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Abstract: We prove that the self-diffusion coefficient of a tagged particle in the sym-
metric exclusion process inZd , which is in equilibrium at densityα, is of classC∞ as
a function ofα in the closed interval[0,1]. The proof provides also a recursive method
to compute the Taylor expansion at the boundaries.

1. Introduction

In the course of the study of macroscopic behavior of large particle systems, effective
diffusion coefficients which are functions of the parameters (associated to the conserved
quantities) that define the equilibrium measures of the system often appear. These diffu-
sion coefficients are usually expressed in terms of integrals of time correlations functions
(Green–Kubo formulas), or through (infinite dimensional) variational formulas. They
also appear as coefficients in the diffusive equations that govern the non-equilibrium
evolution of the conserved quantities of the system. In order to study the existence and
regularity of solutions to these equations it is important to establish first the regularity
of these diffusion coefficients as functions of the parameters.

In this article we develop a method for proving smooth dependence, on the density,
of the self diffusion coefficient of a tagged or tracer particle in symmetric simple ex-
clusion particle systems that are in equilibrium. It is based on the duality properties of
the symmetric simple exclusion process. This method, with modifications, can also be
applied to study the smooth dependence on the density of other diffusion coefficients
that arise in the study of more general simple exclusion processes. But this will be taken
up elsewhere.

The paper is organized along the following lines. In Sect. 2 we introduce the notation
and state the main theorem. In Sect. 3 we describe the generalized duality and discuss
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�� Supported by the National Science Foundation grant DMS-9803140.
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several operators and norms that appear in the dual representation. Section 4 is devoted
to some key estimates that are used in Sect. 5 to prove the main result on the smoothness
of the self diffusion coefficient of the tagged particle in the case of the symmetric simple
exclusion process. At the end, in Remark 5.3, we expose a recursive method to compute
the Taylor expansion at the boundaries.

Very few results exist at the present time about the regularity of diffusion coeffi-
cients. Continuous dependence on the density has been established in different contexts
(cf. [2]). Generally proving continuity does not seem to be considerably harder than
establishing the existence of a diffusion coefficient. In [6], Lipschitz continuity of the
selfdiffusion coefficient for the tagged particle in the symmetric simple exclusion is
proved in dimensionsd ≥ 3.

2. Notation and Results

Let us fix a symmetric finite-range probability distributionp(·) on Z
d . Consider the

symmetric simple exclusion process associated withp. We assume, without loss of
generality, that the subgroup generated by the support ofp is all of Z

d . In addition we
assume that we are not dealing with the trivial situation ofd = 1 andp(±1) = 1

2, i.e. the
one dimensional nearest neighbor case where the self diffusion coefficient is identically
zero.

The simple exclusion process is the Markov process onX = {0,1}Z
d

whose generator
L acts on cylinder functionsf as

(Lf )(η) =
∑
x,y∈Zd

p(y − x)η(x)[1 − η(y)][f (σx,yη)− f (η)]

= 1

2

∑
x,y∈Zd

p(y − x)[f (σx,yη)− f (η)].
(2.1)

Here and below the configurations ofX are denoted by Greek letters. In particular, for
x in Z

d , η(x) is equal to 1 if the sitex is occupied in the configurationη and is equal to
0 if it is not. Moreover, for a configurationη andx, y in Z

d , σx,yη is the configuration
obtained fromη by exchanging the occupation variablesη(x), η(y) :

(σ x,yη)(z) =



η(y) if z = x,

η(x) if z = y,

η(z) otherwise.
(2.2)

Fix 0 ≤ α ≤ 1 and denote byµα the Bernoulli product measure onX . This is the
probability measure onX obtained by placing a particle with probabilityα at each site
x, independently from the other sites. It easy to check that the one-parameter family
of probability measures{µα, 0 ≤ α ≤ 1} are stationary, reversible and ergodic for the
Markov process with generatorL.

We examine in this article the evolution of a single tagged particle in the symmetric
simple exclusion process. Letη be an initial configuration with a particle at the origin, i.e.
with η(0) = 1. Tag this particle and denote byηt (resp.Xt ) the state of the process (resp.
the position of the tagged particle) at timet . We shall refer toηt as the environment.
Let ξt be the state of the environment as seen from the tagged particle:ξt = θXt ηt .
Here, forx in Z

d and a configurationη, θx stands for the translation ofη by x, i.e.
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(θxη)(y) = η(x + y). Notice that the origin is always occupied (by the tagged particle)
for the environment as seen from the tagged particle. For this reason, we shall consider
the processξt as taking values in{0,1}Z

d∗ , whereZ
d∗ = Z

d\{0}.
WhereasXt is not a Markov process due to the presence of the environment,(Xt , ξt )

andξt are. A simple computation shows that the generatorL of the Markov processξt
is given byL = L0 + Lτ , where

(L0f )(ξ) =
∑
x,y∈Z

d∗

p(y − x)ξ(x)[1 − ξ(y)][f (σx,yξ)− f (ξ)],

= 1

2

∑
x,y∈Z

d∗

p(y − x)[f (σx,yξ)− f (ξ)],

(Lτ f )(ξ) =
∑
z∈Z

d∗

p(z)[1 − ξ(z)][f (τzξ)− f (ξ)].

(2.3)

The first part of the generator takes into account the jumps in the environment, while the
second one corresponds to jumps of the tagged particle. In the above formula,τzξ stands
for the configuration where the tagged particle, sitting at the origin, is first transferred
to the (empty) sitez and then the entire environment is translated by−z: for all y in Z

d∗ ,

(τzξ)(y) =
{
ξ(z) if y = −z,
ξ(y + z) for y �= −z.

For 0 ≤ α ≤ 1, denote byµα the Bernoulli product measure onX∗ = {0,1}Z
d∗ . A

simple computation shows thatµα is a reversible and ergodic stationary measure for the
Markov processξt .

In this context Kipnis and Varadhan ([1]) proved a central limit theorem for the
position of the tagged particle starting with an initial environment chosen randomly
from the equilibriumµα. They showed thatεXtε−2 converges, asε ↓ 0, to a Brownian
motion with diffusion coefficientD(α)which we will describe in more detail in the next
section.

This result has been generalized by Varadhan ([6]) to the asymmetric case with 0-
mean (

∑
y yp(y) = 0). More recently, for the general asymmetric case in dimension

d ≥ 3, if
∑
y yp(y) = m �= 0, in Sethuraman-Varadhan-Yau ([5]) it is proved that

ε[Xtε−2 − mt(1 − α)ε−2] converges, asε ↓ 0, to a Brownian motion with another
diffusion coefficient.

In this article we limit ourselves to the symmetric case and study the regularity
properties ofD(α) as a function ofα. The main result is

Theorem 2.1. The self-diffusion coefficient D(α), as a function of α, is of class C∞ in
the closed interval [0,1].

3. Generalized Duality

The proof of Theorem 2.1 relies on the duality properties of the symmetric exclusion
process that we will now describe.
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We have the Hilbert spaceL2(µα) with its natural inner product〈·, ·〉α. The operator
L is self adjoint and the natural Dirichlet inner products will be denoted by

〈f, g〉1,α = 〈−Lf, g〉α ,
〈f, g〉1,env,α = 〈−L0f, g〉α .

The dual norms‖f ‖−1,α and‖f ‖−1,env,α are defined by

‖f ‖2−1,α = sup
g

{
2 〈f, g〉 − 〈g, g〉1,α

}
,

‖f ‖2−1,env,α = sup
g

{
2 〈f, g〉 − 〈g, g〉1,env,α

}
.

For eachn ≥ 0, denote byE∗,n the subsets ofZd∗ with n points and letE∗ = ∪n≥0E∗,n
be the class of all finite subsets ofZ

d∗ . Let us consider an abstract Hilbert spaceH with a
complete orthonormal basis consisting of{eA : A ∈ E∗}. The spaceH can be viewed as
the space of square summable mapsf of E∗ → R. In a natural wayH = ⊕n≥0Gn, where
Gn is spanned by{eA : A ∈ E∗,n}. For eachA in E∗, let the local function inL2(µα) be
defined by

 A =  A(α, ξ) =
∏
x∈A

ξ(x)− α√
χ(α)

,

whereχ(α) = α(1− α). By convention, φ = 1. It is easy to check that{ A, A ∈ E∗}
is an orthonormal basis ofL2(µα). For eachn ≥ 0, denote byGn the subspace ofL2(µα)

generated by{ A, A ∈ E∗,n}, so thatL2(µα) = ⊕n≥0Gn. Functions ofGn are said to
have degreen. The main property of the symmetric simple exclusion process that will
be used here is that part of the generator, i.e.L0, preserves the degree of the functions.

Consider a local functionf . Since{ A : A ∈ E∗} is a basis ofL2(µα), we may
write

f =
∑
n≥0

∑
A∈E∗,n

f(A) A =
∑
n≥0

πnf.

Here we have denoted byπn the orthogonal projection ontoGn. Notice that the coeffi-
cientsf(A) depend not only onf but also on the densityα: f(A) = f(A, α). Sincef
is a local function,f : E∗ → R has finite support. In other words we have a unitary iso-
morphism,f ∼ ∑

f(A)eA betweenL2(µα) andH that takes local functions inL2(µα)

onto finite linear combinations of the basis elements. Of course this establishe also an
isomorphism betweenGn andGn. We now conclude this section by expressing the op-
eratorsL andL0 as well as their Dirichlet forms, through this isomorphism, in the basis
{eA} of H. To begin with, because the isomorphism is unitary, we have

〈f, g〉α = 〈f, g〉 =
∑
A∈E∗

f(A)g(A),

where

f ∼
∑

f(A)eA and g ∼
∑

g(A)eA.

The norm inH will be denoted by‖f‖0.
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For a subsetA of Z
d∗ andx, y in Z

d∗ , denote byAx,y , SyA the sets defined by

Ax,y =



(A\{x}) ∪ {y} if x ∈ A, y �∈ A,
(A\{y}) ∪ {x} if y ∈ A, x �∈ A,
A otherwise;

SzA =
{
A− z if z �∈ A,
((A\{z})− z) ∪ {−z} if z ∈ A.

(3.1)

In this formula,B + z is the set{x + z; x ∈ B}. Therefore, to obtainSzA fromA in the
case wherez belongs toA, we first removez to get a set not containingz, then translate
A\{z} by −z and finally add the site−z.

Recall the definition of the generatorsL0, Lτ given in (2.3). A simple computation
shows that

(L0f ) ∼
∑
A∈E∗

(L0f)(A)eA, (Lτ f ) ∼
∑
A∈E∗

(Lτ,αf)(A)eA,

where

(L0f)(A) = 1

2

∑
x,y∈Z

d∗

p(y − x)[f(Ax,y)− f(A)] (3.2)

andLτ,α is an operator which can be decomposed as

Lτ,α = αL1
τ + (1 − α)L2

τ +√
χ(α)(L+

τ + L−
τ ),

where

(L1
τ f)(A) =

∑
y∈A

p(y)[f(SyA)− f(A)],

(L2
τ f)(A) =

∑
y �∈A

p(y)[f(SyA)− f(A)],

(L+
τ f)(A) =

∑
y∈A

p(y)[f(A\{y})− f(SyA\{−y})],

(L−
τ f)(A) =

∑
y �∈A

p(y)[f(A ∪ {y})− f(SyA ∪ {−y})].

(3.3)

Notice thatL onL2(µα) is represented onH by Lα = L0 + Lτ,α:

Lα = L0 + αL1
τ + (1 − α)L2

τ +√
χ(α)[L+

τ + L−
τ ]. (3.4)

We mentioned earlier that the main property to be exploited here is that the generator
of the symmetric exclusion process preserves the degree of local functions. It is easy to
check that the operatorsL0, L1

τ , L2
τ preserve the degree of a function, i.e. they mapGn

into itself. Moreover,L+
τ increases the degree of a function by one whileL−

τ decreases
it by one.

For a functionf : E∗ → R andn ≥ 0, denote byπnf or by fn its restriction toEn,∗:
(πnf)(A) = f(A)1{A ∈ En}.
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For local functionsf , g : X∗ → R, a long but elementary computation shows that,
if we define

2 〈f, g〉1,α =
∑
x,y∈Z

d∗

∑
A∈E

p(y − x)[f(Ax,y)− f(A)][g(Ax,y)− g(A)]

+
∑
y∈Z

d∗

∑
A∈E

p(y)ry(A)[f(SyA)− f(A)][g(SyA)− g(A)] (3.5)

−√
χ(α)

∑
y∈Z

d∗

∑
A∈E
y �∈A

p(y)[f(SyA)− f(A)][g(Sy[A ∪ {y}])− g([A ∪ {y}])]

−√
χ(α)

∑
y∈Z

d∗

∑
A∈E
y �∈A

p(y)[f(Sy[A ∪ {y}])− f([A ∪ {y}])][g(SyA)− g(A)].

with ry(A) is equal toα if y belongs toA and is equal to 1− α if y does not belong to
A, then

〈f, g〉1,α = 〈f, g〉1,α

Notice that the last three terms can be recombined to give a positive expression when
f = g. The corresponding norm will be denoted by‖f‖1,α which of course is equal
to ‖f ‖1,α. By completing the space of finitely supported functions with this norm we
obtain the Dirichlet spaceH1.

LetH−1 be the dual ofH1 with respect to the standard inner product onH. This is the
Hilbert space generated by finitely supported functions and the norm‖ · ‖−1,α defined
by

‖f‖2−1,α = sup
g

{
2 〈f, g〉 − 〈g, g〉1,α

}
,

where the supremum is carried over all finitely supported functionsg. It follows from
the isomorphism that‖f ‖−1,α = ‖f‖−1,α.

The Dirichlet form corresponding toL0 is much simpler to calculate in theH rep-
resentation. Denote by‖ · ‖1,env and‖ · ‖−1,env respectively the Dirichlet norm and its
dual associated to the generatorL0:

‖g‖2
1,env = 〈g, (−L0)g〉

= 1

2

∑
x,y∈Z

d∗

∑
A∈E

p(y − x)[g(Ax,y)− g(A)]2

=
∑
n≥0

‖πng‖2
1,env

and

‖g‖2−1,env = sup
f

{
2 〈f, g〉 − 〈f, (−L0)f〉

}
=
∑
n≥0

‖πng‖2−1,env,
(3.6)

where the supremum is carried over all finitely supported functions. In contrast to the
norms‖ · ‖1,α, ‖ · ‖−1,α, the norms‖ · ‖1,env, ‖ · ‖−1,env do not depend explicitly on
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the parameterα. Moreover, since〈f, (−L0)f〉 ≤ 〈f, (−Lα)f〉, it follows that‖g‖1,env ≤
‖g‖1,α and‖g‖−1,α ≤ ‖g‖−1,env. In Lemma 4.4, we estimate‖g‖1,α and‖g‖−1,env in
terms of‖g‖1,env and‖g‖−1,α, respectively.

Finally, for anyk ≥ 0, let us define

|||f|||20,k =
∑
n≥0

n2k‖πnf‖2
0, |||f|||21,k =

∑
n≥0

n2k‖πnf‖2
1,env,

|||f|||2−1,k =
∑
n≥0

n2k‖πnf‖2−1,env.
(3.7)

If T is the operator that acts as scalar multiplication byn on the spaceGn of degreen,
these are the quadratic forms‖T kf‖2,< T kf, (−L0)T

kf > and< T kf, (−L0)
−1T kf >

respectively. Note thatL0 commutes withT . The completion under these norms will be
denoted byH0,k, H1,k andH−1,k respectively.

4. Some Estimates

SinceLα is self adjoint, for the solutionuλ of the resolvent equation

λuλ − Lαuλ = f, (4.1)

we have the basic estimate
‖uλ‖1,α ≤ ‖f‖−1,α

that implies
‖uλ‖1,env ≤ ‖f‖−1,env

or
|||uλ|||1,0 ≤ |||f|||−1,0.

The following regularity result follows from Eq. (5.5) of [4].

Lemma 4.1. Let k ≥ 1 be given. Let f be a function such that |||f|||−1,k < ∞. For λ > 0,
let uλ be the solution of the resolvent equation (4.1). Then,

|||uλ|||1,k ≤ C(k)|||f|||−1,k (4.2)

for a finite constant C(k) independent of α and λ.

In fact the proof of (4.2) given in [4] extends immediately to non-localf.
We now state some bounds on the restrictions ofL1

τ , L2
τ , L+

τ andL2
τ on Gn. These

bounds will grow linearly withn. Notice thatLjτ , j = 1, 2 are symmetric operators,
while L+

τ is the adjoint ofL−
τ :〈

L+
τ f, g

〉 = 〈
f,L−

τ g
〉
,

〈
Ljτ f, g

〉
=
〈
f,Ljτg

〉
for j = 1, 2 andf, g in L2(E∗). Moreover,〈

L1
τ f, f

〉
= (1/2)

∑
A∈E∗

∑
y∈A

p(y)[f(SyA)− f(A)]2,

〈
L2
τ f, f

〉
= (1/2)

∑
A∈E∗

∑
y �∈A

p(y)[f(SyA)− f(A)]2.
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Lemma 4.2. There exists a finite constant C0 depending only on the transition proba-
bility p such that 〈

(−Ljτ )f, f
〉

≤;C0n 〈(−L0)f, f〉 (4.3)

for j = 1, 2, all n ≥ 1 and all f in Hn. Moreover

〈
(−L±

τ )f, g
〉2 ≤ C2

0n
2 〈(−L0)f, f〉 〈(−L0)g, g〉 (4.4)

for all n ≥ 1 and all f in Gn, g in Gn±1. On the other hand for j = 1, 2,

‖Ljτ f‖2
0 ≤ 4‖f‖2

0 and ‖L±
τ f‖2

0 ≤ 4‖f‖2
0 (4.5)

for all f in H.

Proof. The first estimate (4.3) follows immediately from Lemma 5.1 in [4].
We first prove that for allf, g in L2(E∗),

〈
L±
τ f, g

〉2 ≤
〈
(−L1

τ )f, f
〉 〈
(−L2

τ )g, g
〉
. (4.6)

Fix f, g in L2(E∗). By the explicit formula forL+
τ , we have that

〈
(−L+

τ )f, g
〉 =

∑
y

p(y)
∑
A�y

g(A)
{
f(SyA\{−y})− f(A\{y})}.

Rewrite this expression as twice one half of it. In one of the pieces, we perform the
change of variablesB = SyA, z = −y to obtain that it is equal to

−(1/2)
∑
y

p(y)
∑
A�y

g(SyA)
{
f(SyA\{−y})− f(A\{y})}.

Here we used the fact thatp(·) is symmetric. Adding the two expressions we get that〈
(−L+

τ )f, g
〉
is equal to

−(1/2)
∑
y

p(y)
∑
A�y

{
g(SyA)− g(A)

}{
f(Sy(A\{y}))− f(A\{y})}.

By Schwarz’s inequality, this expression is bounded above by

1

4β

∑
y

p(y)
∑
A�y

{
g(SyA)− g(A)

}2

+ β

4

∑
y

p(y)
∑
A�y

{
f(SyA\{−y})− f(A\{y})}2

for all β > 0. By the identities presented just before the statement of the lemma, the first
term is(1/2β)

〈
(−L1

τ )g, g
〉
. A change of variablesB = A− {y} shows that the second

is bounded by(β/2)
〈
(−L2

τ )f, f
〉
. Minimizing overβ, we conclude the proof of (4.6).
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We may now prove the second estimate of the lemma. Fixn ≥ 1, and functions
f andg of degreen andn + 1, respectively. By (4.6),

〈
L+
τ f, g

〉2 is bounded above by〈
(−L1

τ )f, f
〉 〈
(−L2

τ )g, g
〉
. By the first part of the lemma, this product is bounded by

C2
0n

2 〈(−L0)f, f〉 〈(−L0)g, g〉

This proves (4.4) forL+
τ . The proof forL−

τ is similar.
The last estimate (4.5) is elementary and follows from Schwarz’s inequality and the

explicit formulas for the operatorsL1
τ , L2

τ , L+
τ , andL−

τ . ��

Lemma 4.3. For every k ≥ 0, there exists a finite constant Ck such that for j =
1,2,+,−,

|||Ljτ f|||−1,k ≤ Ck|||f|||1,k+1,

so that L
j
τ maps H1,k+1 boundedly into H−1,k

Proof. Follows immediately from the preceding lemma.��

Lemma 4.4. There exists a finite constant C0 such that for all n ≥ 1,

‖f‖1,α ≤ C0n‖f‖1,env, ‖f‖−1,env ≤ C0n‖f‖−1,α

for all α in [0,1], and all f in Gn.

Proof. Fix n ≥ 1 andf in Gn. By (3.5) and Schwarz’s inequality,< f, f >1,α is bounded
above by

‖f‖2
1,env + 2

∑
A∈E∗

∑
y∈Z

d∗

p(y)[f(SyA)− f(A)]2

+
∑
A∈E∗

∑
y �∈A

p(y)[f(Sy[A ∪ {y}])− f([A ∪ {y}])]2

because|ry(A)| ≤ 1 andχ(α) ≤ 1. Sincef belongs toGn, we may restrict the second
sum to setsA in En,∗. A change of variables permits us to estimate the third sum by the
second one. In conclusion,

〈f, f〉1,α ≤ ‖f‖2
1,env + 3

∑
A∈E∗,n

∑
y∈Z

d∗

p(y)[f(SyA)− f(A)]2.

By Lemma 4.2, the second term on the right-hand side is less than or equal toC0n‖f‖2
1,env

becausef belongs toGn. The second estimate of the lemma is obtained by duality.��
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5. The Self-Diffusion Coefficient

By [1], the self–diffusion coefficientD(α) in the directionv is given by the variational
formula :

v ·D(α)v = inf
f

{ ∑
z∈Z

d∗

p(z)Eµα

[
[1 − ξ(z)]{v · z− [f (τzξ)− f (ξ)]}2

]

+
∑
x,y∈Z

d∗

p(x − y)Eµα
[
ξ(x)[1 − ξ(y)]{f (σx,yξ)− f (ξ)}2

]}
,

where the infimum is carried over all cylinder functionsf . A simple computation shows
that

v ·D(α)v = (1 − α)
∑
z∈Z

d∗

(z · v)2p(z)− α(1 − α)‖fv‖2−1,α (5.1)

for eachv in R
d . Herefv is the cylinder function given by

fv(ξ) = 1√
α(1 − α)

∑
y∈Z

d∗

p(y)(y · v)[1 − ξ(y)]

= 1√
α(1 − α)

∑
y∈Z

d∗

p(y)(y · v)[α − ξ(y)]

becausep has mean zero. With the notation introduced in the previous section, we may
write fv as

fv(ξ) = −
∑
y∈Z

d∗

(y · v)p(y) y,

where z =  {z} for z in Z
d∗ .

We are now in a position to state the main result of this section. Theorem 2.1 follows
from this result in view of formula (5.1).

Theorem 5.1. As a function of α, ‖fv‖2−1,α is of class C∞ on [0,1].
The proof is based on the lemmas at the end of the previous section. To explain the

strategy of the proof we introduce the resolvent equation associated tofv: for λ > 0,
denote byuλ the solution of the resolvent equation:

λuλ − Luλ = fv.

We will use the dual representation and carry out the estimates inH. Letuλ ∼ uλ through
the unitary isomorphism. Of courseuλ = uλ(α) depends onα,

fv ∼ fv = −
∑
z∈E∗

(z · v)p(z)e{z}

is independent ofα and is actually inH−1. We have

λuλ(α)− Lαuλ = fv. (5.2)
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It follows from [1] that

‖fv‖2−1,α = lim
λ→0

〈fv, uλ〉α = − lim
λ→0

∑
z∈Z

d∗

(z · v)p(z)uλ({z}, α)

= lim
λ→0

1

2

∑
z∈Z

d∗

(z · v)p(z) [uλ({−z}, α)− uλ({z}, α)]
(5.3)

becausep(·) is symmetric. In view of this identity, to prove Theorem 5.1 we just need
to show that there exists a subsequenceλk ↓ 0 such that, for eachz with p(z) > 0,
{uλk (α, {z}) − uλk (α, {−z}), k ≥ 1} converges uniformly inα to a smooth function.
To prove the existence of such a subsequence, it is enough to show that the functions
{uλ(α, {z})} are smooth for eachλ > 0 and, for eachz andj ≥ 0, to obtain the uniform
bounds

sup
0<λ≤1

sup
0≤α≤1

|u(j)λ (α, {−z})− u
(j)
λ (α, {z})| < ∞. (5.4)

Hereu
(j)
λ stands for thej th derivative ofuλ with respect to the densityα.

By Schwarz’s inequality,

(∑
z

p(z)|u(j)λ (α, {−z})− u
(j)
λ (α, {z})|

)2

≤
∑
z

p(z)[u(j)λ (α, {−z})− u
(j)
λ (α, {z})]2.

Since the support ofp generatesZd , and we can exclude the one dimensional nearest
neighbor case, there exists a pathz0 = −z, z1, . . . , zn = z, avoiding 0, such that
p(zi+1 − zi) > 0 for 0 ≤ i < n. Rewriting the differenceu(j)λ (α, {−z}) − u

(j)
λ (α, {z})

as
∑

0≤i<n u
(j)
λ (α, {zi+1})− u

(j)
λ (α, {zi}) and applying Schwarz’s inequality, we prove

that the previous expression is bounded above by

C0‖π1u
(j)
λ ‖2

1,env ≤ C0|||u(j)λ |||21,0. (5.5)

By (5.5), in order to prove (5.4) it is enough to obtain for eachj ≥ 0, the bound

sup
0<λ≤1

sup
0≤α≤1

|||u(j)λ |||1,0 < ∞.

Notice that the coefficients ofLα are not smooth at the boundary of[0,1]. For this
reason, we reparametrize the family of equations byα = sin2 t , t ∈ [0, π/2] to get

L(t) = L0 + (sin2 t) L1
τ + (cos2 t) L2

τ + (sint cost)
[
L+
τ + L−

τ

]
and consider the resolvent equation

λvλ(t)− L(t)vλ(t) = fv.

Sincefv does not depend onα we haveuλ(α(t)) = vλ(t). To prove that the sequences
{u(j)λ (A, α), λ > 0}, j ≥ 0, are uniformly bounded in the||| · |||1,0 norm, we first prove
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such a statement for the sequences{v(j)λ (A, t), λ > 0}, j ≥ 0. From this result and
the relation betweenuλ andvλ, t andα, we deduce boundedness in||| · |||1,0 norm of

{u(j)λ (A, α), λ > 0} in the interior of the domain. An extra argument, presented at the
end of the proof, extends the smoothness up to the boundary.

We start by observing that the functionf has finiteH−1,k norm for allk ≥ 0, i.e. there
exists a finite constantC0 such that

|||fv|||−1,k ≤ C0 (5.6)

for all k ≥ 0. The proof of this claim is elementary. Sincefv has degree 1,|||fv|||−1,k =
|||fv|||−1,0 = ‖fv‖−1,env is finite as soon as‖f‖−1,env is finite. To prove that‖fv‖−1,env
is finite, recall the variational formula (3.6) for the‖ · ‖−1,env norm and fix a finite
supported functiong. SinceL0 does not change the degree of a function and sincefv
has degree one, we may assume thatg has degree one. Sincep is symmetric,

〈f, g〉 = 1

2

∑
z

p(z)(z · v)[g({−z})− g({z})].

By Schwarz’s inequality, the square of this expression is bounded by

1

4

∑
z

p(z)|(z · v)|2
∑
z

p(z)[g({−z})− g({z})]2.

Now we proceed as for the bound (5.5): there exists a pathz0 = −z, z1, . . . , zn = z,
avoiding 0, such thatp(zi+1 − zi) > 0 for 0 ≤ i < n. Rewriting the difference
g({−z}) − g({z}) as

∑
0≤i<n g({zi+1}) − g({zi}) and applying Schwarz’s inequality,

we prove that the previous expression is bounded above byC0 < g, (−L0g) >, which
proves the claim (5.6) in view of the variational formula (3.6) for the‖ · ‖−1,env norm.

We now start our way through the proof thatvλ is a sequence of smooth functions
with bounded derivatives. Lemma 4.1 applied tof shows that

sup
0<λ≤1

sup
0≤t≤π/2

|||vλ(t)|||1,k

is finite for allk ≥ 1.
We now turn to the proof of the differentiability ofvλ(·). We say that a functiong(t)

with values inH is differentiable att if γ−1[g(t + γ ) − g(t)] converges, asγ ↓ 0,
strongly inH to some function that we denote byg′. Notice that differentiating formally
L(t) in t we get the operator

L′(t) = (2 sint cost) (L1
τ − L2

τ )+ (cos2 t − sin2 t)
[
L−
τ + L+

τ

]
.

Lemma 5.2. Suppose that f(t) is a differentiable function of t . Let uλ be the solution of
the resolvent equation

λuλ(t)− L(t)uλ(t) = f(t).

Then, uλ(t) is differentiable and its derivative is the solution u′
λ(t) of

λu′
λ − L(t)u′

λ = f′(t)+ L′(t) uλ. (5.7)
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Proof. The proof of the differentiability ofuλ(t) is standard; all we need to control is
thatL′(t)uλ(t) is in H, which follows from (4.5) of Lemma 4.2 and the boundedness of
the coefficients ofL′(t). ��
The previous lemma applied tof = fv shows that the family of functionsuλ is differen-
tiable for each fixedλ and that the derivativeu′

λ satisfies some resolvent-type equation.

Proof of Theorem 5.1. We first show that{uλ(t), λ > 0} is a family of smooth functions
whose derivatives satisfy for eachk ≥ 0,

sup
0<λ≤1

sup
0≤t≤ π

2

|||u′
λ(t)|||1,k < ∞. (5.8)

By (5.6) |||f|||−1,k is bounded uniformly int . Hence, by Lemma 4.1,|||uλ|||1,k is bounded,
uniformly in λ andt . Sincef does not depend ont , by Lemma 5.2,uλ is differentiable
and its derivativeu′

λ satisfies

λu′
λ − L(t)u′

λ = L′(t) uλ.

By Lemma 4.3 and the explicit form of the operatorL(t),

|||L′(t) uλ|||−1,k ≤ 2
∑

j=1,2,+,−
|||Lj (t) uλ|||−1,k ≤ 8Ck|||uλ|||1,k+1

then by Lemma 4.1|||L′(t) uλ|||−1,k is bounded for eachk ≥ 1, uniformly inλ andt . We
may therefore apply again Lemma 4.1 to show that|||u′

λ(t)|||1,k is uniformly bounded in
(t, λ) for all k ≥ 1.

To iterate the argument, we just need to prove by induction the existence of constants
{an,i , n ≥ 1,0 ≤ i < n} such that

λu
(j)
λ − L(t)u

(j)
λ =

j−1∑
i=0

aj,iL
(j−i)(t) u(i)λ , (5.9)

whereu
(i)
λ , L(i)(t) stands for theith derivative ofuλ(t), L(t). This is elementary and left

to the reader.
The previous argument shows thatuλ(t) is a sequence of smooth functions on[0,1]

with their derivatives having the uniform bounds

sup
0<λ≤1

sup
0≤t≤π/2

|||u(j)λ (t)|||1,k < ∞

for eachj ≥ 0. We have seen just after (5.3) that these uniform estimates guarantee the
smoothness of‖f‖−1,α(t) as a function oft defined in[0, π/2]. Sinceα = sin2 t , this
translates immediately into smoothness inα for α ∈ (0,1). Regularity at the boundary
requires the following extra argument.

We claim that the odd derivatives of< f, uλ(t) >vanish att = 0 andπ/2.We consider
the caset = 0, the other being similar. To keep notation simple, letUλ(t) =< f, uλ(t) >.
Sincef does not depend onα, for j ≥ 0,U(j)λ (0) =< f, u

(j)
λ (0) >. Sincef is a function

of degree 1, to prove that the odd derivatives ofUλ(t) vanish at 0, it is enough to prove
thatu(2j+1)

λ (0) is a function of even degree. We prove this statement by induction onj .
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Observe thatL(0) = L0 + L2
τ , which are operators that preserve the degree of a

function. On the other hand, since sin2 t , cos2 t are even functions and since sint cost
is an odd function, there exist constantsaj , bj , cj such that

L(2j)(0) = ajL
1
τ + bjL2

τ , L(2j+1)(0) = cj [L+
τ + L−

τ ]

for j ≥ 0. In particular, whileL(2j)(0) preserves the degree of a function,L(2j+1)(0)
changes it by one.

To prove thatu(2j+1)
λ (0) (resp.u(2j)λ (0)), j ≥ 0, are functions of even (resp. odd)

degree, notice first thatuλ(0) is the solution of

[λ− (L0 + L2
τ )]uλ(0) = f.

Sincef is a function of degree 1,uλ(0) is also of degree 1. This proves the claim for
j = 0. It is easy to conclude the proof by induction using formula (5.9) and the fact that
L(2j)(0) preserves the degree, whileL(2j+1)(0) changes it by one.

Sinceu
(2j+1)
λ (0) are functions of even degree,U(2j+1)

λ (0) =< f, u
(2j+1)
λ (0) > van-

ishes becausef has degree one. Since we proved uniform convergence of a subsequence
uλk (t) and its derivatives, the limitU(t) = ‖f‖2

−1,α(t) of Uλ(·) inherits these properties.

In particular,U2j+1(0) = 0 . Elementary analytic considerations show thatU(t) is in
fact a smooth function oft2 and hence of sin2 t = α. ��

Remark 5.3. The proof of the smoothness at the boundary provides a recursive method
to compute the Taylor expansion at the origin of the diffusion coefficient. Recall that
U(t) = ‖f‖−1,α(t). By Theorem 5.1,U(0) = limλ→0 < f, uλ(0) >= < f, u(0) >,
whereu(0) is the solution of

−[L0 + L2
τ ] u(0) = f. (5.10)

Sincef has degree one and sinceL0, L2
τ preserve the degree, this equation can be solved

in H1. In this space bothL0, L2
τ are essentially Laplace operators and this equation may

be solved. Knowingu(0), we may examine the equation

−[L0 + L2
τ ] u(1)(0) = L(1)(0)u(0).

As noticed earlier, the right hand side is a function of degree 0 and 2 so thatu(1)(0) has
this property. By induction we may obtainu(j)(0) for all j ≥ 1 by inverting an operator
which is essentially a Laplacian. This permits us to compute the Taylor expansion ofU

around the origin becauseU(j)(0) =< f, u(j)(0) >. In particular, from (5.1),

v ·D(α)v = (1 − α)
∑
z∈Z

d∗

(z · v)2p(z)− α(1 − α) < u(0), fv > + O(α2)

includes the first order correction, whereu(0) is the solution of (5.10).
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