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Abstract

We consider a nearest neighbors random walk on Z. The jump rate from site x to site x+ 1 is
equal to the jump rate from x + 1 to x and is a bounded, strictly positive random variable #(x).
We assume that {5(x)}.cz is distributed by a locally ergodic probability measure. We prove
that, under diffusive scaling of space and time, the random walk converges in distribution to the
diffusion process on R with infinitesimal generator d/dX (a(X)d/dX), for a certain homogenized
diffusion function a(X'), independent of #. The main tools of the proof are a local ergodic result
and the explicit solution of the corresponding Poisson equation.
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1. Introduction

Homogenization and other invariance principles for random walks in random
environments have been widely studied in the case when the distribution of the ran-
dom environment is invariant and ergodic with respect to space translations (e.g. cf.
Papanicolaou and Varadhan, 1979; Anshelevich and Vologodskii, 1981; Anshelevich
et al., 1982; Kunnemann, 1983; Kozlov, 1985; Kipnis and Varadhan, 1986; De Masi
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et al., 1989). In these cases, the macroscopic process is given by a Brownian motion
with an effective constant diffusion matrix.

We are interested here in the study of homogenization in random environments
which are locally ergodic with respect to translations. Typically, these are distributions
depending on parameters that are slowly varying functions in the space variable, i.e.
parameters that change smoothly in the macroscopic scale and are almost constant in
the microscopic one. Examples can be given by inhomogeneous product measures or
by local Gibbs measures, like those appearing in hydrodynamic limits for interacting
particles systems (cf. Kipnis and Landim, 1999). In fact, it is the search of invariance
principles for tagged particles in interacting particles systems in non-equilibrium that
initially motivates us in this research. For some result in this direction we refer to Siri
(1998) and Grigorescu (1999).

We are not aware of any invariance principle result in this non-translation invariant
context, except for the locally periodic (non-random) cases studied in Bensoussan
et al. (1978). Some weaker form of the homogenization problem for elliptic equations
in random environment has been treated in Bourgeat et al. (1994). We will discuss
at the end of this section about the difference of our result with respect to the one
contained in Bourgeat et al. (1994).

We consider a random walk on Z with random jump rates. The model is described
as follows: one particle performs a random walk on Z to the nearest neighbors. The
random environment is given by the jump rates across each bond: to any nearest
neighbor bond (x,x + 1), x € Z, we associate the corresponding jump rate #4;(x);
moreover, we suppose that 7;(x) = #_;(x + 1) and we denote both with n(x). We
assume 7(x) bounded and strictly positive, i.e. there exist two constants ¢t,c™, such
that 0 < ¢~ <n(x) <ct < + oo.

Let us indicate with @ = [¢~,¢t]” the space of environments and with n={n(x)}rez
any fixed configuration in Q. We denote with (-), the expectation according to any
measure m on the configurations space. Let {t.,z € Z} be the group of translations on
Q defined by ©.n(x) =n(x +z), Vx € Z.

For each fixed configuration 1€ Q, let (x/);>0 be the random walk performed by
the particle, with x| = 0. The corresponding infinitesimal generator is given, for any
function f on Z, by

L"f(x) = =V n(x)V f(x)], (1)

where we have denoted Vf(x) = f(x+ 1) — f(x) and V* f(x) = f(x — 1) — f(x),
VxeZ.

The aim of this paper is to consider the rescaled process (X/"°),~¢, defined by
X" =ex!_, and to study the limit as & — 0, in order to establish its diffusive behavior.

If m is a measure on Q, ergodic with respect to the translations group, then X"
converges in law to a Brownian motion with diffusion coefficient given by 2(5(0)~!),!
(cf. Anshelevich and Vologodskii, 1981; Anshelevich et al., 1982; Kunnemann, 1983;
Kipnis and Varadhan, 1986; De Masi et al., 1989). This convergence can be proved
almost everywhere with respect to m.

We generalize this result to locally ergodic distributions on the random environments

space Q. We say that a sequence of probability distributions {g;}.~¢ is locally ergodic
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if there exists a family of ergodic probability distributions {jiy,X € R} such that, for
any bounded measurable function f(X,%) on R x Q continuous in X and local in 7,
we have the convergence in p.-probability:

03 g(e)f ) =, [ OO0}z 0, @)

for any bounded continuous function g with compact support on R.
We need some minimal assumptions on the regularity of the family of measures
{fix,X € R} with respect to X.

(a) For any bounded local function f(1) on €, the function f(X) = (), is locally
integrable on R.

(b) Let us define the function @ on R by a(X) = (17(0)*1>EX1. We assume that
a € C*(R), with bounded derivatives.

Our main result can then be formulated as follows:

Theorem 1.1. The law of the rescaled process (X"*),=¢ converges, in probability with
respect to W, to the distribution of the diffusion process on R with infinitesimal
generator

d d
LX) =5 (a(X)de(X)), vfeCR). 3)

The structure of the paper is as follows. In Section 2, we recall some basic estimates
on the random walk which are uniformly valid for any realization of the environment
n. In particular, the Nash—Aronson estimate will guarantee the tightness of the rescaled
process (following the same argument as in Section 9 of Papanicolaou and Varadhan,
1979). In Section 3, we show that the space local ergodicity assumption (2) implies
a local ergodicity in time. Then in Section 4, we identify the diffusion and the drift
functions of the limit process. It is in particular in this last section that we use the
one-dimensionality of the process. In fact, we need the explicit expression of the cor-
rectors in order to prove their sublinear growth (cf. formulas (8) and (9)). We have
not found yet a successful strategy in order to deal with this point of the proof in more
dimensions, i.e. without using the explicit form of the correctors.

Observe that Bourgeat et al. (1994) do not make any local ergodicity assumption,
and a more abstract result is stated for the homogenization of an elliptic equation in
random field.

2. Uniform estimates on the random walk and tightness

We recall here some estimates for random walks with inhomogeneous rates. These
estimates depend only on the bounds of the jump rates, so they are valid for our
random walk, uniformly with respect to the realization of the environment.

The following proposition says that a particle performing a random walk with uni-
formly bounded jump rates, essentially does not move away from a suitable box
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throughout a finite time interval. This will be useful in the next section to prove
the local ergodic result.

Proposition 2.1. Let (x;),>0 be a random walk on Z, with strictly positive jump rates
which are uniformly bounded by a constant ¢ >0. Then, ¥ 0<S<T, h>
2eH(T — S),

h h h
Pl s — >h| <e ——log————+-—c(T-9)).
|:S<IIII<)T |xt XS| :| Xp( ) g 2C+(T o S) 2 c ( ))

Proof. Let us observe that the process (x; — xp);>¢ can be written as the difference
of two bistochastic Poisson processes: (N; );>¢ counting the jumps to the left and
(N;");>0 the jumps to the right. Let us also denote with (N;),~¢ the Poisson process
with constant rate ¢™; then

P [ sup |x; — x| >h]

S<t<T
h
<P [ sup [(N,*—N;)—i—(N,_ — Ng )] >h} <P {NTS > } .
S<I<T 2
If N is a Poisson random variable, with parameter A, then, for any f > 0,
P[N > /’l] _ P[eﬁN > e[fh] < e—/fh[E[e/fN] _ e_ﬁhe;‘(eﬁ_l),
from which, if 4 > 4,
h
log P[N > h] <gnfo[fﬁh+2(e’3 — )] =—hlog +h—,
> L

and the thesis follows. [

Finally, we recall the Nash—Aronson estimate for the transition kernel of a Markov
semigroup generated by a divergence form operator. Such an estimate can be found in
the literature in the most general cases. For diffusion processes, also with time-dependent
coefficients, see for example Aronson (1967), Fabes and Stroock (1987). In the dis-
crete set up (random walks on Z%) the case of time-independent jump rates is widely
developed by Carlen et al. (1987) and Stroock and Zheng (1997), while the one with
time-dependent rates is treated by Giacomin et al. (2001). Here we recall the estimate
only in our very particular case of time-independent random walk (cf. Stroock and
Zheng, 1997).

Theorem 2.2 (Nash—Aronson estimate). Let (x;);>¢ be a uniformly elliptic random

walk on Z with bounded, time-independent jump rates. Then, there exists a constant
Co > 1, depending only on the bounds, such that, ¥x,y € Z,

Co |yx|>
V) < eXp| — >

where p;(x, y) defines the transition kernel of the process.
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As observed in Papanicolaou and Varadhan (1979), one of the immediate conse-
quences of the Nash—Aronson estimate in this context is the tightness of the distribu-
tion of the rescaled process (X;"");>¢. In fact, it easily follows from this estimate that,
for any n € Q,

E, (X — X < €t — )
and consequently
By (1 = X)) < €t — ).

Therefore, all we have to do is to identify the limit process on %([0,00),R). In the
following two sections we will show that, under the local ergodicity condition (2), this
limit process is unique and is the one described in Theorem 1.1.

3. A local ergodic result

In this section, we show that the local ergodicity assumption implies a local ergod-
icity in time property for the environment as seen from the particle.

Consider the Markov process (&;),;>¢, describing the evolution of the environment
as seen from the particle, i.e. given by

So=mn,

for any fixed initial configuration n € Q.

It is easy to see that every translation invariant measure on £ is stationary for the
process &, and that ergodicity with respect to translations implies ergodicity for this
process. The difficulty here is that our measure p. is not space translation invariant,
and, as a consequence, it is not stationary in time for the process &;.

Proposition 3.1. Let ¢: R x Q — R be a bounded function, smooth in the first argu-
ment and local in the second one, such that (¢(X,-))z, = 0,YX € R. Then, VT > 0,

e 2t 2
lim E), | sup (82 / qs(ax,.,rx,_n)dr) =0.
E— O

0<t<T

Proof. Let us divide the interval [0, 2¢] into subintervals of fixed length k (suppose
k > 1). Using Schwarz inequality, we get

P 2
£ | sup (82 / ¢>(sxr,rx,n)dr>
0<t<T 0

[7/e2k]—1 G 2
2 0
<rn s 6 (k [ ¢<wr,rx,n>dr> | ©
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By Nash—Aronson estimate (cf. Theorem 2.2) and the homogeneous Markov property,
the right-hand side of (5) is bounded above by

[7/2k]—1 c L 2
Tek Z Z °e ‘y‘/‘FEEy <k/0 ¢>(6xr,rx,f1)dr> + Tk @2,
i=1 yGZ

Let us now define the set of trajectories

Ay = {(x.)e@([o,oo),Z): sup |, — xo| < k“}, with o > 1 fixed.

0<r<k

By Proposition 2.1, P, (45) — 0 as k — oo, uniformly in y€Z and &> 0. Then,
since ¢ is bounded,

[T/e*k]—1 C
Tk Z Z 0 o Iyl/Vik E ( /d)(&xr,fx,ﬂ)dr) Ly
i=1 yeZ
[T/*k]— C
<T|ol%ek Y Z eIV ()

i=1 yEZ

CT2||q15H2 sup sup [P’V(A )—0

YEZ >0

as k — oo.
On the other hand, since ¢(X,7) is smooth in X, one can easily show that

[7/e2k]—1

2
C ‘ 1 [*
11m 11mT32k Z Z 0 _lyl/‘/’z[EZc (k/o ﬂb(axr,fx,’?)dr) 1y,

k—o00 e—0
i=1 yEZ

[T/e2k]—

2
C
_ErEO}Enngk Z Z 0 -V E. < /(j)(sy,txr )dr) 14,

i=1 yEZ

Moreover, the following lemma holds:

Lemma 3.2.

[7/2k]—1

li—{r(l)TSZk Z Z CO o~ |yI/Vik

i=1 yEZ

2
. = ( /(j)(gy,tx )dr) 14,
2
_ M ( /qﬁ(ey,rxyn)dr> 14, =0.
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As a consequence of the above lemma, we are left to prove that

[T/*k]—

2
G 1 [*
e 32 Y Gt (1 [N [ <0
0

*)C)C f—)
i=1 }EZ

Now, since the measure [, is translation invariant,

2 2
1 k
.Uu < / d)(sy, Tx,’?)d”> = [E2:J (k /0 4’(8)/» é,)dl") 5

so the left-hand side of (6) can be rewritten as

[T/e*k]—

2
1 [k

lim sup lim sup Te*k Z SZ k2 e~ eI/ Vike? [Egu (k/ ¢(8y,~fr)d’”>
ike 0

k— o0 £—0

i ' Co—epvspo | (L [* 2
<jin 7 [ as faxSoemiieg (1 [ near

By the ergodic theorem in L? this last quantity is equal to zero. [J

Proof of Lemma 3.2. Define
1 [* ’
=5 (£ [ oemar) 1,
Then

2
1 k
f(S_)/, Ty']) = [Egyn (k /0 ¢(8y, ‘CXy+y’7)dr> lAk

2
1 k
:[E:); </ ¢>(8y,fx,”l)dr> 1y,
k Jo

Observe that f(X,#n) is continuous in X and local in #, so by the local ergodicity
assumption, for any bounded continuous function g with compact support on R:

ey 9y) (fevtym)u — (e tm)z,) 0.

0
y€eZ

From this, after some elementary steps (by approximating the exponential function with

a compact support function), we obtain

[T/e2k]—1

c
ek 2}: y; VO% e MIVE((fer ) — (fernm)a,) =0 O
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4. Proof of the main result

Proof of Theorem 1.1. Consider the function on Z x Q

(xr—1)v—1

o =sign) 3o (1- 95, )

z=x/A\0

with x(0,7) =0, and observe that it solves the Poisson equation
—L"x(x,n) = V' [n(x) — a(ex)],

for each fixed n € Q.
Since L'x = —V*n(x), there exists a martingale (.#} ),>0, such that

-2

&t
XM =edl, — s/ Vin(xn)ds
0

—2

et t
=], + 8/ Ly (xT,1)ds — 8/ V*a(ex!)ds.
0 0

Let us consider the martingale 47 = y(x/,n) — [; L"y(x!,n)ds. Then, X/*° can be
written as

—2

et
XM=, — N, — 8/ V¥a(ex!)ds + ex(x!_,. 1)
0

Denoting f(x) =x — y(x,7n), the square integrable martingale 8(%2,2 = K

. .. 872[) has
quadratic variation

-2

Ar=e / . (L7720 =2/ (DL f(x))) ds
0

& /0 MDD+ 1) = fGDP + 0" — DIFED — £&T — D) ds

¢ /OS (OHIT = VyGels F + 0 = DIT = Vel = L) ds

[ a ) a2(s(x.1’1))>
*8/0 (n(xi?)+ =1 )4

Then, by Proposition 3.1 we have

t 2
lim [Egs l sup (A;”6 —/ 2a(X,'“’)dr> ] =0.
e—0 0<t<T 0
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Observing that e’lv*a(sx;’) behaves in the limit like —a’(exy), by the smoothness
hypotheses on a, we also obtain

-2

2
&t t

lim E® | sup s/ V*a(ex)ds + / dXxrydr | | =0.
0 Jo

N
e—0 M logicr

About the boundary term, we have

@, —hv—1 &) :
i . " ) a(ez
Ep [(ex (X)) 1=, |6 | sign(x! ) Y (1 - (Z)) , (8)
z:.x:3721A0 "
which, using the Nash—Aronson estimate, can be bounded by
2
(y—1)v—1
i a(ez) eCo .y
g 1- 20 eIV, 9
2 2 < n(2)> Vi ©)

yezZ\{0} z=yA0 i
s

By the local ergodicity assumption

(e ly=1)v—1 Y
‘ a(ez) e _alX) _
o (150 e [0 n(0)>>,zx o

z=¢~1YAO

in p,-probability.

This implies that (9) converges to 0 as ¢ — 0.

We have then identified the limit process as the diffusion on R with diffusion coef-
ficient 2a(X) and drift a/(X), and this concludes the argument. []
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