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Abstract. We consider a class of two-fold stochastic random walks in a random environ-

ment. The transition probability is given by an ergodic random field on Z
d with two-fold

stochastic realizations. The central limit theorem for this class of random walks has been

claimed by Kozlov under certain strong mixing conditions (cf. [4], Theorem 3, p. 121).

However the statement and the argument used in [4] are not correct, and we provide a coun-

terexample in dimension two (cf. example 2.3 below). We give a sufficient condition for

the walk to satisfy the central limit theorem (see condition (H) below). Then we give some

spectral and mixing conditions that imply condition (H).

1. Introduction

We consider a two-fold stochastic random walk in a random environment (R.W.R.E.) with

zero local drift. The random walk starting from x ∈ Z
d in the given environment ω ∈ Ω is a

Markov chain (Xn,ω)n≥0 with the state space Z
d, over a probability space T1 := (Σ,W, Q),

that satisfies

(1.1)
Q[Xx

n+1,ω = Xx
n,ω + z|Xx

0,ω, . . . , Xx
n,ω]

Q a.s.

= p(Xx
n,ω, Xx

n,ω + z;ω), n ≥ 0, z ∈ Λ,

Q[Xx
0,ω = x] = 1.

Here (Ω,d) is a Polish metric space, B(Ω) the σ-algebra of Borel sets and P a probability

measure on (Ω,B(Ω)). Let T0 := (Ω,B(Ω), P). We assume further that the transition of

probabilities p : Z
d × Λ× Ω → [0,+∞) is a stationary random field on Z

d, i.e. it is given by

p(x,x + z;ω) := pz(Txω) ∀(x, z, ω) ∈ Z
d × Λ× Ω,

where {Tx : Ω → Ω,x ∈ Z
d} is a group of transformations preserving measure P, i.e. TxTy =

Tx+y, Tx(A) ∈ B(Ω) and P [Tx(A)] = P[A] for all x,y ∈ Z
d and A ∈ B(Ω). Here Λ ⊂ Z

d is of

finite cardinality and such that span(Λ) = Z
d.

The random variables {pz : Ω → [0,+∞), z ∈ Λ} satisfy

(S) (Normalization)
∑

z∈Λ

pz(ω) = 1, P− a.s.
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By the designation that the walk is two-fold stochastic, cf. [4] p. 119, we mean that it satisfies

the following conservation law:
∑

x∈Λ

p(x,y;ω) ≡ 1, P a.s., ∀y ∈ Z
d,

or equivalently that

(2S)
∑

z∈Λ

pz(T−zω) = 1, P a.s.

The random vector

(1.2) v(ω) = (v(1)(ω), · · · , v(d)(ω)) :=
∑

z∈Λ

zpz(ω)

is called the local drift of the walk. We suppose that the local drift is of zero mean, i.e.

(ND)

〈v〉 = 0,

where 〈·〉 denotes the mathematical expectation corresponding to P.

The random walk in a random environment is a stochastic process (Xn)n≥0 over the product

probability space T0 ⊗ T1 := (Ω × Σ,B(Ω) ⊗W, P ⊗ Q) defined by Xn(ω, σ) := X0
n,ω(σ) for

any (ω, σ) ∈ Ω×Σ. With no loss of generality we assume that our random walk starts at the

origin.

We are interested in proving the central limit theorem (C.L.T.) for Xn/
√

n as n → +∞.

In the following section we formulate sufficient conditions for such a theorem, see Theorem

2.2 and in particular the condition (H) below.

The question of obtaining the C.L.T. for two-fold stochastic R.W.R.E. has been considered

in [4]. Yet, in our view, the proofs of the main results concerning such walks formulated in

Theorems 3 and 4 on pp. 89, 91 and Theorem 3 on p. 121 of that paper are not complete.

In particular, the statement of Theorem 3 on p. 121 is not correct in dimensions one and

two. The crucial estimate of the field E contained in the fourth formula after (2.11) on p. 90

also seems to be incorrect. Because of the significance of the results announced in Kozlov’s

paper, the fact that they are very frequently cited elsewhere in the literature and since we

could not find any other source dealing with the issue of two-fold stochastic random walks we

felt compelled to compose this brief note in order to fill the existing gap.

The main ideas of homogenization of diffusions in a random environment were laid out

by Kozlov ([3]) and by Papanicolaou and Varadhan ([9]). These ideas were generalized in

the context of general central limit theorems for reversible Markov processes by Kipnis and

Varadhan ([2]), and in [8, 11] for non-reversible processes satisfying a strong sector condition.

In general the two-fold stochastic R.W.R.E. does not satisfy a strong sector condition, and
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the problem corresponds, in the continuous setting, to a diffusion in a divergence-free random

field with unbounded stream matrix (cf. [5]).

Let us briefly outline the principal ideas of the homogenization approach, actually borrowed

from [4], and explain the nature of the missing part of the argument contained there. In what

follows we shall denote by M the expectation with respect to Q. Fix ω ∈ Ω. Following [4] we

introduce the environment chain

(1.3) ωω
n := TXn,ω (ω), n ≥ 1,

defined over T1 with Ω its state space. The transition operator P of this chain can be explicitly

computed, see (3.1) below, and it turns out that P is its invariant measure.

We call L = P − I the generator of the chain. The process ωn(ω, σ) := ωω
n(σ), considered

over T0 ⊗ T1, is therefore stationary. As a simple consequence of the Markov property for

(Xn,ω)n≥1, with ω ∈ Ω fixed, we conclude that

(1.4) Mn,ω := Xn,ω −
n−1
∑

k=0

v(ωω
k )

is an R
d-valued, zero mean martingale with respect to the natural filtration corresponding to

(Xn,ω)n≥0.

Next, we solve the resolvent equation, in the L2 space over the invariant measure P (see

Section 2 for defintion),

(1.5) λE
(p)
λ − LE

(p)
λ = v(p)

for any p = 1, · · · , d, λ > 0. Let Mλ := (M
(1)
λ , · · · ,M

(d)
λ ), where

M
(p)
λ,n := E

(p)
λ (ωn)−

n−1
∑

k=0

LE
(p)
λ (ωk).

It is a square integrable R
d-valued martingale corresponding to the natural filtration (Fn) of

(ωn)n≥0. Letting Mλ,n := Mn,ω + Mλ,n, n ≥ 1, we conclude that it is a square integrable

R
d-valued martingale with respect to (Fn). A straightforward elementary calculation shows

that

(1.6)
〈

M|Mλ,n −Mλ′,n|2
〉

= n
d
∑

p=1

∫

{

∑

z∈Λ

[DzE
(p)
λ (ω)−DzE

(p)
λ′ (ω)]pz(ω)

}2

P(dω)

for any λ, λ′ > 0. Defining Eλ := (E
(1)
λ , · · · , E

(d)
λ ) we conclude from (1.4) that

(1.7)
Xn√

n
=

1√
n
Mλ,n +

1√
n

Eλ(ω0)−
1√
n

Eλ(ωn) +
λ√
n

n−1
∑

k=0

Eλ(ωk).
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Choosing λ = n−1 we can prove, with the help of a standard C.L.T. for ergodic martingales

(see Theorem 6.11 of [12]), that the laws of 1√
n
M1/n,n converge to the law of a centered

normal random vector, provided that

(1.8) lim
λ→0

DzE
(p)
λ = e

(p)
z , ∀ z ∈ Λ, p = 1, · · · , d,

L2-strongly. This fact, in turn, is implied by the condition

(1.9) lim
λ→0

λ‖E(p)
λ ‖2L2 = 0,

see (1.2.9) in [6]. (1.9) also implies that all the non-martingale terms appearing on the right

hand side of (1.7) must vanish, in the mean square sense, thanks to the stationarity of (ωn)n≥0.

It appears that the proof of (1.9) is missing in [4] and the present article is devoted to its

demonstration. In order to show (1.9) one needs assumption (H), see the following section.

In proving that (H) implies (1.9) we adopt the argument laid out in [5] by Oelschläger.

In addition we provide a number of easy to check conditions, expressed in terms of the

statistical properties of random variables pz, z ∈ Λ (see Section 4 below) that suffice for the

condition (H) to hold. We give an example, see Example 2.3 below, of a two–dimensional

shear layer R.W.R.E. that does not satisfy (H) and for which the C.L.T. fails.

2. Preliminaries and the formulation of the main result

By B(Ω) we denote the space of all bounded Borel measurable random variables. Let

L2 denote the space of all square integrable random variables over the probability space T0

equipped with the usual scalar product

(F,G)L2 :=

∫

FGdP, ∀F,G ∈ L2,

and the norm ‖F‖2
L2 = (F, F )L2 . We also define UxF (ω) := F (Txω) for all x ∈ Z

d, F ∈ L2.

For any random variable F : Ω → R and z ∈ Z
d we define the abstract gradient in the direction

of z as

DzF (ω) := F (Tzω)− F (ω).

Likewise, for any function f : Z
d → R and z ∈ Z

d we define the lattice gradient in the direction

of z as

∂zf(x) := f(x + z)− f(x), x ∈ Z
d.

(E) (Ergodicity of the environment) Any F ∈ B(Ω) such that UxF = F for all x ∈ Z
d

must satisfy F ≡ const P a.s.

Recall we assumed that Λ generates Z
d. We suppose further that pz, z ∈ Λ, satisfy the

following ellipticity condition.
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(Ell) (Ellipticity) There exists a constant κ > 0 such that

inf
z∈Λ

pz(ω) ≥ κ, P a.s.

From (E) and (Ell) it follows that P is an ergodic measure for the environment chain.

Our crucial assumption about the local drift is the following:

(H) there exists a constant C > 0 such that

|(v(p), F )L2 | ≤ C
∑

z∈Λ

‖DzF‖L2 , ∀F ∈ L2, p = 1, · · · , d.

Recall that v = (v(1), · · · , v(d)).

Note that it follows from (H) that there exist H
(p)
z ∈ L2, z ∈ Λ, such that

(2.1) v(p) =
∑

z∈Λ

D∗
zH

(p)
z , ∀ p = 1, · · · , d.

Remark 2.1. Condition (H) guarantees that the components v(p) of the local drift belong

to the range of (−Ls)1/2, where Ls is the symmetric part of the generator L = P − I of

the environment process. It is well known, cf. [2], that in the symmetric case, i.e. when

pz(ω) = pz(T−zω) for all z ∈ Λ and P a.s. ω, (H) suffices for the C.L.T. to hold. Theorem 2.2

below says that this is also the case for the environment process corresponding to R.W.R.E.

that is non-reversible.

The following theorem is the main result of this article.

Theorem 2.2. Under the assumptions (E), (S), (Ell), (2S), (ND) and (H) the sequence of the

laws corresponding to the random vectors Zn := Xn/
√

n, n ≥ 1 converges weakly, as n → +∞
to the law of a Gaussian random vector with zero mean and a non-trivial covariance matrix.

Example 2.3. We provide here an example of a two-fold stochastic random walk in a random

environment that does not satisfy condition (H) and that is characterized by a superdiffusive

behavior. Observe that in Theorem 3, p. 121, of [4] it is not assumed that the drift satisfies

condition (H).

Let T0 be the probability triple as in Section 1, equipped with a one–dimensional group

of motions Ty, y ∈ R, for which, measure P is both invariant and ergodic. We let d = 2,

κ ∈ (0, 1/4), Λ = {±e1,±e2}. Let also p±e2(ω) ≡ 1/4 and pe1 : Ω → [κ, 1/2 − κ] with the

mean Epe1 = 1/4 and covariance

C(y) :=

〈(

p(Tyω)− 1

4

)(

p(ω)− 1

4

)〉

.

We assume that C is sufficiently strongly decaying, as |y| → +∞, so that

Ĉ(k) :=
∑

y∈Z

C(y)ei ky, k ∈ R,
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belongs to C∞(R).

Set p−e1 = 1/2 − pe1 . The law of the resulting R.W.R.E. is identical to the law of

(Xn, Yn)n≥0, considered over the probability space T̃ ⊗T1, where T̃ := (Ω×Ξ,B(Ω)⊗V, P⊗R)

for some probability space (Ξ,V, R) supporting (Yn)n≥1, a spatially homogeneous random

walk on Z with non-random transition probabilities p(y, y± 1) = 1/4, p(y, y) = 1/2. (Xn)n≥1

is a non-homogeneous in time R.W.R.E. over T̃ ⊗ T1 such that for a given (ω, ξ) ∈ Ω× Ξ we

have

Q[Xn+1 = Xn + 1|X0, · · · , Xn] = pe1(TYn(ξ)ω)

and

Q[Xn+1 = Xn − 1|X0, · · · , Xn] = p−e1(TYn(ξ)ω).

Denote by ER the expectation operator relative to R. An elementary calculation shows that

(recall that M is the expectation relative to Q)

(2.2)
〈

ERMX2
n

〉

=
n

2
+ 2

∑

1≤i<j≤n

〈

ER

[(

2p(TYi
ω)− 1

2

)(

2p(TYj
ω)− 1

2

)]〉

=
n

2
+ 8

n−1
∑

j=1

(n− j)ERC(Yj).

Denoting by pj(y) the probability that Yj = y we can rewrite the utmost right hand side of

(2.2) as being equal to

(2.3)
n

2
+ 8n

n−1
∑

j=1

(

1− j

n

)

∑

y∈Z

C(y)pj(y).

However (see (3.121), p. 137, of [1]),

pj(y) =
1

2π

π
∫

−π

[

1

2
(1 + cos k)

]j

e−ikydk

so the expression in (2.3) equals

(2.4)
n

2
+

4n

π

n−1
∑

j=1

(

1− j

n

)

π
∫

−π

[

1

2
(1 + cos k)

]j

Ĉ(k)dk.

Substituting k := k′/
√

j and using the fact that

1

2

(

1 + cos

(

k′√
j

))

∼ 1− (k′)2

4j

for sufficiently large j we conclude that for n � 1,

(2.5)

〈

ERMX2
n

〉

n3/2
∼ 4Ĉ(0)

π
√

n

n−1
∑

j=1

(

1− j

n

)

1√
j

+∞
∫

−∞

e−k2/4dk
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∼ 4Ĉ(0)

π

1
∫

0

(1− x)
dx√

x

+∞
∫

−∞

e−k2/4 dk =
32Ĉ(0)

3
√

π
.

The behavior of (Xn)n≥1 is therefore superdiffusive, provided that Ĉ(0) 6= 0.

3. The proof of Theorem 2.2

The generator of the environment chain (1.3) equals

(3.1) LF (ω) =
∑

z∈Λ

pz(ω)DzF (ω), ∀F ∈ B(Ω),

see Proposition 1, p. 120, of [4]. The measure P is invariant under the chain, i.e.
∫

LFdP = 0

for all F ∈ B(Ω). The symmetric and anti-symmetric parts of the generator, with respect to

P, are given by

(3.2) SF (ω) = −1

2

∑

z∈Λ

D∗
z(pz(ω)DzF (ω))

and

(3.3) AF (ω) =
1

2

∑

z∈Λ

qz(ω)DzF (ω) = −1

2

∑

z∈Λ

D∗
z (qz(ω)F (ω))

respectively, see [4]. Here

(3.4) qz(ω) := pz(ω)− p−z(Tzω).

Multiplying both sides of (1.5) by E
(p)
λ , integrating over Ω and using assumption (H) we

conclude that

sup
1>λ>0

λ‖E(p)
λ ‖2 < +∞, sup

1>λ>0
‖DzE

(p)
λ ‖2 < +∞, ∀ z ∈ Λ.

Hence there exists a sequence λn → 0 as n → +∞ such that

e
(p)
z = lim

n→+∞
DzE

(p)
λn

, ∀ z ∈ Λ,

in the weak L2 sense. It can be shown, see e.g. Proposition 1, p. 86, and the following

argument on p. 87 of [4], that there exists a random field

E(x, ω) = (E(1)(x, ω), · · · , E(d)(x, ω)), (x, ω) ∈ Z
d × Ω,

that satisfies

(i) E(p)(x, ·) ∈ L2,

(ii) ∂zE
(p)(x, ·) = Uxe

(p)
z for all x ∈ Z

d, z ∈ Λ,

(iii) E(0, ·) = 0,
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(iv) for any K > 0 we have

(3.5) lim
a→+∞

sup
|x|≤aK

‖E(p)(x, ·)‖L2

a
= 0.

Both (1.8) and (1.9) follow if we can establish that

(3.6)
∑

z∈Λ

(pze
(p)
z , e

(p)
z )L2 =

∑

z∈Λ

(H
(p)
z , e

(p)
z )L2 , ∀ p = 1, · · · , d,

see e.g. the proof of Proposition 1.2.1 of [6], and the rest of our argument will be devoted to

the proof of (3.6).

Note that thanks to (2.1), (3.2) and (3.3) we have

(3.7)
1

2

∑

z∈Λ

∫

pz(ω)e
(p)
z (ω)Dzφ(ω)P(dω)

+
1

2

∑

z∈Λ

∫

qz(ω)e
(p)
z (ω)φ(ω)P(dω) =

∑

z∈Λ

∫

H
(p)
z (ω)Dzφ(ω)P(dω),

for any φ ∈ L2.

From (3.7) we conclude that for any test function φ : Z
d×Ω → R such that φ(·, ω) is local

for any ω ∈ Ω and φ(x, ·) ∈ L2 for any x ∈ Z
d we have

(3.8)
1

2

∑

(x,z)∈Zd×Λ

∫

pz(Txω)∂zE
(p)(x, ω)∂zφ(x, ω)P(dω)

+
1

2

∑

(x,z)∈Zd×Λ

∫

qz(Txω)∂zE
(p)(x, ω)φ(x, ω)P(dω) =

∑

(x,z)∈Zd×Λ

∫

H
(p)
z (Txω)∂zφ(x, ω)P(dω).

We show that (3.6) is a consequence of (3.8).

Let h : R
d → [0,+∞) be any compactly supported C∞-smooth density function, i.e.

∫

Rd h(x)dx = 1, and let jR(·) be the indicator of the event
∑

z∈Λ |H
(p)
z (ω)| ≤ R. We substitute

φa(x, ω) := E(p)(x, ω)ha(x)jR(ω) into (3.8), where ha(x) = a−dh(x/a) for any a > 0.

The first term on the left hand side of (3.8) then takes the form

(3.9)
1

2

∑

(x,z)∈Zd×Λ

∫

pz(Txω)∂zE
(p)(x, ω)∂z

[

E(p)(x, ω)ha(x)
]

jR(ω) P(dω).

Using the differentiation rule

(3.10) ∂z(fg)(x) = f(x + z)∂zg(x) + g(x)∂zf(x)

we deduce that the expression in (3.9) equals

(3.11)
1

2

∑

(x,z)∈Zd×Λ

∫

pz(Txω)∂zE
(p)(x, ω)∂zE

(p)(x, ω)ha(x + z)jR(ω) P(dω)
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+
1

2

∑

(x,z)∈Zd×Λ

∫

pz(Txω)∂zE
(p)(x, ω)E(p)(x, ω)∂zha(x)jR(ω) P(dω).

Taking the first limit as a → +∞ (using the ergodic theorem) and then the second one as R →
+∞, we conclude that the first term of (3.11) becomes equal to the expression appearing on

the left hand side of (3.6). As for the second term of (3.11), note that ∂zha(x) ∼ a−d−1∇h(x)·z
for a � 1 uniformly in x. Therefore this term is of the same order of magnitude as

1

2ad+1

∑

(x,z)∈Zd×Λ

∫

pz(Txω)e
(p)
z (Txω)E(p)(x, ω)(∇h)(x/a) · z jR(ω) P(dω)

=
1

2ad+1

∑

x∈a−1Zd

∑

z∈Λ

∫

pz(Txω)e
(p)
z (Taxω)E(p)(ax, ω)(∇h)(x) · z jR(ω) P(dω)

Applying the Cauchy and Schwartz inequality we conclude that the right hand side of this

equality can be estimated by

1

2
|Λ|a−d max

z∈Λ

(

|z|‖e(p)
z ‖L2

)

sup
|x|≤a

‖E(p)(x, ·)‖L2

a

∑

y∈a−1Zd

|∇h(y)|,

which tends to 0 as a → +∞ by virtue of (3.5).

An analogous argument applied to the term on the right hand side of (3.8) yields that the

respective limits, first as a → +∞ and then as R → +∞, produce the expression appearing

on the right hand side of (3.6). What therefore remains to be shown is the fact that after

taking the test function equal to φa(·, ·) the second term on the left hand side of (3.8) vanishes

upon taking the iterative limit procedure. Indeed, the corresponding expression equals

1

2

∑

(x,z)∈Zd×Λ

∫

qz(Txω)∂zE
(p)(x, ω)E(p)(x, ω)ha(x)jR(ω) P(dω)

= −1

2

∑

(x,z)∈Zd×Λ

∫

∂∗z [ qz(Txω)E(p)(x, ω) ]E(p)(x, ω)ha(x)jR(ω) P(dω)

= −1

2

∑

(x,z)∈Zd×Λ

∫

qz(Txω)E(p)(x, ω) ∂zE
(p)(x, ω)ha(x)jR(ω) P(dω)

−1

2

∑

(x,z)∈Zd×Λ

∫

qz(Txω)E(p)(x, ω)E(p)(x + z, ω)∂zha(x)jR(ω) P(dω).

Using the relation E(p)(x + z, ω) = E(p)(x, ω) + ∂zE
(p)(x + z, ω) we therefore conclude that

(3.12)
3

2

∑

(x,z)∈Zd×Λ

∫

qz(Txω)∂zE
(p)(x, ω)E(p)(x, ω)ha(x)jR(ω) P(dω)

= −1

2

∑

(x,z)∈Zd×Λ

∫

qz(Txω)[E(p)(x, ω)]2 ∂zha(x)jR(ω) P(dω)
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and what remains to be proved is that the expression on right hand side of (3.12) vanishes as

a → +∞ first and then R → +∞. This expression is of the same order of magnitude as

(3.13) − 1

2ad+1

∑

(x,z)∈Zd×Λ

∫

qz(Txω)[E(p)(x, ω)]2∇xh
(x

a

)

· z jR(ω) P(dω).

Since
∑

z∈Λ

zq (qz, F )L2 = 2
∑

z∈Λ

zq (pz, F )L2 +
∑

z∈Λ

zq (pz, DzF )L2 ,

thanks to the assumption (H), we can write

∑

z∈Λ

zq qz =
∑

z∈Λ

D∗
zG

(q)
z ,

where G
(q)
z = 2D∗

zH
(q)
z + zqD

∗
zp

(q)
z . Hence, we can recast (3.13) in the form

(3.14) − 1

2ad+1

∑

(x,z)∈Zd×Λ

d
∑

q=1

∫

G
(q)
z (Txω)∂z

{

[E(p)(x, ω)]2 ∂xqh
(x

a

)}

jR(ω) P(dω)

= − 1

2ad+1

∑

(x,z)∈Zd×Λ

d
∑

q=1

∫

G
(q)
z (Txω)∂z[E

(p)(x, ω)]2 ∂xqh
(x

a
+ z
)

jR(ω) P(dω)

− 1

2ad+1

∑

(x,z)∈Zd×Λ

d
∑

q=1

∫

G
(q)
z (Txω)[E(p)(x, ω)]2 ∂z∂xqh

(x

a

)

jR(ω) P(dω)

The first term on the right hand side of (3.14) can be estimated by

(2R + L)|Λ| × sup
|x|≤a+2L

‖E(p)(x, ·)‖L2

a
× sup

z∈Λ
sup

q







‖e(p)
z ‖L2 a−d

∑

x∈a−1Zd

∂xqh
(x

a
+ z
)







.

Since ∂z∂xqh
(

x
a

)

∼ a−1
∑d

r=1 ∂2
xrxq

h
(

x
a

)

zp the second term on the right hand side of (3.14)

can be estimated by

(2R + L)|Λ| × sup
|x|≤a

(

‖E(p)(x, ·)‖L2

a

)2

× sup
r,q







a−d
∑

x∈a−1Zd

∂2
xrxq

h
(x

a

)







.

Both these terms vanish as a → +∞ for any given R.

4. Certain sufficiency conditions for (H)

In this section we present three examples of conditions on the statistics of pz, z ∈ Λ, that

imply (H).
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4.1. Spectral condition. Following [4], p. 116, we introduce

Bf (x) := 〈Uxf f〉 , x ∈ Z
d,

where f : Ω → R is a square integrable, zero mean random variable. From the Herglotz

theorem there exists a finite Borel measure Sf (·) on (Td,B(Td)) such that

(4.1) Bf (x) =

∫

Td

eix·kSf (dk),

with T
d := [0, 2π)d.

Proposition 4.1. Condition (H) is equivalent (cf. (2.7), p. 116, of [4])

(Sp)

E :=

d
∑

p=1

∫

Td

Sv(p)(dk)

|k|2 < +∞.

Recall that v(p), p = 1, · · · , d, are the components of the local drift, cf. (H).

Proof. First, suppose that (H) holds. Let B
(p)
z,z′(x) =

〈

UxH
(p)
z H

(p)
z′

〉

and B(p)(x) :=

[B
(p)
z,z′(x)]z,z′∈Λ. The matrix version of Herglotz’s theorem asserts the existence of a positive

definite, Hermite matrix–valued, finite Borel measure S(p)(·) = [S
(p)
z,z′(·)]z,z′∈Λ on T

d satisfying

B(p)(x) =
∫

Td eix·kS(p)(dk). After a straightforward calculation one gets

E =

d
∑

p=1

∑

z,z′∈Λ

∫

Td

1 + ei (z′−z)·k − ei z′·k − e−i z·k

|k|2 S
(p)
z,z′(dk) < +∞

and (Sp) follows.

On the other hand, assuming that (Sp) holds, we use the spectral theorem to represent the

field Uxv(p), x ∈ Z
d, see [10], (4.11), p. 16. We know that there exists a random measure

v̂(p)(·) such that

v(p)(τxω) =

∫

Td

eix·k v̂(p)(dk),

where
〈

v̂(p)(dk)v̂(p)(dk′)
〉

= δ(k − k′)Sv(p)(dk). Set

H
(p)
z :=

∫

Td

ei z·k − 1
∑

z′∈Λ

|ei z′·k − 1|2 v̂(p)(dk).

One can check that
∑

z∈Λ

〈

[

H
(p)
z

]2
〉

=

∫

Td

Sv(p)(dk)
∑

z′∈Λ

|ei z′·k − 1|2

=

∫

Td

|k|2
∑

z′∈Λ

|ei z′·k − 1|2 ×
Sv(p)(dk)

|k|2 < +∞,
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by virtue of (Sp). �

4.2. Mixing condition. The following result holds.

Proposition 4.2. With the notation of the previous section condition (H) holds provided that

d ≥ 3 and

(4.2)
d
∑

p=1

∑

x∈Zd

Bv(p)(x)

|x|d−2
< +∞.

Remark 4.3. The above proposition states that in dimension d ≥ 3 a sufficient rate of

decorrelation of the local drift guarantees condition (H). Note that Example 2.3 shows that

the situation in dimension d = 2 is quite different. One can assume any decorrelation rate

(even finite dependence range for the environment) for the local drift, yet the behavior of the

particle will be superdiffusive as soon as Ĉ(0) 6= 0, see formula (2.5).

Proof. Let Λs := Λ ∪ (−Λ) and

Λ+ := {z ∈ Λs : the last non-zero component of z is positive, or z = 0}.

Let ξω
n := TYn(ω), n ≥ 1, where (Yn)n≥1 is a homogeneous random walk on Z

d with the

(non-random) transition of probabilities r(x,x + z) := rz, z ∈ Λs, where
∑

z∈Λs rz = 1 and

r−z = rz, z ∈ Λ+. The chain (ξω
n )n≥0 is Markovian, with the transition of probability operator

RF =
∑

z∈Λs rzU
zF and the generator

LF =
∑

z∈Λs

rzDzF, F ∈ B(Ω).

The measure P is invariant and −L becomes a non-negative, self-adjoint operator when ex-

tended to L2. We denote by (ξn)n≥0 the chain obtained by randomization of the initial

configuration ω under P. Suppose that for any p = 1, · · · , d we can find Gp ∈ L2 such that

(4.3) v(p) = (−L)1/2Gp.

Hence,

(4.4) (Uxv(p), v(p))L2 =
∑

z∈Λs

rz(DzU
xGp, Gp)L2 , x ∈ Z

d.

A simple calculation using spectral measures of the expressions appearing on both sides of

(4.4) shows that

Sv(p)(dk) = 2
∑

z∈Λ+

(1− cos(k · z))SGp(dk),
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where SGp(·) is the spectral measure corresponding to Gp, cf. (4.1). Hence, condition (Sp) is

satisfied. It therefore remains to verify (4.3). This condition is however equivalent to

(4.5)

+∞
∑

n=0

(Rnv(p), v(p))L2 < +∞.

Let RnF =
∑

x∈Zd r(n,x)UxF , n ≥ 0. It is well known, see (3.179), p. 150, of [1], that

(4.6)
∑

n≥0

r(n,x) ∼ |x|2−d, for |x| � 1, when d ≥ 3.

(4.5) then easily follows from (4.2) and (4.6). �

4.3. Finite cycle representation condition. This is a generalization of the example pre-

sented on pp. 124-125 of [4]. We define a cycle C of length n ≥ 2 as a sequence of points

(z0, z1, · · · , zn) ⊂ Z
d such that zn = z0 and the points corresponding to indices smaller than

n are distinct. Let

pC(x,y) :=

n−1
∑

p=0

1(zp ,zp+1)(x,y), x,y ∈ Z
d.

Suppose also that W : Ω → R is a certain strictly positive random variable and ‖W‖∞ < +∞.

Set

(4.7) pz(ω) :=
1

n‖W‖∞
∑

y∈Zd

W (Tyω)pC+y(0, z) when z 6= 0,

and

(4.8) p0(ω) := 1−
∑

z∈Zd\{0}
pz(ω).

In this case Λ = {0, z1 − z0, · · · , zn−1 − zn−2, z0 − zn−1}.
This model can be easily generalized to the case of a finite sum of cycles. Namely, let

M > 0 be an integer, C1, · · · , CM be cycles of the corresponding lengths n1, · · · , nM and

Wm : Ω → R, m = 1, · · · ,M , be positive random variables that satisfy ‖Wm‖∞ < +∞. We

let

(4.9) pz(ω) :=
1

M

M
∑

m=1

∑

y∈Zd

Wm(Tyω)

nm‖Wm‖∞
pCm+y(0, z) when z 6= 0,

and p0 is given by (4.8).

It is easy to verify that the model is two-fold stochastic, i.e. (2S) is satisfied. We check

that (H) holds. It suffices only to check this condition for M = 1. In this case we obtain,

after a simple calculation,

v(ω) =
1

n‖W‖∞

n−1
∑

p=0

(zp+1 − zp)W (T−zpω) =
1

n‖W‖∞

n
∑

p=1

zp[W (T−zp−1ω)−W (T−zpω)].
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Hence for any F ∈ L2,

(v(q), F )L2 =
1

n‖W‖∞

n
∑

p=1

z(q)
p (W,D∗

zp−zp−1
F )L2

≤ 1

n
max

p
|zp|

∑

z∈Λ

‖D∗
zF‖L2

and (H) follows.
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[5] K. Oelschläger, Homogenization of a diffusion process in a divergence free random field, Ann. of Prob.,

16 (1988) 1084-1126.

[6] S. Olla, Central limit theorems for tagged particles and diffusions in random environment, to appear in
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