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Abstract: Consider an infinite system of particles evolving in a one dimensional lattice
according to symmetric random walks with hard core interaction. We investigate the
behavior of a tagged particle under the action of an external constant driving force. We
prove that the diffusively rescaled position of the test partialé«—2t), ¢ > 0, converges

in probability, as — 0, to a deterministic function(t). The functioru(-) depends on the
initial distribution of the random environment through a non-linear parabolic equation.
This law of large numbers for the position of the tracer particle is deduced from the
hydrodynamical limit of an inhomogeneous one dimensional symmetric zero range
process with an asymmetry at the origin. An Einstein relation is satisfied asymptotically
when the external force is small.

Introduction

The one dimensional, nearest neighbor symmetric simple exclusion process can be
described as follows: particles evolve on the one dimensional I&tizigh an exclusion
rule that prevents more than one particle occupying the same site. Each particle jumps
after a mean one exponential time to the right or left with probabili®. 1f the chosen
site is already occupied, the jump is suppressed to conform to the exclusion rule. We
add to this system an extra particle and refer to it as the tagged particle. This particle is
subject to the same exclusion rule that forbids more than one particle at the same site
and, in contrast with the other particles, experiences the action of a constant external
driving force. In result, the tagged particle jumps with probabilit X p < 1 to the
right andg = 1 — p to the left.

Without the presence of the environment, the tagged particle would perform a simple
asymmetric random walk. In particular, X, stands for its position at timg t—1(X, —
Xo) would converge almost surely #— ¢ ast T oo. The presence of the symmetric
environment affects dramatically the evolution of the tagged particle. Since the untagged
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particles behave as symmetric random walks, we expect an accumulation of particles at
the right of the tagged particle and a rarefaction at the left. Thus the environment slows
down the motion of the tagged particle and tends to confine it. In fact we prove in this
article that if the initial configuration of the system is a Bernoulli measure with slowly
varying density, then

fim = Xo_, (0.1)

t—o0o \/E
in probability, wherev is a real number depending on the given density. An heuristic
derivation of (0.1) can be found in Burlatsky et al. (BMMO, BMORY]).

The diffusive scale/t is peculiar to the nearest neighbor assumption that restrains
the tagged particle to jump over the symmetric particles. In higher dimension or without
the nearest neighbor assumption, one would expect the tagged particle to move in the
scalet.

In the not driven casep(= ¢) Arratia [Ar] showed that~/4(X, — X;) converges
in distribution, ag 1 oo, to a Gaussian variable with variance

1-a /2. (0.2)

« ™
A corresponding invariance principle, i.e. the convergence of the properly rescaled pro-
cesse(X.-+; — Xp) to a fractional Brownian motion of parametef2l is proven in
[RV]. This behavior should be characteristic of every one dimensional nearest neighbor
model [Spo]. The first results of this type were established by Harris ([H]) in the case
of Brownian particles with hard core interaction in dimension 1.

In Sect. 6 we prove that if we start with a constant profile of densitiyen

v _l-—a /2

lim ,
p—q—0p—(q e} ™

which is the Einstein relation between thebility v/(p — ¢) given by (0.1) and the
diffusivity given by (0.2). This is in agreement with the heuristic results of [ BMOR)].

Einstein relations can be established for a large class of weakly asymmetric models
(i.e. the asymmetry is rescaled with the parameteglating the microscopic and the
macroscopic scales (cf. [LR])). If the asymmetry is strong (i.e. not rescaled in the macro-
scopic limit) rigorous results on the Einstein relations are rare, essentially because of the
difficulty to compute the stationary state of the environment as seen from the particle.

Here is the idea of our approach. First we have to understand that this is a non-
stationary problem: the tracer will start to push the particles in front and generate an
inhomogeneous density profile that will evolve deterministically under a diffusive rescal-
ing of space and time. The proper way to formulate the problem is thus to prove that

€(X -2, — Xo) — v(t),

whereu(t) is a deterministic function of the (macroscopic) time t. This suggests that the
problem is basically a hydrodynamic limit (cf. [KL]) with a moving boundary. There

is a natural map that transforms a one dimensional nearest neighbor exclusion process
in a zero range process. This map transforms the moving boundary problem in a fixed
boundary problem. Thus we need to prove the hydrodynamic limit for a zero range
process with boundary conditions.

Herbert Spohn made us notice a connection between this problem and the evolution
of the random interfaces in a 3-phase Potts model at zero temperature under a Glauber
dynamics. For some particular initial conditions the triple point of intersection of the
three phases evolves macroscopically exactly like (0.1).
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1. Statements of the Results

Consider a family of indistinguishable particles moving according to continuous time,
symmetric, nearest neighbor random walks Zmwith an exclusion rule. We add a
tagged particle that moves according to an asymmetric random walk, jumping with
probability p to the right, probabilityy to the left, and that respects the exclusion rule.
The configuration of the system is denoted &y €), whereX € Z is the position of the
tagged asymmetric particle, agds {0, 1} is the configuration of all other particles.
Clearly £(X) = 0, because that site is already occupied by the asymmetric particle.
The system just described is a Markov process whose generator acts on local functions
F:Z x {0,1}* — R as

LE(X,)=(1/2) Y [F(X,&*) - F(X,9)]

2#ZX—1,X
+ p(l = (X +)F(X +1,8) - F(X, )]
+q(1- X - [FX -18) - F(X, 9],

(1.1)

where¢##*1 is the configuration obtained frof exchanging the occupation variables

£(2), &(z + 1).
To fix ideas sep > 1/2. Denote byZ. the set of integers distinct from 0. For
0 < a < 1, denote by, the Bernoulli product measure 0, 1}%- with densitya:

ta{s 1 8(@) =1} =,

for everyz in Z,.. More generally, for a positive integ@f and a profile<g: R — [0, 1],
denote bwﬁg(_) the Bernoulli product measure associate@do

Mi\g(-){f 2 ¢(x) = 1} = Ko(x/N)

for zin Z, and byPMN() the probability measure on the path spa®., Z x {0, 1}%)
ro(
induced by the Markov process with generafatefined in (1.1) and the initial measure
Before stating the theorem, we introduce some notation required to define the limit
ve. FixX a strictly positive profile<g. Denote byH: R — R, 7: R — R the functions
defined by
1

ro(H-X(B))

HereH ~! stands for the inverse of the strictly increasing, absolutely continuous function
H.
Consider the non-linear parabolic equation with boundary conditidR.or R.,

{ Ap = (1/2)A2(p)

A
H(A) = /o ko(u)du , F(B)= 1 (1.2)

p(t,0) =0 (1.3)
p(oa ) = f"’() )

whereF, stands for the restriction of on R, and®(p) = p/(1 + p); and the nonlinear
parabolic equation oR. x R with boundary condition at the origin



290 C. Landim, S. Olla, S. B. Volchan

ep = (1/2)A(p)
p®(p(t, 0+)) = qP(p(t,0-))
Ou@(p(t,0+)) = 0, (p(t, 0-))
p(0,) = F().
A precise definition of solutions of these differential equations is given in Sects. 3 and
4. In Sect. 6 we show that this equation can be transformed in a linear Stefan problem by
a Lagrangian coordinate transformation. As consequence the original exclusion process

with an asymmetric particle has a hydrodynamic behavior described by the solution of
a Stefan problem.

(1.4)

Theorem 1.1. Assumep = 1. Fix a profilexo: R+ — [0,1] suchthatr < kg < 1-—o0¢
for somes > 0. Then, for every > 0,

JJlnmR‘i%(-)[‘Xﬁvz - ’ = 6} =0, (1.5)
where -
v = /0 {f(u) — p(t,u)}du (1.6)

andp is the solution of equation (1.3).

Theorem 1.2. Assume < 1. Fora < 1definey, (u) = al{u < 0}+(qa/p)1{u > 0}.
Fix a profile ko: R — [0, 1] such thaty, < ko < 1— ¢ for somes > 0,0 < a < 1.
Then, for every > 0, (1.5) holds providedy is given by (1.6) ang is the solution of
Eq. (1.4).

The integral defining; in (1.6) must be understood in the following sense: consider
the sequencéH,,, n > 1} of real functions defined by

Hy(u) = (1 —un"b*. (1.7)

It follows from the equation satisfied that f0+°° H, (u){F(u)— p(t, u) }du converges
asn 1 co. This limit defines the right-hand side of (1.6).

In the case where the initial state is a Bernoulli product meagyreith a fixed
densitya, we can make more explicit computations:

Theorem 1.3. If the initial state isu,,, then

. 1- 2t
lim 2t = (1=a) —.
p—q—0 pP—q (0% T

Theorems 1.1 and 1.2 are provenin Sect. 5. Theorem 1.3 and more asymptotic results
are proven in Sect. 6.

We now explain why in Theorems 1.1 and 1.2 the asymmetric tagged particle moves
atscale/t and why the displacement s related to the solution of the differential equations
(1.3), (1.4).

We start labeling all particles. The tagged asymmetric particle is labeled 0. For
j > 1, we label thej!" particle at the right (left) of the tagged particle py—j). For
x in Z, denote byn(x) the number of holes between partialeand particler + 1. In
this way we transform a configuration 6@, 1}% with a particle at some sit& into a
configuration{n(z), = € Z} € N%. Denote byT : Z x {0, 1}* — NZ the transformation
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just described7 induces a transformation on the space of functions (resp. probability
measures) of, x {0, 1}Z to the space of functions (resp. probability measure$)’of
still denoted by7 .

The dynamics of the procesk{, &;) induces a dynamics fey; that can be informally
described as follows. For every#Z —1, if there is at least one particle at siteat rate
1/2 one of them jumps to site + 1 and, symmetrically, if there is at least one particle
at sitex + 1, at rate 12 one of them jumps to site. The picture is slightly different
between sites-1 and 0 due to the behavior of the asymmetric tagged particle. A particle
jumps at ratey from site—1 to site 0 if there is a particle at1 and a particle jumps at
ratep from site O to site-1 if there is a particle at the origin.

This process is the so-called zero range process, with an asymmetry at the origin.
The position at time of the asymmetric tagged particle corresponds in the zero range
model to the total number of jumps between 0 afrdm 0 to—1 minus the total number
of jumps in the same interval from1 to O:

Xi =) {mox) — m(x)}. (1.8)

x>0

The right-hand side is to be understood in the same sense as the righ-hand side of (1.6)
by the use of the functions (1.7) (with the limit in tiié sense) (cf. [RV]).

Since in the zero range process the jumps of particles over all bonds, except the
bond{—1, 0}, are symmetric, we expect the process to have a diffusive hydrodynamic
behavior, i.e., that for a large class of initial profiles, the process acceleratdyd sy
such that for all continuous functions with compact supgart

N3 G/ NYne(a) (1.9)

converges in probability tg, G(u)p(t, u)du, wherep is the solution of a nonlinear heat
equation. In particular, approximatirid« > 0} by the sequence defined in (1.7), it
follows from (1.8) and (1.9) that

TN 2 NS o) — e ()
z>0

converges in probability to; given by (1.6).

2. The Case p=1

In the case where the asymmetric tagged particle jumps only to the right, the evolution
of the medium on its left is irrelevant for its motion. For the corresponding zero range
dynamicsp = 1 means that at ratl a particle at the origin jumps tel and no particle
jumps from—1 to 0. We may therefore assume that there is hian infinite reservoir

or an absorption point to which particles from the origin jump at rate 1 and from which
no particle jumps. Moreover, the position of the tagged particle atticoeresponds in

the zero range process to the number of particles that left the system before time

Consider the zero—range proces\owhose generator acts on cylinder functions as

L=Ly + > {Lowat Lovia (2.1)

x>0
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where
Ly f(m) = (1/2)g()Lf(e™n) — f(n)]
and
Ly f(n) = gn(O)Lf(n — v0) — f(m)]-

Here, for asite, 0, stands for the configuration with no particles but one aummation
is performed site by site;™¥n is the configuratiom with one particle less at and one
more aty: 0™¥n = n — 0, +9, andg(k) = 1{k > 1}.

Fora > 0, denote by the product measure a¥' with marginals given by

@ =ky = (7)) 22)
1% - - . .
« "7’ 77 X 1 +a 1 +a
It is easy to check that these measures are reversible with respect to the generators
Ly w1+ Ly, defined above and thét, . [n(z)] = a.

We need to introduce some terminology on weak solutions of non linear parabolic
equations. Fix a bounded initial profil®: R+ — R. A bounded functiorp: [0, T] x
R+ — Ris said to be a weak solution of the partial differential equation (1.3) with initial
conditionpg in the layer [0T] x R, if

(@) @(p(t,u)) is absolutely continuous in the space variable and

T
/ ds/ due_“{8u¢(p(s,u))}2 < o0,
0 +

(b) p(t,0) =0 for almostevery X ¢t < T, and

(c) For every smooth function with compact supp@riR. — R vanishing at the origin
and forevery Xt < T,

t
/ du plt, u)Glu) — / du pou) G = — (1/2) /O ds /R du G ()2, Do, ).

Unigueness of weak solutions of (1.3) can be proved with similar methods to the ones
presented in [ELS], we outline the argument in the appendix. The existence for special
initial conditionsp, follows from the tightness of the sequeri@g~ defined below in
Theorem 2.2.

We now describe the initial states considered in this section. Fix a sequence of
probability measure§u™, N > 1} onNN.We assume that

(H1) The sequencg” is bounded above (resp. below) by (resp.v3) for some
O<A<a.

(H2) There exists a bounded functigg: R+ — R. such that for each continuous
functionG: R. — R with compact support and eaéh> 0,

Jm e[| NS G /Nna) — [ du G| = 6] =0

The first assumption is needed in order to prove the two block estimates for zero
range processes with bounded jump rate (cf. [KL]). The second one just imposes a
hydrodynamic behavior at time 0.

For each probability measureonN", denote bfof the probability measure on the

path spacéd(R., NY) induced by the Markov process with generator (2.1) accelerated
by N2 and the initial measurg. Expectation with respect EBQ’ is denoted b)Ef}’ .
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Theorem 2.1. Fix a sequence of initial measures satisfying assumptions (H1) and (H2).
For any continuous functio&': R. — R with compact support and ardy> 0,

N—o0

lim IE”f:[N [‘N‘lzG(m/N)m(m) —/duG(u)p(t,u)‘ > 5] =0,

wherep is the unique solution of (1.3).

For each positive integé¥ and each configuratiof define the empirical distribution
N = 7N (n) as the positive Radon measureRnobtained by assigning a maas !
to each particler™ = N~ 37 __ n(2)d. /v and setr;’ = 7" (;). FixT > 0. Theorem

2.1 follows from the convergence in distribution of the prodes$, 0 < ¢+ < T'}, stated

below in Theorem 2.2, and some standard topology arguments (cf. Chap. IV of [KL]).
To state the convergence in distribution of the empirical measure we need some notation.
Denote byM. = M. (R,) the space of positive Radon measurefRorendowed with

the vague topology, a metrizable topology. For each probability measan®, denote

by (@f)’ the probability measure on the path spaq§0, 7], M.) induced byP’f)’ and the

empirical measure’ .

Theorem 2.2. The sequenc@/fj,\, converges to the probability measure concentrated
on the absolutely continuous pattt, du) = p(t, u)du whose density is the solution of
(1.3).

Guo, Papanicolaou and Varadhan introduced in [GPV] a method, well known by
now, to prove Theorem 2.2 provided one has a bound oeritrepyand on theéirichlet
form of the system with respect to some invariant measure. These bounds are usually
obtained computing the time derivative of the entropy of the distribution of particles at
time ¢ relative to the equilibrium distribution. In the present context, however, there is
only one invariant measure: the trivial oftgconcentrated on the configuratiom@ih no
particles. Since all other probability measure\®hare orthogonal with respect to this
one, the entropy of any reasonable measure with respégtdanfinite and the entropy
method does not apply straightforwardly. To overcome this problem, we compute the
relative entropy with respect to an inhomogeneous product measure that is not invariant
but closeto the invariant measure.

To obtain an estimate on the entropy and on the Dirichlet form, we first assume that
there exists a parametgr> 0 for which the relative entropﬁ(uN|ug) is bounded by
CoN for some finite constartty. Coupling arguments permit to remove this assumption.
This is explained at the end of this section.

To deduce an estimate on the entropy of the system, we need to introduce a class
of inhomogeneous product measures. For 0, definey, by v, = 8(1 +x)/N for
0<z < N-—1landy, =fforz > N.Denote by/)\, the product measure gq"
with marginals given by

va{nn(@) =k} = (L =)y (2.3)

forall x > 0 andk > 0.

A simple computation relying on the entropy inequality shows that the entropy of
N with respect tcvfy\g_) is bounded by”; N for some finite constar; depending only
onCo, a andg: H(u" |v,) < C1N (cf. Remark V.1.2 in [KL]).

] For each probability density with respect tw%, define the Dirichlet fornD.,(f)
y
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Do (f) = Dy(f) + Dyilf) = Dop(f) + Y Dana(f)

x>0

where D..4(1) = (1/2) [ auO) VTG —00) - VG| @y, @4

Dyua(f) = (1/2) / 9(n(x)) {\/ FO1+ 001 —02) =/ f (’7)} 2 dviiy-

Proposition 2.3. Let S}V be the semigroup associated to the generdtantroduced in
(2.1) accelerated byv2. Denote byf; = f¥ the Radon—Nikodym derivative pf' SV
with respect twﬁ,). There exists a finite constait= C'(3) such that

OHWN SNV, < —N2D.(f;) + CN.

Proof. Denote byL the adjoint operator of with respect to/%. It is easy to check
that f, is the solution of the forward equation

O ft :NZL;ft (2.5)
fo = (@du™)/(dv3y)- '
Then by explicit calculation
OGN SN = [ NPLfilog vy + [ NPL i,
L
= /ft N?Llog f; dviyy = Nz/ft(L log f; — %)dyﬁ,) + NZ/Lft duyy.
(2.6)

Notice that the last term would vanishuﬁ,) were an invariant measure.

Since for everys, b > 0, alog(b/a) — (b — a) is less than or equal te(vb — \/a)?,
for everyz, y > 0, we have that

FiLoy100fi — Loyfi < ~/20@) [VEG+0, —0) - ViG]
2
feLolog fi = Lofe < —g@(0) [v/Filn —20) = V)] -

Recall the definition of the Dirichlet fornb, () introduced in (2.4). The previous
estimate shows that the first term on the rightmost expression of (2.6) is bounded above
by —2N2D,(f).

To estimate the termv? Ik Lftdz/%, which corresponds to the price we are paying
for not using an invariant distribution as a reference measure, let us write it explicitly:

N? / Lf, dvl¥y = N2 / (Losasify + Lustafy) i, +N? / Lofy dvl,y. 27)
z>0

Performing the change of variables n — v, +0,, the measures change as
duf/\f,)(n) /dy%)(f) = 7.9 W) /vy g(n(x)). In particular, we have that
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/(Lx,m+lft +L:z+l,xft) dV»]Y\(r)

= @22 - 1) [ gtoto+ sl

Y+l
+ @222 - 1) [ o) i) vy

x+l .
Yz

We may thus rewrite the right-hand side of (2.7) as

w2y S [weyna

r>1

- v2/2)(2 1) [ gtonsita vy @8)
+ N / 90 O) Lo — 00) — ful)] v,

In this formula, Ax~v)(x) stands forN2{~,+1 + 7.1 — 2v,}. By definition of v,
(An7)(x) = Oforallz exceptat: = N — 1, where A yy)(N —1) = N?(yn_2—Yn—1),
whichis negative becausés non decreasing. The first line of (2.8) is therefore negative.
A change of variable§ = n — 9o permits to write the second term of the second line as

N2 [ 1o - g v
The second line of (2.8) is therefore equal to
2(N N
oN + @/2N? (2 = 3) [ gk, < sy
becausey, = §/N, f is a density andy;/~ = 2. This concludes the proof of the
proposition. O

With the previous estimate on the entropy and on the Dirichlet form, we are in a
position to apply the classical entropy method to prove the hydrodynamic behavior of
the system (cf. Chapter V in [KL]). We just point out here the main difference coming
from the absorption point at the origin.

Lemma 2.4. Forevery0 <t < T,
t
Jim 5,0 [ [ a0 =0

Proof. Recallthatwe denote bfy the Radon—Nikodym derivative pf¥ SN with respect
to z/%. Setf, =t~ 1 fot fsds. With this notation, the expectation in the statement writes

’ / Fn)g (O,

Adding and subtractingi(n — 0p) and changing variables, we obtain that this integral
is equal to
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t [ 0O ~ Fitn — valdvsly + tro

The second term vanishes 851 oo becausey = 3/N. The first one, by Schwarz
inequality and a change of variables, is bounded above by

Zlllglloe 70} + LA, 4

for every A > 0. ChoosingA = v/N, we conclude the proof of the lemma by virtue of
Proposition 2.3 and the convexity of the Dirichlet form. O

Lemma 2.5. Forevery0 <t < T,

t
lim suplim supE,,~ {/ ds <I>(277§V€(0))} =0
0

e—0 N—oo

Notice that in this last expression we multipjy’<(0) by 2 to obtain the density of
particles on the box [@N]. The proof of Lemma 2.5 is performed in three steps. We
first show that we may replace the cylinder functign(0)) by an average over a small
macroscopic box around the origin. We then replace this average(dy ¥ (0)) and
recall Lemma 2.4 to conclude.

Lemma 2.6. For eachO < ¢ < T"and smoottG: R, — R,

lim suplim SupE,,« | / ds G(){ 9(n,(0)) — (Vo) ij ginw)}] = 0.
y=0

e—0 N—oo 0

Proof. Denote byl/(n,) the expression inside braces in the previous formula:

Ne
V(n) = gm(0)) = (eN)™ ) g(n(v))- (2.9)

y=0

Sinceﬁ =t1 fot fsds, we may rewrite the expectation in the statement of the lemma
as

t [ VDTl
A change of variables = n — v, gives that/ V(n)ﬁ(n)u%(dn) is equal to

Ne z—1

D {vy [ {700 = oo, ol yin

=0 y=0
+ [y — vyl / fin +Dy+1)z/§v(.)(dn)}.

Sincen, is increasing inz, the second term is negative. _
On the other hand, rewriting the differenfe— b} = { f,(n +0,) — fi(n +9,+1)} @s

{\/a—v/b}{\/a++/b} and applying the Schwarz inequality, we bound the first term by
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Ne z—1

Z?N 22w / {\Fn+o,) — /o + ay+1)}2u§v(,)(dn)
DR )
AN 2 [ {00+ fir o, iy

for every A > 0. Changing variables back, keeping in mind thais a non decreasing
function and inverting the order of summation, we show that this expression is bounded
above by

Ne—1

3 = 2l
- Dy,y+1(ft) + eN
2 o A

for every positiveA. Recalling Proposition 2.3 and taking= /¢ N, we conclude the
proof of the lemma. O

In view of Lemma 2.4, to conclude the proof of Lemma 2.5, it remains to replace
the average of the cylinder functigitn(x)) by ® (27 (0)) but this is the classical two
blocks estimate. This concludes the proof of Theorem 2.2 under the assumption that the
entropy of the initial state with respect to the product measgn'e bounded above by
CoN for some finite constany. A coupling argument permits to remove Assumption
(H2).

Consider a sequenge” satisfying assumptions (H1) and (H2). Eix> 0 and let
uN+4 be the probability measure of' defined by

N,A_ N
= p

+
®1/ﬁ

Aan

H )

AN

whereA sn ={0,..., AN} andv, is the marginal of the probability measuren A.
Sincevi < u¥ < v} and since all cylinder functions can be decomposed as the

difference of two monotone functions (cf. [KL]), a simple computation and the explicit

formula for the relative entropy give that

1
HGNAg) < S{HEEN RN + BNy

wherev>™ is the marginal of7 on{0, ..., m}. In particular, the entropﬂ(uN7A|uZ;)
is bounded above bgy NV for some finite constan®y depending only o, « and\.

Let p(¢, u) denote the solution of (1.3) with initial conditigr' (u) = po(u)1{u <
A} + p1{u > A}. Investigating the time evolution of the integrﬁé+ due™"pA(t, u)?
we obtain uniform inA a priori estimates that show that' converges to the unique
solution of (1.3) with initial conditionpg.

Since the jump rate is non decreasing, we may couple a zero range starting from
uN with another one starting from”™# and show that ad 1 oo both behave exactly
in the same way on compact sets. This coupling, the hydrodynamic behavior of the
empirical measure for a process starting frofv4 and the convergence of* to p,
permit to extend Theorem 2.2 to the sequence of measures satisfying assumptions (H1)
and (H2).
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3. TheCasep < 1

We turn in this section to the case where the asymmetric tagged particle jumps at rate
p to the right and at rate to the left. The corresponding zero range process has jumps
at rate (¥2) over all bonds buf—1, 0}. From the origin, particles jump at rageo —1
and from—1 particles jump at rate to 0. Recall that to fix ideas we assumed q.

The purpose of this section is to deduce the hydrodynamic behavior of the just
described space inhomogeneous process. Consider the zero—range prdéesshon
generator given by

L= Z {Legsr+ Lov1a} + 2pLo 1 + 29110, (3.1)
r7—1

whereL, , is the generator defined just after (2.1). In contrast with the previous section,
this system possesses a one parameter family of invariant measures. Foreactt,
denote byv;, the product measure AW with marginals given by

—i O
eI =S Gy g

whereyp, = ppforz < —1andyp, = gp for z > 0. A direct computation shows that the
Markov process with generator given by (3.1) is reversible with respect to these product
measures.

Before stating the main result of this section, we introduce some terminology on
weak solutions of non-linear parabolic equations. Fix a bounded funggid — R. A
bounded functiop: R+ x R — R is said to be a weak solution of the partial differential
equation (1.4) with initial conditiompy if

(3.2)

(@) @(p(t,u)) is absolutely continuous in the space variable and for every,

/tds/due|“{8ud>(p(s,u))}2 < 0,
0 R

(b) p®(p(t,0+)) = qP(p(t,0-)) for almost every > 0 and
(c) For every smooth function with compact supp@rtR — R and for everyt > 0,

/Rdup(t,u)G(u) — /Rdupo(u)G(u):— /Ot ds /RduG’(u)aud>(p(s,u)).

Sincep(t, u) is only a measurable function, requirement (b) must be understood as

liLno /Ot h(s){pcb(% /o6 p(s,u)du) — qCID(% /OE p(s,u)du)} ds =0 (83)

for everyt > 0 and any continuous functidr(t). The third property in (1.4) just states
that there is conservation of the total mass at the origin.

Uniqueness of weak solutions of (1.4) is proved with similar techniques to the ones
presented in [ELS](cf. Appendix). The existence for special initial conditigrisllows
from the tightness of the sequen@;éfN defined below.
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For each probability measureon NZ, denote b)Pf)’ the probability measure on the
path spacéd(R., N%) induced by the Markov process with generator (3.1) accelerated
by N2 and the initial measurg. Expectation with respect t{@f)f is denoted b)Ef)’.

We now define the initial states considered in the first main theorem of this section.
Fix a sequence of initial measure§ onN”, we assume that

(IS1) The sequenge” is bounded above (resp. below) by some invariant sfateesp.
v}) for some 0< A < .

(IS2) There existsafunctign: R — R, such thatfor each continuous functiGhR —
R+ and each > 0,

Jm [ [N 6/ Nne) - [ du G| = 6] =0

Notice that it follows from assumption (IS1) that the functjgyin (1S2) is nec-
essarily bounded.

Theorem 3.1. Consider a sequence of initial state§’ satisfying assumptions (IS1),
(IS2). For any continuous functiof: R — R with compact support and any> 0,

N—o0

lim P, “N—lza(x/zv)m(x) . / duG(u)p(t,u)’ > 5] =0,

wherep is the unique solution of (1.4).

Like in Sect. 3 (cf. also Chap. IV of [KL]), we deduce this result from the
convergence in distribution of the empirical measufé = 7V (n) defined as the
positive Radon measure dR obtained by assigning a magé—* to each particle:
™ = N1, n(2)8. N Setr]) = 7V (n,) and denote byM. = M. (R) the space
of positive Radon measures &endowed with the vague topology, a metrizable topol-
ogy. FixT > 0. For each probability measureon N%, denote by@fLV the probability

measure on the path spaf£¥[0, 7], M.) induced byIP’f)’ and the empirical measure
N

™.
Theorem 3.2. The sequenc@f)ﬂv converges to the probability measure concentrated

on the absolutely continuous patit, du) = p(t, u)du whose density is the solution of
(1.4).

Coupling arguments similar to the ones presented at the end of the previous section
show that it is enough to prove Theorem 3.2 under the assumption that there exist a
density3 > 0 and a finite constartt, such that the entropy @f¥ with respect toss is

bounded byCyV: H(,uN\J},) < CoN for everyN > 1. We therefore assume until the
end of this section the existence of such constaraadCy.

The main difference in the proof of the hydrodynamic limit of this model and the
classical proof for space homogeneous systems resides in the behavior at the boundary
u = 0. The next four lemmas solve this question. For a:sjta configuratiom and a
positive integer, denote bny(x, n) the density of particles for the configuratign
on a box of size at the right (left) ofz:

z+l

M{ (e, = 54 D) My () = ﬁll > ).

y=r—/{
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Lemma 3.3. For every continuous functiof: [0, 7] — R,

lim suplim supEy [ ‘ /0 C H(t){g(m(O)) — oMy (0, m))} H = 0.

e—0 N—oo

The same result holds if(n.(0)) is replaced byg(n.(—1)) and M, (0,7n.) by
Me_N(flv 77t)

This result follows from the next lemma and the two blocks estimate.
Lemma 3.4. For every continuous functiof: [0, 7] — R,
T eN
im suplin SUpE?y H / dt H(t){g(nt(O)) — (V)Y g(m(m))} H = 0.
e— N—oo 0 2=0

The same result holds i(n.(0)) is replaced byg(n.(—1)) and the average over
{0,...,eN} is replaced by the average ovgreN, ..., 0}.

Proof. Recall from (2.9) the definition d¥ (1;). By the entropy inequality,

)

+ % logE;; {exp{‘ /OT ds G(s)ANV(n;)

E,n|| /0 " s BV
_ H(u"N|v))
= T NA

j

for every A > 0. By assumption, the first term on the right-hand side is bounded
by CA~L. To prove the lemma it is therefore enough to show that the limit of the
second one is less than or equal to O for evdry> 0. Sinceel*l < e + =% and

lim supy, N~tlog{ay+by} < max{lim supy N~tlogax, limsupy N~logby},re-
placingH by — H we deduce that we only need to prove the previous statement without
the absolute value in the exponent. By the Feynman—Kac formula and the variational
formula for the largest eigenvalue of an operator,

”](Injolipﬁ log EJ; {exp{ /OT ds G(s)ANV(nS)H

T (3.4)
< /O dt sup [ HOV@ @@ + AN},

In this formula, the supremum is taken over all densifiegith respect tw},_andD(f)

is the Dirichlet form
D(f):/\/?L\/fdyg.

We are now ready to integrate by parts the cylinder functioithe rest of the proof
is similar to the proof of Lemma 2.6 and omitted for this reason. (I

The same argument permits to deduce the following result.
Lemma 3.5. For every continuous functioA: [0, 7] — R,

im supE2s || /0 " dt HO o 0) - agn(-1)}|| =o.

N—o0
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The next result follows from Lemma 3.3 and Lemma 3.5.

Corollary 3.6. For every continuous functioff: [0,7] — R,

T
imsupE2 | [ dt HO{po3©.n) ~ e0 (-1} | =0
N—oo 0
These technical lemmas permit to adapt the classical proof of the hydrodynamic
behavior of reversible systems to the present context. Details are left to the reader.

Remark 3.7.In Sects 2 and 3 only the monotonicity and the boundness of the jump
rateg(-) were used. The same arguments permit therefore to deduce the hydrodynamic
behavior of a more general class of processes.

4. The Asymmetric Tagged Particle

We prove in this section Theorems 1.1 and 1.2 through the hydrodynamic behavior of
the inhomogeneous zero range processes considered in the previous two sections.

We have seen in the first section that the displacement of the asymmetric tagged
particle corresponds in the zero range process to the total flux of particles through the
origin. For this reason, we start deducing the total flux through the origin from the
hydrodynamic limit proved in the previous two sections.

Proposition 4.1. In the casep = 1, consider a sequence of probability measyiés
satisfying assumptions (H1) and (H2). Then, for every0 ands > 0,

m P HN_lz{nt(m) — no(x)} — /ODO du {p(t,u) — po(u)}‘ > 5} =0, (4.1)

li
N—?
x>0

wherep is the solution of (1.3). In the cage< 1, consider a sequence of probability
measureg.” satisfying assumptions (IS1), (1S2). Then, for every0 ands > 0 (4.1)
holds, wherey is now the solution of (1.4).

Proposition 4.1 follows from the hydrodynamic behavior of the inhomogeneous
processes considered in Sects. 3, 4 and from the definition of the infinite sums appearing
in (4.1).

Theorem 1.1 and 1.2 follow from Proposition 4.1 if we prove the following propo-
sition:

Proposition 4.2. Fix a sequence of initial stateys%(,) satisfying the assumptions of

Theorem 1.1 or 1.2. The sequenfgaffo(,) satisfy assumptions (H1), (H2) in the case
p = 1lor (IS1), (1IS2) in the case < 1, whereT is the transformation defined in Sect. 1.

Proof. We start with the casg = 1. A simple computation shows thdt transforms
the Bernoulli product measuye, in the product measune{'lfp)/p defined by (2.2). Fix

a profile po: R+ — [0, 1] for which there exister > 0 such that < pg < 1 — 0.
Recall that we denote b}yﬁg(_) the inhomogeneous product measure associatggl to
Let Tply y = v . We shall now show thaty , fulfills assumptions (H1 ), (H2).

We first claim that ifu is a product measure 0, 1}~ bounded above (resp. below)
by 117, for some 0< p < 1, thenT . is bounded below (resp. above) b(yfp)/p. Here
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1, stands for the restriction o of the measureg,. Notice that the inequalities are
reversed by the applicatidh. To fix ideas assume that< p7. Forz > 1, denote by,
the probability of finding a particle at for the probabilityu so thaty, < p. Forj > 1,
denote byN; the position of thgi™" particle at the right of the origin. Sineg. < p for
everyz andy, 11, are product measures, it is possible to coypéndy, in such a way
thatN!' > N? andN;ﬁrl—N;‘ > N;’+1—N;’ forallj > 1. InthisformuIaNj‘.‘ (respij)
stands for the position of thg" particle under the distribution (resp.s,). Applying
the transformatiofl” to this coupling measure, we construct a measuébr NN with
first marginal equal t@ 1, second marginal equal By, = V(+1—p)/p and concentrated

on configurations*, n?) below the diagonal. This shows thay, > V(Ja-*l?)//?’ what

concludes the proof-of the Clgim. I.n- particulag,/(l_a) < ug(,) < V(+1—a)/a for every
N > 1 and assumption (H1) is verified.

Notice, however, that the claimu® < p? implies 7p! > T2 is not correct.
Consider, for instance, the configurati¢h £2 such that

(x)=1 ifandonlyifz #1,2,3and ¢*z)=1 ifandonlyifz #1,3.

In this case the deterministic measudgsare such thaé.: < d¢2 but it is not correct
thatdr: is abovedre.
We turn now to the second assumption (H2). It follows from (1.2) that

B
/ Fw)du=H YB)-B (4.2)
0

for every B > 0. In order to check (H2), we just need to show that umdgg(,),

N-13 1BV (x) converges in probability t,” F(u)du for everyB > 0. Fix a positive
integem. The following inequalities state that for the exclusion process the total number
of sitesinA,, = {0,...,n} is equal to the total number of particles plus the total number
of holes (that corresponds to the total number of particles for the zero range process):

_1+Z Z:o &) Z::O &)

Yoty + DY ) <+l <D @)+ Y )
=0

y=0 =0 y=0

The convergence af —* Z&Eé\” 7n(z) follows from these inequalities, the fact that under

the measure) y, N™137 -, v &() converges tofy" po(u) du and identity (4.2).
Details are left to the reader.”

In exactly the same way, assumptions (IS1), (1S2) can be checked in the €ake
The only difference is that we assume in (IS1) that the sequence of initial measures
is bounded below by an invariant measufpew"hich is inhomogeneous in space. This
forces the initial profileyy to be bounded below by the functian, (u) = (1 — @)1{u <
0} +[1 — (¢/p)a]L{u > O} for some 0< « < 1. O

5. Einstein Relation
We consider in this section initial profiles for which the solution of equation (1.4) is

selfscaling. For two fixed densitigs. andp.. consider, for instance, the initial condition
po(-) given by
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po(u) = p+1{u > 0} + p_1{y < O}.
The solution of (1.4) takes the forpft, u) = o(u/+/t), wherey(-) is the solution of
— 2¢(2) = 2D(p(2)) ,
¢'0+) _  ¥(0-)
(L+p0H)y (1 +¢(0-))?
pP(p(0+)) = ¢@(p(0-)).

It easy to see that in this casg= v+/¢, wherev is given by

P(+0) = px. (5.1)

v =/Ooc{p+—<p(y)} dy.

Moreover, since. = ¢(o0), we may write the expression inside braces as
f[y o) 0,¢(z)dz. Performing an integration by parts and keeping in mind thist the
solution of (5.1), we obtain that

, = Y0
(1 +¢(0+)p

We now transform (5.1) in a linear equation through the following Lagrangian change
of coordinates:

1
1 +p(2(x))
We leave to the reader to check that this transformation is in fact the inverse of the

transformatiori/” described in (1.2). Moreover, a simple computation showsti{a)
is the solution of the linear equation

x@=éu+mmw m(r) =

m(z) = —(z+v)m'(z),
_ /(04 _ m'(0-)
m(0+) m(0-) ’

(5.2)
p(1 —m(0+)) =¢(1 - m(0-)) ,
m(£o0) = ay = T4,
In fact (5.2) describes the selfscaling solution of the Stefan problem:
1
8257’71*(1‘, t) = Eaxwm* (J?, t) )
_ 6a:m*(vt+a t) _ 8.'Em*(vt_at)

—U = = ’ (5.3)

m*(vt-'—vt) m*(vt_vt)
p{l - m*(vt+? t)} = q{l - m*(Ut—7 t)} )
m*(x,0) =as1{z > 0} +a_1{z < O} .

In other wordsyn(x/+/t) is the macroscopic profile of density as seen from the tagged
asymmetric particle.
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The solution of (5.2) can be written as

x
Ay + B+/ e~ W2 gy forz >0,
m(z) = ? e
A_+B_ / e~ W2 = gy forz <0,
0

where the parameters are related by the equations

_Bs_ B

pA=A)=q=A)s —v=-m =m0 e =Au (),

whereJ(v) = 1— v [ e W2 ~vy gy,
It follows from the previous identities that the paramejers. , o andv satisfy the

equation
o+ _ o
p(1-755) = (- 755) ©

This equation was obtained heuristically by [BDMOQ]. In particular, we cannot write
as an explicit function op, a+, a_, but we can study some asymptotic relations. We
consider three distinct asymptotics.

We first investigate the case of a constant initial profile= «_ = «. In this case
elementary computations give the identity

1-a_pJ(=v)—q¢J@) - (p—9)J()J(-v)
e J(v)J(—v)

(—q) (5.5)

For small asymmetry — ¢, we have a small displacemeantReplacing in (5.5) (v) by
its expansion fov small gives, for fixedv and smallp — ¢, that

21—«
v=(p—qh/=
T

+ o(p — @)

This proves the validity of Einstein relation for small drifts.
In the casev. # a_ one can expand around the equilibrium, i.e., for sméll—
as) — q(1 — a_). The same expansions show that

p= A0 al 20 2 ) - aa ).

A third possible asymptotics is given when the initial profile is constant and the
densitya = a4+ = a_ is small. In this case, for a fixed drift — ¢, the displacement
v is very large. Asymptotically, fofv| close tooo, a simple computation shows that

J(v) ~ v=2, J(—v) ~ ve’"/2/2x. Using these expansions in (5.4) one obtains that

oo P4 +0<
a4

=)
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6. Appendix: Uniqueness

Casep = 1. This is an extension to infinite volume of an argument presented in [ELS2].
Fix a weak solutiomp(t, u) of the differential Eq. (1.3). Sincg(t, -) is in L}, (R+), we
may defineR;:R? — R by

Ri(u,v) = /v p(t, w) dw. (6.1)

Denote by [, -] the inner product in.?(R2). Fix a smooth functionZ: R2 — R with
compact support. Changing the order of summations we obtain that

[R,, H] = / du plt, w)h(w) | 6.2)

h(w)=/0wdu /woode(u,v) - /wocdu /Owde(u,v).

Notice thath is a smooth function with compact support that vanishes at the origin.
Moreover, its derivative is given by

where

B (w) = /OOO du {H(w,u) — H(u,w)}.

Therefore, in the virtue of (6.2), property (c) of weak solutions and a change of variables,
for every smooth functiod with compact support,

[Rs, H] =[Ro, H] + /o ds/ du A dv H (u, v){0,®(p(s, v)) — O, P(p(s, w))}.

In particular, we have that

Ry(u,v) — Ro(u,v) = /O ds {0, D(p(s,v)) — Du®(p(s, u))} (6.3)

for almost all {, v) in R2.

Consider now two solutiong?, p? of Eq. (1.3), denote by?}, R? the respective
functions associated ¢, p?, through (6.1) and sét; = R} — R2, p; = pt — p?. Denote
by [, ] the inner product oL.2(R?) associated to the measure®*")dudv. In view
of property (a) of weak solutions and identity (6.8,[0, 7] — L?(R2, e~ “*)dudv)
is almost everywhere differentiable. Therefore,

%[Wn Wile = Z/du /dv e*(“M)Wt(U,U){&;q_)t(U) - aud_)t(u)} )

whered_bt(v) stands ford(p(t, v)) — ®(p?(t, v)). An integration by parts gives that the
right-hand side is equal to

-2 / +e*"q_>t(u)[xt,u) + 2 / du / dv e~ “IW, (u, v) Py (v) (6.4)
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because du exp{—u} = 1. By Schwarz inequality, the second term is bounded above

by
1

19"oc Jr.

< |0 [loc[ Wi, Wil + / du e~ B ()t )

+

|| oo[We, Wile + due_“(CI_Dt(u))Z

becauseb is an increasing function with a bounded first derivative. Adding this expres-
sion to the first term of (6.4), we obtain that the time derivative@f [, ]. is bounded
above by

||CD/HOO[Wt7Wt]e - / due_ucEt(u)p_(ta u) S ||q)/||oo[Wt7Wt]e
becauseb is non decreasing. By the Gronwall inequality, we deduce that [V;]. is
bounded above byi¥o, Wo]. exp{||®’||«t}, which concludes the proof of the unique-
ness of weak solutions of Eq. (1.3).

The casep < 1. The argument is similar to the one presentedyfer 1. Fort > 0,
defineR;: R? — R, as in (6.1). It can be shown that

Ri(u, v) — Ro(u, v) = /O ds {0, ®(p(s, v)) — Du®(p(s, u))}

for almost all ¢, v) in R?. Consider two solutions of Eq. (1.4). Denote tfdu) =
m(u)du the absolutely continuous measure with densifyt) = p1{u < 0}+¢1{u > 0}

and fixa smooth functioft R — R, suchtha#(0) = 0,6(u) = |u| for ularge enough and

[ m(du) exp{—0(u)} = 1. Let[, -],, stand for the inner product ih?(R?) with respect

to the measuren(du)m(dv) exp{—6(u) — 6(v)}. Fix two solutionsp?, p? of Eq. (1.4),
denote byR?, R? the respective functions associatedolo p?, through (6.1) and set

W, = R} — R2. With the same arguments presented above one can showithat}],,

is bounded above by, Wo).., exp{C (0, ||®'||)t}. In this deduction the use of the
measuren(du) instead of the Lebesgue measure is fundamental in the integration by
parts performed in (6.4) for the boundary term to cancel.
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