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Abstract. We prove the homogenization of convection-di�usion in a
time-dependent, ergodic, incompressible random ¯ow which has a
bounded stream matrix and a constant mean drift. We also prove two
variational formulas for the e�ective di�usivity. As a consequence, we
obtain both upper and lower bounds on the e�ective di�usivity.

Mathematics Subject Classi®cation (1991): Primary 60K35

1 Introduction

Consider the density u�x; t� of a passive advected agent such as tem-
perature, concentration of an impurity di�using in an incompressible
¯uid. It satis®es the convection±di�usion equation

@tu � Du� F � ru �1:1�
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with certain initial condition. The ¯uid velocity F�x; t;x� is given by a
random ergodic ®eld on Rd�1 satisfying

rx � F�x; t;x� � 0 ; hF�x; t; ��i � v :

where h�i denotes the expectation w.r.t. the random ®eld.
We assume that F � rx �H� v; here v is a constant vector and

H�x; t;x� is a bounded, skew-symmetric, and stationary random
matrix in Rd�1. We will make more precise assumptions on the reg-
ularity of the realization of H in the next section. We study the ef-
fective di�usion on a macroscopic scale. Introducing a scale
parameter e, we will prove that

lim
e!0

u�eÿ1xÿ eÿ2tv; eÿ2t;x� � �u�x; t� �1:2�

in probability with respect to x, where �u is the (deterministic) solution
of e�ective heat equation

@t�u �
X

i;j

avi;j @xi @xj �u �1:3�

and av is the corresponding e�ective di�usion matrix. Indeed, we will
prove a stronger statement concerning the convergence of the un-
derlying stochastic process to a di�usion, the invariance principle. This
problem arises in di�usions of contaminants in saturated porous
media (cf. [BGW]) and in di�usion of particles deposited as sediment
in convective ¯ows (cf. [MC]).

E�ective di�usions in periodic ¯ows (cf. [BGW], [FP], [MM]) and
time-independent random ¯ow with zero mean drift (cf. [PV], [K],
[Oe], [Os], [AM1], [FP]) have been extensively studied. Only some
special cases of time-dependent random ¯ows had been studied (cf.
[K2], [AM2], [CX]). Some bounds on the mean-square displacement
for general bounded time-dependent stream functions with zero mean
drift are proven in [TKS]. We also prove two variational formulas for
the e�ective di�usivity. As a consequence, we extend the results of
[TKS] to ¯ows with mean drift. Our technique follows the probabi-
listic approach of [KV] and is partly based on a perturbation argu-
ment of [LY].

2 Notations and results

Let X;G;l� � be a probability space and G � fsx;t ; �x; t� 2 Rd�1g be a
group of measure preserving transformations acting ergodically on X.
Denote by L2�l� the space of square integrable functions and de®ne
on L2�l� the operators fTx;t; �x; t� 2 Rd�1g given by
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Tx;tf �x� � f �sx;tx� :

Assume that Tx;tf �x� is jointly measurable in Rd�1 � X for each
measurable function f .

It follows from these assumptions that fTx;t; �x; t� 2 Rd�1g is a
group of strongly continuous unitary operators on L2 X;G;l� � (cf.
[JKO], p. 223).

For every f in L2�l�, let f �x; t;x� � f �sx;tx�. Each function f in
L2�l� de®nes in this way a stationary ergodic random ®eld on Rd�1.
Reciprocally, given a stationary ergodic random ®eld one can always
®nd a probability space where such a representation is possible (cf.
[Do]).

Denote by Dt, Di, 1 � i � d the in®nitesimal generators of
fTx;t; �x; t� 2 Rd�1g:

Di � @

@xi
Tx;t
���
x�0;t�0

; Dt � @

@t
Tx;t
���
x�0;t�0

: �2:1�

By Corollary 1.1.6 of [EK] the in®nitesimal generators are closed and
densely de®ned.

Denote by S�Rd�1� the Schwartz space of C1-functions that
vanish at in®nity faster than any polynomial as well as all its deriv-
atives. For f �x; t� in S�Rd�1� and for u 2 L2�X�, de®ne

uf �x� �
Z

Rd�1
u�sx;tx�f �x; t� dx dt : �2:2�

A simple computation shows that hu2
f i is bounded above by

hu2i R f �x; t�2 dx dt so that uf belongs to L2�X�. Denote by C the
space of all such functions: C � fuf ;u 2 L2�X�; f 2S�Rd�1�g. C is
dense in L2 : Consider a sequence ffe; e > 0g of smooth functions that
approximates the identity in L1�Rd�1� and denote by k � k2 the L2�X�
norm of X. If S�fe� stands for the support of fe, we have that

kufe
ÿ uk2 �




 Z
Rd�1

�
u�sx;tx� ÿ u�x�	fe�x; t� dx dt





2

� sup
�x;t�2S�fe�



Tx;tuÿ u



2

that converges to 0 as e # 0 because the group fTx;t; �x; t� 2 Rd�1g is
strongly continuous. Moreover, C is contained in the domain of the
generators Dt, Di, 1 � i � d and a simple computation shows that

Diuf � uÿ@xi f
; Dtuf � uÿ@tf �2:3�
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for every f in S�Rd�1�, u in L2�X� and 1 � i � d. In particular, Dt

and Di, 1 � i � d, map C into C and C is a domain of essential self-
adjointness for the operators iD; iDt.

Since fTx;t; �x; t� 2 Rd�1g is a unitary group, by Theorem VIII.12
of [RS] there exists a projection valued measure Pk;h on Rd�1 such that

hw; Tx;tui �
Z

Rd�1
ei�k�x�ht� dhw; Pk;hui

for any w;u 2 L2�X�. For u 2 L2�X� and f in S�Rd�1�, denote by
R̂u�dk; dh� the spectral measure of u: R̂u�dk; dh� � dhu; Pk;hui and by
f̂ �k; h� the Fourier transform of f :

f̂ �k; h� �
Z

Rd�1
ei�x�k�th�f �x; t�dx dt :

An elementary computation shows that

uf �
Z

Rd�1
f̂ �k; h�dPk;hu

for each f inS�Rd�1�. In particular, the spectral measure R̂uf
�dk; dh�

is equal to jf̂ �k; h�j2R̂u�dk; dh�.
Denote by D the operator �D1; . . . ;Dd� and recall that �Dt;D�maps

C into C. We may therefore de®ne on C the H1 norm given by

kuk21 :� hjDuj2i �
Z

Rd�1
jkj2R̂u�dk; dh� :

In this formula h�i stands for the expectation with respect to l and the
second identity follows from the spectral representation of the oper-
ators fTx;t; �x; t� 2 Rd�1g. Notice that only ``space derivatives'' are
involved in this norm. De®ne H1 as the Hilbert space induced by C
and the inner product obtained from the norm k � k1.

Denote by Cÿ1 the subset of C of all functions fuf ; f 2S�Rd�1g
such that S�f̂ � \ C�0; ho� � / for some ho > 0, where S�f̂ � stands for
the support of f̂ and C�0; ho� for the cylinder �ÿho; ho�d �R. Observe
that Cÿ1 is not dense in L2. De®ne the Hÿ1 norm on Cÿ1 by

kugk2ÿ1 �
Z

Rd�1
jkjÿ2R̂ug

�dk; dh� :

The right hand side is ®nite because R̂ug
�dk; dh� is equal to

jĝ�k; h�j2R̂u�dk; dh� and S�ĝ� \ C�0; ho� so that we may replace jkjÿ2
by a bounded function. Denote by Hÿ1 the closure of Cÿ1 with res-
pect to this norm. Note that kf kÿ1 <1 imposes that f cannot be a
constant with respect to translations in the space direction. Moreover,
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it follows immediately from the de®nitions above that for any
u 2 Cÿ1,

kuk2ÿ1 � sup
w2C

�
2hw;ui ÿ kwk21

	 �2:4�

provided h�; �i stands for the inner product in L2�X�.
We make the following assumptions on the stream matrix Hi;j�x�:

(i) Hi;j�x� is skew-symmetric and a.e. bounded;
(ii) DlHi;j�x�; l � 1; . . . ; d exist and are bounded a.e.;
(iii) DlDhHi;j�x�; l; h � 1; . . . ; d exist in L2�l�.
Notice that we do not make any assumptions on the time derivatives
of Hi;j�x� (i.e. on DtHi;j). The assumption (i) is the major restriction we
need for the proof of the homogenization with the perturbative
method of section 4 below. The assumption (iii) is made to ensure the
existence of the process as solution of a stochastic di�erential equation
(cf. (2.5) below) and can be relaxed. The boundedness of the derivative
of Hi;j in assumption (ii) is needed in section 3 in order to construct a
process on the X-space (``the environment as seen from the particle'').

We de®ne the drift:

F � Fi �
X

j

DjHi;j; i � 1; . . . ; d

( )
:

Since H is bounded (and therefore in L2�X�), the variational formula
for the Hÿ1 norm and Schwarz inequality show that fFi; 1 � i � dg
are in Hÿ1. Moreover, it follows from assumptions (ii) and (iii) and
the stationarity of the process that Fi�x; t;x� � Fi�sx;tx� is bounded
and Lipschitz in x, 1 � i � d, for almost every x.

For each ®xed realization x of the environment, consider the dif-
fusion process de®ned by the stochastic di�erential equation

dyx�t� �
���
2
p

dwt � fv� F�yx�t�; t;x�gdt

yx�0� � 0 ;

(
�2:5�

where wt is a standard Wiener process on Rd and v 2 Rd is a constant
vector. This di�usion is well de®ned because Fi�x; t;x� is bounded and
Lipschitz in x (cf. [SV]).

We are now in a position to state the main result of this article.

Theorem 2.1. The law of the rescaled di�usion

xe�t� � e yx�eÿ2t� ÿ eÿ2tv
ÿ �
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converges in probability (with respect to x) to the law of a Brownian
motion with a symmetric di�usion matrix av characterized by the qua-
dratic form

e � ave � kek2 � 2 sup
u2Cÿ1

�
2hF � e;ui ÿ kAuk2ÿ1 ÿ kuk21

	
where A � v �D� Dt � F �D.

We present in Proposition 5.1 an alternative variational formula
for the di�usion coe�cient.

In order to connect the above result with the homogenization of
the parabolic equation (1.1), we need to assume some regularity in the
time dependence, i.e.

(iv) There exist 0 < c � 1 and C�x� a.s.-®nite, such that for any
�x; s; t�
jFi�x; t;x� ÿ Fi�x; s;x�j � C�x�jt ÿ sjc xÿ a:e:

Under condition (iv) The parabolic linear equation

@tue�x; t� � Due�x; t� ÿ v � rue�x; t� ÿ F�x; t;x� � rue�x; t�
ue�x; 0� � u0�ex� :

(
�2:6�

has a unique solution (for a.e.x) (cf. [F]).
Then the next result follows from Theorem 2.1.

Theorem 2.2. For any x 2 Rd , t > 0 and d > 0

lim
e!0

l
�jue�eÿ1xÿ eÿ2tv; eÿ2t;x� ÿ �u�x; t�j � d

	 � 0 ; �2:7�

where �u is the solution of the e�ective heat equation

@t�u �
X

i;j

ai;j @xi @xj �u

�u�x; 0� � u0�x� :

8<: �2:8�

3 Probabilistic convergence theorem

To the di�usion process de®ned by (2.5) one can associate a canonical
Markov process on X by

g�t� � syx�t�;t x
g�0� � x

�
:

Consider the linear operator L de®ned on L2�l� by
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L � D2 � v �D� F �D� Dt :� L0 � F �D ;

where D2 �P1�i�d D2
i . Since Dt, D map C into C, C is contained in

the domain of each of the operators entering in the de®nition of L and
thus contained also in the domain Dom L of L. Moreover, it follows
from the de®nition of the di�usion yx�t� given in (2.5) that
uf �g�t�� ÿ uf �g�0�� ÿ

R t
0 Luf �g�s��ds is a mean zero martingale for

each uf in C.
Since the operators Dt, fDi; 1 � i � dg are anti-symmetric, L is a

dissipative operator: k�kÿ L�f k2 � kkf k2 for every k > 0. Since C is
dense in L2�l�, to prove that L is closable and that the closure (still
denoted by L to keep notation simple) is a generator of a strongly
continuous group in L2�l� it remains to check that the range
R�kÿL� of kÿ L is dense in L2�l� for some k > 0 (cf. Theorem
1.2.12 in [EK]). We prove in fact a stronger result from which it
follows that C is a core for L.

Proposition 3.1. For any k > 0 and g 2 L2 there exists a sequence
un 2 C such that

lim
n!1k�kÿ L�un ÿ gk2 � 0 :

Proof. For any f 2S�Rd�1�, g � �kÿ Dÿ v � r ÿ @t�ÿ1f 2S�Rd�1�.
Since �kÿ L0�ug � uf , C forms a core for L0.

By Theorem 1.7.1 of [EK], in order to prove the proposition, we
just need to show that F �D is a relatively bounded perturbation of
L0, i.e., that there exist 0 � a < 1 and b > 0 such that

kF �Duk2 � akL0uk2 � bkuk2
for all u 2 C. The domain condition stated in [EK], Dom�F �D� �
Dom�L0� is a consequence of this bound.

Since F is bounded by assumption (ii),

hjF �Duj2i � kFk21hjDuj2i � ÿkFk21hu;D2ui :
By Schwarz inequality, the previous expression is bounded above by

kFk21
a
2
hjD2uj2i � 1

2a
hu2i

� �
for any a > 0. Since L0 � D2 �M , where M is antisymmetric, and D2

and M commute, kL0uk2 is bounded below by kD2uk2. Therefore,

hjF �Duj2i � kFk21
a
2
h L0uj j2i � 1

2a
hu2i

� �
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for any a > 0. This shows that F �D is a relatively bounded pertur-
bation of L0 because

�����������
a� b
p � ���

a
p � ���

b
p

. (
It follows from this proposition and the fact that

uf �g�t�� ÿ uf �g�0�� ÿ
R t
0 Luf �g�s��ds is a martingale for each uf in C

that L is the generator of the Markov process g�t�.
The probability measure l is an ergodic invariant measure for this

process. In fact this is a consequence of the ergodicity of l with
respect to the space-time translation of the group G. Indeed let u 2 C
such that Lu � 0. Multiplying this equation by u and integrating we
obtain

h�Du�2i � 0

which implies Du � 0 a.e. Since Lu � 0 and Du � 0, we have that
Dtu � 0. So u is invariant with respect to the action of G. By the
ergodicity of this action u is constant l a.e.

To state the main step in the proof of Theorem 2.1, we need to
point out some elementary properties of the generator L and the space
Cÿ1. We ®rst claim that LCÿ1 �Hÿ1 \ L2�l�. Observe that for each
uf in C we have L0uf � ug where g � Df ÿ v � rf ÿ @tf . Since the
support of the Fourier transform of g is contained in the support of
the Fourier transform of f , we have that L0Cÿ1 � Cÿ1. On the other
hand, from the variational formula for the norm H1, the explicit
formula for F and assumption (ii), F �Duf 2Hÿ1 \ L2�l� for each f
in S�Rd�1�.
Proposition 3.2. For any g 2Hÿ1 there exists a sequence un 2 Cÿ1 such
that

lim
n!1kLun ÿ gkÿ1 � 0 : �3:1�

The proof of this proposition is the main content of section 4.

Corollary 3.3. The sequence un de®ned in Proposition 3.2 converges
strongly to some u0 in H1.

Proof. Since un belongs to Cÿ1 and Cÿ1 � C, un belongs to C. On
the other hand, D2Cÿ1 � Cÿ1 and kD2ukÿ1 � kuk1 for each u
in Cÿ1. Finally, since L � D2 � A, where A is an antisymmetric
operator,

kLuk2ÿ1 � kD2uk2ÿ1 � kAuk2ÿ1 � kD2uk2ÿ1
for each u in Cÿ1. In conclusion,
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kun ÿ umk1 � kD2�un ÿ um�kÿ1 �k L�un ÿ um� kÿ1 :

Since, by Proposition 3.2 the right hand side vanishes as n, m " 1, the
corollary is proved. (

In our route to prove Theorem 2.1, we need the following lemma
proved independently by [SVY] and [L].

Proposition 3.4. Let g 2Hÿ1 \ L2. Then

El sup
0�t�T

Z t

0

g�g�s�� ds

���� ����2
 !

� 16Tkgk2ÿ1

Proof. A simple computation with functions belonging to Cÿ1 shows
that �kÿ S�ÿ1 is a bounded operator in Hÿ1 for each k > 0. In par-
ticular, if uk stands for uk � �kÿD2�ÿ1g, by Schwarz inequality,

El sup
0�t�T

Z t

0

g�g�s�� ds

���� ����2
 !

� 2El sup
0�t�T

Z t

0

kuk�g�s�� ds

���� ����2
 !

� 2El sup
0�t�T

Z t

0

D2uk�g�s�� ds

���� ����2
 !

:

Multiplying both sides of the equation kuk ÿ Suk � g by uk and ap-
plying Schwarz inequality we obtain that khu2ki is bounded above by
kgk2ÿ1. Therefore, since l is an invariant measure, by Schwarz in-
equality,

El sup
0�t�T

Z t

0

kuk�g�s�� ds

���� ����2
 !

� kT 2kgk2ÿ1 :

Since by hypothesis g belongs to L2�l�, �kÿ S�uk � g is in L2�l�. In
particular, Suk � kuk ÿ g also belongs to L2�l�. There exists therefore
a sequence fun; n � 1g in C such that kun ÿ ukkL2 ! 0 and
kD2un ÿD2ukkL2 ! 0. From these estimates we obtain that

lim
n!1hjDunj2i � lim

n!1hun; Suni � huk; Suki � kgk2ÿ1 :
Let L� the adjoint operator of L. It is easy to check that C � D�L��
and that L� � D2 ÿ v �Dÿ F �Dÿ Dt on C. By Ito's formula we haveZ t

0

D2un�g�s�� ds � 1

2

Z t

0

Lun�g�s�� ds� 1

2

Z t

0

L�un�g�s�� ds

� Mun
�t� �M�un

�t�; �3:2�

Convection±di�usion equation 211



where Mun
�t� and M�un

�t� are respectively a forward and a backward
martingale such that

E�Mun
�t�2� � E�M�un

�t�2� � t
2 hjDunj2i :

Observe that in (3.2) the boundary terms cancel exactly. Applying
Doob's inequality,

E sup
0�t�T

Z t

0

Sun�g�s�� ds

���� ����2
 !

� 8T hjDunj2i � 8Tkgk2ÿ1 :

Recollecting the previous bounds, we obtain that

E sup
0�t�T

Z t

0

g�g�s�� ds

���� ����2
 !

� �16� 2kT �Tkgk2ÿ1 :

Letting k # 0 we conclude the proof of the proposition. (
We are now in a position to prove Theorem 2.1.

Proof of Theorem 2.1. By (2.5),

xe�t� � e �
���
2
p

eweÿ2t � e� e
Z teÿ2

0

F�g�s�� � e ds :

We start proving the relative compactness of the process xe�t�. Since
the ®rst term on the right hand side is just a standard Brownian
motion, we only have to consider the second. Let ge � F � e. By as-
sumption (ii), ge 2Hÿ1. Compactness follows therefore from Prop-
osition 3.4.

We now prove that the limiting process is indeed a di�usion pro-
cess. We will use the central limit theorem for martingales in order to
conclude the argument.

Since ge belongs toHÿ1, by Proposition 3.2, there exists a sequence
fuen; n � 1g in Cÿ1 such that Luen converges to ge in Hÿ1. Let
fn � ge ÿ Luen. By Ito's formula,

e
Z teÿ2

0

ge�g�s�� ds � e
Z teÿ2

0

�Luen��g�s�� ds� e
Z teÿ2

0

fn�g�s�� ds

� e
�

uen�g�teÿ2�� ÿ uen�g�0��
	� eMn�teÿ2�

� e
Z teÿ2

0

fn�g�s��ds ;

�3:3�

where Mn�t� is a martingale with quadratic variation
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Z t

0

n
Luen�g�s��2 ÿ 2uen�g�s��Luen�g�s��

o
ds � 2

Z t

0

���Duen�g�s��
���2ds :

Since uen belongs to L2�l�, the ®rst term in (3.3),
e
�

uen�g�teÿ2�� ÿ uen�g�0��
	
converges to 0 in L2 as e # 0. By Proposi-

tion 3.2, kfnkÿ1 vanishes as n " 1. On the other hand, fn belongs to
L2�l� because ge 2 L2�l� and uen are in Cÿ1. In particular, by Prop-
osition 3.4,

lim
n!1 lime!0

E e
Z teÿ2

0

fn�g�s��ds

 !2
24 35 � 0 :

By the central limit theorem for martingales and the ergodic theorem
(cf. [O] for example), as e! 0, the martingale converges (in law, for
a.e. x) to a martingale with constant quadratic variation given by
kuenk21, namely a Brownian motion with variance kuenk21. By Corollary
3.3, as n " 1, the variance converges to kue0k21. Observe that the joint
variation of eMuen�teÿ2� and eweÿ2t � e is given by

e2
Z e2

0

e �Due0�g�s�� ds

so by the ergodic theorem they are asymptotically orthogonal as
e! 0. We have then obtained that the ®nite dimensional distributions
of xe�t� � e converge to those of a Brownian motion with di�usion
coe�cient given by

e � ave � kek2 � 2hkDue0k2i :
By polarization we have the convergence of the ®nite dimensional
distributions of xe�t� to a Brownian motion with di�usion matrix

avi;j � di;j � 2hDuei
0 �Duej

0 i : �3:4�
The di�usivity shall be characterized by variational principles in
Proposition 5.1. (

4 A perturbation argument

We prove in this section Proposition 3.2. To keep notation simple, for
a in R, let J � F �D � D �HD, M � v �D� Dt, S � D2, La � S � aM
and A � M � J .

We ®rst claim that (3.1) can be explicitly solved if L is replaced
by La.
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Proposition 4.1. For any w in Hÿ1 there exists a sequence un 2 Cÿ1
such that

lim
n!1kLaun ÿ gkÿ1 � 0 : �4:1�

Proof. Since Cÿ1 is dense inHÿ1, it is enough to prove the proposition
for w in Cÿ1. Assume thus that w � uf for some u in L2�l� and some
f inS�Rd�� whose Fourier transform f̂ has support S�f̂ � is such that
S�f̂ � \ C�0; ho� � / for some ho > 0.

Fix k > 0 and e > 0 and denote by gk;e the function
�kÿ Dÿ abv � r ÿ a@t ÿ e@2t �ÿ1f that belongs to S�Rd�1�. It follows
from (2.3) that �kÿ La ÿ eD2

t �ugk;e
� uf . To conclude the proof, it

remains to show that kugk;e
and eD2

t ugk;e
converges to 0 inHÿ1 as e # 0

and then k # 0.
By de®nition,

keD2
t uk;ek2ÿ1
�
Z

e2h4

jkj2��k� jkj2 ÿ i�v � k� h� � eh2
��2 jf̂ �k; h�j2R̂u�dk; dh� :

The integrand is bounded by Ckjf̂ �k; h�j2=jkj2, for some ®nite constant
Ck depending only on k. Since uf belongs to Cÿ1, by the dominated
convergence theorem, for any ®xed k, keD2

t uk;ekÿ1 vanishes as e # 0.
On the other hand,

kkuk;ek2ÿ1 �
Z

k2

jkj2��k� jkj2 ÿ i�v � k� h� � eh2
��2 jf̂ �k; h�j2R̂u�dk; dh� :

By the same reasons, kkuk;ekÿ1 vanishes as e # 0 and then k # 0, what
concludes the proof of the proposition. (

Lemma 4.2. For each a in R, JLÿ1a is a bounded operator in Hÿ1 and
kJLÿ1a kHÿ1 � kHk1.

Proof. Because H is bounded a.e., from the variational characteriza-
tion (2.4) of the Hÿ1 norm,

kJukÿ1 � kHk1kuk1
for every u in Cÿ1. On the other hand, since M is antisymmetric,

kLauk2ÿ1 � kuk21 � a2kMuk2ÿ1 � kuk1 :
In particular,
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kJLÿ1a vkÿ1 � kHk1kvkÿ1
for any v in the set fLau; u 2 Cÿ1g. Since by Proposition 4.1
fLau; u 2 Cÿ1g is dense in Hÿ1, the lemma is proved. (

We now prove that for the d small enough the set
f�La � dJ�u; u 2 Cÿ1g is dense in Hÿ1.

Lemma 4.3. Fix a in R. For any d < kHkÿ11 and w inHÿ1, there exists
a sequence fun; n � 1g in Cÿ1 such that

lim
n!1k�L0 � dJ�un ÿ wkÿ1 � 0 : �4:2�

Proof. Fix a inR. Since the operator JLÿ10 is bounded inHÿ1 by a ®nite
constant kHk1, for d < kHkÿ11 ;we may de®ne the bounded operator

�1� dJLÿ10 �ÿ1 by the serie
P

n�0�dJLÿ10 �n. Let g � �1� dJLÿ10 �ÿ1w. By
Proposition 4.1 there exists a sequence fun; n � 1g in Cÿ1 such that

limn!1 kLaun ÿ gkÿ1 � 0. Therefore,

k�La � dJ�un ÿ wkÿ1 � k 1� dJLÿ10
ÿ �

L0un ÿ g� �kÿ1
� C�d�kL0un ÿ gkÿ1 :

for some ®nite constant C�d�. Since the right hand side vanishes as
n " 1, the lemma is proved. (

Proof of Proposition 3.2. We have to prove that Lemma 4.3 is valid
with a, d � 1. Fix d < kHkÿ11 . Formally we have

L � S � A � 1
d

ÿ
1ÿ �1ÿ d�S S � dA� �ÿ1� S � dA� � :

We ®rst give a rigorous sense to the second identity. Since A is anti-
symmetric, kuk1 � k�S � dA�ukÿ1 for all u in Cÿ1. Thus if
v � S � dA� �u for some u in Cÿ1,

kS S � dA� �ÿ1vkÿ1 � k S � dA� �ÿ1vk1 � kuk1
� k�S � dA�ukÿ1 � kvkÿ1 :

Hence the operator S S � dA� �ÿ1 restricted to the set f S � dA� �u;
u 2 Cÿ1g is bounded by 1 in Hÿ1. By Lemma 4.3, with a � d,
f S � dA� �u; u 2 Cÿ1g is dense in Hÿ1. In particular, S S � dA� �ÿ1 is
bounded by 1 inHÿ1. We may therefore de®ne the bounded operator
�1ÿ �1ÿ d�S S � dA� �ÿ1�ÿ1 by a power serie as in Lemma 4.3.

Let w � d�1ÿ �1ÿ d�S S � dA� �ÿ1�ÿ1g. By Lemma 4.3 there exists
a sequence un 2 Cÿ1 such that
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lim
n!1k�S � dA�un ÿ wkÿ1 � 0 :

By de®nition of this sequence,

kLun ÿ gkÿ1 �


1

d

ÿ
1ÿ �1ÿ d�S S � dA� �ÿ1� S � dA� �un ÿ w� �

ÿ1

� C�d� k�S � dA�un ÿ wkÿ1
for some ®nite constant C�d�. This concludes the proof of the prop-
osition because the right hand side vanishes as n " 1. (

5 Variational formulae and bounds for the e�ective di�usion

We provide here two variational formulae for the e�ective di�usivity.
They are straightforward consequences of Proposition 3.2. Varia-
tional formulae had been useful in estimating the e�ective di�usion
coe�cients (cf. [FG1]).

From (3.4), up to 2kek2 the di�usivity along the direction e is given
by the H1 norm of ue0 where ue0 � Lÿ1F � e. Formally,

hjDue0j2i � hLÿ1F � e; �ÿS�Lÿ1F � ei
� sup

u2Cÿ1

�
2hF � e;ui ÿ hLu�ÿS�ÿ1Lui	 :

Since hLu; �ÿS�ÿ1Lu > is equal to kAuk2ÿ1 � kuk21, we obtain a vari-
ational formula for the di�usion coe�cient. A rigorous argument is
given in the following result.

Proposition 5.1. The following variational formulas for the di�usion
coe�cient hold:

hjDue0j2i � sup
u2Cÿ1

�
2hF � e;ui ÿ kAuk2ÿ1 ÿ kuk21

	
; �5:1�

hjDue0j2i � inf
u2Cÿ1

�kF � eÿ Auk2ÿ1 � kuk21
	
: �5:2�

Proof. To keep notation simple, let g � F � e and recall that we denote
by L� � S ÿ A the adjoint of L. By Proposition 3.2 there exists se-
quences fun; n � 1g and fu�n; n � 1g in Cÿ1 such that

Lun � g� fn ; L�u�n � g� f �n
and kfnkÿ1, kf �n kÿ1 vanish as n " 1. For each n � 1, let u�n � �1=2��
�un � u�n�, uÿn � �1=2��un ÿ u�n�. With this de®nition,

Su�n � Auÿn � g� 1
2 �fn � f �n � ;
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Suÿn � Au�n � 1
2 �fn ÿ f �n � :

Since the sequence un converges in H1 to ue0,

hjDue0j2i � lim
n!1kunk21 :

Rewrite un as u�n � uÿn and notice that

hu�n ; Suÿn i � hu�n ;ÿAu�n i � �1=2�hu�n ; fn ÿ f �n i :
Since A is antisymmetric the ®rst expression on the right hand side
vanishes. On the other hand the second converges to 0 as n " 1 be-
cause u�n is uniformly bounded in H1 and kfnkÿ1, kf �n kÿ1 vanish as
n " 1. Therefore,

lim
n!1kunk21 � lim

n!1
�kSu�n k2ÿ1 � kuÿn k21

	
:

Since Su�n � gÿ Auÿn � �1=2��fn � f �n �, by the property of the se-
quence fn, f �n ,

lim
n!1kSu�n k2ÿ1 � lim

n!1kgÿ Auÿn k2ÿ1 :
We have therefore proved that

hjDue0j2i � lim
n!1

�kgÿ Auÿn k2ÿ1 � kuÿn k21
	
:

In particular,

hjDue0j2i � inf
u2Cÿ1

�kgÿ Auk2ÿ1 � kuk21
	
:

In contrast, recall that

hjDue0j2i � lim
n!1

�ku�n k21 � kuÿn k21	 :

For each ®xed n, we may rewrite the right hand side as
2ku�n k21 � 2kuÿn k21 ÿ ku�n k21 ÿ kSuÿn k2ÿ1. We have already seen that
kSuÿn k2ÿ1 � kAu�n k2ÿ1 � on�1� and that kuÿn k21 � ÿhuÿn ;Au�n i � on�1�.
Since A is antisymmetric and Auÿn � gÿ Su�n � �1=2��fn � f �n �,

lim
n!1ku

ÿ
n k21 � lim

n!1 2hgÿ Su�n ;u
�
n i :

In conclusion,

hjDue0j2i � lim
n!1

�
2hg;u�n i ÿ ku�n k21 ÿ kAu�n k2ÿ1

	
� sup

u2Cÿ1

�
2hg;ui ÿ kuk21 ÿ kAuk2ÿ1

	
:
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Up to this point we proved that

inf
u2Cÿ1

�kF � eÿ Auk2ÿ1 � kuk21
	 � hjDue0j2i

� sup
u2Cÿ1

�
2hF � e;ui ÿ kAuk2ÿ1 ÿ kuk21

	
: �5:3�

To conclude the proof of the proposition, it remains to check the
reversed inequalities. By the variational formula for the Hÿ1 norm,

kAuk2ÿ1 � sup
w2C

�
2hw;Aui ÿ kwk21

	
:

Hence,

sup
u2Cÿ1

�
2hF � e;ui ÿ kAuk2ÿ1 ÿ kuk21

	
� sup

u2Cÿ1
inf
w2C

�
2hF � e� Aw;ui � kwk21 ÿ kuk21

	
:

Since supu infw B�u;w� � infw supu B�u;w�, replacing w by ÿw, we
have that

sup
u2Cÿ1

�
2hF � e;ui ÿ kAuk2ÿ1 ÿ kuk21

	
� inf

w2C
�kF � eÿ Awk2ÿ1 � kwk21

	
� inf

w2Cÿ1

�kF � eÿ Awk2ÿ1 � kwk21
	

because Cÿ1 � C. This estimate in addition to (5.3) concludes the
proof. (
The well known bound (cf. [TKS]) states that

e � a�v�eÿ jej2 � 2hjDue0j2i � 2hjHj2i :
This follows by dropping the term kAuk2ÿ1 in (5.1) and thus

hjDue0j2i � kF � ek2ÿ1 � hjHj2i :
In dimension 2 and for time independent ®elds we obtain a more
interesting bound on the e�ective di�usivity on the direction orthog-
onal to the mean drift v. For d � 2, choose a direction e such that
v � e � 0. In this case F can be written as F � D?H for a bounded
smooth stream function H . Then, as a result of what proved in the
previous sections, there exists ue0 such that

D2ue0 � e? � jvjDue0 ÿDH
ÿ ��D?H �Due0 � 0
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in Hÿ1. Then testing this equation against ue0 and H one obtains the
relations

hjDue0j2i � hHe? �Due0i �
1

jvj hDH � �I�H�Due0i

so by Schwarz inequality

e � a�ve?�eÿ jej2 � hjDue0j2i �
1

jvj2 1� kHk1
ÿ �2hjDH j2i :
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