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Abstract: Consider an infinite system of particles evolving in a one dimensional lattice
according to symmetric random walks with hard core interaction. We investigate the
behavior of a tagged particle under the action of an external constant driving force. We
prove that the diffusively rescaled position of the test particleεX(ε−2t), t > 0, converges
in probability, asε → 0, to a deterministic functionv(t). The functionv(·) depends on the
initial distribution of the random environment through a non-linear parabolic equation.
This law of large numbers for the position of the tracer particle is deduced from the
hydrodynamical limit of an inhomogeneous one dimensional symmetric zero range
process with an asymmetry at the origin. An Einstein relation is satisfied asymptotically
when the external force is small.

Introduction

The one dimensional, nearest neighbor symmetric simple exclusion process can be
described as follows: particles evolve on the one dimensional latticeZ with an exclusion
rule that prevents more than one particle occupying the same site. Each particle jumps
after a mean one exponential time to the right or left with probability 1/2. If the chosen
site is already occupied, the jump is suppressed to conform to the exclusion rule. We
add to this system an extra particle and refer to it as the tagged particle. This particle is
subject to the same exclusion rule that forbids more than one particle at the same site
and, in contrast with the other particles, experiences the action of a constant external
driving force. In result, the tagged particle jumps with probability 1/2 < p ≤ 1 to the
right andq = 1− p to the left.

Without the presence of the environment, the tagged particle would perform a simple
asymmetric random walk. In particular, ifXt stands for its position at timet, t−1(Xt −
X0) would converge almost surely top − q ast ↑ ∞. The presence of the symmetric
environment affects dramatically the evolution of the tagged particle. Since the untagged
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particles behave as symmetric random walks, we expect an accumulation of particles at
the right of the tagged particle and a rarefaction at the left. Thus the environment slows
down the motion of the tagged particle and tends to confine it. In fact we prove in this
article that if the initial configuration of the system is a Bernoulli measure with slowly
varying density, then

lim
t→∞

Xt −X0√
t

= v (0.1)

in probability, wherev is a real number depending on the given density. An heuristic
derivation of (0.1) can be found in Burlatsky et al. ([BMMO, BMOR]).

The diffusive scale
√
t is peculiar to the nearest neighbor assumption that restrains

the tagged particle to jump over the symmetric particles. In higher dimension or without
the nearest neighbor assumption, one would expect the tagged particle to move in the
scalet.

In the not driven case (p = q) Arratia [Ar] showed thatt−1/4(Xt − X0) converges
in distribution, ast ↑ ∞, to a Gaussian variable with variance

1 − α

α

√
2
π

· (0.2)

A corresponding invariance principle, i.e. the convergence of the properly rescaled pro-
cessε(Xε−4t − X0) to a fractional Brownian motion of parameter 1/2, is proven in
[RV]. This behavior should be characteristic of every one dimensional nearest neighbor
model [Spo]. The first results of this type were established by Harris ([H]) in the case
of Brownian particles with hard core interaction in dimension 1.

In Sect. 6 we prove that if we start with a constant profile of densityα then

lim
p−q→0

v

p− q
=

1 − α

α

√
2
π
,

which is the Einstein relation between themobility v/(p − q) given by (0.1) and the
diffusivity given by (0.2). This is in agreement with the heuristic results of [BMOR].

Einstein relations can be established for a large class of weakly asymmetric models
(i.e. the asymmetry is rescaled with the parameterε relating the microscopic and the
macroscopic scales (cf. [LR])). If the asymmetry is strong (i.e. not rescaled in the macro-
scopic limit) rigorous results on the Einstein relations are rare, essentially because of the
difficulty to compute the stationary state of the environment as seen from the particle.

Here is the idea of our approach. First we have to understand that this is a non-
stationary problem: the tracer will start to push the particles in front and generate an
inhomogeneous density profile that will evolve deterministically under a diffusive rescal-
ing of space and time. The proper way to formulate the problem is thus to prove that

ε(Xε−2t −X0) → v(t),

wherev(t) is a deterministic function of the (macroscopic) time t. This suggests that the
problem is basically a hydrodynamic limit (cf. [KL]) with a moving boundary. There
is a natural map that transforms a one dimensional nearest neighbor exclusion process
in a zero range process. This map transforms the moving boundary problem in a fixed
boundary problem. Thus we need to prove the hydrodynamic limit for a zero range
process with boundary conditions.

Herbert Spohn made us notice a connection between this problem and the evolution
of the random interfaces in a 3-phase Potts model at zero temperature under a Glauber
dynamics. For some particular initial conditions the triple point of intersection of the
three phases evolves macroscopically exactly like (0.1).
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1. Statements of the Results

Consider a family of indistinguishable particles moving according to continuous time,
symmetric, nearest neighbor random walks onZ with an exclusion rule. We add a
tagged particle that moves according to an asymmetric random walk, jumping with
probabilityp to the right, probabilityq to the left, and that respects the exclusion rule.
The configuration of the system is denoted by (X, ξ), whereX ∈ Z is the position of the
tagged asymmetric particle, andξ ∈ {0, 1}Z is the configuration of all other particles.
Clearly ξ(X) = 0, because that site is already occupied by the asymmetric particle.
The system just described is a Markov process whose generator acts on local functions
F : Z × {0, 1}Z → R as

LF (X, ξ) = (1/2)
∑

z 6=X−1,X

[F (X, ξz,z+1) − F (X, ξ)]

+ p(1 − ξ(X + 1))[F (X + 1, ξ) − F (X, ξ)]

+ q(1 − ξ(X − 1))[F (X − 1, ξ) − F (X, ξ)] ,

(1.1)

whereξz,z+1 is the configuration obtained fromξ, exchanging the occupation variables
ξ(z), ξ(z + 1).

To fix ideas setp > 1/2. Denote byZ∗ the set of integers distinct from 0. For
0 ≤ α ≤ 1, denote byµα the Bernoulli product measure on{0, 1}Z∗ with densityα:

µα{ξ : ξ(x) = 1} = α ,

for everyx in Z∗. More generally, for a positive integerN and a profileκ0: R → [0, 1],
denote byµN

κ0(·) the Bernoulli product measure associated toκ0:

µN
κ0(·){ξ : ξ(x) = 1} = κ0(x/N )

for x in Z∗ and byPµN
κ0(·)

the probability measure on the path spaceD(R+,Z ×{0, 1}Z)

induced by the Markov process with generatorL defined in (1.1) and the initial measure
δ0 × µN

κ0(·).
Before stating the theorem, we introduce some notation required to define the limit

vt. Fix a strictly positive profileκ0. Denote byH: R → R, F : R → R the functions
defined by

H(A) =
∫ A

0
κ0(u) du , F (B) =

1
κ0(H−1(B))

− 1. (1.2)

HereH−1 stands for the inverse of the strictly increasing, absolutely continuous function
H.

Consider the non-linear parabolic equation with boundary condition onR+ × R+,
∂tρ = (1/2)18(ρ)

ρ(t, 0) = 0

ρ(0, ·) = F+(·) ,
(1.3)

whereF+ stands for the restriction ofF onR+ and8(ρ) = ρ/(1 +ρ); and the nonlinear
parabolic equation onR+ × R with boundary condition at the origin



290 C. Landim, S. Olla, S. B. Volchan
∂tρ = (1/2)18(ρ)

p8(ρ(t, 0+)) = q8(ρ(t, 0−))

∂u8(ρ(t, 0+)) = ∂u8(ρ(t, 0−))

ρ(0, ·) = F (·).

(1.4)

A precise definition of solutions of these differential equations is given in Sects. 3 and
4. In Sect. 6 we show that this equation can be transformed in a linear Stefan problem by
a Lagrangian coordinate transformation. As consequence the original exclusion process
with an asymmetric particle has a hydrodynamic behavior described by the solution of
a Stefan problem.

Theorem 1.1. Assumep = 1. Fix a profileκ0: R+ → [0, 1] such thatσ ≤ κ0 ≤ 1 − σ
for someσ > 0. Then, for everyδ > 0,

lim
N→∞

PµN
κ0(·)

[ ∣∣∣XtN2

N
− vt

∣∣∣ > δ
]

= 0 , (1.5)

where

vt =
∫ ∞

0

{
F (u) − ρ(t, u)

}
du (1.6)

andρ is the solution of equation (1.3).

Theorem 1.2. Assumep < 1. Forα < 1defineψα(u) = α1{u < 0}+(qα/p)1{u > 0}.
Fix a profileκ0: R → [0, 1] such thatψα ≤ κ0 ≤ 1 − σ for someσ > 0, 0 < α < 1.
Then, for everyδ > 0, (1.5) holds providedvt is given by (1.6) andρ is the solution of
Eq. (1.4).

The integral definingvt in (1.6) must be understood in the following sense: consider
the sequence{Hn, n ≥ 1} of real functions defined by

Hn(u) = (1− un−1)+. (1.7)

It follows from the equation satisfied byρ that
∫ +∞

0 Hn(u){F (u)−ρ(t, u)}du converges
asn ↑ ∞. This limit defines the right-hand side of (1.6).

In the case where the initial state is a Bernoulli product measureµα with a fixed
densityα, we can make more explicit computations:

Theorem 1.3. If the initial state isµα, then

lim
p−q→0

vt

p− q
=

(1 − α)
α

√
2t
π
.

Theorems 1.1 and 1.2 are proven in Sect. 5. Theorem 1.3 and more asymptotic results
are proven in Sect. 6.

We now explain why in Theorems 1.1 and 1.2 the asymmetric tagged particle moves
at scale

√
tand why the displacement is related to the solution of the differential equations

(1.3), (1.4).
We start labeling all particles. The tagged asymmetric particle is labeled 0. For

j ≥ 1, we label thej th particle at the right (left) of the tagged particle byj (−j). For
x in Z, denote byη(x) the number of holes between particlex and particlex + 1. In
this way we transform a configuration of{0, 1}Z with a particle at some siteX into a
configuration{η(x), x ∈ Z} ∈ NZ. Denote byT : Z×{0, 1}Z → NZ the transformation
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just described.T induces a transformation on the space of functions (resp. probability
measures) ofZ × {0, 1}Z to the space of functions (resp. probability measures) ofNZ

still denoted byT .
The dynamics of the process (Xt, ξt) induces a dynamics forηt that can be informally

described as follows. For everyx 6= −1, if there is at least one particle at sitex, at rate
1/2 one of them jumps to sitex + 1 and, symmetrically, if there is at least one particle
at sitex + 1, at rate 1/2 one of them jumps to sitex. The picture is slightly different
between sites−1 and 0 due to the behavior of the asymmetric tagged particle. A particle
jumps at rateq from site−1 to site 0 if there is a particle at−1 and a particle jumps at
ratep from site 0 to site−1 if there is a particle at the origin.

This process is the so-called zero range process, with an asymmetry at the origin.
The position at timet of the asymmetric tagged particle corresponds in the zero range
model to the total number of jumps between 0 andt from 0 to−1 minus the total number
of jumps in the same interval from−1 to 0:

Xt =
∑
x≥0

{η0(x) − ηt(x)}. (1.8)

The right-hand side is to be understood in the same sense as the righ-hand side of (1.6)
by the use of the functions (1.7) (with the limit in theL2 sense) (cf. [RV]).

Since in the zero range process the jumps of particles over all bonds, except the
bond{−1, 0}, are symmetric, we expect the process to have a diffusive hydrodynamic
behavior, i.e., that for a large class of initial profiles, the process accelerated byN2 is
such that for all continuous functions with compact supportG,

N−1
∑

x

G(x/N )ηtN2(x) (1.9)

converges in probability to
∫

R G(u)ρ(t, u)du, whereρ is the solution of a nonlinear heat
equation. In particular, approximating1{u > 0} by the sequence defined in (1.7), it
follows from (1.8) and (1.9) that

XtN2

N
= N−1

∑
x≥0

{η0(x) − ηtN2(x)}

converges in probability tovt given by (1.6).

2. The Case p=1

In the case where the asymmetric tagged particle jumps only to the right, the evolution
of the medium on its left is irrelevant for its motion. For the corresponding zero range
dynamics,p = 1 means that at rate 1 a particle at the origin jumps to−1 and no particle
jumps from−1 to 0. We may therefore assume that there is at−1 an infinite reservoir
or an absorption point to which particles from the origin jump at rate 1 and from which
no particle jumps. Moreover, the position of the tagged particle at timet corresponds in
the zero range process to the number of particles that left the system before timet.

Consider the zero–range process onN whose generator acts on cylinder functions as

L = Lb +
∑
x≥0

{
Lx,x+1 +Lx+1,x

}
, (2.1)
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where
Lx,yf (η) = (1/2)g(η(x))[f (σx,yη) − f (η)]

and
Lbf (η) = g(η(0))[f (η − d0) − f (η)].

Here, for a sitex,dx stands for the configuration with no particles but one atx, summation
is performed site by site,σx,yη is the configurationη with one particle less atx and one
more aty: σx,yη = η − dx + dy andg(k) = 1{k ≥ 1}.

Forα > 0, denote byν+
α the product measure onNN with marginals given by

ν+
α{η, η(x) = k} =

1
1 +α

( α

1 +α

)k

. (2.2)

It is easy to check that these measures are reversible with respect to the generators
Lx,x+1 +Lx+1,x defined above and thatEν+

α
[η(x)] = α.

We need to introduce some terminology on weak solutions of non linear parabolic
equations. Fix a bounded initial profileρ0: R+ → R. A bounded functionρ: [0, T ] ×
R+ → R is said to be a weak solution of the partial differential equation (1.3) with initial
conditionρ0 in the layer [0, T ] × R+ if

(a) 8(ρ(t, u)) is absolutely continuous in the space variable and∫ T

0
ds

∫
R+

du e−u{∂u8(ρ(s, u))}2
< ∞ ,

(b) ρ(t, 0) = 0 for almost every 0≤ t ≤ T , and

(c) For every smooth function with compact supportG: R+ → R vanishing at the origin
and for every 0≤ t ≤ T ,∫
du ρ(t, u)G(u) −

∫
du ρ0(u)G(u) = − (1/2)

∫ t

0
ds

∫
R+

duG′(u)∂u8(ρ(s, u)).

Uniqueness of weak solutions of (1.3) can be proved with similar methods to the ones
presented in [ELS], we outline the argument in the appendix. The existence for special
initial conditionsρ0 follows from the tightness of the sequenceQµN defined below in
Theorem 2.2.

We now describe the initial states considered in this section. Fix a sequence of
probability measures{µN , N ≥ 1} onNN.We assume that

(H1) The sequenceµN is bounded above (resp. below) byν+
α (resp.ν+

λ) for some
0< λ < α.

(H2) There exists a bounded functionρ0: R+ → R+ such that for each continuous
functionG: R+ → R with compact support and eachδ > 0,

lim
N→∞

µN
[ ∣∣∣N−1

∑
x

G(x/N )η(x) −
∫
duG(u)ρ0(u)

∣∣∣ ≥ δ
]

= 0.

The first assumption is needed in order to prove the two block estimates for zero
range processes with bounded jump rate (cf. [KL]). The second one just imposes a
hydrodynamic behavior at time 0.

For each probability measureµ onNN, denote byPN
µ the probability measure on the

path spaceD(R+,NN) induced by the Markov process with generator (2.1) accelerated
byN2 and the initial measureµ. Expectation with respect toPN

µ is denoted byEN
µ .



Driven Tracer Particle 293

Theorem 2.1. Fix a sequence of initial measures satisfying assumptions (H1) and (H2).
For any continuous functionG: R+ → R with compact support and anyδ > 0,

lim
N→∞

PN
µN

[∣∣∣N−1
∑

x

G(x/N )ηt(x) −
∫
duG(u)ρ(t, u)

∣∣∣ ≥ δ

]
= 0,

whereρ is the unique solution of (1.3).

For each positive integerN and each configurationη, define the empirical distribution
πN = πN (η) as the positive Radon measure onR+ obtained by assigning a massN−1

to each particle:πN = N−1 ∑
z≥0 η(z)δz/N and setπN

t = πN (ηt). Fix T > 0. Theorem
2.1 follows from the convergence in distribution of the process{πN

t , 0 ≤ t ≤ T}, stated
below in Theorem 2.2, and some standard topology arguments (cf. Chap. IV of [KL]).
To state the convergence in distribution of the empirical measure we need some notation.
Denote byM+ = M+(R+) the space of positive Radon measures onR+ endowed with
the vague topology, a metrizable topology. For each probability measureµ onNN, denote
by QN

µ the probability measure on the path spaceD([0, T ],M+) induced byPN
µ and the

empirical measureπN .

Theorem 2.2. The sequenceQN
µN converges to the probability measure concentrated

on the absolutely continuous pathπ(t, du) = ρ(t, u)du whose density is the solution of
(1.3).

Guo, Papanicolaou and Varadhan introduced in [GPV] a method, well known by
now, to prove Theorem 2.2 provided one has a bound on theentropyand on theDirichlet
form of the system with respect to some invariant measure. These bounds are usually
obtained computing the time derivative of the entropy of the distribution of particles at
time t relative to the equilibrium distribution. In the present context, however, there is
only one invariant measure: the trivial oneδ0 concentrated on the configuration 0with no
particles. Since all other probability measures onNN are orthogonal with respect to this
one, the entropy of any reasonable measure with respect toδ0 is infinite and the entropy
method does not apply straightforwardly. To overcome this problem, we compute the
relative entropy with respect to an inhomogeneous product measure that is not invariant
butcloseto the invariant measure.

To obtain an estimate on the entropy and on the Dirichlet form, we first assume that
there exists a parameterβ > 0 for which the relative entropyH(µN |ν+

β) is bounded by
C0N for some finite constantC0. Coupling arguments permit to remove this assumption.
This is explained at the end of this section.

To deduce an estimate on the entropy of the system, we need to introduce a class
of inhomogeneous product measures. Forx ≥ 0, defineγx by γx = β(1 + x)/N for
0 ≤ x ≤ N − 1 andγx = β for x ≥ N . Denote byνN

γ(·) the product measure onNN

with marginals given by

νN
γ(·){η, η(x) = k} = (1− γx)γk

x (2.3)

for all x ≥ 0 andk ≥ 0.
A simple computation relying on the entropy inequality shows that the entropy of

µN with respect toνN
γ(·) is bounded byC1N for some finite constantC1 depending only

onC0, α andβ: H(µN | νN
γ(·)) ≤ C1N (cf. Remark V.1.2 in [KL]).

For each probability densityf with respect toνN
γ(·), define the Dirichlet formDγ(f )

by
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Dγ(f ) = Dγ,b(f ) + Dγ,i(f ) = Dγ,b(f ) +
∑
x≥0

Dx,x+1(f ) ,

where Dγ,b(f ) = (1/2)
∫
g(η(0))

[√
f (η − d0) −

√
f (η)

]2
dνN

γ(·) ,

Dx,x+1(f ) = (1/2)
∫
g(η(x))

[√
f (η + dx+1 − dx) −

√
f (η)

]2
dνN

γ(·).

(2.4)

Proposition 2.3. LetSN
t be the semigroup associated to the generatorL introduced in

(2.1) accelerated byN2. Denote byft = fN
t the Radon–Nikodym derivative ofµNSN

t

with respect toνN
γ(·). There exists a finite constantC = C(β) such that

∂tH(µNSN
t |νN

γ(·)) ≤ −N2Dγ(ft) + CN.

Proof. Denote byL∗
γ the adjoint operator ofL with respect toνN

γ(·). It is easy to check
thatft is the solution of the forward equation{

∂tft = N2L∗
γft

f0 = (dµN )/(dνN
γ(·)).

(2.5)

Then by explicit calculation

∂tH(µNSN
t |νN

γ(·)) =
∫
N2L∗

γft logft dν
N
γ(·) +

∫
N2L∗

γft dν
N
γ(·)

=
∫
ftN

2L logft dν
N
γ(·) = N2

∫
ft(L logft − Lft

ft
) dνN

γ(·) + N2
∫
Lft dν

N
γ(·).

(2.6)
Notice that the last term would vanish ifνN

γ(·) were an invariant measure.

Since for everya, b > 0,a log(b/a) − (b− a) is less than or equal to−(
√
b−

√
a)2,

for everyx, y ≥ 0, we have that

ft Lx,y logft − Lx,yft ≤ −(1/2)g(η(x))
[√

ft(η + dy − dx) −
√
ft(η)

]2

ft Lb logft − Lbft ≤ −g(η(0))
[√

ft(η − d0) −
√
ft(η)

]2
.

Recall the definition of the Dirichlet formDγ(·) introduced in (2.4). The previous
estimate shows that the first term on the rightmost expression of (2.6) is bounded above
by −2N2Dγ(ft).

To estimate the termN2
∫
Lftdν

N
γ(·), which corresponds to the price we are paying

for not using an invariant distribution as a reference measure, let us write it explicitly:

N2
∫
Lft dν

N
γ(·) = N2

∑
x≥0

∫ (
Lx,x+1ft +Lx+1,xft

)
dνN

γ(·) +N
2
∫
Lbft dν

N
γ(·). (2.7)

Performing the change of variablesξ = η − dx + dy, the measures change as
dνN

γ(·)(η)/dνN
γ(·)(ξ) = γxg(ξ(y))/γyg(η(x)). In particular, we have that
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Lx,x+1ft +Lx+1,xft

)
dνN

γ(·)

= (1/2)
( γx

γx+1
− 1

) ∫
g(η(x + 1))ft(η) dνN

γ(·)

+ (1/2)
(γx+1

γx
− 1

) ∫
g(η(x))ft(η) dνN

γ(·).

We may thus rewrite the right-hand side of (2.7) as

(1/2)
∑
x≥1

(1Nγ)(x)
γx

∫
g(η(x))ft(η) dνN

γ(·)

+ (N2/2)
(γ1

γ0
− 1

) ∫
g(η(0))ft(η) dνN

γ(·)

+ N2
∫
g(η(0))[ft(η − d0) − ft(η)] dνN

γ(·).

(2.8)

In this formula, (1Nγ)(x) stands forN2{γx+1 + γx−1 − 2γx}. By definition of γ,
(1Nγ)(x) = 0 for allx except atx = N−1, where (1Nγ)(N−1) =N2(γN−2−γN−1),
which is negative becauseγ is non decreasing. The first line of (2.8) is therefore negative.
A change of variablesξ = η − d0 permits to write the second term of the second line as

N2
∫

[γ0 − g(η(0))]ft(η) dνN
γ(·).

The second line of (2.8) is therefore equal to

βN + (1/2)N2
(γ1

γ0
− 3

) ∫
g(η(0))ft(η) dνN

γ(·) ≤ βN

becauseγ0 = β/N , f is a density andγ1/γ0 = 2. This concludes the proof of the
proposition. �

With the previous estimate on the entropy and on the Dirichlet form, we are in a
position to apply the classical entropy method to prove the hydrodynamic behavior of
the system (cf. Chapter V in [KL]). We just point out here the main difference coming
from the absorption point at the origin.

Lemma 2.4. For every0 ≤ t ≤ T ,

lim
N→∞

EµN

[ ∫ t

0
g(ηs(0))ds

]
= 0.

Proof. Recall that we denote byft the Radon–Nikodym derivative ofµNSN
t with respect

to νN
γ(·). Setf̄t = t−1

∫ t

0 fsds. With this notation, the expectation in the statement writes

t

∫
f̄t(η)g(η(0))dνN

γ(·).

Adding and subtractinḡft(η − d0) and changing variables, we obtain that this integral
is equal to
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t

∫
g(η(0))[f̄t(η) − f̄t(η − d0)]dνN

γ(·) + tγ0.

The second term vanishes asN ↑ ∞ becauseγ0 = β/N . The first one, by Schwarz
inequality and a change of variables, is bounded above by

t

A
{‖g‖∞ + γ0} + tADγ,b(f̄t)

for everyA > 0. ChoosingA =
√
N , we conclude the proof of the lemma by virtue of

Proposition 2.3 and the convexity of the Dirichlet form. �

Lemma 2.5. For every0 ≤ t ≤ T ,

lim sup
ε→0

lim sup
N→∞

EµN

[ ∫ t

0
ds8(2ηNε

s (0))
]

= 0.

Notice that in this last expression we multiplyηNε
t (0) by 2 to obtain the density of

particles on the box [0, εN ]. The proof of Lemma 2.5 is performed in three steps. We
first show that we may replace the cylinder functiong(η(0)) by an average over a small
macroscopic box around the origin. We then replace this average by8(2ηεN (0)) and
recall Lemma 2.4 to conclude.

Lemma 2.6. For each0 ≤ t ≤ T and smoothG: R+ → R,

lim sup
ε→0

lim sup
N→∞

EµN

[ ∫ t

0
dsG(s)

{
g(ηs(0)) − (Nε)−1

Nε∑
y=0

g(ηs(y))
}]

= 0.

Proof. Denote byV (ηs) the expression inside braces in the previous formula:

V (η) = g(η(0)) − (εN )−1
Nε∑
y=0

g(η(y)). (2.9)

Sincef̄t = t−1
∫ t

0 fsds, we may rewrite the expectation in the statement of the lemma
as

t

∫
V (η)f̄t(η)νN

γ(·)(dη).

A change of variablesξ = η − dx gives that
∫
V (η)f̄t(η)νN

γ(·)(dη) is equal to

(Nε)−1
Nε∑
x=0

x−1∑
y=0

{
γy

∫ {
f̄t(η + dy) − f̄t(η + dy+1)

}
νN

γ(·)(dη)

+ [γy − γy+1]
∫
f̄t(η + dy+1)ν

N
γ(·)(dη)

}
.

Sinceγx is increasing inx, the second term is negative.
On the other hand, rewriting the difference{a− b} = {f̄t(η + dy) − f̄t(η + dy+1)} as

{
√
a−

√
b}{

√
a+

√
b} and applying the Schwarz inequality, we bound the first term by
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A

2εN

Nε∑
x=0

x−1∑
y=0

γy

∫ {√
f̄t(η + dy) −

√
f̄t(η + dy+1)

}2
νN

γ(·)(dη)

+
1

AεN

Nε∑
x=0

x−1∑
y=0

γy

∫ {
f̄t(η + dy) + f̄t(η + dy+1)

}
νN

γ(·)(dη)

for everyA > 0. Changing variables back, keeping in mind thatγx is a non decreasing
function and inverting the order of summation, we show that this expression is bounded
above by

A

2

Nε−1∑
y=0

Dy,y+1(f̄t) +
2‖g‖∞
A

εN

for every positiveA. Recalling Proposition 2.3 and takingA =
√
εN , we conclude the

proof of the lemma. �

In view of Lemma 2.4, to conclude the proof of Lemma 2.5, it remains to replace
the average of the cylinder functiong(η(x)) by 8(2ηεN (0)) but this is the classical two
blocks estimate. This concludes the proof of Theorem 2.2 under the assumption that the
entropy of the initial state with respect to the product measureν+

β is bounded above by
C0N for some finite constantC0. A coupling argument permits to remove Assumption
(H2’).

Consider a sequenceµN satisfying assumptions (H1) and (H2). FixA > 0 and let
µN,A be the probability measure onNN defined by

µN,A = µN
∣∣∣
3AN

⊗ ν+
β

∣∣∣
3c

AN

,

where3AN = {0, . . . , AN} andν3 is the marginal of the probability measureν on3.
Sinceν+

λ ≤ µN ≤ ν+
α and since all cylinder functions can be decomposed as the

difference of two monotone functions (cf. [KL]), a simple computation and the explicit
formula for the relative entropy give that

H(µN,A|ν+
β) ≤ 1

2

{
H(ν+,AN

α |ν+,AN
β ) + H(ν+,AN

λ |ν+,AN
β )

}
,

whereν+,m
γ is the marginal ofν+

γ on{0, . . . ,m}. In particular, the entropyH(µN,A|ν+
β)

is bounded above byC0N for some finite constantC0 depending only onA, α andλ.
Let ρA(t, u) denote the solution of (1.3) with initial conditionρA

0 (u) = ρ0(u)1{u ≤
A} + β1{u > A}. Investigating the time evolution of the integral

∫
R+
due−uρA(t, u)2

we obtain uniform inA a priori estimates that show thatρA converges to the unique
solution of (1.3) with initial conditionρ0.

Since the jump rateg is non decreasing, we may couple a zero range starting from
µN with another one starting fromµN,A and show that asA ↑ ∞ both behave exactly
in the same way on compact sets. This coupling, the hydrodynamic behavior of the
empirical measure for a process starting fromµN,A and the convergence ofρA to ρ,
permit to extend Theorem 2.2 to the sequence of measures satisfying assumptions (H1)
and (H2).
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3. The Casep < 1

We turn in this section to the case where the asymmetric tagged particle jumps at rate
p to the right and at rateq to the left. The corresponding zero range process has jumps
at rate (1/2) over all bonds but{−1, 0}. From the origin, particles jump at ratep to −1
and from−1 particles jump at rateq to 0. Recall that to fix ideas we assumedp > q.

The purpose of this section is to deduce the hydrodynamic behavior of the just
described space inhomogeneous process. Consider the zero–range process onZ with
generator given by

L =
∑
x 6=−1

{Lx,x+1 +Lx+1,x} + 2pL0,−1 + 2qL−1,0 , (3.1)

whereLx,y is the generator defined just after (2.1). In contrast with the previous section,
this system possesses a one parameter family of invariant measures. For eachϕ < p−1,
denote by ¯νi

ϕ the product measure onNZ with marginals given by

ν̄i
ϕ{η, η(x) = k} =

1
Z(ϕx)

ϕk
x

g(k)!
, (3.2)

whereϕx = pϕ for x ≤ −1 andϕx = qϕ for x ≥ 0. A direct computation shows that the
Markov process with generator given by (3.1) is reversible with respect to these product
measures.

Before stating the main result of this section, we introduce some terminology on
weak solutions of non-linear parabolic equations. Fix a bounded functionρ0: R → R. A
bounded functionρ: R+ × R → R is said to be a weak solution of the partial differential
equation (1.4) with initial conditionρ0 if

(a) 8(ρ(t, u)) is absolutely continuous in the space variable and for everyt > 0,∫ t

0
ds

∫
R
du e−|u|{∂u8(ρ(s, u))}2

< ∞ ,

(b) p8(ρ(t, 0+)) = q8(ρ(t, 0−)) for almost everyt ≥ 0 and

(c) For every smooth function with compact supportG: R → R and for everyt > 0,∫
R
du ρ(t, u)G(u) −

∫
R
du ρ0(u)G(u) = −

∫ t

0
ds

∫
R
duG′(u)∂u8(ρ(s, u)).

Sinceρ(t, u) is only a measurable function, requirement (b) must be understood as

lim
ε→0

∫ t

0
h(s)

{
p8

(1
ε

∫ ε

0
ρ(s, u)du

)
− q8

(1
ε

∫ 0

−ε

ρ(s, u)du
)}

ds = 0 (3.3)

for everyt ≥ 0 and any continuous functionh(t). The third property in (1.4) just states
that there is conservation of the total mass at the origin.

Uniqueness of weak solutions of (1.4) is proved with similar techniques to the ones
presented in [ELS](cf. Appendix). The existence for special initial conditionsρ0 follows
from the tightness of the sequenceQN

µN defined below.
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For each probability measureµ onNZ, denote byPN
µ the probability measure on the

path spaceD(R+,NZ) induced by the Markov process with generator (3.1) accelerated
byN2 and the initial measureµ. Expectation with respect toPN

µ is denoted byEN
µ .

We now define the initial states considered in the first main theorem of this section.
Fix a sequence of initial measuresµN onNZ, we assume that

(IS1) The sequenceµN is bounded above (resp. below) by some invariant state ¯νi
α (resp.

ν̄i
λ) for some 0< λ < α.

(IS2) There exists a functionρ0: R → R+ such that for each continuous functionG: R →
R+ and eachδ > 0,

lim
N→∞

µN
[ ∣∣∣N−1

∑
x

G(x/N )η(x) −
∫
duG(u)ρ0(u)

∣∣∣ ≥ δ
]

= 0.

Notice that it follows from assumption (IS1) that the functionρ0 in (IS2) is nec-
essarily bounded.

Theorem 3.1. Consider a sequence of initial statesµN satisfying assumptions (IS1),
(IS2). For any continuous functionG: R → R with compact support and anyδ > 0,

lim
N→∞

PN
µN

[∣∣∣N−1
∑

x

G(x/N )ηt(x) −
∫
duG(u)ρ(t, u)

∣∣∣ ≥ δ

]
= 0,

whereρ is the unique solution of (1.4).

Like in Sect. 3 (cf. also Chap. IV of [KL]), we deduce this result from the
convergence in distribution of the empirical measureπN = πN (η) defined as the
positive Radon measure onR obtained by assigning a massN−1 to each particle:
πN = N−1 ∑

z∈Z η(z)δz/N . SetπN
t = πN (ηt) and denote byM+ = M+(R) the space

of positive Radon measures onR endowed with the vague topology, a metrizable topol-
ogy. FixT > 0. For each probability measureµ on NZ, denote byQN

µ the probability
measure on the path spaceD([0, T ],M+) induced byPN

µ and the empirical measure
πN .

Theorem 3.2. The sequenceQN
µN converges to the probability measure concentrated

on the absolutely continuous pathπ(t, du) = ρ(t, u)du whose density is the solution of
(1.4).

Coupling arguments similar to the ones presented at the end of the previous section
show that it is enough to prove Theorem 3.2 under the assumption that there exist a
densityβ > 0 and a finite constantC0 such that the entropy ofµN with respect to ¯νi

β is
bounded byC0N : H(µN |ν̄i

β) ≤ C0N for everyN ≥ 1. We therefore assume until the
end of this section the existence of such constantsβ andC0.

The main difference in the proof of the hydrodynamic limit of this model and the
classical proof for space homogeneous systems resides in the behavior at the boundary
u = 0. The next four lemmas solve this question. For a sitex, a configurationη and a
positive integer̀ , denote byM±

` (x, η) the density of particles for the configurationη
on a box of sizè at the right (left) ofx:

M+
` (x, η) =

1
` + 1

x+∑̀
y=x

η(y) , M−
` (x, η) =

1
` + 1

x∑
y=x−`

η(y).
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Lemma 3.3. For every continuous functionH: [0, T ] → R,

lim sup
ε→0

lim sup
N→∞

EN
µN

[ ∣∣∣ ∫ T

0
dtH(t)

{
g(ηt(0)) − 8(M+

εN (0, ηt))
}∣∣∣ ]

= 0.

The same result holds ifg(ηt(0)) is replaced byg(ηt(−1)) and M+
εN (0, ηt) by

M−
εN (−1, ηt).

This result follows from the next lemma and the two blocks estimate.

Lemma 3.4. For every continuous functionH: [0, T ] → R,

lim sup
ε→0

lim sup
N→∞

EN
µN

[ ∣∣∣ ∫ T

0
dtH(t)

{
g(ηt(0)) − (εN )−1

εN∑
x=0

g(ηt(x))
}∣∣∣ ]

= 0.

The same result holds ifg(ηt(0)) is replaced byg(ηt(−1)) and the average over
{0, . . . , εN} is replaced by the average over{−εN, . . . , 0}.

Proof. Recall from (2.9) the definition ofV (ηt). By the entropy inequality,

EµN

[ ∣∣∣ ∫ T

0
dsH(s)V (ηs)

∣∣∣]
≤

H(µN |ν̄i
β)

NA
+

1
AN

logEν̄i
β

[
exp

{∣∣∣ ∫ T

0
dsG(s)ANV (ηs)

∣∣∣}]
for everyA > 0. By assumption, the first term on the right-hand side is bounded
by CA−1. To prove the lemma it is therefore enough to show that the limit of the
second one is less than or equal to 0 for everyA > 0. Sincee|x| ≤ ex + e−x and
lim supN N−1 log{aN +bN} ≤ max{lim supN N−1 logaN , lim supN N−1 logbN}, re-
placingH by −H we deduce that we only need to prove the previous statement without
the absolute value in the exponent. By the Feynman–Kac formula and the variational
formula for the largest eigenvalue of an operator,

lim sup
N→∞

1
AN

logEν̄i
β

[
exp

{ ∫ T

0
dsG(s)ANV (ηs)

}]
≤

∫ T

0
dt sup

f

{ ∫
H(t)V (η)f (η)ν̄i

β(dη) + A−1ND(f )
}
.

(3.4)

In this formula, the supremum is taken over all densitiesf with respect to ¯νi
β andD(f )

is the Dirichlet form

D(f ) =
∫ √

fL
√
f dνi

β .

We are now ready to integrate by parts the cylinder functionV . The rest of the proof
is similar to the proof of Lemma 2.6 and omitted for this reason. �

The same argument permits to deduce the following result.

Lemma 3.5. For every continuous functionH: [0, T ] → R,

lim sup
N→∞

EN
µN

[ ∣∣∣ ∫ T

0
dtH(t){pg(ηt(0)) − qg(ηt(−1))}

∣∣∣ ]
= 0.
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The next result follows from Lemma 3.3 and Lemma 3.5.

Corollary 3.6. For every continuous functionH: [0, T ] → R,

lim sup
N→∞

EN
µN

[ ∣∣∣ ∫ T

0
dtH(t)

{
p8(M+

εN (0, ηt)) − q8(M−
εN (−1, ηt))

}∣∣∣ ]
= 0.

These technical lemmas permit to adapt the classical proof of the hydrodynamic
behavior of reversible systems to the present context. Details are left to the reader.

Remark 3.7.In Sects 2 and 3 only the monotonicity and the boundness of the jump
rateg(·) were used. The same arguments permit therefore to deduce the hydrodynamic
behavior of a more general class of processes.

4. The Asymmetric Tagged Particle

We prove in this section Theorems 1.1 and 1.2 through the hydrodynamic behavior of
the inhomogeneous zero range processes considered in the previous two sections.

We have seen in the first section that the displacement of the asymmetric tagged
particle corresponds in the zero range process to the total flux of particles through the
origin. For this reason, we start deducing the total flux through the origin from the
hydrodynamic limit proved in the previous two sections.

Proposition 4.1. In the casep = 1, consider a sequence of probability measuresµN

satisfying assumptions (H1) and (H2). Then, for everyt ≥ 0 andδ > 0,

lim
N→∞

PN
µN

[ ∣∣∣N−1
∑
x≥0

{ηt(x) − η0(x)} −
∫ ∞

0
du {ρ(t, u) − ρ0(u)}

∣∣∣ > δ
]

= 0 , (4.1)

whereρ is the solution of (1.3). In the casep < 1, consider a sequence of probability
measuresµN satisfying assumptions (IS1), (IS2). Then, for everyt ≥ 0 andδ > 0 (4.1)
holds, whereρ is now the solution of (1.4).

Proposition 4.1 follows from the hydrodynamic behavior of the inhomogeneous
processes considered in Sects. 3, 4 and from the definition of the infinite sums appearing
in (4.1).

Theorem 1.1 and 1.2 follow from Proposition 4.1 if we prove the following propo-
sition:

Proposition 4.2. Fix a sequence of initial statesµN
ρ0(·) satisfying the assumptions of

Theorem 1.1 or 1.2. The sequenceT µN
ρ0(·) satisfy assumptions (H1), (H2) in the case

p = 1 or (IS1), (IS2) in the casep < 1, whereT is the transformation defined in Sect. 1.

Proof. We start with the casep = 1. A simple computation shows thatT transforms
the Bernoulli product measureµρ in the product measureν+

(1−ρ)/ρ defined by (2.2). Fix
a profileρ0: R+ → [0, 1] for which there existsσ > 0 such thatσ ≤ ρ0 ≤ 1 − σ.
Recall that we denote byµN

ρ0(·) the inhomogeneous product measure associated toρ0.
Let T µN

ρ0(·) = νN
ρ0(·). We shall now show thatνN

ρ0(·) fulfills assumptions (H1 ), (H2).
We first claim that ifµ is a product measure on{0, 1}N∗ bounded above (resp. below)

by µ+
ρ for some 0< ρ < 1, thenT µ is bounded below (resp. above) byν+

(1−ρ)/ρ. Here
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µ+
ρ stands for the restriction onN of the measuresµρ. Notice that the inequalities are

reversed by the applicationT . To fix ideas assume thatµ ≤ µ+
ρ. Forx ≥ 1, denote byγx

the probability of finding a particle atx for the probabilityµ so thatγx ≤ ρ. Forj ≥ 1,
denote byNj the position of thejth particle at the right of the origin. Sinceγx ≤ ρ for
everyx andµ, µρ are product measures, it is possible to coupleµ andµρ in such a way
thatNµ

1 ≥ Nρ
1 andNµ

j+1−N
µ
j ≥ Nρ

j+1−N
ρ
j for all j ≥ 1. In this formula,Nµ

j (resp.Nρ
j )

stands for the position of thejth particle under the distributionµ (resp.µρ). Applying
the transformationT to this coupling measure, we construct a measure onNN ×NN with
first marginal equal toT µ, second marginal equal toT µ+

ρ = ν+
(1−ρ)/ρ and concentrated

on configurations (η1, η2) below the diagonal. This shows thatT µ ≥ ν+
(1−ρ)/ρ, what

concludes the proof of the claim. In particular,ν+
σ/(1−σ) ≤ νN

ρ0(·) ≤ ν+
(1−σ)/σ for every

N ≥ 1 and assumption (H1) is verified.
Notice, however, that the claim “µ1 ≤ µ2 implies T µ1 ≥ T µ2” is not correct.

Consider, for instance, the configurationξ1, ξ2 such that

ξ1(x) = 1 if and only ifx 6= 1, 2, 3 and ξ2(x) = 1 if and only ifx 6= 1, 3.

In this case the deterministic measuresδξi are such thatδξ1 ≤ δξ2 but it is not correct
thatδT ξ1 is aboveδT ξ2.

We turn now to the second assumption (H2). It follows from (1.2) that∫ B

0
F (u) du = H−1(B) −B (4.2)

for everyB > 0. In order to check (H2), we just need to show that underνN
ρ0(·),

N−1 ∑[BN ]
x=0 η(x) converges in probability to

∫ B

0 F (u)du for everyB > 0. Fix a positive
integern. The following inequalities state that for the exclusion process the total number
of sites in3n = {0, . . . , n} is equal to the total number of particles plus the total number
of holes (that corresponds to the total number of particles for the zero range process):

n∑
x=0

ξ(x) +

−1+
∑n

x=0
ξ(x)∑

y=0

η(y) ≤ n + 1 ≤
n∑

x=0

ξ(x) +

∑n

x=0
ξ(x)∑

y=0

η(y).

The convergence ofN−1 ∑[BN ]
x=0 η(x) follows from these inequalities, the fact that under

the measureµN
ρ0(·), N

−1 ∑
0≤x≤[nN ] ξ(x) converges to

∫ n

0 ρ0(u) du and identity (4.2).
Details are left to the reader.

In exactly the same way, assumptions (IS1), (IS2) can be checked in the casep < 1.
The only difference is that we assume in (IS1) that the sequence of initial measures
is bounded below by an invariant measure ¯νi

ϕ which is inhomogeneous in space. This
forces the initial profileρ0 to be bounded below by the functionψα(u) = (1− α)1{u <
0} + [1 − (q/p)α]1{u > 0} for some 0< α < 1. �

5. Einstein Relation

We consider in this section initial profiles for which the solution of equation (1.4) is
selfscaling. For two fixed densitiesρ− andρ+ consider, for instance, the initial condition
ρ0(·) given by
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ρ0(u) = ρ+1{u ≥ 0} + ρ−1{y < 0}.

The solution of (1.4) takes the formρ(t, u) = ϕ(u/
√
t), whereϕ(·) is the solution of

− zϕ′(z) = ∂2
z8(ϕ(z)) ,

ϕ′(0+)
(1 +ϕ(0+))2

=
ϕ′(0−)

(1 +ϕ(0−))2
ϕ(±∞) = ρ±.

p8(ϕ(0+)) = q8(ϕ(0−)).

(5.1)

It easy to see that in this casevt = v
√
t, wherev is given by

v =
∫ +∞

0
{ρ+ − ϕ(y)} dy.

Moreover, sinceρ+ = ϕ(∞), we may write the expression inside braces as∫
[y,∞) ∂zϕ(z)dz. Performing an integration by parts and keeping in mind thatϕ is the

solution of (5.1), we obtain that

v =
ϕ′(0+)

(1 +ϕ(0+))2
·

We now transform (5.1) in a linear equation through the following Lagrangian change
of coordinates:

x(z) =
∫ z

0
(1 +ϕ(y)) dy m(x) =

1
1 +ϕ(z(x))

·

We leave to the reader to check that this transformation is in fact the inverse of the
transformationT described in (1.2). Moreover, a simple computation shows thatm(x)
is the solution of the linear equation

m′′(x) = −(x + v)m′(x) ,

− v =
m′(0+)
m(0+)

=
m′(0−)
m(0−)

,

p(1 −m(0+)) = q(1 −m(0−)) ,

m(±∞) = α± =
1

1 +ρ±
.

(5.2)

In fact (5.2) describes the selfscaling solution of the Stefan problem:

∂tm
∗(x, t) =

1
2
∂xxm

∗(x, t) ,

− vt =
∂xm

∗(vt+, t)
m∗(vt+, t)

=
∂xm

∗(vt−, t)
m∗(vt−, t)

,

p{1 −m∗(vt+, t)} = q{1 −m∗(vt−, t)} ,
m∗(x, 0) = α+1{x ≥ 0} + α−1{x < 0} .

(5.3)

In other words,m(x/
√
t) is the macroscopic profile of density as seen from the tagged

asymmetric particle.
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The solution of (5.2) can be written as

m(x) =


A+ +B+

∫ x

0
e−(1/2)y2−vy dy for x > 0 ,

A− +B−

∫ x

0
e−(1/2)y2−vy dy for x < 0 ,

where the parameters are related by the equations

p(1 −A+) = q(1 −A−) ; −v =
B+

A+
=
B−
A−

; α± = A±J(±v),

whereJ(v) = 1− v
∫ +∞

0 e−(1/2)y2−vy dy.
It follows from the previous identities that the parametersp, α+, α− andv satisfy the

equation

p

(
1 − α+

J(v)

)
= q

(
1 − α−

J(−v)

)
. (5.4)

This equation was obtained heuristically by [BDMO]. In particular, we cannot writev
as an explicit function ofp, α+, α−, but we can study some asymptotic relations. We
consider three distinct asymptotics.

We first investigate the case of a constant initial profile:α+ = α− = α. In this case
elementary computations give the identity

(p− q)
1 − α

α
=
pJ(−v) − qJ(v) − (p− q)J(v)J(−v)

J(v)J(−v)
· (5.5)

For small asymmetryp− q, we have a small displacementv. Replacing in (5.5)J(v) by
its expansion forv small gives, for fixedα and smallp− q, that

v = (p− q)

√
2
π

1 − α

α
+ o(p− q).

This proves the validity of Einstein relation for small drifts.
In the caseα+ 6= α− one can expand around the equilibrium, i.e., for smallp(1 −

α+) − q(1 − α−). The same expansions show that

v =
p(1 − α+) − q(1 − α−)

pα+ − qα−

√
2
π

+ o
(
p(1 − α+) − q(1 − α−)

)
.

A third possible asymptotics is given when the initial profile is constant and the
densityα = α+ = α− is small. In this case, for a fixed driftp − q, the displacement
v is very large. Asymptotically, for|v| close to∞, a simple computation shows that
J(v) ∼ v−2, J(−v) ∼ vev2/2

√
2π. Using these expansions in (5.4) one obtains that

v ∼
√
p− q

α+
+ o

(
1

√
α+

)
.
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6. Appendix: Uniqueness

Casep = 1. This is an extension to infinite volume of an argument presented in [ELS2].
Fix a weak solutionρ(t, u) of the differential Eq. (1.3). Sinceρ(t, ·) is in L1

loc(R+), we
may defineRt: R2

+ → R by

Rt(u, v) =
∫ v

u

ρ(t, w) dw. (6.1)

Denote by [·, ·] the inner product inL2(R2
+). Fix a smooth functionH: R2

+ → R with
compact support. Changing the order of summations we obtain that

[Rt, H] =
∫

R+

du ρ(t, w)h(w) , (6.2)

where

h(w) =
∫ w

0
du

∫ ∞

w

dv H(u, v) −
∫ ∞

w

du

∫ w

0
dv H(u, v).

Notice thath is a smooth function with compact support that vanishes at the origin.
Moreover, its derivative is given by

h′(w) =
∫ ∞

0
du {H(w, u) −H(u,w)}.

Therefore, in the virtue of (6.2), property (c) of weak solutions and a change of variables,
for every smooth functionH with compact support,

[Rt, H] = [R0, H] +
∫ t

0
ds

∫
R+

du

∫
R+

dv H(u, v){∂v8(ρ(s, v)) − ∂u8(ρ(s, u))}.

In particular, we have that

Rt(u, v) −R0(u, v) =
∫ t

0
ds {∂v8(ρ(s, v)) − ∂u8(ρ(s, u))} (6.3)

for almost all (u, v) in R2
+.

Consider now two solutionsρ1, ρ2 of Eq. (1.3), denote byR1
t , R2

t the respective
functions associated toρ1, ρ2, through (6.1) and setWt = R1

t −R2
t , ρ̄t = ρ1

t −ρ2
t . Denote

by [·, ·]e the inner product onL2(R2
+) associated to the measuree−(u+v)dudv. In view

of property (a) of weak solutions and identity (6.3),R: [0, T ] → L2(R2
+, e

−(u+v)dudv)
is almost everywhere differentiable. Therefore,

d

dt
[Wt,Wt]e = 2

∫
du

∫
dv e−(u+v)Wt(u, v){∂v8̄t(v) − ∂u8̄t(u)} ,

where8̄t(v) stands for8(ρ1(t, v)) − 8(ρ2(t, v)). An integration by parts gives that the
right-hand side is equal to

−2
∫

R+

e−u8̄t(u)ρ̄(t, u) + 2
∫
du

∫
dv e−(u+v)Wt(u, v)8̄t(v) (6.4)
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because
∫
du exp{−u} = 1. By Schwarz inequality, the second term is bounded above

by

‖8′‖∞[Wt,Wt]e +
1

‖8′‖∞

∫
R+

du e−u
(
8̄t(u)

)2

≤ ‖8′‖∞[Wt,Wt]e +
∫

R+

du e−u8̄t(u)ρ̄(t, u)

because8 is an increasing function with a bounded first derivative. Adding this expres-
sion to the first term of (6.4), we obtain that the time derivative of [Wt,Wt]e is bounded
above by

‖8′‖∞[Wt,Wt]e −
∫

R+

du e−u8̄t(u)ρ̄(t, u) ≤ ‖8′‖∞[Wt,Wt]e

because8 is non decreasing. By the Gronwall inequality, we deduce that [Wt,Wt]e is
bounded above by [W0,W0]e exp{‖8′‖∞t}, which concludes the proof of the unique-
ness of weak solutions of Eq. (1.3).

The casep < 1. The argument is similar to the one presented forp = 1. Fort ≥ 0,
defineRt: R2 → R+ as in (6.1). It can be shown that

Rt(u, v) −R0(u, v) =
∫ t

0
ds {∂v8(ρ(s, v)) − ∂u8(ρ(s, u))}

for almost all (u, v) in R2. Consider two solutions of Eq. (1.4). Denote bym(du) =
m(u)du the absolutely continuous measure with densitym(u) = p1{u < 0}+q1{u > 0}
and fix a smooth functionθ: R → R+ such thatθ(0) = 0,θ(u) = |u| foru large enough and∫
m(du) exp{−θ(u)} = 1. Let [·, ·]m stand for the inner product inL2(R2) with respect

to the measurem(du)m(dv) exp{−θ(u) − θ(v)}. Fix two solutionsρ1, ρ2 of Eq. (1.4),
denote byR1

t , R2
t the respective functions associated toρ1, ρ2, through (6.1) and set

Wt = R1
t −R2

t . With the same arguments presented above one can show that [Wt,Wt]m
is bounded above by [W0,W0]m exp{C(θ, ‖8′‖∞)t}. In this deduction the use of the
measurem(du) instead of the Lebesgue measure is fundamental in the integration by
parts performed in (6.4) for the boundary term to cancel.
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