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Abstract: We prove that the self-diffusion coefficient of a tagged particle in the sym-
metric exclusion process iA¢, which is in equilibrium at density, is of classC> as

a function ofa in the closed intervdl0, 1]. The proof provides also a recursive method
to compute the Taylor expansion at the boundaries.

1. Introduction

In the course of the study of macroscopic behavior of large particle systems, effective
diffusion coefficients which are functions of the parameters (associated to the conserved
guantities) that define the equilibrium measures of the system often appear. These diffu-
sion coefficients are usually expressed in terms of integrals of time correlations functions
(Green—Kubo formulas), or through (infinite dimensional) variational formulas. They
also appear as coefficients in the diffusive equations that govern the non-equilibrium
evolution of the conserved quantities of the system. In order to study the existence and
regularity of solutions to these equations it is important to establish first the regularity
of these diffusion coefficients as functions of the parameters.

In this article we develop a method for proving smooth dependence, on the density,
of the self diffusion coefficient of a tagged or tracer particle in symmetric simple ex-
clusion particle systems that are in equilibrium. It is based on the duality properties of
the symmetric simple exclusion process. This method, with modifications, can also be
applied to study the smooth dependence on the density of other diffusion coefficients
that arise in the study of more general simple exclusion processes. But this will be taken
up elsewhere.

The paper is organized along the following lines. In Sect. 2 we introduce the notation
and state the main theorem. In Sect. 3 we describe the generalized duality and discuss
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several operators and norms that appear in the dual representation. Section 4 is devoted
to some key estimates that are used in Sect. 5 to prove the main result on the smoothness
of the self diffusion coefficient of the tagged particle in the case of the symmetric simple
exclusion process. At the end, in Remark 5.3, we expose a recursive method to compute
the Taylor expansion at the boundaries.

Very few results exist at the present time about the regularity of diffusion coeffi-
cients. Continuous dependence on the density has been established in different contexts
(cf. [2]). Generally proving continuity does not seem to be considerably harder than
establishing the existence of a diffusion coefficient. In [6], Lipschitz continuity of the
selfdiffusion coefficient for the tagged particle in the symmetric simple exclusion is
proved in dimensiong > 3.

2. Notation and Results

Let us fix a symmetric finite-range probability distributigri-) on Z¢. Consider the
symmetric simple exclusion process associated witWe assume, without loss of
generality, that the subgroup generated by the suppaqrtisfll of Z¢. In addition we
assume that we are not dealing with the trivial situatios ef 1 andp(+1) = % i.e.the
one dimensional nearest neighbor case where the self diffusion coefficient is identically
zero.

The simple exclusion process is the Markov proces¥ ea {0, 1}Zd whose generator
L acts on cylinder functiong as

(LHM = Y ply —m@IL—nWMILF @™ n) — f(]

x,yeZd

1 '
=5 2 PO =0 @) = fOD).

x,yeZd

2.1)

Here and below the configurations &fare denoted by Greek letters. In particular, for
xinZ4, n(x) is equal to 1 if the site is occupied in the configuratiopand is equal to

0 if it is not. Moreover, for a configuration andx, y in Z¢, o*¥1 is the configuration
obtained fromy by exchanging the occupation variablgs), n(y) :

n(y) ifz=x,
(™) = {nx) ifz=y, (2.2)
n(z) otherwise

Fix 0 < ¢ < 1 and denote by, the Bernoulli product measure oti. This is the
probability measure o/’ obtained by placing a particle with probabilityat each site
x, independently from the other sites. It easy to check that the one-parameter family
of probability measurefu,, 0 < o < 1} are stationary, reversible and ergodic for the
Markov process with generatér.

We examine in this article the evolution of a single tagged particle in the symmetric
simple exclusion process. Lebe an initial configuration with a particle at the origin, i.e.
with n(0) = 1. Tag this particle and denote hy(resp.X;) the state of the process (resp.
the position of the tagged particle) at timeWe shall refer ta;, as the environment.

Let & be the state of the environment as seen from the tagged paéticie:0x, ;.
Here, forx in Z¢ and a configuratiom, 6, stands for the translation of by x, i.e.
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(6:n)(y) = n(x + y). Notice that the origin is always occupied (by the tagged particle)
for the environment as seen from the tagged particle. For this reason, we shall consider
the process; as taking values if0, 1}%, whereZd = 74\{0}.

WhereasX; is not a Markov process due to the presence of the environi¥ent;)
andg; are. A simple computation shows that the generatof the Markov process;
is given byl = Lo + L., where

(Lof)E) = Y ply —EMIL—EWILf(@™E) — fE)],

x,yeZi
1
=5 D PO @E — f@), 2.3)
x,yeZ‘,Z
(L NE) =) p@IL—E@ISf (€)= fE)].
zeZ4

The first part of the generator takes into account the jumps in the environment, while the
second one corresponds to jumps of the tagged particle. In the above forpgdands

for the configuration where the tagged particle, sitting at the origin, is first transferred
to the (empty) site and then the entire environment is translated-ayfor all y in Z¢,

£(z) ify=—z,

(T5)(y) = E(y +2) fory # —z.

For 0 < @ < 1, denote byu, the Bernoulli product measure oti, = {0, 1}2‘1. A
simple computation shows thay, is a reversible and ergodic stationary measure for the
Markov process;.

In this context Kipnis and Varadhan ([1]) proved a central limit theorem for the
position of the tagged particle starting with an initial environment chosen randomly
from the equilibriumy,. They showed thatX,,-> converges, as | 0, to a Brownian
motion with diffusion coefficienD («) which we will describe in more detail in the next
section.

This result has been generalized by Varadhan ([6]) to the asymmetric case with O-
mean ()jy yp(y) = 0). More recently, for the general asymmetric case in dimension
d > 3 if Zy yp(y) = m # 0, in Sethuraman-Varadhan-Yau ([5]) it is proved that

e[X;p—2 —mt (1 — a)e 2] converges, as | 0O, to a Brownian motion with another
diffusion coefficient.

In this article we limit ourselves to the symmetric case and study the regularity
properties ofD(«) as a function ofr. The main result is

Theorem 2.1. The self-diffusion coefficient D(«), as a function of «, isof class C* in
the closed interval [0, 1].
3. Generalized Duality

The proof of Theorem 2.1 relies on the duality properties of the symmetric exclusion
process that we will now describe.
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We have the Hilbert spade, (1) with its natural inner produgt, -),,. The operator
L is self adjoint and the natural Dirichlet inner products will be denoted by

(f, g)l,a =(-Lf, 8a>
(fv g)l,env,a = <_£0f7 g)d .

The dual normdl f||—1,« and|| f|—1.env.o are defined by
1£121,0 = sup{2(f. 8) = (g &)1 |-
8

1£12 2 enua = SUP|20F. 80 = (8, D 1.enn |-
8

For each: > 0, denote by, ,, the subsets dZﬁ‘,f with » points and le€,. = U,>0€x.»
be the class of all finite subsets®f. Let us consider an abstract Hilbert spaceith a
complete orthonormal basis consisting{ef : A € £,}. The spacé) can be viewed as
the space of square summable mppkE, — R. In a natural way) = &,>08,, where
&, is spanned bye4 : A € &, ,}. For eachd in &, let the local function inLa(uy ) be
defined by
E(x) —a

Vx@ '

wherey (o) = «(1— «). By convention¥y = 1. Itis easy to check thétl 4, A € &,}

is an orthonormal basis (11, ). For each: > 0, denote byj, the subspace df2(q)

generated byW,, A € &}, SO thatL2(uy) = ®n>0G,. Functions ofg, are said to

have degrea. The main property of the symmetric simple exclusion process that will

be used here is that part of the generator,dg preserves the degree of the functions.
Consider a local functiorf. Since{W, : A € &,} is a basis ofL2(u,), we may

write
=Y f(A¥a=) mf.

n>0Aeé, , n>0

Wy =Wae, 6) =[]

X€A

Here we have denoted by, the orthogonal projection oni@,. Notice that the coeffi-
cientsf(A) depend not only ory but also on the density: f(A) = f(A, «). Since f

is a local functionj: £, — R has finite support. In other words we have a unitary iso-
morphism,f ~ Y f(A)es betweenLz(u,) and$ that takes local functions ib2(xy)

onto finite linear combinations of the basis elements. Of course this establishe also an
isomorphism betwee6,, and®,,. We now conclude this section by expressing the op-
eratorsC andLg as well as their Dirichlet forms, through this isomorphism, in the basis
{ea} of $). To begin with, because the isomorphism is unitary, we have

(f e =(f.0) = Y f(A)a(A),

Acé,

where
f~Y f(Aea and g~ g(Aea.
The norm in§y will be denoted by|/f||o.
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For a subsett of Z¢ andx, y in Z¢, denote byA, ,, Sy A the sets defined by

(A\[xhU{y} ifxeAy¢gA,
Ax,y: (A\{y})U{x} ifyeAl-x ¢A1
A otherwise (3.1)

A—z ifz¢ A,

5.4 = (A\[z}) —2) U=z} ifz € A.

In this formula,B + z is the sefx + z; x € B}. Therefore, to obtais; A from A in the
case where belongs taA, we first remove to get a set not containing then translate
A\{z} by —z and finally add the site-z.

Recall the definition of the generatofs, £, given in (2.3). A simple computation
shows that

(Lof) ~ D (Lof)(Aea, (Lef) ~ Y (Lraf)(A)ea,

A&, A&,

where

1
(LoP)(A) = 5 D Py = DIf(Ary) — f(A)] (3.2)

x,yeZd
and£; o is an operator which can be decomposed as
oo =all+ 1 —a) L2+ /x()(LF +£7),
where

(LID(A) = Y pIf(SyA) — f(A)],

yeA
(E21)(A) =Y pWIF(S,A) — F(A)],
vea (3.3)
(£ = Z pWIFAN{YD — F(SyA\{—yD],
yeA
(7 HA) =" pMIFA U {y}) — f(SyA U {—y)].
yEA
Notice that on La(uy) is represented ofy by £, = £0 + £ 4:
Ly =Lo+atl+ QA-—we?+ /x@leh + £71. (3.4)

We mentioned earlier that the main property to be exploited here is that the generator
of the symmetric exclusion process preserves the degree of local functions. It is easy to
check that the operatog, £1, Ef preserve the degree of a function, i.e. they régp
into itself. Moreover £ increases the degree of a function by one wBifedecreases
it by one.

For a functionf: & — R andn > 0, denote byr,f or by f, its restriction to&, .:
(maP)(A) = F(ALA € En}.
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For local functionsf, g: X — R, along but elementary computation shows that,
if we define

2,001 = Y. PO —nIf(Ary) — F(Allg(Ary) — a(A)]

x,yeZﬁ Ack

+ YD pOIN(AIF(S,A) — HA)lE(S,A) — 8(A)] (3.5)

yezd Ae€

~ V@ 3" 3 pOIFSyA) = HANB(S,[A U (3} — g(A U (y)])]

74 Ae&
Y€ Loy YA

—Vx(@) Y > pOIFS, LA U (1) — F(LA U {y)D]1[a(Sy A) — g(A)].

d AcE
YeLs gk

with r, (A) is equal tax if y belongs toA and is equal to & « if y does not belong to
A, then
(f, g)l,a = {f, g>l,a

Notice that the last three terms can be recombined to give a positive expression when
f = g. The corresponding norm will be denoted pf|1, which of course is equal
to || f1l1.«. By completing the space of finitely supported functions with this norm we
obtain the Dirichlet spac8;.

Let $_1 be the dual ofy; with respect to the standard inner productorT his is the
Hilbert space generated by finitely supported functions and the fijerim , defined

by
11210 = sup{2(F. 8) — (9. 9)1.0 |-
g
where the supremum is carried over all finitely supported functjorisfollows from
the isomorphism thatf |1« = Ifl-1.a-
The Dirichlet form corresponding t6g is much simpler to calculate in th@ rep-

resentation. Denote by |1,y @nd|| - || —1,.nv respectively the Dirichlet norm and its
dual associated to the generafhy:

g1l oo = (8. (—L0)g)
1
=5 2 2 PG = Dl8(Any) —a(A)P

X.}'EZfZ Ae&

2
= > gl no

n>0

and

181 3 cn0 = SUP{21. 9 = (1. (~Lo)D) |

2
= 1mngl% 1 oo

n>0

(3.6)

where the supremum is carried over all finitely supported functions. In contrast to the
norms| - llye, Il - -1, the norms|| - ll1,env, |l - lI-1,en0 d0 NOt depend explicitly on
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the parametex. Moreover, sincéf, (—£o)f) < (f, (—Lq)f), it follows that||g|l1.eny <
lgllLe @and|igll -1« < lIgll-1.env- INn Lemma 4.4, we estimatgy|1.e and||gll-1,env i
terms of||g||1..ny @nd||gll—1.«, respectively.

Finally, for anyk > 0, let us define

2 2k 2 2 2k 2
I50G.. = > n®Imaflld AT, =D Il oo

n>0 n>0

2 2k 2
I§0% 1 = D 0 N7n % 1 oo

n>0

(3.7)

If T is the operator that acts as scalar multiplicatiomhpn the space,, of degreen,
these are the quadratic fori&*§(|2, < T*f, (—Lo)T*f > and< T*f, (—Lo) ~1T*f >
respectively. Note thalo commutes with". The completion under these norms will be
denoted by x, H1.1 and$H_1 x respectively.

4, Some Estimates
Sinceg, is self adjoint, for the solution,, of the resolvent equation
Ay — Loup =T, (4.1)
we have the basic estimate
lurllne < Ifll-1,
that implies
”uknlxnv =< ”fnflxnv

or
lw.llz0 < Wfll-1.0
The following regularity result follows from Eg. (5.5) of [4].

Lemmad4.l. Letk > 1 begiven. Let f beafunction suchthat ||f[|—1,x < co.For A > 0,
let u, be the solution of the resolvent equation (4.1). Then,

lwllie < CENFI-1. (4.2)
for afinite constant C (k) independent of & and .

In fact the proof of (4.2) given in [4] extends immediately to non-Idcal
We now state some bounds on the restriction€hf£?, £ and£2? on &,,. These

bounds will grow linearly withz. Notice thatg?, Jj = 1, 2 are symmetric operators,
while £ is the adjoint of2;:

(257 0) = (. 27a).  (21f. 0) = (7. £/}
for j = 1, 2 andj, g in L?(&,). Moreover,

(eh.1) = W2 X D7 pOIlics, A) — AP,

Ack, yEA

(21.1) = /20 3= 3" pOIITS,4) — AP,

A€, y¢A
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Lemma 4.2. There exists a finite constant Co depending only on the transition proba-
bility p such that

(=25 §) =: Con (L) 1) (4.3)
for j =1,2,alln>1andall fin$,. Moreover

(—£5). of° < CBn? (—L0)f. ) (—L0)g. 8) (4.4)
foralln > 1landall fin &,, gin &,.1. Ontheother handfor j = 1, 2,
ISI51I5 < 41715 and €315 < 40715 (4.5)
for all fin 9.
Proof. The first estimate (4.3) follows immediately from Lemma 5.1 in [4].
We first prove that for alf, g in L2(&,),
2
(2510 < (b1 1) (2. 6). (4.6)
Fix f, g in L?(E,). By the explicit formula for2, we have that
(=£Df.g) = Z P Y a(A{FS,A\—y)) — F(A\YD].
A>y

Rewrite this expression as twice one half of it. In one of the pieces, we perform the
change of variable8 = S, A, z = —y to obtain that it is equal to

—(1/2>Zp<y) > oS A Sy A\{—y) — F(A\ YD}

A>y

Here we used the fact that(-) is symmetric. Adding the two expressions we get that
(€1, g)is equal to

—(1/2)Zp<y>z 9(SyA) — g(A)H{F(Sy (A\ (YD) — F(A\{yD)].

A>y

By Schwarz’s inequality, this expression is bounded above by

Zp(y)Z a(8yA) — ()}

Ay

+Z Zp(y)z F(SyA\—y)) — F(A\ D)

A>y

forall 8 > 0. By the identities presented just before the statement of the lemma, the first
termis(1/28) ((—2})9, g). A change of variable® = A — {y} shows that the second

is bounded by(8/2) ((—£2)f, ). Minimizing over B, we conclude the proof of (4.6).
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We may now prove the second estimate of the lemmaxnFix 1, and functions
f andg of degreen andn + 1, respectively. By (4.6)(,£jf, g)2 is bounded above by
((—2Hf, §)((—£2)g, g). By the first part of the lemma, this product is bounded by

C§n” (—Lo)f. ) ((—L0)g. )

This proves (4.4) fo£}. The proof forg is similar.
The last estimate (4.5) is elementary and follows from Schwarz’s inequality and the
explicit formulas for the operato®l, £2, £+, and2;. O

Lemma4.3. For every k > 0, there exists a finite constant C;, such that for j =
15 27 +7 ]

IEfl-14 < Crllfllaara,
so that Si maps 91 x+1 boundedly into $_1
Proof. Follows immediately from the preceding lemmaz

Lemma 4.4. There exists a finite constant Co such that for all n > 1,

Ifll1,e < ConllfllLenws fll-1.env < Conlifll-1,«
for all ¢ in[0, 1], and all f in &,,.

Proof. Fixn > 1andfin &,. By (3.5) and Schwarz’s inequality, f, f >1,, is bounded
above by

1 en+2 D Y POIFS,A) — f(A)

A€, yer‘f

+ 33 pOIFS LA U (1) — fUA U {y}D]?

Ae, ygA

becausdr,(A)| < 1 andy («) < 1. Sincef belongs to®,, we may restrict the second
sum to setsA in &, .. A change of variables permits us to estimate the third sum by the
second one. In conclusion,

(e < Ilienv+3 Y D POIF(SyA) — F(ATP

A&y n yeZﬂf

By Lemma 4.2, the second term on the right-hand side is less than or eqlgal td) ienv
becausé belongs to®,,. The second estimate of the lemma is obtained by duality.
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5. The Saf-Diffusion Coefficient

By [1], the self—diffusion coefficienD («) in the directiornw is given by the variational
formula :

v-D@p =inf{ 3 p@Eu 11— Q-2 ~[f(:6) ~ [€)1)]

zez¢
+ Y - WEL[EmL -0 e - r@]),

x,yezd

where the infimum is carried over all cylinder functiofisA simple computation shows
that

v-Dv=1-o) Y @ 02pe) —ald-o)lfil?, (5.1)

i
€74

for eachv in R%. Here f, is the cylinder function given by

fo®) = D PG vIL—EG)]

1
Jo(l—a) .
YEZ

1
= P -V —E)]
Jo(l—a) yeXZz{

because has mean zero. With the notation introduced in the previous section, we may
write f, as

HE ==Y (- vp(»Yy,

yezd

whereW, = W, for z in Z<.
We are now in a position to state the main result of this section. Theorem 2.1 follows
from this result in view of formula (5.1).

Theorem 5.1. Asafunction of , [ /.12, , isof class C* on [0, 1].

The proof is based on the lemmas at the end of the previous section. To explain the
strategy of the proof we introduce the resolvent equation associatgd tor A > 0,
denote by, the solution of the resolvent equation:

)xlxl)L — L’uk = fv.

We will use the dual representation and carry out the estimafediatu, ~ u, through
the unitary isomorphism. Of coursg = u, (o) depends o,

fo~fo==) G- v)p@ey

z7€€4
is independent a and is actually irf)_1. We have

Auy (o) — Loup = fo. (5.2)
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It follows from [1] that
2 N — — i .
1foll2 1 = M (fo. us)q = — lim XZ:,(Z V)P ({z), @)
z€Z4

= AIiLnO % Z(z ) p(2) [un({—=z}, @) — up({z}, )]

zeZd

(5.3)

becausey(-) is symmetric. In view of this identity, to prove Theorem 5.1 we just need

to show that there exists a subsequehgel 0 such that, for each with p(z) > 0,

{up, (@, {z}) — up, (@, {—2}), kK > 1} converges uniformly inx to a smooth function.

To prove the existence of such a subsequence, it is enough to show that the functions
{uy (e, {z})} are smooth for each > 0 and, for each and;j > 0, to obtain the uniform
bounds

sup  sup ui’ (@, {(—zh) — uf’ (@, {z})] < oo, (5.4)
0<A<l1 O<a<x1l
HerEuf\j ) stands for theg™ derivative ofu;, with respect to the density.
By Schwarz’s inequality,

2
(Z P@ @ {(—zh) — u (@, {z})l)

<Y p@hw (@ (-2 — u (@ {h12

Since the support op generateg?, and we can exclude the one dimensional nearest
neighbor case, there exists a path= —z,z1,...,z, = z, avoiding 0, such that

p(ziv1 — z;) > 0for 0 < i < n. Rewriting the differencaf\-’)(a, {—z}) — uij)(a, {z})

as) o<i-n uij)(oz, {ziv1}) — uij)(a, {z;}) and applying Schwarz’s inequality, we prove
that the previous expression is bounded above by
Collmaus” 13,y < Colluy” 1 - (5.5)
By (5.5), in order to prove (5.4) it is enough to obtain for egch 0, the bound
sup sup Jluy”ll1o < oo.
0<i<l1 O<a<l

Notice that the coefficients dl, are not smooth at the boundary[6f 1]. For this
reason, we reparametrize the family of equations by sir s, ¢ € [0, /2] to get

£(1) = Lo+ (sinf 1) £1 + (cog' 1) £2 + (sintcos) [LF + £7]
and consider the resolvent equation
A, (1) — L), (1) = fo.

Sinpefv does not depend amwe haveu, («(¢)) = v, (¢). To prove that the sequences
{uif)(A, @), A > 0}, j > 0, are uniformly bounded in thig- ||1.,0 norm, we first prove
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such a statement for the sequen(xeg)(A, t), A > 0}, j > 0. From this result and
the relation between, andv,, r anda, we deduce boundednessi|jn |10 norm of

{ui’)(A, «), A > 0} in the interior of the domain. An extra argument, presented at the
end of the proof, extends the smoothness up to the boundary.

We start by observing that the functiphas finite$y_1 , norm for allt > 0, i.e. there
exists a finite constarty such that

Ifoll -1 = Co (5.6)

for all k > 0. The proof of this claim is elementary. Singehas degree 1f,ll-1.x =
Ifull-1.0 = lIfvll—1.env is finite as soon afl|—1,env is finite. To prove thaflfy l|—1,env

is finite, recall the variational formula (3.6) for the: ||-1..,y NOrm and fix a finite
supported functiorg. Since£p does not change the degree of a function and sipce
has degree one, we may assume ghaas degree one. Singeis symmetric,

1
(.00 =3 Z P vlg-2) — afz)].
By Schwarz’s inequality, the square of this expression is bounded by

1
22 P@IE Iy p@led—zh) — sz
Z Z

Now we proceed as for the bound (5.5): there exists a ppth —z,z1, ..., 2, = 2,
avoiding O, such thap(z;+1 — z;) > 0 for 0 < i < n. Rewriting the difference
g({—zp) — a({z}) as D o-;., 8{zi+1}) — g({z;}) and applying Schwarz’s inequality,
we prove that the previous expression is bounded abovéby g, (—£og) >, which
proves the claim (5.6) in view of the variational formula (3.6) for fhe| -1 en, NOrm.

We now start our way through the proof thgtis a sequence of smooth functions
with bounded derivatives. Lemma 4.1 applied shows that

sup sup Jlos(#)ll1k
0<A<10<t<m/2

is finite for allk > 1.

We now turn to the proof of the differentiability of (-). We say that a functiog()
with values in$) is differentiable at if y ~1[g(r + y) — g(r)] converges, ay | 0,
strongly in$ to some function that we denote By Notice that differentiating formally
£(t) int we get the operator

£'(t) = (2sint cost) (£ — £2) + (cos 1 —sirf1) [£7 + £F].

Lemma 5.2. Suppose that f(¢) is a differentiable function of . Let u, be the solution of
the resolvent equation

A (1) — £@Oun (1) = F(@).
Then, u, (r) is differentiable and its derivative is the solution v (r) of

al — Lol =70 + £ 0w (5.7)
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Proof. The proof of the differentiability ofi, () is standard; all we need to control is
that £'(r)u; (¢r) is in 9, which follows from (4.5) of Lemma 4.2 and the boundedness of
the coefficients of/(r). O

The previous lemma applied fo= f, shows that the family of functions, is differen-
tiable for each fixed. and that the derivative] satisfies some resolvent-type equation.

Proof of Theorem 5.1. We first show thafu, (), » > 0} is a family of smooth functions
whose derivatives satisfy for eaktr 0,

sup  sup [lu; ()ll1x < oo. (5.8)
O<i<l 0<t<%

2

By (5.6) [Ifll—1.x is bounded uniformly in. Hence, by Lemma 4.Jju, |1« is bounded,
uniformly in 2 and¢. Sincef does not depend an by Lemma 5.2y, is differentiable
and its derivativey] satisfies

iy — Lu; = £'@) .

By Lemma 4.3 and the explicit form of the operaitir),

I Owl-ax <2 > 18O wll-1x < 8Ckllunllnira
J=12,+,—

then by Lemma 4.3£/ () u, || 1.« is bounded for each > 1, uniformly inA andz. We
may therefore apply again Lemma 4.1 to show thét(r) |1« is uniformly bounded in
(t,r) forall k > 1.
To iterate the argument, we just need to prove by induction the existence of constants
{ani, n > 1,0 <i < n} such that

j-1
) — g =3 a9 D0, (5.9)
i=0

Whereug"), £ (¢) stands for the'" derivative ofu, (1), £(r). This is elementary and left
to the reader.

The previous argument shows tha(z) is a sequence of smooth functions[@n1]
with their derivatives having the uniform bounds

sup  sup ()i < oo
0<i<l O<t<m/2

for eachj > 0. We have seen just after (5.3) that these uniform estimates guarantee the
smoothness offf||—1.«) as a function of defined in[0, =/2]. Sincea = sirf ¢, this
translates immediately into smoothnessifor « € (0, 1). Regularity at the boundary
requires the following extra argument.

We claim thatthe odd derivatives eff, u, (t) > vanishat = 0 andr /2. We consider
the case = 0, the other being similar. To keep notation simplellgtr) =< f, uy (¢) >.
Sincef does not depend an, for j > 0, UA(”(O) =<, ui’)(O) >. Sincef is a function
of degree 1, to prove that the odd derivatived/gfr) vanish at 0, it is enough to prove

thatuf”l) (0) is a function of even degree. We prove this statement by inductign on
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Observe that2(0) = £o + 2% which are operators that preserve the degree of a
function. On the other hand, since %in co r are even functions and since sicost
is an odd function, there exist constantsb;, c; such that

£@D©0) =a; et +b;£2, 2@V =¢;[eF 4 £7]

for j > 0. In particular, while€?)) (0) preserves the degree of a functiai?/+ (0)
changes it by one.

To prove thatuf”l) ()] (resp.uﬁz-")(O)), j > 0, are functions of even (resp. odd)
degree, notice first tha, (0) is the solution of

[ — (Lo + £ (0) = T.

Sincef is a function of degree 1, (0) is also of degree 1. This proves the claim for
J = 0. Itis easy to conclude the proof by induction using formula (5.9) and the fact that
£ (0) preserves the degree, whit¢?/+1D (0) changes it by one.
Sincew” *1(0) are functions of even degre\*’ ™ (0) =< j, 1> " (0) > van-
ishes becausehas degree one. Since we proved uniform convergence of a subsequence
uy, (1) and its derivatives, the limi/ () = ”ﬂlz—l,a(t) of U, () inherits these properties.
In particular,Uz-/“(O) = 0 . Elementary analytic considerations show thgt) is in
fact a smooth function of and hence of sk = . O

Remark 5.3. The proof of the smoothness at the boundary provides a recursive method
to compute the Taylor expansion at the origin of the diffusion coefficient. Recall that
U@) = |Ifll-1.e¢)- By Theorem 5.17(0) = limy_o < f,ux(0) >= < f,u(0) >,
whereu(0) is the solution of

—[Lo+ £2]u(0) =f. (5.10)
Sincef has degree one and singg, 23 preserve the degree, this equation can be solved

in $1. In this space botlgo, £2 are essentially Laplace operators and this equation may
be solved. Knowing:(0), we may examine the equation

—[£0 + £21u® () = £V (0u(0).
As noticed earlier, the right hand side is a function of degree 0 and 2 so'thdl) has
this property. By induction we may obtai’) (0) for all j > 1 by inverting an operator

which is essentially a Laplacian. This permits us to compute the Taylor expansion of
around the origin becaugé’’) (0) =< §, u/)(0) >. In particular, from (5.1),

v-D@v=1L-a) ) @ vpR) —al—a) <u),f, > + 0@

zeZd

includes the first order correction, wherg) is the solution of (5.10).



Regularity of Self-Diffusion 321

References

1.

2.

Kipnis, C., Varadhan, S.R.S.: Central limit theorem for additive functionals of reversible Markov processes
and applications to simple exclusion. Commun. Math. P98, 1-19 (1986)

Landim, C., Olla, S.,Yau, H.T.: Some properties of the diffusion coefficient for asymmetric simple exclusion
processes. Ann. of Probaht, 1779-1807 (1996)

. Landim C., Yau, H.T.: Fluctuation—dissipation equation of asymmetric simple exclusion processes. Probab.

Th. Rel. Fieldsl08, 321-356 (1997)

. Landim C,, Olla S., Varadhan S.R.S.: Finite-dimensional approximation of the self-diffusion coefficient

for the exclusion process. Preprint

. Sethuraman, S., Varadhan, S.R.S., Yau, H. T.: Diffusive limit of a tagged particle in asymmetric exclusion

process. Comm Pure Appl. Math3, 972—-1006 (2000)

. Varadhan, S.R.S.: Regularity of the self-diffusion coefficientThe Dynkin Festschrift, Progr. Probab.

34, Boston, MA: Birkh&user Boston 1994, pp. 387-397

Communicated by H.-T. Yau



