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Abstract. We prove the homogenization of convection-diffusion in a
time-dependent, ergodic, incompressible random flow which has a
bounded stream matrix and a constant mean drift. We also prove two
variational formulas for the effective diffusivity. As a consequence, we
obtain both upper and lower bounds on the effective diffusivity.
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1 Introduction

Consider the density u(x,7) of a passive advected agent such as tem-
perature, concentration of an impurity diffusing in an incompressible
fluid. It satisfies the convection—diffusion equation

Ou=Au+F -Vu (1.1)
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with certain initial condition. The fluid velocity F(x, ¢, w) is given by a
random ergodic field on RY"! satisfying

V, -F(x,t,w) =0, (F(x,t,-)) =V

where () denotes the expectation w.r.t. the random field.

We assume that F =V, -H +v; here v is a constant vector and
H(x,#,w) is a bounded, skew-symmetric, and stationary random
matrix in R*!. We will make more precise assumptions on the reg-
ularity of the realization of H in the next section. We study the ef-
fective diffusion on a macroscopic scale. Introducing a scale
parameter ¢, we will prove that

lim u(s_lx — ¢ 2y, g2, ) = u(x,t) (1.2)
P
in probability with respect to w, where # is the (deterministic) solution
of effective heat equation

Ofi =) a}; 0 Okl (1.3)
ij

and «" is the corresponding effective diffusion matrix. Indeed, we will
prove a stronger statement concerning the convergence of the un-
derlying stochastic process to a diffusion, the invariance principle. This
problem arises in diffusions of contaminants in saturated porous
media (cf. [BGW]) and in diffusion of particles deposited as sediment
in convective flows (cf. [MC]).

Effective diffusions in periodic flows (cf. [BGW], [FP], [IMM]) and
time-independent random flow with zero mean drift (cf. [PV], [K],
[Oe], [Os], [AM1], [FP]) have been extensively studied. Only some
special cases of time-dependent random flows had been studied (cf.
[K2], [AM2], [CX]). Some bounds on the mean-square displacement
for general bounded time-dependent stream functions with zero mean
drift are proven in [TKS]. We also prove two variational formulas for
the effective diffusivity. As a consequence, we extend the results of
[TKS] to flows with mean drift. Our technique follows the probabi-
listic approach of [KV] and is partly based on a perturbation argu-
ment of [LY].

2 Notations and results

Let (Q, %, 1) be a probability space and G = {ty, ; (x,¢) € R} be a
group of measure preserving transformations acting ergodically on Q.
Denote by L?(u) the space of square integrable functions and define
on L?(u) the operators {Ty,, (x,¢) € R} given by
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Tif (@) = f(tx,0)

Assume that Ty,f(w) is jointly measurable in RY"! x Q for each
measurable function f.

It follows from these assumptions that {7y, (x,) € R} is a
group of strongly continuous unitary operators on L*(Q, %, u) (cf.
[JKO], p. 223).

For every f in L?(p), let f(x,t,w) = f(1x,®). Each function f in
L*(u) defines in this way a stationary ergodic random field on R*!.
Reciprocally, given a stationary ergodic random field one can always
find a probability space where such a representation is possible (cf.
[Do]).

Denote by D,, D;, 1<i<d the infinitesimal generators of
{Tys, (x,1) € R

0

0
Di = —— T, D, = — T, . 2.1
l Ox; ' lx=0.=0" [ ot x=04=0 2.1)

By Corollary 1.1.6 of [EK] the infinitesimal generators are closed and
densely defined.

Denote by #(R?*!) the Schwartz space of C*-functions that
vanish at infinity faster than any polynomial as well as all its deriv-
atives. For f(x,?) in (R*"") and for ¢ € L*(Q), define

gof(a)) = /}Rd+l P(tx,0)f (X, 1) dx dt . (2.2)

A simple computation shows that <(p}> is bounded above by
(9?) [ f(x,0)* dx dt so that ¢, belongs to L*(Q). Denote by % the
space of all such functions: 4 = {¢,, ¢ € L*(Q),f € SR}, 4 is
dense in L? : Consider a sequence {f;,& > 0} of smooth functions that
approximates the identity in L'(IR“™") and denote by || - ||, the L*(Q)
norm of Q. If S(f;) stands for the support of f;, we have that

ool = [ | {otewm) o) hix.0) x|,

< sup ||Tip — o,
(x,1)eS(f:)

that converges to 0 as ¢ | 0 because the group {Tx,, (x,£) € R} is
strongly continuous. Moreover, % is contained in the domain of the
generators D;, D;, 1 <i <d and a simple computation shows that

Dip, = Po.f Dipr = @_yy (2.3)
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for every f in (R, ¢ in L*(Q) and 1 <i < d. In particular, D,
and D;, 1 <i<d, map ¥ into ¥ and ¥ is a domain of essential self-
adjointness for the operators iD,iD,.

Since {7y, (x,£) € RY™"} is a unitary group, by Theorem VIII.12
of [RS] there exists a projection valued measure F ; on R¥*! such that

W Tw) = [ % 4, Bus)
R +

for any , ¢ € L*(Q). For ¢ € L*(Q) and f in #(R**"), denote by
R, (dk, dh) the spectral measure of ¢: R o(dk,dh) = d(@,Px ) and by
f(k, &) the Fourier transform of f:

F(k, ) = / 'K £(x f)dx dt .
]Rd+1

An elementary computation shows that

¢p= [ Sk h)dPinrp
]Rd+l
for each f in ¥ (IR‘”I) In particular, the spectral measure R, , (dk, dh)
is equal to |f(k, )| R(/,(dk dh).
Denote by D the operator (Dy, ..., D,) and recall that (D,, D) maps
% into ¥. We may therefore define on % the 5| norm given by

ol = (Do) = [ KPRy (k)

In this formula (-) stands for the expectation with respect to u and the
second identity follows from the spectral representation of the oper-
ators {Ty,, (x,¢) € RY"}. Notice that only “space derivatives” are
involved in this norm. Define s#; as the Hilbert space induced by %
and the inner product obtained from the norm || - ||,.

Denote by %_; the subset of ¢ of all functions {(p,,f € Y (R4}

such that S(f) N C(0,h,) = ¢ for some h, > 0, where S(f) stands for
the support of f and C(0, 4,) for the cylinder [—A,, h,]* x R. Observe
that €_; is not dense in L. Define the 2 _; norm on ¥_; by

2 _2x
@yl :/]RM K| °R,, (dk,dh) .

The rlght hand side is finite because R, ,(dk,dh) is equal to
|G(k, h)|’R o(dk,dh) and S(g) N C(0,4,) so that we may replace |k|

by a bounded function. Denote by #_; the closure of ¥_; with res-
pect to this norm. Note that [|f||_; < oo imposes that f cannot be a
constant with respect to translations in the space direction. Moreover,
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it follows immediately from the definitions above that for any
pEC,

Il = sup 20, 0) — IW]I7} (24)

provided (-, -) stands for the inner product in L*(Q).
We make the following assumptions on the stream matrix H; ;():

(i) H;j(w) is skew-symmetric and a.e. bounded;
(i) DyH;j(w),l =1,...,d exist and are bounded a.e.;
(i) DiDyH;j(w),1,h=1,...,d exist in L*().

Notice that we do not make any assumptions on the time derivatives
of H; j(w) (i.e. on D;H; ;). The assumption (i) is the major restriction we
need for the proof of the homogenization with the perturbative
method of section 4 below. The assumption (iii) is made to ensure the
existence of the process as solution of a stochastic differential equation
(cf. (2.5) below) and can be relaxed. The boundedness of the derivative
of H;; in assumption (ii) is needed in section 3 in order to construct a
process on the Q-space (“‘the environment as seen from the particle”).
We define the drift:

F:{E:ZDJ-H,-J, z':l,...,d} .
J

Since H is bounded (and therefore in L?(Q)), the variational formula
for the #_; norm and Schwarz inequality show that {F},1 <i < d}
are in # _1. Moreover, it follows from assumptions (ii) and (iii) and
the stationarity of the process that Fi(x,t,®) = F;(tx,») is bounded
and Lipschitz in x, 1 <i <d, for almost every w.

For each fixed realization w of the environment, consider the dif-
fusion process defined by the stochastic differential equation

{ dy” (1) = V2dw, + {v + F(y° (1), 1, ) }d 25)

y*(0) =0,
where w, is a standard Wiener process on IR? and v € R is a constant
vector. This diffusion is well defined because Fi(x, 7, ) is bounded and

Lipschitz in x (cf. [SV]).
We are now in a position to state the main result of this article.

Theorem 2.1. The law of the rescaled diffusion

xit) = e(y”(e7%t) — e *tv)
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converges in probability (with respect to w) to the law of a Brownian
motion with a symmetric diffusion matrix a* characterized by the qua-
dratic form

2 2 2
e-a'e=|e]”+2 sup {2(F-e,0) — |l d0|IZ, — lloll;}
PEG

where A=v-D+ D;+F-D.

We present in Proposition 5.1 an alternative variational formula
for the diffusion coefficient.

In order to connect the above result with the homogenization of
the parabolic equation (1.1), we need to assume some regularity in the
time dependence, i.e.

(iv) There exist 0 <y <1 and C(w) a.s.-finite, such that for any

(x,5, 1) :
|Fi(x,t,0) — Fi(x,s,0)| < C(w)|lt —s|" ©—ae.

Under condition (iv) The parabolic linear equation

{8,u8(x,t):Aug(x,t)—v-Vus(x,t) — F(x,1,0) - Vuy(x, 1) 26)

u:(x,0) = up(ex) .
has a unique solution (for a.e.w) (cf. [F)).
Then the next result follows from Theorem 2.1.

Theorem 2.2. For any x € R, t >0 and 6 > 0
hl’l(l) wlus(e7'x — ey, e 72 0) —a(x, 1) > 6} =0, (2.7)

where u is the solution of the effective heat equation
Ot = a;; 0, Oyl
ij (2.8)
u(x,0) = up(x) .

3 Probabilistic convergence theorem

To the diffusion process defined by (2.5) one can associate a canonical
Markov process on Q by

{ n(t) = Tyo(r),r @
n(0) =

Consider the linear operator L defined on L?(u) by
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L =D+v.-D+F-D+D,:=Ly+F-D,

where D* = 3", _,., D?. Since D,, D map % into %, % is contained in
the domain of each of the operators entering in the definition of L and
thus contained also in the domain Dom L of L. Moreover, it follows
from the definition of the diffusion »“(¢) given in (2.5) that
@r(n(t)) — @r(n(0)) — féL(pf(n(s))ds is a mean zero martingale for
each ¢, in €.

Since the operators D,, {D;,1 <i < d} are anti-symmetric, L is a
dissipative operator: ||(4 —L)f||, > 4||f]|, for every 4 > 0. Since % is
dense in L?(u), to prove that L is closable and that the closure (still
denoted by L to keep notation simple) is a generator of a strongly
continuous group in L?(x) it remains to check that the range
R()— L) of 2—L is dense in L*(u) for some 4> 0 (cf. Theorem
1.2.12 in [EK]). We prove in fact a stronger result from which it
follows that & is a core for L.

Proposition 3.1. For any /. >0 and g € L* there exists a sequence
u, € € such that

T (2~ Ly — gll, = 0 .

Proof. Forany f € (R, g= (A —A—v-V —9) ' f € #(RI).
Since (4 — Lo)p, = ¢, € forms a core for Lo.

By Theorem 1.7.1 of [EK], in order to prove the proposition, we
just need to show that F-D is a relatively bounded perturbation of
Ly, i.e., that there exist 0 < o < 1 and § > 0 such that

[[F - Duelly < e[ Loully + Blfull

for all u € ¥. The domain condition stated in [EK], Dom(F - D) D
Dom(Ly) is a consequence of this bound.
Since F is bounded by assumption (ii),

2 2 2 2
([F - Dul*) < [|F|I5(Dul”) = —|[F|I% (u, D%u)
By Schwarz inequality, the previous expression is bounded above by
I Tt N
{5 00 + 50}

for any o > 0. Since Ly = D? + M, where M is antisymmetric, and D’
and M commute, ||Lou/|, is bounded below by ||D?ul|,. Therefore,

(F - Du) < %45 o) + 3 )}
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for any o > 0. This shows that F- D is a relatively bounded pertur-
bation of Ly because va + b < v/a + V/b. O

It follows from this proposition and the fact that
@r(n(t)) — @r(n(0)) — féL(pf(n(s))ds is a martingale for each ¢, in %
that L is the generator of the Markov process #/(?).

The probability measure p is an ergodic invariant measure for this
process. In fact this is a consequence of the ergodicity of p with
respect to the space-time translation of the group G. Indeed let ¢ € ¥
such that Lo = 0. Multiplying this equation by ¢ and integrating we
obtain

(Dp)*) =0

which implies Dg = 0 a.e. Since Lo = 0 and D¢ = 0, we have that
D;p = 0. So ¢ is invariant with respect to the action of G. By the
ergodicity of this action ¢ is constant u a.e.

To state the main step in the proof of Theorem 2.1, we need to
point out some elementary properties of the generator L and the space
%_,. We first claim that L% | C #_; N L*(u). Observe that for each
¢, in € we have Lop, = ¢, where g =Af —v-Vf —0,f. Since the
support of the Fourier transform of ¢ is contained in the support of
the Fourier transform of f, we have that Ly%é_; C ¥_,. On the other
hand, from the variational formula for the norm #, the explicit
formula for F and assumption (i), F- Do, € # 1 N L*(p) for each f
in 7(R).

Proposition 3.2. For any g € # _| there exists a sequence u, € €_1 such
that

lim ||Lu, — g||_; = 0. (3.1)

The proof of this proposition is the main content of section 4.

Corollary 3.3. The sequence u, defined in Proposition 3.2 converges
strongly to some ugy in K.

Proof. Since u, belongs to ¥_; and ¥_; C €, u, belongs to ¥. On
the other hand, D*4_; C ¥_; and ||D?¢|_, = |l¢||, for each ¢
in %_,. Finally, since L =D?+ 4, where 4 is an antisymmetric
operator,

2 2 2 2
ILo|Z) = D¢~ + [|l40]1Z, = D0l

for each ¢ in ¥_;. In conclusion,
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|t — um”l = ||D2(”n - um)H—l <IV Lty — ) || -1

Since, by Proposition 3.2 the right hand side vanishes as n, m T co, the
corollary is proved. O

In our route to prove Theorem 2.1, we need the following lemma
proved independently by [SVY] and [L].

Proposition 3.4. Let g € #_ NL*. Then

E,| sup
0<e<T

Proof. A simple computation with functions belonging to ¥_; shows
that (2 — )" is a bounded operator in #_, for each 4 > 0. In par-
ticular, if u; stands for u; = (1 — Dz)*l g, by Schwarz inequality,

[ atutsp

2
) < 167]lg|1%,

t 2 t 2
Eu<sup /g(n(s)) ds >§2Eu<sup /iui(n(s))ds )
0<i<T|Jo 0<t<7]Jo
/ 2
—|—2Eu<sup / D2, (5(s)) ds ) .
0<i<7|Jo

Multiplying both sides of the equation Au; — Su; = g by u; and ap-
plying Schwarz inequality we obtain that A(u?) is bounded above by
||g||271 Therefore, since p is an invariant measure, by Schwarz in-
equality,

/ s (n(s)) ds

2
, 2
Eu< sup ) <IT*gll%, -
0<t<T

Since by hypothesis g belongs to L>(u), (4 — S)u; = g is in L*(u). In
particular, Su; = Au; — g also belongs to L?(u). There exists therefore
a sequence {¢,,n>1} in % such that |¢,—ul,» —0 and
|D*p, — D?u;||;> — 0. From these estimates we obtain that

lim (|Dg, ) = lim (¢, S,) = (uz, Suz) < l|g]I%, -
Let L* the adjoint operator of L. It is easy to check that ¥ C (L")
and that L* = D?> —v-D — F-D — D, on %. By Ito’s formula we have

[ ooy as =3 [ Loy as+3 [ Lo, d

0 0
= My, (1) + M, (1), (3.2)

(\S]
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where M, (1) and M, (1) are respectively a forward and a backward
martingale such that
2 RV 2
EM,,(0)7) = E(M,, (1)) = 5 (Do, |") -

Pn

Observe that in (3.2) the boundary terms cancel exactly. Applying
Doob’s inequality,

E| sup
0<t<T

Recollecting the previous bounds, we obtain that

E| sup
0<t<T

Letting 4 | 0 we conclude the proof of the proposition. O

/ S (n(s)) ds
0

2
) < 8T(|De,|*) < 8T|g*, -

[ atnton @

2
) < (16 +227)T]jg|I%, -

We are now in a position to prove Theorem 2.1.

Proof of Theorem 2.1. By (2.5),

X*(f) e = V2w, 2, - e + s/om_ F(n(s)) -eds .

We start proving the relative compactness of the process x*(¢). Since
the first term on the right hand side is just a standard Brownian
motion, we only have to consider the second. Let ¢g¢* = F -e. By as-
sumption (ii), ¢¢ € # _|. Compactness follows therefore from Prop-
osition 3.4.

We now prove that the limiting process is indeed a diffusion pro-
cess. We will use the central limit theorem for martingales in order to
conclude the argument.

Since g€ belongs to #_1, by Proposition 3.2, there exists a sequence
{u¢, n>1} in ¥_; such that Lu{ converges to ¢ in #_;. Let
Jn = ¢° — Lu. By Ito’s formula,

=2 =2

o[ gty = [ @iy dre [ fin) ds
() — SO0} + M) (3.3)

e /0 " (s |

where M, (¢) is a martingale with quadratic variation
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t t 2
| {zsonon? - 2usnopasnisn s =2 [ pusias))[as
0 0
Since u® belongs to L?(p), the first term in  (3.3),
e{ut(n(re™2)) — ut(n(0))} converges to 0 in L? as ¢ | 0. By Proposi-
tion 3.2, ||f,]|_; vanishes as n T co. On the other hand, f, belongs to
L?(u) because ¢° € L*(u) and u¢ are in %_;. In particular, by Prop-

osition 3.4,
lim hmE < / fn ) =0 .

By the central limit theorem for martingales and the ergodic theorem
(cf. [O] for example), as ¢ — 0, the martingale converges (in law, for
a.e. a)) to a martingale with constant quadratic Varlatlon given by
||u¢||3, namely a Brownian motion with Varlance |u¢||3. By Corollary
3.3, as n T oo, the variance converges to Huo||1 Observe that the joint
variation of eM"(te=2) and ew, o, - e is given by

2

82/0 e - Duj(n(s)) ds

so by the ergodic theorem they are asymptotically orthogonal as
& — 0. We have then obtained that the finite dimensional distributions
of x%(¢) - e converge to those of a Brownian motion with diffusion
coefficient given by

2 2
e-a'e = |[le]|” +2(||Dug|") .

By polarization we have the convergence of the finite dimensional
distributions of x“(¢) to a Brownian motion with diffusion matrix

al;, = 6i; + 2(Duf - Duy) . (3.4)

The diffusivity shall be characterized by variational principles in
Proposition 5.1. O

4 A perturbation argument

We prove in this section Proposition 3.2. To keep notation simple, for
ainR,letJ=F-D=D-HD,M=v-D+D,, S=D* L, =S+aM
and A =M +J.

We first claim that (3.1) can be explicitly solved if L is replaced
by L,.
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Proposition 4.1. For any \ in A _| there exists a sequence u, € €_,
such that

lim ||L,u, —gl|_; =0 . (4.1)

Proof. Since € _, is dense in #_1, it is enough to prove the proposition
for  in %_,. Assume thus that y = ¢, for some ¢ in Ly(u) and some
fing (R“*) whose Fourier transform f has support S(f) is such that
S(f)NC(0,h,) = ¢ for some A, > 0.

Fix A>0 and ¢>0 and denote by g¢g;, the function
(h—A—apv-V —ad, — ed?) "' that belongs to & (R?*"). It follows
from (2.3) that (41— L, — 8Dl2)(pg/,'; = ¢;. To conclude the proof, it
remains to show that 1¢,, and eD;¢, convergestoOin #_jase |0
and then 4 | 0.

By definition,

leD7 w2,

eht . -
_ £ (&, B) PR, (d, dh) .
/\k]2|/1+\k[z—i(v-k+h)+sh2|2 ’

The integrand is bounded by C;|f (k, h)|*/|k|*, for some finite constant
C; depending only on A. Since ¢, belongs to % _;, by the dominated
convergence theorem, for any fixed 7, ||eD?u; || ; vanishes as ¢ | 0.
On the other hand,

12
2

ozl = [

K|*| A+ |K|” —i(v- K+ h) + eh?|

S1f (k, )[R, (dk, dh) .

By the same reasons, ||Au;.||_, vanishes as ¢ | 0 and then 4 | 0, what
concludes the proof of the proposition. O

Lemma 4.2. For each a in R, JL,' is a bounded operator in #_, and
WL N, < [Hl-

Proof. Because H is bounded a.e., from the variational characteriza-
tion (2.4) of the #_; norm,

el -y < [[H | [l

for every u in ¥_,. On the other hand, since M is antisymmetric,
2 2 2
1ZaullZy = llully + @ |[Mul” ) > Jlull; -

In particular,
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LG ol -y < H|Jlolly

for any v in the set {L,u, u € ¥_;}. Since by Proposition 4.1
{Lyu, u € ¥_,} is dense in # _;, the lemma is proved. O

We now prove that for the ¢ small enough the set
{(Lg +0J)u, u € €_,} is dense in #_.

Lemma 4.3. Fix a in R. For any § < ||H||;C1 and y in A _y, there exists
a sequence {u,, n > 1} in 6_, such that

lim (Lo + ), — |, =0 . (4.2)

Proof. Fix ain R. Since the operator JL; ! is bounded in # _ by a finite
constant |[H||_, for 6 < ||[H||Z,we may define the bounded operator
(1+0JL;") " by the serie 3°,.,(6JLy")". Let g = (1 + 6JL; ")~ "'y. By
Proposition 4.1 there exists aisequence {uy,, n > 1} in ¥_; such that
lim,_. ||Lqttn — g||_; = 0. Therefore,

I(La + T yun — -y = [|(1 + 0Ly ) (Lottn — )|
< C(9)||Loun — gl|_; -

for some finite constant C(¢). Since the right hand side vanishes as
n T oo, the lemma is proved. O]

Proof of Proposition 3.2. We have to prove that Lemma 4.3 is valid
with a, d = 1. Fix 0 < ||HH<:01 Formally we have

L=S+A4=L11~(1-08)S(S+34)")(S+0d4) .

We first give a rigorous sense to the second identity. Since 4 is anti-
symmetric, |jul|; < |[(S+04)u|_, for all u in %¥_,. Thus if
v = (S + 04)u for some u in €_y,

IS(S +64) " olly = II(S + 64) "ol = Jull,
< (S +od)ul| .y = [lol| -, -

Hence the operator S(S -+ 04)"' restricted to the set {(S+ 04)u,
u€%_,} is bounded by 1 in #_;. By Lemma 4.3, with a =9,
{(S+ 6A)u,u € €_;} is dense in #_,. In particular, S(S+64)"" is
bounded by 1 in #_;. We may therefore define the bounded operator
(1—(1—0)S(S+04)"")"" by a power serie as in Lemma 4.3.

Let = (1 — (1 — 8)S(S + 04) ") 'g. By Lemma 4.3 there exists
a sequence u, € ¥_; such that
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lim ||(S+ 04)u, —y||_, =0 .
n—oo

By definition of this sequence,

1Luy — gl = ||5( 1= (1 = 6)S( S +64 )" )[( S+ d4)u, — ]| _,
C(O) IS + od)un — | -,

for some finite constant C(9). This concludes the proof of the prop-
osition because the right hand side vanishes as n T oco. O]

5 Variational formulae and bounds for the effective diffusion

We provide here two variational formulae for the effective diffusivity.
They are straightforward consequences of Proposition 3.2. Varia-
tional formulae had been useful in estimating the effective diffusion
coefficients (cf. [FG1]).

From (3.4), up to 2||eH2 the diffusivity along the direction e is given
by the #, norm of u{ where u§ = L~'F - e. Formally,

(IDug|’) = (L'F - e, (~S)L™'F - e)
= sup {2(F-e,0) — (Lo(—S) 'Lo)} .

PEG
Since (Lo, (—S) Lo > is equal to ||4¢|*, + ||¢||], we obtain a vari-
ational formula for the diffusion coefficient. A rigorous argument is
given in the following result.

Proposition 5.1. The following variational formulas for the diffusion
coefficient hold.

(1Dusf’y = sup {2(F-e,0) = ol —lloli} . ()
® @
(IDui|") = inf {|[F-e—do|’, + o]} - (5:2)

Proof. To keep notation simple, let g = F - e and recall that we denote
by L* =8 — A the adjoint of L. By Proposition 3.2 there exists se-
quences {u,, n > 1} and {u’, n > 1} in ¥_; such that

Luy=g+fo, Lu,=g+f,
and || /]| _;, Hf*H , vanish as n T co. For each n > 1, let 7 = (1/2)x
(up +u), @, = (1/2)(u, —u). With this definition,

Soi +Ap, =g+5(f+ 1),
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So, +Ap, =5 = 1) -
Since the sequence u, converges in | to uf,
(IDug ) = lim [lu 7 -
Rewrite u, as ¢, + ¢, and notice that
(0, :80,) = (0, —Aoy) + (1/2) {0, fu — 1) -

Since 4 is antisymmetric the first expression on the right hand side
vanishes. On the other hand the second converges to 0 as n T co be-
cause ¢, is uniformly bounded in 2, and ||f,||_,, |/]|_, vanish as
n T oco. Therefore,

1im [Ju, [} = lim {So; |12, + o, 117} -

Since S¢;f g—Aqo,; + (1/2)(fu + f;), by the property of the se-
quence f,, f,,

lim [[So;y |12, = lim |lg —4e, |2 .
We have therefore proved that
(IDus) = tim {llg — 4o, |2, + llo, 17} -
In particular,
(IDui|?) > inf {llg — Aol +lloli} -
In contrast, recall that
(IDusP) = tim {131 + lloy I3} -

For each fixed n, we may rewrlte the right hand side as
2|, || +2llo, [} = @I} = IS¢, 2. We have already seen that

1S, || L= @12+ 0u(1) and that [l@, (I} = —(¢, ,40;) +ou(1).
Since 4 is antisymmetric and A, = g — S, + (1/2)(fu + 1),

lim (g, (I} = lim 2(g — So;, ¢;7) -
In conclusion,

(IDu|?) = lim {2(g. o;) — oy IIT = 4o, 117, }

< sup {2(g,9) — llolli — l40]°,} -
PEC 1
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Up to this point we proved that

: 2 2 2
o {IF-e—4ollZ, + llolly} < ((Dug|")

< sup {2(F-e,¢) — [l40], — |lo|7} . (5.3)
PEC

To conclude the proof of the proposition, it remains to check the
reversed inequalities. By the variational formula for the 5#_; norm,

l4e]*, = sup {2, 40) — |WIIT} -
IS4

Hence,

2 2
sup {2(F-e,0) — |l 40|, — [|ollt}
(IS

= sup inf {2(F-e+ Ay, 0) + 2 N
sup inf {2(F-e-+4v0) + I} o)

Since sup,, infy B(¢, ) < infy sup, B(¢p, ), replacing by —y, we
have that

2 2
sup {2<F'37§0> - ||A<PH_1 - ||€0Hl}
QEG

< inf {||F-e—Ay|*, + 2
= l}/rel(({H € 2] ||'f/||1}
< inf {|[F-e—Ay|?, + 2
< 11/161}6,4 {|| € 2] ||¢||1}

because ¥_| C ¥. This estimate in addition to (5.3) concludes the
proof. ]

The well known bound (cf. [TKS]) states that
e-a(v)e— e’ = 2(Duf’) < 2(HP) .
This follows by dropping the term HA(p||2_l in (5.1) and thus
(IDug|”) < |[F-e]2, < (H) .

In dimension 2 and for time independent fields we obtain a more
interesting bound on the effective diffusivity on the direction orthog-
onal to the mean drift v. For d = 2, choose a direction e such that
v-e=0. In this case F can be written as F = D*H for a bounded
smooth stream function H. Then, as a result of what proved in the
previous sections, there exists u( such that

D*uf + e, - (|v|Duf — DH) +D*H - Duf = 0
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in J#_

1. Then testing this equation against u{ and H one obtains the

relations

(IDuS) = (He, - Du) = - (DH - (1 + H)Dug)

M

so by Schwarz inequality

1

e-a(ve)e— e’ = (IDuf) < — (1+||H|.)*(IDHP) .

TP
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