 5y. Here (Z,), is the natural filtration
corresponding to the process, E,, E,[-|Z] stand for the respective expectation and
conditional expectation relative to P.
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We denote by L : 9(L)— L? the generator of the semigroup and by
(gaL(f) g) = (7Lf7 g)L27 (f7 g) E@(L) X L2 (22)

a bilinear form corresponding to L. We denote L* its adjoint in L>. Below, we list the
assumptions made about L.

(H1) There exists a common core % for L and L*. Let S: % — L* be given by
S = —(L+ L*)/2. We suppose that it is essentially self-adjoint.

We denote the self-adjoint closure of S by the same symbol. It is clearly a non-
negative definite operator satisfying (Sf.f);» = —(Lf.f), f €.

(H2) There exists an orthogonal decomposition L? = @ *,H,, where H, are
closed subspaces of L? with Hy = span{1}, such that D, = (® *,D,) nZ(L), with
D, = 2(L)nH,, forms a core of L.

We denote by I1, the orthogonal projection onto H,,.

(H3)

L,, = L\D,, : D,,—>Hn,1 @H;1®Hn+1 for n>1 (23)
and
II,(6€)=<2(S) and S(II,(¥))<H, for all n>1 (2.4)

(note that this condition implies SII,f = I1,Sf for all fe®,n>1).
(H4) There exist C>0, be[0, 1) such that for any n>1
|(Lf7 g)L2 < CnbéaL(faf)l/z(gL(g7g)l/2a erD,”geb@(L). (25)

From (H3) and (H4) we deduce that for any f € D, and arbitrary n>1

(I, Lf . g) 2| < Cr &L (T2, 111 1) 2619, ) Vg e 2 (L), (2.6)

with II}, = Z;’:k II; and b, C as in condition (H4). Using (2.4) and the fact that % is
the core of S we get.

Proposition 2.1.

(I, LS, g) | < Cn (SITENf T2 1) 2 (STLg, ITg) ), (2.7)

n—1.

forall fe€, geZ(S), n=1.

We claim that the null space of S is spanned on 1. Indeed, suppose that f'e Z(S)
and Sf = 0. Let f =Y.~ fu, with f,, € H,. From (2.4) we conclude that f, € Z(S) and
Sf, = 0. From Proposition 2.1 we deduce therefore that f'e 2(L*) and L*f =0,
hence f is orthogonal to the closure of the range of L. Since u is ergodic (condition
M)) this fact implies that f espan{1}.
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Let L3 = {feL?: [f du=0}. We define a pre-Hilbert space # = 2(S'/?)n L3,
with the norm given by ||f]|? = ||S"2f||3,. Note that Z(L)=#" and |ju|} =
—(Lu,u);.. Let # be the completion of #” under the norm || - ||,.

Let %91 be the space consisting of all f € L] satisfying

112 2

WA=y = sup 2/, 9) 2 — [lglli] < + 0. (2.8)
The supremum here is taken over all ge L3, with the convention that ||g||, = + 0,
when the respective norm is undefined. One can easily check that || -||_; defines a
norm on #" | that is pre-Hilbert. The completion of this space under || - ||_; shall be

denoted by # ;. Let fe #°, and F;(-) = (f,-),.. One can easily show that

sup | Fy(9)| = [If]]-1,
lgll =1

so the map f+ Fy extends to a unitary isomorphism of 5 _; with the dual to #
under (-, -),. pairing.
Thanks to (2.4) we have

/11T = [Tl and 112 = D (T2 (2.9)

n>1 n=1

For an arbitrary k>0 we introduce the following two norms:

A =D w12y and (/1[5 =D WM T (2.10)

n>=1 n=1

and denote by ) x, # _; ; the completions of D, under the respective norms.
From (2.8) we immediately conclude that for any ue (L) n L(z) such that Lue #

|| Ll [y = |l - (2.11)

Furthermore, see [19, Theorem 2.2], for any fe;/f(ll we have

t 2
E,| sup / ) ds| <8TIFI. (2.12)

0<1<T

Now we are ready to formulate the abstract invariance principle.

Theorem 2.2. Suppose that (1,), is a Markov process, with the corresponding L>-
semigroup satisfying (H1)—(H4). Assume further that f e #° | satisfies |||f]||_ < +
o0, for some k=b (with b as in condition (H4)). Then, as €| 0, the family of processes

t/é
Y () ::c/ f(ny)ds, t=0
0
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satisfies the invariance principle in probability with respect to the initial configuration,
ie. the laws Q“ of Y.(-) over C[0,4+0), given the initial configuration n, = o,

converge weakly, in u-probability with respect to w, to the law of a Brownian motion
with a non-trivial, deterministic covariance matrix.

3. The proof of the invariance principle
3.1. Convergence of finite-dimensional distributions

Assume first that we can prove that there exists a sequence of elements u,€ D(L),
n>=1 such that

li Lu, — =0. 3.1
Jim 12, — (1)
Notice that (uy,),, is convergent in .#;. Indeed, from (2.11) we have
[|Luy — Lty |_y = ||thy — ||, V1, m=1

and our claim follows. Taking (3.1) for granted we proceed with the remainder of the
proof.
We can write then that

Y.(1) = M, (eiz) + Ro0)
with
Amﬁ:wmmwwmw+Amem (3.2)

a (Z,)-martingale and the remainder term

me:ﬂWWW+w4&3)uAme—mmmw

Using (2.12) we obtain that

£y ((sup 1.5

0<s<t

<3[€2|un|iz +62[E#< sup |u,,(17(s))|2>+8t|{f—Lun||21].

0<s<t/é
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Note that from (3.2) it follows that

Eu| sup [ua(n(s))]* ) <3 |lluallze + || Lul |72 + Eu| sup  [Mu(s)]* )| (3.3)
( )< (s, )]

0<s<1 0<s<1

Using Doob’s inequality we conclude that the left-hand side of (3.3) is less than or

equal to C(||un||7> + || Lun||72 + |[un||}) < + o0 for some constant C>0. By virtue of
Birkhoff’s ergodic theorem we conclude therefore from (3.3) that

0<s<t/é

lifrol & Eu( sup un(n(s))|2> =0. (3.4)
Hence

lim sup [E#< sup |Rn1((s)|2> <24t|v - Lun||271’

€l0 0<s<t

thus, the remainder term vanishes, as n1 + co.
For an arbitrary >0 we can choose ny such that ||u, — up,||, <o for all n>=ny.

From Doob’s inequality we conclude that
t N2 T T
o)) <)o)

= Cl|uy — U ||} T < Ca>T. (3.5)

2

Since >0 has been chosen arbitrarily it suffices only to show that the finite-

dimensional distributions of Z(¢) = ¢M,,,(%), t=0 converge weakly to a normal law.

This however follows from the standard Central Limit Theorem for martingales with

stationary, ergodic increments, see e.g. Billingsley [2, Theorem 23.1, p. 206]. We

conclude also that the limiting variance of (Z.(¢), ..., Z.(ty)), as €0, is given by
2

2[uny [[7[1: A 5]
2

2ffu [[i[tin )]

ij=1, - thus the limiting variance of (Yc(#1), ..., Y(ty)) is given by

ij1....n» Where u, is the #-limit of u,, as nT + oo.

3.2. Proof of (3.1)

We construct the required approximation for any element f ef/f(ll with
Ay < + oo for some k>b. Let 2>0 and u; be the solution of the resolvent
equation

/"LM}V — Lui = —f. (36)

The following proposition holds.
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Proposition 3.1. Assume that

sup Alfu||_y < + o0, (3.7)

>0

then, there exists a sequence u,€ 2(L), n=1 satisfying (3.1). Furthermore,

. 2 . _ _

i Al = 0. i [, — .|, = 0 (3.8)
for some u, e A,.
Proof. The proof follows closely the argument used in the proof of Theorem 2.4 of

[19], we present it here for completeness sake. First, let us multiply both sides of (3.6)
by u; and perform integration. We get

2 2
p Al = =0 ) e <1l (3.9)

We can therefore conclude that

1
A

u;|

sup |ju;|l,< + o0 and sup Alju|[>< + . (3.10)
A>0 A>0

In conclusion, there is a subsequence /, | 0 such that v, = u,, has a #|-weak limit w.
Thanks to (3.10) we infer that Au; —0 in L?, as 4]0, and consequently from (3.7) we
infer that Au;—0 in #_;, as A 0. This, in turn, implies that Lu;—f, as A0, # _;-
weakly. There exists therefore (u,),-,, a sequence of convex combinations of
vy, ..., Uy, such that u,»w and Lu,—f, as n] + oo, in # and # _, correspond-
ingly. Additionally, we have established that

IWIF = =(w.f) 12 (3.11)

Eq. (3.9) implies that

liH}lsoup A7 + [l < liH}lsoup (Al +lwll}) = = (W) (3.12)

Eq. (3.8) follows then from (3.11) and(3.12). Note that we have also shown

2 : 2
[wlly = tim -l [[7,
nf+oo

which proves that lim,,; ;. ||u;, — w||; = 0. The proof that w is a unique #;-limiting
point for u;, as 1|0, consists in showing that for any two J#;-limiting points wy, w»,
both satisfying (3.11), the midpoint w := 1/2(w; + w,) must also satisfy (3.11), hence

1172001 +w2)l[T = 1/2(1 w7+ ||wa] )

and, in consequence w; = w,. [
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By virtue of the above proposition (3.1) holds, provided that we can show (3.7).
To that purpose we choose n, >n; =1 positive integers and for a given k>0 define a
bounded linear operator T : L> - L? by

Tu = Z t(n)Il,u

n=>1

with #(n) = nfv (n* Ank). Obviously T(D.)= D.. The following proposition

holds.

Proposition 3.2. T(A#°|) = A’y and for any u,—u in # we have Tu,— Tu in #, as
n— + oo. Furthermore, there exists a constant C >0 independent of ny,ny, k such that
Sor any ue D, N L

(7 L, Ta o] <5 | 7l (3.13)
l

Here the commutator [T, Llu = TLu — LTu, ue D, " L3.

Proof. Suppose that ue #;. Set

=D tm)"

n=1

Obviously, ge#; and Tg=u, so T(#,)=#. The ' -continuity of T is
straightforward. Recalling condition (H3) we obtain, after a simple calculation, that
for any ue D, N L3

(7, Lu = [(tn+ 1) = ) L1t + (11— 1) = 1n) Ly110],

n=1
where L, = II;LII, and u, = II,u. Hence, from condition (H4) we get

|([T7 L]uv Tu)Lz‘

Z [t(n + 1)(t(n + l) - t(”))(Ln,nJrluna un+l)L2

n=>1

+t(n—1)(t(n — 1) — t(n)) (L1 Un, 1) 2]

tn+1 n
<Y [ e D) = €y

n=1

n’lt(n — 1) —l(n)l
tn—1)

||T”n||1|‘T”n71||1 .
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Notice that for any k<n; <n<mn, we have

nlt(nt1) — t(n)]
t(n)

< |n

Eq. (3.13) follows then from the above bound, an elementary inequality
2 2
[Tt [ || Tttn—1]1 <%(”T’/‘nHl + || Tun[I7)
and the first identity of (2.9). O

Thanks to assumption (H2) the conclusion of the proposition can be extended
easily to the entire Z(L) N L3.

Corollary 3.3.

(TLu, Tu) o + || Tullf| < b||Tu|\l, for all ue 2(L)AL3. (3.14)

Next we show that

Lemma 3.4. Let u; be the solution of (3.6) and f € #° | satisfies Iy, < + oo for
some k>=0. Then,

sup a1 < C(b )Ny g (3.15)
>

The constant appearing on the right-hand side of (3.15) depends only on b, k.

Proof. We apply the operator T to both sides of (3.6), multiply them by Tu; and
perform integration. As a result we get (note that u; € L3)

MNTw |32 + | Tws|[; = —(Tf, Twy) 2 + (TLuy, Twy) 2 + || Tws|[;. (3.16)

The right-hand side of (3.16) can be estimated with the help of Corollary 3.3
by

Ck Ck X
ITA a1 Tl + HTuAHl\(IITf||1+||TuAH) o | Tl

1 1
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Now, for the given k we can choose n; so large that Cknll"1 <1/4. In consequence,
we deduce from this and (3.16) that

Y il < Twsl[F <20 1|2 (3.17)

I<n<ny

Finally, note that the right-hand side does not depend on n, so we can send it to
infinity obtaining, in consequence (3.15). O

We finish the proof of (3.1) by showing that (3.7) holds, cf. Proposition 3.1. Using
Proposition 2.1 we can write, with the notation u; , == IT,u,, that for any geyf?

|(Luz, )2 1< > |(IuLts, g) 2]

n>=1

1/2
CZ (lznt 13+ Motzal |} + ez )2 gl

n>=1

< Cillgll Waalll (3.18)

with Cy = (2% +2)1/ e (recall that u;o =0). Here g, =1II,g and the constant
C; >0 appearing in the rightmost member does not depend on A>0. Thus,

sup ||Lu,||_ < Ci< + o,
A>0

which in turn implies (3.7).

Remark. Note that in view of Proposition 3.1 and the argument of Lemma 3.4 we
have in fact shown that for any f'e (- # _1x we have u; € (5 # 1 and

lﬂi{r& [z = wll[yx =0, Vk=0.

3.3. Tightness

We use the argument of [19,21]. Notice that according to the proof of Proposition
3.1 we have shown that there exists (#,),-; =%(L) such that (Lu,),., =#", and

hm [|Luy, — f]|_y =0 and lim |lu, —w||, =0.
nt+ nl+o

Let us choose an arbitrary ¢>0. By (2.12) and (3.1):

2

/ ) - Lun(n()] ds

e sup
0<i<T

<8T||f — Luy,||* | <8Tc> (3.19)
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for sufficiently large n. But

t/é
¢ /0 Luty(1(s)) ds = —Ny, (¢/¢) + cn((t/¢2)) — cu (1(0)),

where

Ny (1) = wn(n(1)) — 1 (1(0)) — / Luy(n(s)) ds, 10

is a cadlag martingale with respect to the standard filtration (Z,),.

By virtue of Theorem 23.1, p. 206 of [2] the family (¢N,, ([t/€1])),5¢, €€(0, 1), is
tight in D[0, T] for any 7>0, p=1,...,d. Let Xj = sup;_;<,<x|Nu, (1) — Ny, (k —
1)|*. The sequence (Xk)i; is stationary with E,X; = ||u||* < + o0. By virtue of
Birkhoff’s ergodic theorem we can easily conclude that 1/Nmax{Xj, ..., Xy} —0 as
N — + oo both a.s. and in the L' sense, thus,

lim [EM( sup 2N, (t/€*) — Nun([z/ez]|2) =0. (3.20)
cl0 0<t<T

We conclude therefore that the family of processes (eN,, (1/€%)),5, €€ (0, 1) is tight in
D[0,T] for any T>0, p=1,...,d. This together with (3.19) yield tightness of the
laws of (e é/ezf(n(s))ds)tzo, €€(0,1) in D[0,T]. The continuity of trajectories
implies tightness in C[0,+o0).

4. Application to convection—diffusion with a steady Gaussian drift

Let us denote by .o/(d) the space of all real valued, anti-symmetric d x d matrices.
Let Q be the Frechet space C(R?;.«7(d)) of all anti-symmetric matrix valued

continuous functions and assume that 4 (w)(:) = o(x + -), xe R?, w € Q. We suppose
that i is a homogeneous, Gaussian measure on %(Q), i.e.

(HG) uty = n, xeR? and for any m>1, ¢, ..., ¢, € Cy (R?) the random variables

o o> = [ 00 dx,
ihj=1,...,d, k=1,....m

are jointly Gaussian.

Recall that 7| .= (Q,8(Q), 1) and L = [P(T ), pe[l,+oo]. We suppose further
that the measure is ergodic under the spatial translations, i.e. any ge L® satisfying
gotx = g, VxeR? must be constant p-a.s. For any geI” we adopt the notation
Dyg = %g(rhekwﬂh:o, where e, k = 1, ..., d is the kth vector of the canonical basis
in RY. The derivatives are understood in the L” sense. For pe[l, +o0) we let #7"" be
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the Banach space consisting of those elements ge L”, for which

lgllpm = > 1D} Digglly, < + 0.

p.m
I+ Fig<m

We can extend the definition to cover the case p = + oo in the usual way.
Let H(w) := w(0). We suppose additionally that

(R) the entries of H belong to % >*. Note that this assumption implies in particular
that the field x+—H(x; ) := H(txw) is four times continuously differentiable
for p-a.s. w.

Let 7 = (X, 4, Q) be a certain probability space. For any xe R? we consider the
process (x*(t;0,)),, over the product probability space 7 ®.7 defined as a
solution, for a given w, of the following It stochastic differential equation:

dx*(t;0,0) = V(xX(t;0,0); ®) dt + V2 dw(t; 0), 1)
x*(g,w) =X, .
where w(-) = (wi(-), ..., wq(+)) is a d-dimensional standard Brownian motion over

T .
The drift V(-; ) is given by

S) V(x;0) = V(1y0), xeR?, where V = (Vy, ..., V4) =V -H, i.e.

Note that V(w) = V(0; w).
Under the above assumptions (4.1) possesses a unique global solution for p-a.s. w,
see [10]. We define
1,(0,0) = T(100)®, (0,0)€X X Q, 120

the canonical Lagrangian process over J(®.7,. It is Markovian, i.e.
EC[f (,.4)|Z 1] = P"f(n,), for any fe L? where P': L*— L% >0 is a semigroup of
Markovian operators given by

Pr(@) = [ (0.9 (o) dy.
with p°(t,x,y)>0, (t,x,y)€[0,40) x R x R? the transition of probability

densities for the diffusion given by (4.1) corresponding to a fixed w. Here (Z,) 5,
is the natural filtration corresponding to (,),-,. Measure u is invariant under the
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semigroup, i.e. (2.1) holds. Positivity of transition of probability densities implies, via
a standard argument, that u is ergodic. Hence, condition (M) from Section 2 is
fulfilled. A direct computation also shows that the generator L of the semigroup is
given by

Lg=Ag+V-Vg, forgew?? 9>0,
with Vg := (Dyg, ..., Dug), 4 = D} + -+ + D3.

Lemma 4.1. 6 :=(,_, # > is a core of L.

0>0

Proof. Obviously % is dense in L?>. We show that for any fixed ¢>0 we have
Pl (w2 S22 for any ¢'€(0,0) and >0, which would then imply P'(%)<%.
The conclusion of the proposition follows then from e.g. [3, Proposition 3.3].

Let us choose an arbitrary f'e #27¢2_ It is elementary to verify that, for any we Q,

Pf (ty0) = / S (0(10my0 (1)) Q(do)

= /f(txh(,;g?w)w)Q(do), for any he R?. (4.2)

Differentiating both sides of (4.2) with respect to h at 0 in the L*™-sense, with
0'€(0,9), we obtain

VP (o) = / 3(t,0,0)9/ (1,(0, ) Q(do), (43)

where the matrix J(t,0,w) =[J;;(t,0,0)] is defined as J(t,0,0):=
X! (£;0,0)[p_g- It satisfies the equation

t
J(t,0,0) = I+/ J(s,0,w)VV(n,) ds. (4.4)
0
To justify the equality in (4.5) it suffices to prove that

// |J(2,0,0)|" Qldo)u(dw)< + o for all r>1. (4.5)

In order to show (4.5) we consider the Gaussian field

2
Yn(X) — V(X) 7VXV(X)’VXV(X) , XGRd.
x| +n" x| +n" x| +n
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Set

, n=1.
xeR?

K,(2) = lw: sup |Y,(x)|<4

By virtue of Theorem 5.2, [1, p. 120], there exist 4y, C;, C; independent of n such that
1(KE(20)) < Crexp{—Con*}, Vn=1. (4.6)

Let us define L, = {supj<,<7|W(¢)|<n}. By a standard estimate
O(LY) < Cy exp{—Cyn*}. From (4.1) we obtain that X7 = sup,<,<7|x*(7)| satisfies

X7(0,0)<Csn for (o,w)eL, x K,(L), n=1 (4.7
for some deterministic constant Cs = C(Z, T'). Hence,

sup |[VV(y)|<io(Xr+n)<Cen for (o,w)eL, x K,(L), n=1 (4.8)
te[0,7T]

for some deterministic constant Cg > 0.
From (4.8) we obtain that

|J(t,0,0)| <" for te0,T] and (0,w)eL, x K,(%), n>1, (4.9)
hence Q® (o, ®) : |J(t,0,w)| > e < e~ for some constant C;>0 and all n>1
and (4.5) follows.

Similar considerations, using the second derivative of V, lead to the conclusion
that P'f e w2 for any ¢'€(0,0). O
A straightforward calculation shows that the L’-adjoint to P’ is equal to

(PF = [ 9030y dy.

The family ((P’)*)I20 forms a Cp-semigroup on L?> whose generator equals L*, see
[16, Corollary 10.6, p. 41]. A direct calculation shows that €< D(L*) and

L*g=Ag—V-Vg, geb.

The argument contained in the proof of Lemma 4.1 shows that € is a core of L*.
Hence Sg = Ag, g %. The closure of S is the self-adjoint generator of Cy-semigroup

0'f = /Rd q(t,y)f (ryo) dy,

where ¢(t,y) = (2nt)~ 2exp{—%}. Hence condition (H1) holds.
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We can define the respective spaces #; and # _;. Denote by 2, the closure in L?
of the linear space consisting of the elements p(Xj, ..., X,,), where p is an nth degree
polynomial in m variables and each X} is a random variable of the form (H;;(-), ¢ ),
i,j=1,...,d, e Cy (Rd). We let Hj be the space of constants and H, .= 2,6 %,_,.
The elements of H, are sometimes called Hermite polynomials of degree n. It is well
known, see e.g. [8, Theorem 2.6], that L?>= oH,. Since Vi,...,Vy, the
components of V, belong to H; condition (S) implies that V,e#'_, p=1,....d.
In fact, one has V,e# _; forall k=20,p=1,...,d.

Denote by I1, the L?-orthogonal projection onto H,. It is elementary to observe
that H,,(“//z‘z) =22, see [8, Theorem 5; 14, p. 63]. In fact, due to the equivalence of
all 17 norms on H,, see e.g. [8], we can write that DO := IT,(#*"%?) <= %72 hence
condition (H2) of Section 3 is satisfied. Additionally, thanks to the fact that H,
remains invariant under the action of the group of spatial shifts 7., xeR?, we
conclude that also (H3) holds.

For any /e D® and ge W% we have, thanks to Lemma 4.1,

(1.9 = [WrVadu= [V VNgda= (S0 + [0V Vodu  @10)

To estimate the second term on the utmost right-hand side of (4.10) we use Holder
inequality, which implies that it is less than or equal to

IHY/1],2 (19912 < [1Hl[ 2 [IV/]

L(z[n/(lﬁl) ‘ |Vg| |L¢21

n/2
<(350)
-

by virtue of the hyper-contractivity estimate of L norms on Gaussian spaces, see the
proof of Theorem 5.10 in [8] (in particular the first formula after (5.4) there). Here
|- 1l ) |-l iy denote the respective I” norms of random vectors and matrices.

Notice that by Stirling’s formula ||H||L3nd ~+/n, thus

Lf;fxd||vf||L§l||ngLf,7

(LS 9) 12| SCVA|(ST. L) 12| 1(Sg, 9) 2] (4.11)

and (H4) of Section 3 follows.
For any A>0 and p =1, ...,d we denote by uﬁm the solutions of

) — L = v, (4.12)

According to the results of Section 3 there exists uﬁ{') eA1, p=1,...,d satisfying

lim [ju” —u?]], = 0.
710 g

In fact the following result holds.
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Theorem 4.2. Under assumption (HG), (R), (S) the laws of trajectories (ex(%)),~, in
C([0,+0); RY) satisfy the invariance principle, as ¢ 0. The limiting Wiener measure

has the covariance matrix given by D = [D,, ], where

Dyy =20,y + @ ul?)], pg=1,..,d (4.13)
Proof. Note that
t /e Sew(
ex(c—2> = 6/0 V(n,) ds+ v2ew (c_z) (4.14)

By virtue of Theorem 2.2 the first term on the right-hand side of (4.14) converges
weakly to a Brownian motion with covariance matrix given by D = [D, ,], where

D,y =2u? ul?)y,. (4.15)

*

To prove the invariance principle for the sum of the terms appearing on the right-
hand side of (4.14) we observe that for each p = 1, ..., d one can choose a sequence
(u,(qp))ngl = 9*e? corresponding to V), as in (3.1) with f = V,. Denoting by MY
the respective martingale, see (3.2), we get, with the help of [t6—Krylov formula, that
the joint quadratic variation equals

t
<M,(;”),Wq>t = fz/ un,(f’)(ns) ds.
0
Hence
CZ<M’SP),W(1>,/[2 —>\/§/un,({’) du=0

as €|0, both a.s. and in the mean, by virtue of the ergodic theorem. Thus, we can
conclude that x.(-) satisfies the invariance principle, with the limiting Brownian
motion having the covariance matrix given by D. [

5. Regularity of the effective diffusivity tensor with respect to the drift

Let %, be the space consisting of all random matrices K : Q — .«/(d) whose entries
belong to 2, n#>* with the topology on %\ee induced by the ¥~ 24 norm. Let
H: ®— %, be a C* smooth map acting on an open domain © < R", with a certain
integer N> 1.

Denote by D(6) the appropriate limiting covariance matrix corresponding to the
drift V(6) = V - H(0), cf. (4.13). We show the following result.
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Theorem 5.1. l~)(0) depends C™ smoothly on the parameter 0 0.

Proof. With no loss of generality, we assume that ©@<R!. We denote by
(uﬁ”(@), ...,uftd)(ﬁ)) the respective solutions of (4.12) corresponding to L(6) =

A

A+ V(0) - V. From the remark made after the proof of Lemma 3.4 we conclude that

U (0) € My 1.
The results of Section 3 imply that there exist u%)(6), for which

1;??3||Iuﬁp)(9) —u? (Ol =0

and D(0) = 21 + 2[(u?)(0),u'9(0)),]. We prove first that 0&—>u5@(0) is C* smooth

function mapping @ into 1, for any k> 1. In order to do so it suffices only to show
that the solutions of

2w (0) ~ LOW, (0) = £:(0). (5.1)
A1 j-converge to a certain element v?)(0), when 0. Here
£(0) = =V(0) + V'(0) - Vu (0).

In fact, a standard argument using approximate difference quotients, shows that
0 u')(0) is differentiable and

WP (0) = —ul”) () (5.2)

holds in the ' x-sense.

Note that f;(0) € (), # -1, due to the fact that uff’) € (k=1 # 1.4 On the other
hand, for any ge H, and n>=2

|(£.0), 9) .2 = (V'(0) - Vil (0),9) 2| = |(H(0) - Vi’ (0), Vg) 1|
< v luall, llgll,-

Thus [|[f.(O)[||_ x < Cl[|uzl[l; 411, with constant C independent of n and . In

conclusion, we can find a unique solution v(f)e Nes1 # 1k of (5.1) for any A>0.
Since

tim [5(0) =/ (O)lll_1x =0, for all k=1,
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where f(0) = —V,(0) +V'(0) - Vul)(0) e M=, # -1, we also can find a certain
v?)(0) € Vst # 14, such that

tim (1o (6) ~ o2 O)]ll e =0, for all k>1.

Recursion allows us to extend the above argument to the derivatives of any
order. [

6. Homogenization of diffusions with Ornstein—Uhlenbeck drifts

In this section we admit temporal dynamics of the drift that is assumed to be both
Markovian and Gaussian.

6.1. Homogeneous Gaussian measures on Hilbert spaces

To give an appropriate setting for that situation we suppose that Q is the Hilbert
space of d-dimensional incompressible vector fields that is the completion of Cgy;, :

= {weCy (R R?) : Vy - o = 0} with respect to the norm
lolfy = [ (0P + V0 + -+ V200 P)9,(x) dx

for any positive integer m and the weight function 9,(x) = (1 + |x\2)_"7 where
p>d/2. We shall also assume that m>d/2+1 so any weQ is of C' class of
regularity. On Q we have a group of transformations 1y : Q- Q, given by xw(:) =
(- +x), xe R,

The measure u, cf. Section 4, is supposed to be homogeneous, Gaussian of zero
mean given by the covariance

&(lk
[ <o onoutan) = | UKD o (1) - oK) k.
Q R |K|

Here ¢, ¢, € Cfy;, and ¢ denotes the Fourier transform of a given function ¢. We
assume that & : [0,+00)— [0, +00) satisfies

(E) there exists K, C>0 and a<1 such that

supp £(-)<[0,K] and &(k)< Vke(0,K].

J2e—1?

Remark. We note that condition (E) can be somewhat weakened by replacing the
assumption of compact support of &(-) by a hypothesis guaranteeing a sufficient
decay rate of the energy spectrum, e.g. the condition that sup,. (1 + k)" &(k) < +
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oo for all n>1 certainly suffices for the validity of Theorem 6.3 presented below.
However, due to the fact that we wish to focus our exposition on the role of the
sector condition and not on the computational side of verifying it, we do not present
the calculations in the most general case

2, is the L? closure of the linear space Z'°¢ spanned by the monomials
{@p,- YL P,,->, where m<n and ¢y, ..., ¢, € Lqiv(R?, RY)—the Schwartz space
of divergence-less fields—satisfy O0¢supp ¢x, k = 1, ...,m. Let ¢ == | J,., Z,’¢ and
H, =2,6%,_1 be the space of nth degree Hermite polynomials and II, be, as
before, the L’ projection onto H,. Note that IT,(#?"™)=#P" P, for any
pe(l,+o0) and m>=1. Here #7" are the Sobolev spaces that can be introduced in
complete analogy to Section 4.

6.2. Markovian dynamics

Let
Vo(t) = S(H)o + /I S(t—5)BdW (s). (6.1)
0

Here (W(t)),s, is a cylindrical Wiener process on L} (R?, R?) over the probability
space 7, = (Q,%,P) and B: L} (R?,R) - Q is the continuous extension of

By (k) = \26(k]) k|0 (k), yeb iy, (6.2)

where f>0. It can be shown, see part (1) of Proposition 2 of [7], that B is a Hilbert—
Schmidt operator.
S(#), on the other hand, is given by

SO (k) = e MY K), Yedsy,. (6.3)

It can be shown, see part (2) of Proposition 2 of [7], that (S(z)),-, extends to a Cop-
semigroup of operators on Q, provided that f is an integer. For a non-integral f the
above is still true provided that d/2<p<d /2 + . €%, is a core of the generator —A
of the semigroup and

AY(K) = KPP (K), Yebly,

Let P'f (w) = Ef (V,(¢)) for any f e L?, where E is the expectation corresponding
to measure P on the probability space 7 ;. The measure p is invariant under (P),
in the sense of (2.1). This relation can be shown for elements from £, with the help
of (6.1) and then extended by the density argument to the entire L.

By (V,(t)),5o we denote the process (V(1)),-, over 71 ®7 > with a randomized
initial condition, distributed according to p and independent of the cylindrical
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Wiener process W (-). V,,(-), as a time stationary process, can always be extended to a
process ¢+ V,(t) defined for all real 7. Let V(£,x) = V,,(¢)(x), (t,x)€R x R?. Tt is an

R?-valued, continuous trajectory Gaussian random vector field, with the covariance
matrix given by

_kp E (K|
R(z,x) = /Rd cos(x - k)e K ’|k|—dl)l"(k) dk,

where I'(k) = I — k®KkJk| . A standard computation shows that the correlation
coefficient

Cort(f, (Vult + 1), fo, (V1)) <M,

with f,(-) = {@, - >, supp(¢:)nB(0,]) = ¢, i = 1,2 where ¢, ¢, € Cy;,- Theorem
10.1 [18, p. 181] implies that

_ 2B
1PN <e” 1112 (6.4)

for aHYf() = <(p1>'> <(PN7'>7 with supp(qb,)mB(O,l) = ¢7 i=1,...,N.
A simple calculation shows that

/Ptfgd,u:/fP’gdu, for all 1>0, f,geL?. (6.5)

As a consequence of (6.5) we conclude that (P'),. is a Cy-continuous semigroup of
self-adjoint Markovian contractions on L?. Using (6.4) and (6.5) we easily conclude
that u is ergodic, i.e. if P'f = f for some ¢>0 then f espan(1).

Denote by M : Z(M)—L? &y :Z(Ey) x D(Ey)—R its generator and the
Dirichlet form respectively. Since F(Vy(t)) € 2,, P-a.s. for any F e, we conclude
that P'(H,) < Hy, t>0 and, in consequence, M (Z(M ) H,) = H,. In addition 2" is
a core of M, see the proof of part (ii) of Lemma 6.4.

6.3. Diffusions with Ornstein—Uhlenbeck drift

Let x(-) be a stochastic process over 7 (® 7 1® 7 , given by

(6.6)

dx(t;w,0) = V(t,x(t; w,0); ®) dt + 2K dw(t; 6),1=0,
x(0;w,0) = 0.

The Lagrangian canonical process, considered over the probability space 7 (® 7 5,
is given by 1,,(£;0) = Tx(rw.e)(Vo(?)), 120. Let k>0. We set

0'f () = E°Ef (n, (1)), (6.7)
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with E? denoting the expectation corresponding to probability measure Q.
Then,

ECE[f (1, (¢ + W) = Q"f (n,, (1)), 1,h=0, (6.8)

with (77),5, the natural filtration corresponding to the Lagrangian process and
ECE[|] the conditional expectation operator associated with the probability space
I 0® 7 . When, on the other hand, ¥ = 0 we modify accordingly formulas (6.7) and
(6.8) by omitting EC.

Measure p is stationary and ergodic for (Q'),-, in the sense of condition (M) (of
course one should substitute Q' in place of P' there). For k>0 this can be seen
directly from Theorem 1, [10, p. 424]. In case xk = 0 the stationarity of u is a
straightforward consequence of the invariance of u for positive k. After letting x |0
one concludes easily that the invariance persists also in the case of vanishing
molecular diffusivity. Ergodicity can be seen from the fact that p is ergodic under
(P'),; cf. Section 6.2, and formula (6.9) below.

Using the argument contained in the proof of Lemma 4.1 we conclude.

Lemma 6.1. € .= 2(M)n )
(0")=¢- In addition,

W22 s a core of L : 9(L)— L?, the generator of

0>0

Lf =xAf + Mf +V -Vf, forany f€¥, (6.9)

with V(w) = (Vi(w), ..., Vi(w)) = (01(0), ...,w4(0)). Here v = (w1, ...,w4) EQ.
We also have € = 2(L*) is a core of L*, with

L*f = kAf + Mf —V-Vf, fe%.
S = —1/2(L + L*) defined on € is essentially self-adjoint and

Sf = KkAf + Mf, fe&.

By virtue of the above lemma we conclude that (H1) of Section 3 is satisfied.
Let €, = %nH, Thanks to (6.9) one can easily prove that %, is a core
of L,. Moreover, II,(¢)=% and SII,f =11,Sf on %. Therefore, condition
(H3) holds. Additionally, € = ®,>0%, is a core of L and therefore (H2) is
satisfied.

Note that « + <1 implies V,e # ;. Indeed, let /'€ #1 N L? of the form f,(-) =
(o, for any pe Cyy;,. We have f,€% and

Ik\
/ A dk. (6.10)
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Hence, by the Cauchy inequality

1/2
(|k|) dk 28 o R 5 dk
{ L5 it [ L DIz 0P s

<C£M(f(p, (/7) <C“f(/?Hl

&(k|) dk
o k[P <+t ®©

thanks to the fact that o + < 1.
Since V,eH; (Hermite polynomial of first degree) we have, for an arbitrary
fe'—%h

|(I/]h.ﬁ/) 1?

Note that

(VoS ) 2l = [V, I 2| < CIHLA T < CIf

and therefore V,e#_;.
The key observation is contained in the following lemma, which guarantees that
condition (H4) holds for x=0.

Lemma 6.2. Suppose that o+ <1. Then, there exists a constant C >0 independent of
n, k=0, such that

(@ 1/2 1/2
(V- V159) | < CLEy (GNNIVG 2 + 6 3p7 (9, DIV 2] (6.11)

foralln=1,f€%,, geW*' nD(E ).
(i) if, in addition, f€[0, 1] we have

1N/l <Co 637 (1. f),  Vn=1,€%,. (6.12)

Remark 1. It is easy to verify these inequalities for /inear functions, i.e. functions in
H,. For example let f,,(w) = {¢,w) for pe Cy;,, then f, e H, and

d
. &(k
190l = [ Blo, 0P k)
¢ p=1 R? |k|

&k
< k20D / K100 L) g
” K]

which proves (6.12) for n = 1. A similar elementary argument shows (6.11) for
functions in H,. In order to prove (6.11) and (6.12) for general functions we need an
approximation procedure by periodization, and this will be shown in the next
section.
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Remark 2. Obviously, in case when x>0 (6.11) implies the strong sector condition
for the generator of the Lagrangian process (6.9). If, on the other hand, k = 0 (6.12)
implies the graded sector condition (H4) of Section 2.

In light of the results presented in Section 3 we have ugf”), the solutions of (4.12),
are Jj-convergent, as 4| 0, to certain u(f), p=1,...,d. Repeating now the argument

of Section 4 we conclude the following result.

Theorem 6.3. Suppose that the spectrum of the field V satisfies condition (E), x>0 and
B=0 is such that o+ p<1. Then, the laws of (ex(%)),s, satisfy the invariance
principle, as €| 0. The covariance matrix of the limiting Wiener measure is given by
D = 2[kd,, + W, u9),]. When x =0 the invariance principle still holds, provided
that pel0,1].

6.4. The proof of Lemma 6.2

The proof will be carried out in several steps.

6.4.1. Periodization of the field in the spatial variable

For an arbitrary integer N>1 let Ay = {jeZ? : N-12V <|j|< N2V} and A}, be
the subset of Ay consisting of those j= (ji,...,ju) whose last non-vanishing
component is positive. By Yy we denote the cardinality of A%.

Suppose that 0< " <1 is a C* smooth function such that
supp(¢pi) =A™ = {x = (x1, ..., xa)eRY: =27 V1< <27V

and (bo ( )E 1, when —27V"1(1 —2"M)<x, <27V 11 -27M), k=1,...,d. Let
qﬁj(N)( x) = ¢SV (x — kj), where kj := j27V for j = (ji, ...,ja) € Ay.

Since QQVQ“V(IR", R?)—the space of divergence free Schwartz distribution—we
can define for any weQ its Fourier transform @ = (@y, ..., d,), via the relation

or(Y) = wr() for any e #(R?) (see [17, p. 5]). Let

XY (w) =Rerk)a(d"), ¥V (w)=-ImIk)o(e"), jeAs.

(N)
XN,

probability space 7 ;. The covariance matrix of each of them equals

S (i) ( [ oV 00R ST rag dk) r(ky).
Rd

Yj(N), je Ay are independent, centered, real Gaussian vectors over the

|k|d 1
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A direct calculation shows that

lim sup [2Y s — 62 (k)| =0, (6.13)
NT+OCjeA{,, i I
SV <2(d —1)a? 2N, ey, (6.14)
where o7 = &(|kj|)[k;|' .

2Yy 2Yy
Set my : 2 (RY) by my(0) = (X" (@), ¥}V (w);jeA%) and jy : (R!) > Q by

Jn(a,b)(x) =Y I'(kj)[gjcos(k; - x) + bysin(k; - x)], xeR?,

jedy

with the convention a_j = aj, b_j = —bj. For the abbreviation sake we wrote a to
denote the entire ensemble ¢j, je A} and b for b, je A}, Note that, obviously, myjy
is the co-ordinatewise projection onto [[; 4. Kj x Kj, where Kj:= [aeR?: a Lk

Let eqj = Kkj/[kj|, e1j, ...,eq—1j be the eigenvectors of Sj(N) contained in Kj and
Aj= - 2Aq-1j=0 be the corresponding to them eigenvalues. In view of (6.13) we
have

lim sup max [2Y},; —a?| = 0.
N1 —1,...d—1 LA
+ o0 jEAj\r, p=1,....d—

2Yy

Y™, je AL on (RY) . Its characteristic

Denote by vy = uny' the joint law of Xj(N), i

function equals

) 1
‘D(fj’ﬂjhle/lztr) = H exp{— E(Sj(N)fj &+ Sj(N)’?j "lj)}- (6.15)

jeal

ny induces an isometric embedding @y : L?(vy) = L*(n), given by @ yf(w) =
f(ny(w)), while jy induces a linear operator Jy : ¢ — L*(vy) by Jyf(a,b) =
f(iN(a7b))'

For any ensemble (a,b) == {q;, bj;je AL} and xeR? we define

7«(a,b) = {ajcos(k; - x) + bj sin(kj - x),

— ajsin(k;j - x) + bjcos(kj - x); je Ay}
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For any f that is a polynomial in the variables a,b we set
V™ f(a,b) = Vyxoo f(tx(a, b))

= > Ki(bj- Vi —a;- Vp)f (ah). (6.16)

jeal

The images of Wiener process BW(-) under ny are finite-dimensional Brownian
motions given by

ayBW(1) = (Jki|" /25w (1), IklP 1 28w (0):je A, 120, (6.17)

where wa)(-)7 w )(-), je Ay are independent standard d-dimensional Brownian

i i
motions and w(f;')() = wg)(), W(j}])(-) = —Wg}”(-).
Let us consider the d-dimensional Ornstein—Uhlenbeck processes «;(-;a,b),

bi(+;a,b), given for je A} by

daj(t;a,b) = [k a;(1;a,b) dt + k)" /25 aw™ (1),

(6.18)
aj(O; a,b) = aj,
N) 3~ (N
dbi(t;2,b) = ki bi(r; 2, b)dr + [kj| /25N awi ™ (1), 6.19)
b](07 a7b) = bj7
and a_j = aj, b,j = —bj, ‘]GAJ/(/

We denote by (PY),~o, My, &um,(-,-) the L?(vy)-semigroup, generator and
Dirichlet form corresponding to the (R?)*'¥-valued Markovian family of processes

V(N)(-;a7 b) given by (6.18), and (6.19). Let V(N)(~; vy) be the stationary solution of
those equations and

V¥ (1, x;a,b) = jn (VT (2,0))(x), V(1 x50n) = jn (VY (1503)) (x).-
For any polynomial f in variables a, b we have f'e Z(&,) and

g)MN(fvf) = Z |kj‘2[3gj(fvf)v (620)

jedy
with
1
&) =5 / / (SVVof - Vaf +SNVLf - Vif) dvy.

—
([R'I)ZYN
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We also have SON(@((O@MN)) ef@(é&M) and (gM(SONfa SONf) = (gMN(f)f)a fe@(é"M\)
Let H,(,N), H,(lN ) be the space of all nth degree Hermite polynomials over (Rd)Z)N
corresponding to measure vy and the respective orthogonal projection. For any

jeAf, n=(ni,....ng_1)ez’" a= Z;’:l a, e, define
d—1 i
hiala) = © I, 7y ay), (6.21)

where /,(-), n=0 the standard orthonormal system of Hermite polynomials on
L*(R,v), with v is the standard d-dimensional Gaussian measure. For any n =
(njeZ%"; je Ay), a = (a5; je A}) we set

ha(a) = ® hy(a). (6.22)

jedy

The set of all siy(a) ® fiy(b), with |n| + |m| = n forms an orthonormal basis of oY
n=0.
Let

d—1
=23 Y apien (6.23)
p=1 jea}

with ¢; = Z;Ll apjepj- Using elementary properties of Hermite polynomials, stating

that ahy,(a) = v+ 1h,y1(a) + /nh,_i(a), see e.g. (3.14) of [8] (after taking into
account the normalizaton factor), we get

VM hy(a)

d—
Z \/ Zpi(Mpj + Dhnpj) (@) + \/Zp iy jlnipj— (@))€ (6.24)

edy

Z+

Here for any n = (nj;je Ay) we have n(p,j, +) = (my; j e Ay), with my = ny, j #j,
Mg = Mg for g#p and m,; =n,;+ 1. Similarly, n(p,j, —) = (my;j eA*), with
my = n/,] #J, myj = nyj, for g#p and

ni—1 if n,;>1
S T L piZ 1)
My = (npj )y { 0 if 1,5 = 0.

6.4.2. The approximation result
We show that V¥)(;vy) is an approximation of V,(-) in an appropriate
sense.
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Lemma 6.4. (i) For any f € 2™ we have

lim pyP\Jynf = P'f in L*. (6.25)
N1+

(i) We have Pt <= Z (& pr). In addition, Jy(P*%) e D(En,,) and

N]TITOO gMN (JNfa JNf) = gM(f7f)a fe’@reg. (626)

Proof. (i) It suffices to verify that (6.25) holds for polynomials of the form
f('):<9017'>'”<§0m>'>7 (627)

where ¢y, ..., ¢, € iy, Then,
PNPyINS ()

= E[<o1jn (VY (1:10())) > -+ {@psin (VI (87, (0))) )] (6.28)

and the right-hand side of (6.28) can be expressed as a finite sum of certain products
made of the expressions of the form

Z /] cos (kj - x) + Y< >sm(k - X)]op(x) dx
jedy,

and

/ / =2l )cos(k (x = X)) @r(x) - @y (x) dx dx'.
jedy RYJR?

(n), Yj<n> we conclude that the right-hand side

Taking into account the definitions of X;
of (6.28) tends to

E[<(»013Vw( )> L Py m( ) ] - Pff(a))a

in the L? sense, as n1 + .
(i) Notice that the argument from the proof of part (i) also shows that
Pl JIN(P8) S Iy (P™8), V=0, so Jy(2™¢) is a core of My and

MNf a b Z <9017]N a b)><A(pk7]N(a7b)><(pN7]N(a7b)>

+2Z Corn(@b)y (o vy Cpyin(ah)

k<l

<> kiPS Y dulg) - i),

JjedAy
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where Z’:\> means that the respective term should be omitted in the product.
SONJNf(aa b) = <(P1 ’ anN(aa b) > < Pms anN(a’ b) >

for f(:) = <y, > L@y, » €P™E. Likewise P'(P8) = P*¢ so 2™ is a core of M
and

Mf (@)= =Y Lo, 0){Ag;,0) {9, 0)
k=1

+23° <o) > @y Loy, )

k<l
. . e(|k
X /'@ |k|2ﬁr(k)(/’k(k) - ¢,(k) |l£||d|)1 :

Thus,

Jim (lonIuf =11l + | oxMyJuf = Mfl|pz) =0, fe?™

and (6.26) follows. [

6.4.3. Proof of (6.11)
Suppose that f €%, and ge% ... Note that

n+1

(V-Vf.g)pl< DY (VY Iig),|
k=n—1

=[(Vf, Ty(VIT119)) 12| + [(V - VS, TTug) |
+ |(Vf, 0,(VITi-19)) 12 |- (6.29)

Note that since f' € H, we have V- Vf e H,_; ® H, 1, thus the middle term appearing
in (6.29) vanishes. The estimates for each of the two remaining terms are quite
similar, so we only conduct them for the first one and show that it is less than or
equal to

o1/2
CE3 (9 9V |2 (6.30)
Let VV) be given by (6.23). We prove that for any polynomial geHﬂ%
1/2
1T (VV9)|2 ) < CEY2 (9,9), (6.31)

with the constant C >0 independent of g, » and N. Eq. (6.31) implies (6.30), thanks
to Lemma 6.4 and the fact that 22™¢ is a core of &,.
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Let n=(n; jed)) and m= (my; jeAy), with nj= (nji,...,njqa1), mj=
(mj"l, ...,I’Hj,d,1>€Ziil7 and
glab) = Y a(n,m)h(a)@hn(b)eH,), (6.32)
|n|+|m|=n+1

cf. (6.21) and (6.22). Since /in(-) ® h(-) are the eigenvectors of the generator of the
Ornstein—Uhlenbeck process given by (6.18), (6.19) corresponding to the eigenvalue

ZjeAfv ;| (5] + |m;]) we obtain that

Euylg,9)= Y Fmm) Y K[ (] + o). (6.33)
[n|+[m|=n+1 jedl
Using (6.24) we get
d—1
m,(VW™g) = 22 Z Z o(n,m)\/ 2y 1pj hapj—) (2) @ hm(b) €.
p=1l jed} [n|+|m|=n+1
Hence,

11,(V™ g)]7-

d—1

=4 Z Z Z a(n,m) o(n’, m’)

pr'=1 jjedl, [n|+mj=n+1

[0/ |+|m’|=n+1
X A/ 2pi Mpin/ 2p iy €0 " €p
X 5(“(177ja _)7nl(p,ajl7_)) 5(m7 m,)a (634)

with d(-, -) the Kronecker symbol. The right-hand side of (6.34) is therefore less than
or equal to

d—1 |k| 28
] 2
5 s (M) i,
pr'=1 jjed} |n|+m|=n+1 i

[0/ |+|m’|=n+1

ko\ %
+ (||kj,||> az(n/,m/);hpujrnp/,jf o(n(p,j,—), W' (,j,—))o(m,m’). (6.35)
i

The expression corresponding to the first term in parentheses can be estimated by

Yo Amm) Y ik )

[n|+|m|=n+1 jeAy
d-1 trstV)
X Z Z Z 5(“@7J.7_)an/<l7,7j,7_))—12/;
pp'=1 ||+ |[=n+1 jea} |kj'|

< CéZMN (g7g)7
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by virtue of (6.33). Here C is a constant, independent of N and satisfying

d-1 tr LS’J.(,N>

Z 5(n(p7j’ _)7 nl(p,’j/7 _))

2
pp'=1 |0|+m’|=n+1 j’eAX, |kj'|
trS.(,N>
<2) —5p<C, VN=>L
jeay IRV

The same considerations lead to an estimate of the second term in (6.35) by
Cé&uy(g,9) with the constant C independent of N and (6.30) follows.
Using the above method one can show that the third term on the right-hand side
of (6.29) can be estimated by

Cé’M(f,f)1/2||Vg||Li.
and (6.11) follows.

6.4.4. Proof of (6.12)
A straightforward calculation shows that

li o VM IS — ) =
NTHEOC [[on VIS Vf|Ld 0

for any f e 2. Therefore, in order to prove (6.12) it suffices to show that

2
IV 120y < CH 4V (1) (6.36)

for anyfeH,(,N), with C independent of /', N and n.
Applying (6.16) to

f(a,b) = Z o(n, m)/1(a) ® hi (b) € HN), (6.37)

[n|+|m|=n

using elementary properties of orthonormal Hermite polynomials, namely /),(a) =
V/nhy,—1(a) and the (3.14) of [8] we conclude the following formula:

8

—1

VN f(a,b) = > > kjo(nm)

. _
p=1 jeA} [nl+|m|=n

X [V(_pvja n, m)hn(p.jHr) (a) ®hm(p.j,*) (b)

- g(pvjanam)hn(p,j,—)(a) ®hm(p,j,+)(b)]’ (638)
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with y(p,j,n,m) = /(n,j+1)m,; and e(p,j,n,m) = /n,;(m,;+1). A direct

calculation shows that

d-1
||V(N)f\|if,<w> = Z Z Z k; - kyo(n, m)o(n’, m’)

pr'=1 jjed} [n|+m|=n
[0 [+[m'|=n

X [7"//511,+,+5m,7,7 + Sslén,f,fémﬁr#

— V8l5n7+’_5m’_7+ — S'ylén’_’_»'_ém’_‘_’_}. (639)
Here

5",51752 = 5(n(paja §1 )7 n'(p’,j’, 52))7

5m,S1-,S2 = 5(m(p7.]7 Sl)v m/(Plvj/a s2))a

for any s1,s,€{—,+}, y, 7" are the abbreviations for y(p,j,n,m), y(p',j,n’,m’) and a
similar convention is used also for ¢ and ¢'. The expressions corresponding to each of
the four terms appearing in parentheses on the right-hand side of (6.39) can be dealt
with separately. Since the estimates for each term are quite similar we deal with the
first term only. Using an elementary inequality we can estimate that term by

d—1
Yoo > PP om)l ] 4 o (o, m') kg Pl 10,4 O - [(mp5 + D)oy + D).

pp'=1 jjedy In[+|m|=n
[0'|+|m’|=n

We can estimate the first term in the above sum by

d—1
m+DY 3 2mm) > gl kP> Y YT Sai (i + D)

[n|+|m|=n jeal pp'=1 jeal [n|+m'|=n

<A+ 3T dmm) Y gl Kl (6.40)

[n|+|m|=n jedy

Recalling that fe[0,1] and denoting by K>0 any real number satisfying
suppé(-) = [0, K] we can estimate the right-hand side of (6.40) by

An+ 1)K N 2mm) D [yl kg

|n]+|m|=n jeAy

<4+ 1)PKPD gy (1) (6.41)

and (6.36) follows. The last inequality in (6.41) follows from (6.33).
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