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Abstract: We study the hydrodynamic density fluctuations of an infinite system of
interacting particles on Rd . The particles interact between them through a two body
superstable potential, and with a surrounding fluid in equilibrium through a random vis-
cous force of Ornstein-Uhlenbeck type. The stationary initial distribution is the Gibbs
measure associated with the potential and with a given temperature and fugacity. We
prove that the time-dependent density fluctuation field converges in law, under diffu-
sive scaling of space and time, to the solution of a linear stochastic partial differential
equation driven by white noise.

1. Introduction

Consider an aqueous suspension of particles in equilibrium at temperature T = 1/β.
Let the interaction between the particle be given by a two body potential V . We assume
that V is superstable, positive and smooth with compact support. The interaction with
the fluid is modeled by an Ornstein-Uhlenbeck type force (linear viscosity plus white
noise) such that the particle velocities are maintained in equilibrium, i.e. distributed by
a Maxwellian distribution of temperature T (cf. [14, 20]). The dynamics of this mod-
el is given by the solution of the following infinite system of stochastic differential
equations:

dxj (t) = vj (t)dt,

dvj (t) = −
∑
i �=j

∇V (xj (t)− xi(t))dt − γ vj (t)dt +
√

2γ

β
dwj (t).

(1.1)

∗ We thank J. Fritz for fruitful discussions, in particular about the existence of the infinite dynamics.
A special thanks to L. Bertini for help in the proof of the spectral gap estimate (cf. Appendix B)
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Here {wj(t)} are independent standard Wiener processes, and γ > 0 is the friction
coefficient. We set here the mass of each particle equal to 1. We refer to this system as
the interacting Ornstein-Uhlenbeck particles.

Consider the grand canonical Gibbs measures µz,β corresponding to the formal
Hamiltonian

H =
∑
j

v2
j

2
+ 1

2

∑
i �=j

V (xj − xi) (1.2)

with fugacity z and inverse temperature β.
As in the case of the corresponding deterministic Hamiltonian system (γ = 0), the

proof of the existence of the dynamics given by (1.1) for a wide set of initial configura-
tions is a challenging problem. In [8], J. Fritz proves the existence and uniqueness of the
solution of (1.1) for a class of initial configurations that has probability 1 for any grand
canonical Gibbs measure. The results contained in [8] are limited to dimension d ≤ 2.
For our purposes it is enough to consider the existence of the equilibrium dynamics:
for a given µz,β there exists a set of initial configurations and a set of realizations of
the Wiener processes {wj } such that they have full measure and for which (1.1) has a
non-exploding solution (see Sect. 2 for a precise definition). We prove this existence the-
orem in Appendix A (Sect. 7), by approximation with finite local dynamics. The proof,
that has the advantage that it works in any dimension, follows the classical approach
of Lanford ([11, 13]) adapted to our stochastic case. A certain care should be done in
this proof for existence of the dynamics when dealing with random evolutions. In fact
an approximation by local dynamics defined using reflection on hard walls would bring
difficulties concerning the existence of these local dynamics (cf. the paper of R. Lang
with the addition of T. Shiga [12], where a similar problem arises in the context of the
interacting Brownian motions). In order to avoid such problems, we apply an idea of
J. Fritz ([9, 10]: define special smooth local dynamics such that the stationary Gibbs
measures stay unmodified (cf. Eqs. (7.1)).

The purpose of this paper is to study the macroscopic behavior of this system in
equilibrium. Let us consider the positions of the particles under diffusive rescaling:

xεj (t) = εxj (ε
−2t), (1.3)

where ε is a scaling parameter. We are interested in the macroscopic limit as ε → 0.
The empirical distribution of the particles is a random positive measure on Rd defined

by

nεt (G) = εd
∑
j

G(xεj (t)),

where G is a smooth function with compact support. If the particles are distributed (in
the original microscopic coordinates xj ) by the equilibrium Gibbs measure µz,β , by the
law of large numbers, we have

nεt (G)→ ρ

∫
G(q)dq µz,β − a.s.,

where ρ = ρ(z, β) is the average density of particles per unit volume for µz,β .
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Then we consider the density fluctuation field

ξεt (G) = ε−d/2
(
nεt (G)− ρ

∫
G(q)dq

)
.

In equilibrium, the positions of the particles are distributed by µz,β , and because of the
mixing properties of this Gibbs measure one can show (cf. [1]) that ξεt (J ), for a fixed t ,
converges in law to a Gaussian field ξ on Rd with mean zero and covariance

< ξ(f )ξ(g) >= χ

∫
f (q)g(q) dq, (1.4)

where χ = χ(z, β) is the compressibility of µz,β .
We prove in this paper that ξεt , as a distribution valued process, converges in law to

the solution ξt of the stochastic linear partial differential equation:

∂t ξ = D(ρ)#ξ +
√

2ρ

γβ
∇ · j, (1.5)

where {ji}i=1,...,d are δ-correlated space–time white noises, i.e. d-vector Gaussian fields
on Rd+1 with covariance

< ji(q, t)jh(q
′, s) >= δ(q − q ′)δ(t − s)δi,h.

The diffusion coefficient D(ρ) is identified as the derivative of the thermodynamic
pressure as a function of the density, as in [17].

Equation (1.5) should be intended in the weak sense, i.e. for any smooth test function
G,

ξt (G)− ξ0(G) =
∫ t

0
ξs(D#G) ds + Mt(∇G),

where Mt(∇G) is a continuous martingale with constant quadratic variation given by
2ρt
γβ

∫ |∇G(q)|2dq. Since (1.5) is obtained in equilibrium, the initial condition ξ0 is
distributed by the Gaussian field with covariance given by (1.4), which is in fact the
invariant law for the evolution given by (1.5). This implies the following identity for the
bulk diffusion coefficient:

D = ρ

γβχ
. (1.6)

If we consider the solution of (1.1) in a long time scale, the velocities will relax to
equilibrium. If we suppress them we obtain a closed evolution on the positions given by

dxj (t) = − 1

γ

∑
i �=j

∇V (xj (t)− xi(t)) dt +
√

2

γβ
dwj (t). (1.7)

We refer to this system as the interacting Brownian particles. In [20] Spohn proved the
convergence of the density fluctuation field ξεt for (1.7). The limit equation is still given
by (1.5). The equivalence of the bulk diffusion in the two systems could also be seen
from the hydrodynamic limit out of equilibrium (cf. [24, 17]).
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As noticed first by Rost [19], the main point in the proof of a theorem of equi-
librium fluctuations for a system with conserved quantities is the so-called Boltzmann-
Gibbs principle. This principle is an estimate of the space-time variance of the
difference between a non-conserved quantity (typically the flux of the density fluc-
tuation field) and its linearization along the conserved quantities (here the density fluc-
tuation field itself). This principle has been proven in various reversible models (in
[2] for zero-range models, in [6] for speed-change exclusion models and in [20] for
the interacting Brownian particle system (1.7)). In all these papers the approach to
the proof of the Boltzmann-Gibbs principle is the following: one defines an Hilbert
space of functions of the configurations, with a scalar product related to the
static variance of these functions with respect to the stationary measure of the pro-
cess. Then one needs to identify the subspace that is invariant under the action of the
semigroup of the generator of the process with the one dimensional subspace gen-
erated by the density fluctuation field. This identification follows by a strong ver-
sion of the equivalence of the canonical and grand canonical Gibbs measures. One
of the difficulties in this approach is the selfadjoint extension of the generator of the
process in this new Hilbert space (observe that all these results concern reversible
models).

In [4], C. C. Chang introduced a different, and simpler, approach to the proof of
the Boltzmann-Gibbs principle. In Chang’s approach, by using the same strong form of
the equivalence of ensembles, the problem is reduced to the estimate of the space-time
variance in the canonical measure in a fixed finite volume. Then this estimate can be
done by standard finite dimensional analysis (cf. [7] Chapter 11, for a clear exposition
of the method). Besides its simplicity, this approach has two other advantages: it avoids
problems in defining the dynamics in a different Hilbert space, and it can be extended
more easily to non-reversible models (cf. [5]).

Our proof follows the direction of this second approach. The difficulty here is due
to the fact that the generator of our Markov process is degenerate in the directions of
the positions of the particles (noise acts only on the velocities). This poses a problem
even in the finite dimensional analysis needed to estimate the variance in the canonical
measure on a finite box. We solve this problem by relating the (degenerate) generator of
our process to the strictly elliptic and symmetric generator of the interacting Brownian
particles process (cf. Proof of Proposition 4.2). Then we need an estimate of the spectral
gap of this symmetric operator, that we prove in Appendix B.

For the strong form of the equivalence of ensembles, which is in fact a local central
limit theorem for the Gibbs measures, we use the results by Spohn contained in [20]
(recently improved in [3], cf. Sect. 2).

The paper is organized as follows: in Sect. 2 we give a precise definition of the model
and of the dynamics in equilibrium. In Sect. 3 we study the evolution equations of the
fluctuation field. In Sect. 4 we prove the Boltzmann-Gibbs principle for our system. In
Sect. 5 we prove the tightness of the distribution of the fluctuation field as a stochas-
tic process with values in a certain negative Sobolev space. In Sect. 6, by using the
Boltzmann-Gibbs principle and the compactness result, we prove the convergence to
the solution of (1.5). In Appendix A we prove the existence of the dynamics in equilib-
rium. In Appendix B we prove a lower bound on the spectral gap of the generator of the
interacting Brownian motions (cf. (1.7)) in a finite box. We use this bound in order to
prove some estimates on the derivatives of the solutions of the Poisson equation related
to the generator of the interacting Brownian motions. We need these estimates in the
proof of the Boltzmann-Gibbs principle.
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2. The Dynamics in Equilibrium

We assume that V : Rd → R is a pair potential satisfying the following assumptions:

(i) V is central (i.e. depends only on |q|) and symmetric: V (q) = (−q).
(ii) V is positive: V ≥ 0, and V (0) > 0.

(iii) V has finite range: V (q) = 0 if |q| ≥ R.
(iv) V is two times continuously differentiable.

Notice that the positivity implies immediately the lower regularity condition (LR) of
[16]. Furthermore observe that (ii) is equivalent to superstability (cf. condition (SS) in
[16]).

The configuration space( is defined as the set of locally finite labeled configurations
of particles ω = {(xi, vi), i ∈ N}, where xi = xi(ω) and vi = vi(ω) have values in
Rd , and the sequence xi = xi(ω) has no accumulation points. We will use the notation
ωx = {xi(ω)}. Let ( be equipped with the weak topology: limn ωn = ω means that
limn xi(ωn) = xi(ω) and limn vi(ωn) = vi(ω). We denote by B the corresponding Borel
σ -algebra of subsets of (.

A grand canonical Gibbs state forV at temperatureβ−1 and activity (or fugacity) z is a
probability measureµ on ((,B) that distributeωx according to a grand canonical Gibb-
sian point field with pair interacting potentialβV and activity z, while velocities are inde-
pendent of positions and are identically distributed as independent Gaussian variables of
zero mean and variance β−1. This means that theµ-conditional probability to find n par-
ticles in a finite volume region+ ⊂ Rd with configuration {(x1, v1), . . . , (xn, vn)}, con-
ditioned to the configuration outside+, i.e.ω+c = {(xi(ω), vi(ω)), xi(ω) ∈ +c, i ∈ N},
has density with respect to the Lebesgue measure on (+×Rd)n given by the DLR equa-
tions:

µ+((x1, v1), . . . , (xn, vn)|ω+c)

= 1

Z+(ω
x
+c)

zn

n!
exp

[−βHn((x1, v1), . . . , (xn, vn);ωx+c)
]
,

(2.1)

where

Hn((x1, v1), . . . , (xn, vn);ωx+c) =
n∑

j=1

v2
j

2
+ 1

2

n∑
i=1

V (xj − xi)+
∑

yi∈ωx+c
V (xj − yi)


and Z+(ωx+c) is the corresponding normalization.

In order to simplify notations we fix the values γ = β = 1, and, since the activity
z ∈ (0, z0) is fixed, we will omit. Writing the explicit dependence on z and we write
µ = µz,β , and ρ = ρ(z, β) for the corresponding density of particles.

In the following we will assume that

0 < z < z0 = 0.28

(
e

∫
(1 − e−V (q)) dq

)−1

. (2.2)

We need this condition on the activity in order to apply Spohn’s results on the equiv-
alence of ensembles (cf. [20]). As a consequence we are in the low fugacity regime
where the grand canonical Gibbs measure is unique. A recent paper by Cancrini and
Tremoulet (cf. [3]) permits to improve (2.2) substituting the constant 0.28 with 1/3, that
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is the sufficient condition for the exponential L2-mixing of the Gibbs measure needed
by Spohn in Lemma 4 in [20].

We give now a precise definition of the dynamics in equilibrium associated to (1.1)
and to a grand canonical Gibbs measure µ.

Let W be the probability measure induced on � = C([0,∞),Rd)N by the infinite
independent Wiener processes {wi(·), i ∈ N}. On ( × � we define the product mea-
sure Pµ = µ ⊗ W, and we denote Eµ the corresponding expectation. On ( × � we
also define the increasing filtration {Ft }t>0, where Ft is the σ -algebra generated by
{wi(s), s ≤ t, i ∈ N} and B.

Given an initial configuration ω(0), a solution of (1.1) is a Ft -adapted continuous
stochastic process {ω(t)} with values in (, which satisfies

xi(ω(t)) = xi(ω(0))+
∫ t

0
vi(ω(s)) ds,

vi(ω(t)) = vi(ω(0))−
∫ t

0

∑
j �=i

∇V (xi(ω(s))− xj (ω(s)) ds

−
∫ t

0
vi(ω(s))ds +

√
2 wi(t).

(2.3)

In Appendix A it is proven that there exists a set M ⊂ (×� such that Pµ(M) = 1, and
such that if (ω(0), {wi(·)}i∈N) ∈ M , then (2.3) has a solution. This way it is possible to
define a strongly continuous semigroup of contraction operators P t on L2((,B, µ). A
straightforward calculation shows that the generator of this process (1.1) can be written
as a sum of a symmetric operator and an antisymmetric one (with respect to µ) :

L = A+ S,

A = {H, ·} =
∑
j

vj · ∇xj −
∑
i �=j

∇V (xj − xi) · ∇vj

 ,

S =
∑
j

(
#vj − vj · ∇vj

)
.

(2.4)

Observe that the antisymmetric operator A is given by the Poisson brackets with the
Hamiltonian H, i.e. is the generator of the corresponding deterministic Hamiltonian
dynamics.

3. Time Evolution of the Fluctuation Field

For every configuration ω ∈ ( and ε > 0, the density fluctuation field is the distribution
on S ′(Rd) (the dual space of the Schwartz space S(Rd) of smooth rapidly decreasing
functions) defined by

ξε(G)(ω) = ε−d/2

εd ∑
j

G(εxj (ω))− ρ

∫
G(q) dq

 ,

where G ∈ S(Rd).
Defining Gε(q) = εd/2G(εq), observe that ξε(G)(ω) = ξ1(Gε)(ω). It is easy to see

that ξε(G) ∈ L2((,µ). In fact we have the following bound:
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Lemma 3.1. There exists a constant B = B(ρ) <∞ such that for any G:

sup
ε>0

〈
ξε(G)2

〉
≤ B‖G‖2

L2 . (3.1)

Proof. Using the 2-point correlation function ρ2 of the grand canonical Gibbs measure
µ, and the translation invariance of µ:〈
ξε(G)2

〉
=
∫∫

Gε(q1)Gε(q2)(ρ2(q1, q2)− ρ2) dq1 dq2

≤
∫∫

1

2

(
Gε(q1)

2 +Gε(q2)
2
)
|ρ2(q1, q2)− ρ2| dq1 dq2

=
(∫

Gε(q)
2 dq

)∫
|ρ2(0, q

′)−ρ2| dq ′ =‖G‖2
L2

∫
|ρ2(0, q

′)− ρ2| dq ′ .

This last quantity is finite by Lemma 4.4.8 of [15]. ��
In order to simplify notations, we will denote ξεt = ξε(ω(ε−2t)). For a fixed arbitrary

T > 0, we denote by P ε the probability distribution, under Pµ, of {ξεt , 0 ≤ t ≤ T } in
C ([0, T ],S ′(Rd)

)
.

Consider now a smooth test functionGwith compact support. By a simple calculation
we have

ξεt (G)− ξε0 (G) =
∫ ε−2t

0
εd/2+1

∑
j

∇G(εxj (s)) · vj (s) ds

=
√

2εd/2+1
∫ ε−2t

0

∑
j

∇G(εxj (s)) · dwj (s)+ ε2
∫ ε−2t

0
γε(ω(s)) ds

− εd/2+1
∑
j

(
∇G(εxj (ε−2t)) · vj (ε−2t)− ∇G(xεj (0)) · vj (0)

)
,

(3.2)

where

γε(ω) = εd/2
∑
j

 d∑
α,σ=1

∂α∂σG(εxj )v
α
j v

σ
j − ε−1

∑
i �=j

∇G(εxj ) · ∇V (xj − xi)


(3.3)

with qα the αth component of q and ∂α
.= ∂qα .

It is easy to see that variance of the last two terms in the rhs of (3.2) converges to 0
as ε → 0. In fact, by stationarity we have

Eµ

[εd/2+1
∑
j

(
∇G(εxj (ε−2t)) · vj (ε−2t)− ∇G(xεj (0)) · vj (0)

) ]2


≤ 2ε2 < (εd/2

∑
j

∇G(εxj ) · vj )2 >µ
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and by the independence of the velocities:

< (εd/2
∑
j

∇G(εxj ) · vj )2 >µ= εd <
∑
j

|∇G(εxj )|2 >µ= ρ

∫
|∇G(q)|2 dq.

(3.4)

The main step we need to do, in order to obtain (1.5) as a macroscopic equation, is
to prove that:

lim
ε→0

Eµ

([∫ t

0
(γε(ω(ε

−2s))−Dξεs (#G)) ds

]2
)

= 0. (3.5)

For any continuous function f on Rd with compact support, let us define the local
function

ϒα,σ (f )(ω) =
∑
i,j

(xσi − xσj )Vα(xi − xj )

∫ 1

0
f (λxi + (1 − λ)xj )dλ, (3.6)

where Vα(q) = ∂qαV (q).

Lemma 3.2. Letf be a continuous function with compact support such that
∫
f (q) dq =

0. Then there exists a constant C = C(ρ) such that

< (ϒα,σ (f ))
2 >µ ≤ C ‖f ‖2

L2 .

Proof. This is basically (4.13) in [20]. Since
∫
f (q) dq = 0, we have

< ϒα,σ (f ) > =
∫ 1

0
dλ

∫∫
(qσ1 − qσ2 )Vα(q1 − q2)

× f (λq1 + (1 − λ)q2)ρ2(q1, q2) dq1 dq2

=
∫ 1

0
dλ

∫
dz zσVα(z)ρ2(0, z)

∫
dq2 f (λz+ q2) = 0.

Let us denote by ρ̃4 the truncated 4-point correlation function of µ, i.e.

ρ̃4(q1, q2, q3, q4) = ρ4(q1, q2, q3, q4)− ρ2(q1, q2)ρ2(q3, q4).

In order to simplify notations, let us define

g(q1, q2, λ) = (qσ1 − qσ2 )Vα(q1 − q2)f (λq1 + (1 − λ)q2) .

Then, by using the Jensen inequality, we have

< (ϒα,σ (f ))
2 >µ

= < (ϒα,σ (f )− < ϒα,σ (f ) >)
2 >µ

≤
∫ 1

0
dλ

〈∑
(i,j)

g(xi, xj , λ)−
∫∫

g(q1, q2, λ)ρ2(q1, q2) dq1 dq2

2〉
µ

=
∫ 1

0
dλ

∫∫∫∫
dq1dq2dq3dq4 g(q1, q2, λ) g(q3, q4, λ) ρ̃4(q1, q2, q3, q4).

(3.7)
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By a linear change of variables in the quadruple integration and translation invariance,
the right-hand side of (3.7) is equal to∫ 1

0
dλ

∫∫∫∫
zσ1Vα(z1) z

σ
3Vα(z3) f (λz1 + z2) f (λz3 + z2 + z4)

× ρ4(z1, 0, z3 + z4, z4) dz1 dz2 dz3 dz4,

which is bounded by

CV

(∫
f (z)2 dz

)∫∫∫
dz1 dz3 dz4 |ρ̃4(z1, 0, z3 + z4, z4)|.

This last integral is finite by Thm. 4.4.8 of [15]. ��
In the following Gα,σ (q) = ∂qα∂qσ G(q). Defining Gε

α,σ (q) = εd/2Gα,σ (εq), then
using the symmetry of V we can rewrite

εd/2−1
∑
j

∑
i �=j

∇G(εxj ) · ∇V (xj − xi)) = εd/2−1

2

∑
j

∑
i �=j

(∇G(εxj )− ∇G(εxi)) ·

∇V (xj − xi) = 1

2

∑
α,σ

ϒα,σ (G
ε
α,σ ).

Let h(q) be a positive continuous function with support in B(0, 1/2), the ball cen-
tered at the origin and of radius 1/2, and with total integral equal to 1. Since ‖Gε

α,σ −
Gε
α,σ ∗ h‖L2 converges to 0 as ε → 0, by Lemma 3.2 we have

lim
ε→0

< (ϒα,σ (G
ε
α,σ −Gε

α,σ ∗ h))2 >µ −→
ε→0

0. (3.8)

Let {τq, q ∈ Rd} the shift operator on(, defined by τqω = {(xj (ω)+q, vj (ω)), j ∈ N}.
By (3.8), Schwarz inequality and stationarity, we can substitute in (3.5) γε with

γ̃ε(ω) =
∑
α,σ

εd/2
∫
Gα,σ (εq)φα,σ (τqω) dq,

where φα,σ is the local function given by

φα,σ (ω) =
∑
j

h(xj )v
α
j v

σ
j − 1

2
ϒα,σ (h). (3.9)

Taking the expectation with respect to µ and using the translation invariance we have

< φα,σ >µ

= ρδα,σ− 1

2

∫∫
dq1dq2ρ2(q1, q2)(q

σ
1 −qσ2 )Vα(q1−q2)

∫ 1

0
h(λq1+(1−λ)q2) dλ

= ρδα,σ − 1

2

∫
dqρ2(q, 0)qσVα(q) = δα,σ

(
ρ − 1

2d

∫
dq ρ2(q, 0)q · ∇V (q)

)
and observe that, by the virial theorem (cf. [18, 23]), this last quantity is equal to
δα,σP (ρ), whereP is the thermodynamic pressure expressed as a function of the density
ρ. Consequently D = P ′(ρ).

The limit (3.5) is a direct consequence of the Boltzmann-Gibbs principle that we
enunciate and prove in the next section.
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4. Boltzmann-Gibbs Principle

In this section we will consider the following set of smooth local functions on (. We
say that a measurable function φ : (→ R is in E if it can be written as

φ(ω) = H

(∑
i

f1(xi(ω), vi(ω)), . . . ,
∑
i

fm(xi(ω), vi(ω))

)
,

where {fk(q, v), k = 1, . . . , m} are smooth functions on Rd×Rd with compact support
in q and growth at most linearly in v (i.e. |f (q, v)| ≤ C(1+|v|)), andH(y1, . . . , ym) ∈
C∞(Rm) such that there exists a constant c <∞ such that |H(y1, . . . , ym)| ≤ ec

∑m
k=1 |yk |.

If + is a finite region containing all the q-supports of fk , then there exists a finite
constant C such that for any configuration ω,

|φ(ω)| ≤ exp

C ∑
xj (ω)∈+

(1 + |vj (ω)|)
 . (4.1)

By (4.1) and by superstability estimate (cf. [16]), it follows that φ ∈ Lp(µ) for any
p <∞. We denote its expectation by

φ̂(ρ) =< φ >µρ

as a function of the density ρ. Observe that φ̂(ρ) is a smooth function of ρ. In fact,
always by the superstability estimates, φ̂(ρ) is a smooth function of the activity z, which
is a smooth function of the density ρ in the ranges defined by (2.2) (cf. [15], Theorem
4.2.3, p.76).

Let us define

?(ω) = φ(ω)− φ̂(ρ)− dφ̂

dρ
(ρ)

∑
j

h(xj )− ρ

 ,

where h : Rd → R+ is a positive smooth function with support in B(0, 1/2), the ball
centered at the origin and of radius 1/2, and with total integral

∫
h(q)dq = 1.

The main result of this section is contained in the following proposition:

Proposition 4.1 (Boltzmann-Gibbs principle). Let φ ∈ E and ? be defined as above.
Then for any smooth function G with compact support on Rd ,

lim
ε→0

Eµ

[(
εd/2

∫ t

0
ds

∫
dq G(εq)?(τqω(ε

−2s))

)2
]
= 0.

We will make wide use of the following estimate:

Lemma 4.1. There exists a finite constant C, depending only on V and ρ, such that for
any G in L2(Rd) and for any local function ψ(ω) in L2(µ) such that < ψ >= 0 and
whose support is contained in a finite set + ⊂ Rd , we have:〈(∫

G(q)ψ(τqω) dq

)2
〉
≤ C|+| < ψ2 >

∫
G(q)2 dq. (4.2)
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Proof. This is a consequence of the exponential decay of the correlations, cf. Lemma 4
in [20], and the proof is very close to Lemma 9 in [20].〈(∫

G(q)ψ(τqω) dq

)2
〉

=
∫∫

G(q)G(q ′) < ψ(τqω)ψ(τq ′ω) > dq dq ′

≤ 1

2

∫∫ (
G(q)2 +G(q ′)2

)
| < ψ(τqω)ψ(τq ′ω) > | dq dq ′

=
∫
dq G(q)2

∫
dq ′| < ψ(τq−q ′ω)ψ(ω) > |.

By Lemma 4 in [20] there exists c and α positive constants, depending only on V and
ρ, such that

| < ψ(τqω)ψ(ω) > | ≤ < ψ2 >µ min{1, c|+̄|e−αd(τq+̄,+̄)e|+̄|e−αd(τq +̄,+̄)},
where d is the distance on Rd , and +̄ = {q ∈ Rd : d(q,+) ≤ R}, (R being the radius
of the support of the interaction V ). Then performing the integration in q ′ one obtains
(4.2). ��

Proposition 4.1 will be proven in several steps. In the first one, we will condition
? on the positions configuration that we denote by ωx . We will use then the following
lemma:

Lemma 4.2. LetA be a local function onL2(µ) such that itsµ-expectation conditioned
on the positions configuration ωx is

< A|ωx >= 0 µ− a.s.

Then for any smooth function G with compact support on Rd ,

lim
ε→0

Eµ

[(
εd/2

∫ t

0
ds

∫
dq G(εq)A(τqω(ε

−2s))

)2
]
= 0.

Proof. Observe that the operator S, the symmetric part of the generator of the pro-
cess defined by (2.4), has a spectral gap equal to 1. Since < A|ωx >= 0, S−1A(ω)

is a function in L2(µ). Recall we have defined εd/2G(εq) = Gε(q). It follows that
S−1

∫
dq Gε(q)A(τqω) ∈ L2(µ). Then (cf. Theorem 2.2 in [22]):

Eµ

[(∫ t

0
ds

∫
dq Gε(q)A(τqω(ε

−2s))

)2
]

≤ 8tε2
〈(∫

dq Gε(q)A(τqω)

)
(−S)−1

(∫
dq Gε(q)A(τqω)

)〉
.

By the spectral gap of S this last quantity is bounded by:

≤ 8tε2
∥∥∥∥∫ dq Gε(q)A(τqω)

∥∥∥∥2

L2(µ)

.
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By Lemma 4.1 this is bounded by

8tε2‖G‖2
L2C(A).

��
As a consequence of Lemma 4.2, we only need to prove Proposition 4.1 for the

function

?̃(ωx) =< ?|ωx > .

Observe that ?̃ is still a local smooth function satisfying (4.1).
For l large, let + be a centered box of size l. The µ canonical expectation of ?̃

conditioned on the configuration of the positions of the particles outside + (denoted by
ωx+c ), and on the number of particles in + is defined by:

C+?̃(ω
x) = < ?̃|N+(ω), ω

x
+c > .

By DLR equations, it can be defined for every ωx+c and it does not depend on ρ. Always
by DLR equations, one can see that C+?̃ is smooth on the set of configurations where
there are no particles on the border of +. Since this set has µ full measure, we have that
C+ is smooth µ-a.s.

Again by the DLR equations one has

C+

∑
j

h(xj )

 = N+(ω)

|+| , (4.3)

consequently

C+?̃(ω
x) = C+φ̃(ω

x)− φ̂(ρ)− dφ̂

dρ
(ρ)

(
N+(ω)

|+| − ρ

)
,

Recall the thermodynamic relation dρ
d(logz)

= χ . Then dφ̂
dρ
(ρ) = z

χ

d<φ>µz

dz
. It is proven

in [20], Eq. (8.5), that, if z(ρ) satisfies (2.2), one has the following strong equivalence
of ensembles:

lim
+↑Rd

|+| < (C+?̃)
2 > = 0. (4.4)

Indeed in [3] an even stronger statement is proved under a weaker condition than (2.2).
Then, using Lemma 4.1, (4.4) implies

lim
+↑Rd

lim
ε→0

<

(
εd/2

∫
dq G(εq)C+?̃(τqω

x)

)2

>= 0.

(this is basically Lemma 9 in [20]). So we can recenter ?̃ around its canonical expectation
C+?̃, and Proposition 4.1 will follow from the following one:
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Proposition 4.2. For any smooth function G with compact support on Rd and for any
finite box +,

lim
ε→0

Eµ

[(
εd/2

∫ t

0
ds

∫
dq G(εq)(?̃− C+?̃)(τqω

x(ε−2s))

)2
]
= 0.

Proof. We denote by

f (x1, . . . , xN+;ωx+c) = (?̃− C+?̃)(ω
x)

and we will consider f as a function of the positions of the particles inside +n, for
any fixed exterior configuration ωx+c and any fixed number of particles N+ = n inside
+. Since the set of configurations with particles on the boundary of + have null mea-
sure with respect to µ, we can consider only configurations ωx+c without particle on the
boundary of +, and the dependence of f on ωx+c is smooth on this set of configurations.
Furthermore, for any suchωx+c fixed, f is a smooth function of the positions (x1, . . . , xn)

on the interior of +n,
Then, for any ωx+c and N+ = n fixed, we consider the elliptic operator on +n,

LW
n,ωx

+c
=

n∑
j=1

#xj −
∑
i �=j

(∇V )(xj − xi) · ∇xj

 (4.5)

with Neumann boundary conditions. Then, by the properties of f , a smooth function
u(x1, . . . , xn;ωx+c) solution of

−LW
n,ωx

+c
u = f (x1, . . . , xn;ωx+c) (4.6)

exists. We consider now u as a local function of ωx (i.e. as a function of {x1, . . . , xN+,

ωx+c }).
By Lemma 9.1 in Appendix C, there exist c1, c2 finite constant independent of n, ωx+c

and u such that

C+

(
n∑

k=1

|∇xku|2
)
(n, ωx+c) ≤ c1n exp

{
c2(n+N∂+R +

(ωx+c))
}
C+

(
f 2

)
(n, ωx+c),

where ∂+R+ = +(l + R) \+. Integrating with respect to µ we obtain〈∑
xk∈+

|∇xku|2
〉
≤ c1

〈
N+e

c2N+(l+R)f 2
〉
, (4.7)

and the left-hand side is bounded by (4.1) and superstability estimates.
The trick now is to relate LW

n,ωx
+c

to the generator of our process L (cf. (2.4)). Define

the local function

�(ω) =
∑
xj∈+

vj · ∇xj u.
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By (4.7), � ∈ L2(µ), and by the results contained in Appendix C it is in the domain of
the generator L. Then we apply L to � and we obtain

L�(ω) =
∑
xj∈+

∑
k

(vk · ∇xk )(vj · ∇xj )u−
∑
xj∈+

∑
i �=j

∇V (xj − xi)

 · ∇xj u− �.

(4.8)

The first term on the rhs of (4.8) can be rewritten as

∑
xj∈+

∑
k

d∑
α,σ

vαk v
σ
j ∂xαk ∂x

σ
j
u =

∑
xj∈+

#xj u+A1(ω)

where, by Lemmas 9.2 and 9.3, A1(ω) is a local function in L2(µ) such that

< A1|ωx > = 0 µ− a.s.

Observe that also � has the same property. In conclusion we can write

(?̃− C+?̃)(ω
x) = LW

N+,ω
x
+c
u = L�(ω)+A(ω),

where A(ω) is a local function in L2(µ) such that

< A|ωx > = 0 µ− a.s.

So we can apply Lemma 4.2, and we are left to prove

lim
ε→0

Eµ

[(
εd/2

∫ t

0
ds

∫
dq G(εq)(L�)(τqω(ε

−2s))

)2
]
= 0. (4.9)

Integrating in time we can rewrite

εd/2
∫ t

0
ds

∫
dq G(εq)(L�)(τqω(ε

−2s))

= εd/2+2
∫
dq G(εq)(�(τqω(ε

−2t))− �(τqω(0)))+Mε
t ,

(4.10)

where Mε
t is a martingale such that

E

[
(Mε

t )
2
]
= tεd+2 <

∑
k

(∫
dq G(εq)∂vk�(τqω)

)2

>

= tεd+2
∫∫

dq dq ′ G(εq) G(εq ′) <
∑
k

∂vk�(τqω)∂vk�(τq ′ω) >,
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and by the Schwarz inequality this is bounded by

tεd+2
∫∫

dqdq ′|G(εq)||G(εq ′)| <
(∑

k

(∂vk�(τqω))
2

)1/2(∑
k

(∂vk�(τq ′ω))
2

)1/2

>

= tε2 <

εd/2
∫
dq|G(εq)|

(∑
k

(∂vk�(τqω))
2

)1/2
2

> .

Since ∑
k

(∂vk�(ω))
2 =

∑
xk∈+

(∇xku)
2,

then, by (4.7), this is a local function inL1(µ), and by Lemma 4.1, E
[
(Mε

t )
2
]

converges
to 0 as ε → 0. It follows by Lemma 4.2 that the variance of the first term on the rhs of
(4.10) goes to 0 as ε → 0. ��

5. Tightness

For any k ≥ 0 and f, g ∈ C∞(Rd) consider the scalar product

(g, f )k =
∫

Rd

g(q)
(
|q|2 −#

)k
f (q) dq (5.1)

and denote by Hk the corresponding closure. For any positive k we denote by H−k its
dual space with respect to the L2(Rd) ≡ H0 scalar product.

It is convenient to represent the scalar product (·, ·)k in the ON base of the Her-
mite polynomials, which are the eigenfunctions of |q|2 − #. Let �n be a multi-index
of (Z+)d and |�n| = ∑d

i=1 n(i). We denote by λn(i) = 2n(i) + 1 for n(i) ∈ Z+ and
λ�n = ∑d

i=1 λn(i). Define h�n(q) = ∏d
i=1 hn(i)(qi), where hm is the mth normalized

Hermite polynomial of order m in R. We have then for every k ≥ 0 and f ∈ L2,

‖f ‖2
k =

∫
Rd

f (q)(|q|2 −#)kf (q) dq =
∑

�n∈(Z+)d
λk�n

(∫
Rd

f (q)h�n(q) dq
)2

.

This is valid also for negative k. So the H−k-norm of a distribution ξ on Rd can be
written as

‖ξ‖2
−k =

∑
�n∈(Z+)d

λ−k�n ξ(h�n)2. (5.2)

Observe that for k′ > k, the injection J of H−k in H−k′ is compact. In fact it can be
approximated by the finite range operators Jmξ =

∑
|�n|≤m ξ(h�n)h�n, and it is easy to see

that the operator norm of the difference is bounded by

‖J − Jm‖ ≤ (2m+ d)−(k
′−k).

Recall that for a fixed arbitrary T > 0, we have denoted by P ε the distribution, under
Pµ, of {ξεt = ξε(ω(ε−2t)), 0 ≤ t ≤ T } in C ([0, T ],S ′(Rd)

)
.
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Proposition 5.1. For any k > d + 1 and every T > 0, the sequence of probability
measures {P ε, ε ∈ (0, 1]} has support in C([0, T ],H−k) and is relatively compact in
this space.

By the compactness of the injections H−k ↪→ H−k′ for k < k′, and standard
compactness arguments, Proposition 5.1 is a consequence of the following proposition.

Proposition 5.2. For any k > d + 1 and every T > 0, we have that

(i)

sup
ε∈(0,1)

Eµ

(
sup

t∈[0,T ]
||ξεt ||2−k

)
< +∞.

(ii) For any R > 0,

lim
δ→0

lim sup
ε→0

Pµ

 sup
t,s∈[0,T ]
|t−s|≤δ

||ξεt − ξεs ||−k > R

 = 0.

To prove Proposition 5.2, we need the following key estimate:

Lemma 5.3. Let G ∈ S(Rd). Then there exists a constant B = B(ρ, T ) <∞ such that

sup
ε∈(0,1)

Eµ

(
sup

t∈[0,T ]
ξεt (G)

2

)
≤ B

∫ (
G(q)2 + |∇G(q)|2

)
dq.

Proof. Let us define Fε(ω) =
∑

j ∇G(εxj ) · vj . By (1.1), we have

ξεt (G) = ξε0 (G)+ εd/2+1
∫ ε−2t

0
Fε(ω(s)) ds. (5.3)

Then

Eµ

(
sup

t∈[0,T ]
ξεt (G)

2

)
≤ 2

〈
ξε(G)2

〉
+ 2Eµ

 sup
t∈[0,T ]

[
εd/2+1

∫ ε−2t

0
Fε(ω(s)) ds

]2
 .

By Lemma 3.1, there exists a constant B ′ such that
〈
ξε(G)2

〉 ≤ B ′‖G‖2
L2 .

Since Fε = −SFε, by Theorem 2.2 of [22]

Eµ

 sup
t∈[0,T ]

[
εd/2+1

∫ ε−2t

0
Fε(ω(s)) ds

]2
 ≤ 8T εd < Fε(−S)−1Fε >

= 16T εd <
∑
j

|∇G(εxj )|2 >

= 16Tρ‖∇G‖2
L2 . ��
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Proof of Proposition 5.2. We start by proving (i). By (5.2) and Lemma (5.3) we have

Eµ

[
sup

t∈[0,T ]
||ξεt ||2−k

]
≤
∑
�n
λ−k�n Eµ

[
sup

t∈[0,T ]
ξεt (h�n)

2

]
≤ B

∑
�n
λ−k�n (1 + ‖∇h�n‖2

L2) (5.4)

≤ B
∑
�n
λ−k�n (1 + ‖h�n‖2

1)

≤ B
∑
�n
λ−k�n (1 + λ�n).

This series converges provided k > d + 1 and therefore (i) is proven.
We are left with the proof of (ii). Always by (5.2) we have

Eµ

 sup
t,s∈[0,T ]
|t−s|≤δ

||ξεt − ξεs ||2−k

 ≤
∑
�n∈Nd

λ−k�n Eµ

 sup
t,s∈[0,T ]
|t−s|≤δ

(
ξεt (h�n)− ξεs (h�n)

)2

 . (5.5)

For every R ≥ 1,

∑
�n∈Nd :|�n|≥R

λ−k�n Eµ

 sup
t,s∈[0,T ]
|t−s|≤δ

(
ξεt (h�n)− ξεs (h�n)

)2


≤ 4

∑
�n∈Nd :|�n|≥R

λ−k�n Eµ

[
sup

t∈[0,T ]
(ξεt (h�n))

2

]
.

By (5.4), since k > d + 1,

lim
R→∞

lim sup
ε→0

∑
�n∈Nd :|�n|≥R

λ−k�n Eµ

[
sup

t∈[0,T ]
(ξεt (h�n))

2

]
= 0. (5.6)

Consequently, in order to prove (ii), we only need to show that for every �n,

lim
δ→0

lim sup
ε→0

Eµ

 sup
t,s∈[0,T ]
|t−s|≤δ

(ξ εt (h�n)− ξεs (h�n))
2

 = 0. (5.7)

By (2.3)

ξεt (h�n)− ξεs (h�n) = I ε1 (t, s)+ I ε2 (t, s)+ I ε3 (t, s),

where

I ε1 (t, s) =
√

2εd/2+1
∫ ε−2t

ε−2s

∑
j

∇h�n(εxj (τ )) · dwj (τ),
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I ε2 (t, s) =
∫ ε−2t

ε−2s

γε(ω(u)) du,

where γε is given by

γε(ω) = εd/2
∑
j

∑
α,σ

∂α∂σ h�n(εxj ) vαj v
σ
j − ε−1

∑
i �=j

∇h�n(εxj ) · ∇V (xi − xj )



and

I ε3 (t, s) = −
(
ηε(ω(ε

−2t))− ηε(ω(ε
−2s))

)
,

where we have defined

ηε(ω) = ε
d
2 +1

∑
j

∇h�n(εxj (ω)) · vj (ω).

Observe that, by Lemma 3.2, γε is uniformly bounded in L2(µ), then by the
Cauchy-Schwarz inequality and stationarity

Eµ

 sup
t,s∈[0,T ]
|t−s|≤δ

I ε2 (t, s)
2

 ≤ δ

∫ T

0
Eµ

(
γε(ω(ε

−2τ))2
)
dτ ≤ δT < γ 2

ε >≤ δT c(�n)

(5.8)

with c(�n) a constant independent of ε and δ. It follows that this term vanishes to 0 as δ
goes to 0.

For what concerns I ε1 (t, s), we will prove that for any R > 0,

lim
δ→0

lim sup
ε→0

Pµ

 sup
t,s∈[0,T ]
|t−s|≤δ

|I ε1 (t, s)| > R

 = 0.

This follows if we prove

lim
δ→0

lim sup
ε→0

1

δ
Pµ

(
sup

s≤t≤s+δ
|I ε1 (t, s)| > R

)
= 0.

By stationarity this is equivalent to prove

lim
δ→0

1

δ
lim sup
ε→0

Pµ

(
sup

0≤t≤δ
|I ε1 (t, 0)| > R

)
= 0.

Let us write I ε1 (t, s) as the differenceMε
t −Mε

s , whereMε
t is a martingale with quadratic

variation given by

Aε(t) = 2εd
∫ t

0

∑
j

(∇h�n)2 (εxj (ε−2u)) du.
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Observe that supε < Aε(t) >≤ Ctρn. For any K > 0 define the stopping time

τε,K = inf{t : Aε(t) > K}
and let M̂ε,K

t = Mε
t∧τε,K . Then for any fixed K, M̂ε,K

t is a martingale with quadratic
variation bounded by K, and by a standard estimate

Pµ

(
sup

0≤t≤δ
|M̂ε,K

t | ≥ R

)
≤ 2e− R2

2δK . (5.9)

Then for any fixed K and any R > 0,

Pµ

(
sup

0≤t≤δ
|Mε

t | > R

)
≤ 2e− R2

2δK + Pµ
(
τε,K < δ

)
and

Pµ
(
τε,K < δ

) ≤ Pµ (Aε(δ) > K) ≤ Cρnδ

K
.

It follows that for any R > 0,

lim
δ→0

lim sup
ε→0

1

δ
Pµ

(
sup

0≤t≤δ
|Mε

t | ≥ R

)
= 0.

In order to study I ε3 (t, s), observe that

Eµ

 sup
t,s∈[0,T ]
|t−s|≤δ

I ε3 (t, s)
2

 ≤ 2Eµ

(
sup

t∈[0,T ]

[
ηε(ω(ε

−2t))
]2
)
.

Then the evolution equations for ηε say

ηε(ω(ε
−2t)) = e−ε

−2t ηε(ω(0))+
∫ t

0
e−ε

−2(t−τ)γε(ω(ε−2τ)) dτ

+
∫ t

0
e−ε

−2(t−τ) dMε
τ .

For the first term of the rhs of the above expression, observe that < η2
ε >→ 0 as ε → 0

(cf. (3.4)). About the second term, by Schwarz inequality we have

Eµ

(
sup

t∈[0,T ]

[∫ t

0
e−ε

−2(t−τ)γε(ω(ε−2τ)) dτ

]2
)

≤ T < γ 2
ε > sup

t∈[0,T ]

∫ t

0
e−2ε−2(t−τ)dτ −→

ε→0
0.

About the martingale term, by Doob’s inequality:

Eµ

(
sup

t∈[0,T ]

[∫ t

0
e−ε

−2(t−τ)dMε
τ

]2
)
≤ 8

(∫ T

0
e−2ε−2(T−τ) dτ

)
ρ

∫
(∇h�n)2(q) dq

that converges to 0 as ε → 0. ��
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6. The Macroscopic Equation

As a consequence of the results contained in Sects. 3 and 4 we have that for any test
function G ∈ C2(Rd) with compact support

lim
ε→0

Eµ

(
sup

0≤t≤T

∣∣∣∣ξεt (G)− ξε0 (G)−
∫ t

0
ξεs (D#G) ds −Mε

t (G)

∣∣∣∣2
)
= 0,

where the martingale Mε
t is given by the stochastic integral,

Mε
t (G) =

∫ ε−2t

0

√
2εd/2+1

∑
j

(∇G)(εxj (s)) · dwj (s).

The quadratic variation of Mε
t is given by

Aε
t = 2ε2

∫ ε−2t

0
εd

∑
j

|(∇G)(εxj (s))|2 ds.

It is easy to see that Aε
t converges uniformly for t ∈ [0, T ] to 2ρt

∫ |(∇G)(q)|2 dq in
L1(Pµ) and a.s., i.e.

Eµ

(
sup

0≤t≤T

∣∣∣∣Aε
t − 2ρt

∫
|(∇G)(q)|2 dq

∣∣∣∣
)
= 0.

Consequently the law ofMε
t (G) in C([0, T ],R) converges to a brownian motionMt(G)

with variance given by 2ρt
∫ |(∇G)(q)|2 dq.

By the results in Sect. 5, the laws P ε of ξεt are tight in C([0, T ],H−k) for any
k > d + 1. It follows that any limit point P of P ε is concentrated on the solutions of the
equation

ξt (G)− ξ0(G) =
∫ t

0
ξs(D#G) ds +Mt(G) ∀G ∈ C2

c (R
d). (6.1)

Then the conditions of Theorem 11.0.2 in [7] are satisfied and Holley-Stroock theory can
be applied to identify ξt as the corresponding generalized Ornstein-Uhlenbeck process.
Since these limits are obtained in the stationary state µ, for each fixed time t ∈ [0, T ]
the marginal distribution of ξt is the law of the centered Gaussian field on Rd with
covariance (cf. [1])

EP (ξt (G)ξt (F )) = χ

∫
G(q)F (q) dq.

This permits to identify P as the distribution of the stationary solution of (6.1), and D
with ρ/χ . We summarize the final result in the following theorem.

Theorem 6.1. Let k > d + 1 and T > 0. The law ξεt on C([0, T ],H−k) converges to
the law of the Gaussian process with covariance given by

EP (ξt (G)ξs(F )) = χ

∫
G(q)(e|t−s|D#F)(q) dq

with D = ρ
χ

.
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7. Appendix A: Existence of the Dynamics

We prove here the existence of the equilibrium dynamics for the system of stochastic
differential equations defined by (2.3).

The idea is to approximate the infinite dynamics by some local dynamics that have
µ as invariant measure.

For that, let us introduce a once continuously differentiable function a : Rd → [0, 1]
with compact support + ⊂ Rd such that |∇a(q)| ≤ 1 for all q ∈ Rd . For every cutoff
a, we consider the following system of stochastic differential equations:

dxi(t) = a(xi(t))vi(t)dt,

dvi(t) =− a(xi(t))
∑
j �=i

∇V (xj (t)− xi(t))dt + ∇a(xi(t))dt

− a(xi(t))vi(t)dt +
√

2a(xi(t))dwi(t)

(7.1)

with initial conditions xi(0) = xi(ω) and vi(0) = vi(ω).
Observe that particles outside + are frozen, while in the region where a = 1 our

particles follow the original equations of motion.
The generator of the Markov process associated to (7.1) can be written as

L+ =
∑
i

eH+(ω)
[
∂vi a(xi)e

−H+(ω)∂vi + ∂vi a(xi)e
−H+(ω)∂xi − ∂xi a(xi)e

−H+(ω)∂vi

]
,

where we have defined

H+(ω) =
∑

xj (ω)∈+

[
vj (ω)

2

2
+ 1

2

∑
xi (ω)∈+

V (xj (ω)−xi(ω))+
∑

xk(ω)∈+c

V (xj (ω)− xk(ω))

]
.

For anym ∈ N and any fixed configurationωx+c , the canonical Gibbs measureµ( · |N+ =
m,ωx+c) is invariant for (7.1). Consequently µ is also invariant.

We shall writeωa(t) = (xa(t), va(t)) for any solution of (7.1). Since for almost every
configuration with respect to µ there are only finitely many particles in +, the global
existence of these dynamics for µ-a.e. initial configuration does not pose any problem.

Step 1. We prove first some bounds on the velocities and the densities that are valid with
Pµ-probability 1.

In the following, we shall write BL for the ball centered at the origin and of radius
2L. Moreover, we shall denote B(x, r) the ball centered at x and of radius r .

Proposition 7.1. Let T ∈ R+. For any constant C > 0 we have

Pµ

(
∃L0 > 0 : ∀L ≥ L0 sup

a
sup

i:xi∈BL
sup

0≤t≤T
|vai (t)| ≤ CL

)
= 1. (7.2)
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Proof. Let us fix L > 2T/C and consider

Pµ

(
sup
a

sup
i:xi (ω(0))∈BL

sup
0≤t≤T

|vai (t)| > CL

)

≤ Eµ

(
NBL(ω(0))Pµ

(
sup
a

sup
0≤t≤T

|va1 (t)| > CL

∣∣∣NBL(ω(0))

))
. (7.3)

Since

sup
a

sup
0≤t≤T

|va1 (t)| ≤ |va1 (0)| +
√

2 sup
0≤t≤T

|w1(t)| +
∫ T

0

∣∣∑
j �=1

∇V (xa1 (s)− xaj (s))
∣∣ ds

+ T +
∫ T

0
|va1 (s)| ds,

(7.3) is bounded above by

< NBL1[|v1|>CL/8] >µ +C1ρ2LdE

(
sup

0≤t≤T
|w1(t)| > CL

8

)

+ Eµ

NBL(ω(0))Pµ

∫ T

0

∣∣∣∑
j �=1

∇V (xa1 (s)− xaj (s))

∣∣∣ ds > CL

8

∣∣∣∣ NBL(ω(0))


+ Eµ

(
NBL(ω(0))Pµ

(∫ T

0
|va1 (s)| ds ≥

CL

8

∣∣∣∣ NBL(ω(0))

))
,

(7.4)

whereC1 is a constant depending only on the dimension d. Since, underµ, v1 is Gaussian
distributed and is independent from the positions,

< NBL1[|v1|>CL/8] >µ≤ C1ρ2Lde−C2L
2
.

The second term involving w1(t), by a standard estimate on Brownian motion, satisfies
a similar bound.

Using the Chebichef inequality, the third term of (7.4), is bounded, for any α > 0,
by

Eµ

NBL exp

α
∫ T

0

∣∣∣∑
j �=1

∇V (xa1 (s)− xaj (s))

∣∣∣ ds
2


 e−

αC2L2
16 .

By the Schwarz and Jensen inequalities this is bounded by

Eµ

NBL

1

T

∫ T

0
exp

αT 2

∑
j �=1

∇V (xa1 (s)− xaj (s))

2
 ds

 e−αC3L
2
,
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where C3 depends only on C and on T . Then by stationarity this is equal to

〈
NBL exp

αT 2

∑
j �=1

∇V (x1 − xj )

2

〉
e−αC3L

2
.

Since the range of the interaction is R, posing η = α‖∇V ‖∞T 2, this last quantity is
bounded by〈
NBL exp

[
ηN2

B(x1,R)

]〉
e−αC3L

2 ≤
〈
N2
BL

〉1/2 〈
exp

[
2ηN2

B(x1,R)

]〉1/2
e−αC3L

2

≤ C5ρ22Ld
〈
exp

[
2ηN2

B(0,1∨2R)

]〉1/2
e−αC3L

2
. (7.5)

By superstability estimates
〈
exp

[
2ηN2

B(0,1∨2R)

]〉
is finite for η small enough. Then we

can correspondingly choose α small and we obtain that (7.5) is bounded by C6ρ2Ld

e−αC3L
2
.

We treat in a similar way the 4th term in (7.4) and, for α small enough, we can bound
it by 〈

NBLe
αT 2|v1|2

〉
e−αC3L

2 ≤ C7ρ2Lde−αC3L
2
.

Then (7.2) follows by Borel-Cantelli lemma. ��
Proposition 7.2.

µ

(
∃l > 0,∀L : sup

x∈BL
NB(x,L) ≤ lLd

)
= 1. (7.6)

Proof. This is a consequence of Ruelle’s superstability estimates (cf. [16, 13]). ��
Step 2. To prove the existence of limiting solutions when the cutoff is removed, we have
to compare the solution corresponding to different cutoffs a.

Let AL denote the set of all once continuously differentiable a : Rd → [0, 1] with
compact support such that |∇a(q)| ≤ 1 ∀q ∈ Rd and such that a(q) = 1 for all
|q| ≤ 2L.

For a and ā in AL, let us consider ωa(t) = (xa(t), va(t)) and ωā(t) = (xā(t), vā(t))

the corresponding solutions to (7.1) with the same initial value ω(0) = (xi, vi)i∈N.
For some r > 0 and t > 0 let us define

C1(a, ā; r, t) .=
∑

i:|xi |≤r
sup

0≤s≤t
|xai (s)− xāi (s)|

and

C2(a, ā; r, t) .=
∑

i:|xi |≤r
sup

0≤s≤t
|vai (s)− vāi (s)|.

We prove that
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Lemma 7.3. For any T > 0 and any r > 0,

lim
L→+∞

sup
a,ā∈AL

C1(a, ā; r, T )+ C2(a, ā; r, T ) = 0 Pµ − a.e.

Proof. We recall that by Proposition 7.1, for a given C > 0, with Pµ probability one
there exists a real L0 such that for any L ≥ L0, any t ≤ T and any i such that xi ∈ BL
we have |xai (t)− xi | ≤ CLt and |xāi (t)− xi | ≤ CLt . So, take L ≥ L0 in the following.

Fix r0 > 0, and take L > L0 sufficiently large such that r0 +R+2CLT ≤ 2L. Then

sup
i:|xi |≤r0

sup
0≤t≤T

|xai (t)| ≤ 2L sup
i:|xi |≤r0

sup
0≤t≤T

|xāi (t)| ≤ 2L.

By a simple computation, if |xi(0)| ≤ r0,

|xai (t)− xāi (t)| ≤
∫ t

0
|vai (s)− vāi (s)| ds,

which implies immediately

C1(a, ā; r0, t) ≤
∫ t

0
C2(a, ā; r0, s) ds.

Then, always for |xi(0)| ≤ r0,

|vai (t)− vāi (t)| ≤
∫ t

0

CV ∑
xj∈B(xi ,R+2CLT )

|xaj (s)− xāj (s)|
 ds

+
∫ t

0
|vai (s)− vāi (s)| ds,

where CV = ‖#V ‖∞. Therefore,

C2(a, ā; r0, t) ≤
∫ t

0

(
CV sup

x∈BL
NB(x,R+2CLT )C1(a, ā; r1, s)+ C2(a, ā; r0, s)

)
ds,

where r1 = r0 + R + 2CLT ≤ 2L. By Proposition 7.2 with Pµ probability one, there
exists a finite l such that supx∈BL NB(x,R+2CLT ) ≤ C1lL

dT d .
So we have proven that, with Pµ probability one, there exist two finite constants

l, L0 > 0 such that for any L ≥ L0, any t ≤ T and any a, ā ∈ AL,

C1(a, ā; r0, t)+ C2(a, ā; r0, t) ≤ C′lT dLd
∫ t

0
(C1(a, ā; r1, s)+ C2(a, ā; r1, s)) ds.

We finish the proof by iterating the above relation for a number of times given by

hL =
[

2L − r0

R + 2CTL

]
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and we obtain

C1(a, ā; r0, T )+ C2(a, ā; r0, T )

≤
(
C′lLdT d

)hL ∫ T

0
dt1· · ·

∫ thL

0
dthL

(
C1(a, ā; 2L, thL)+ C2(a, ā; 2L, thL)

)
.

Since C1(a, ā; 2L, thL) ≤ 2L and C2(a, ā; 2L, thL)) ≤ 2CL we have

sup
a,ā

C1(a, ā; r0, T )+ C2(a, ā; r0, T ) ≤
C12L

(
C′lT dLd

)hL
hL!

T hL+1

that converges to 0 as L→∞. ��
Step 3. Conclusion. Now, we are able to prove the existence of limiting solutions to
(1.1). Let us consider a sequence of a partial solution ωn(t) for n ∈ N of (7.1) with a
common initial value ωn(0) = (xi, vi). The corresponding cutoff function an is taken
in An, i.e. an(q) = 1 if |q| ≤ 2n. By Lemma 7.3, with Pµ probability 1, ωn converges
to some limit ω(t) for each t < T . Elementary considerations following the argument
of the previous lemma show that this limit is a solution of (1.1) and it does not depend
on the particular cutoff chosen.

8. Appendix B: Spectral Gap for Interacting Brownian Particles

We prove here the spectral gap bound we used in Sect. 4. In this Appendix + is a fixed
centered cube of sidelength 2l ( |+| = (2l)d ). We fix the number of particles in the box
+ to be equal to n, and an arbitrary configuration ωx+c outside +. Let m = m(ωx+c) be
the number of particles of the outside configuration ωx+c that are at distance less than or
equal to R, the radius of the range of the interaction V .

Recall that C+(·)(n, ωx+c) is the corresponding canonical Gibbs expectation.

Theorem 8.1. Let f (x1, . . . , xn) be a C1(+n) function such that C+(f )(n, ωx+c) = 0.
Then

C+(f
2)(n, ωx+c) ≤ 8dl2ne4(2n+m)‖V ‖∞

n∑
i=1

C+

(∣∣∇xi f
∣∣2) (n, ωx+c). (8.1)

Proof. We denote by µ+(dx) = µ+(dx1, . . . , dxn|n, ωx+c) the canonical measure cor-
responding to C+(·)(n, ωx+c). Observe that we can rewrite the canonical variance of f
as

C+(f
2)(n, ωx+c)

= 1

2

∫∫
+n×+n

(
f (x)− f (x′)

)2
µ+(dx)µ+(dx′)

= 1

2Z2

∫∫
+n×+n

(
f (x)− f (x′)

)2
e−Hn(x,ωx+c )−Hn(x′,ωx+c )dx dx′, (8.2)

where we denoted

Hn(x, ωx+c) =
n∑

(i,j)

V (xi − xj )+
n∑
i=1

∑
yj∈ωx+c

V (xi − yj )

and Z = Z+(n, ω
x
+c) is the corresponding canonical partition function.
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For each couple of configurations x, x′ we will choose a particular piecewise differen-
tiable path that will connect these two configurations. The choice of this transformation
follows a simple rule: we move each particle one by one along the coordinates axis. So,
in order to simplify notation, it is convenient to consider x, x′ as points in [−l, l]nd and
write x = {y1, . . . , ynd} and x′ = {y′1, . . . , y′nd}. Then defining

ξα(t) = yα + t (y′α − yα) t ∈ [0, 1) α = 1, . . . , nd

we can rewrite the difference

f (x)− f (x′) =
nd∑
α=1

∫ 1

0

d

dt
f (y′1, . . . , y

′
α−1, ξα(t), yα+1, . . . , ynd) dt

and by the Schwarz inequality(
f (x)− f (x′)

)2

≤ 2nd
nd∑
α=1

∫ 1

0

∣∣fα(y′1, . . . , y′α−1, ξα(t), yα+1, . . . , ynd)
∣∣2 |ξ̇α(t)|2√1 − t dt, (8.3)

where we have denoted by fα the partial derivative of f with respect to yα and ξ̇α(t) =
y′α − yα . Since |ξ̇α(t)| ≤ 2l we have that the right-hand side of (8.3) is bounded by

8l2nd
nd∑
α=1

∫ 1

0

∣∣fα(y′1, . . . , y′α−1, ξα(t), yα+1, . . . , ynd)
∣∣2 √1 − t dt. (8.4)

Since the interaction V is bounded, for any ξα ∈ [−l, l] we have the uniform bound

Hn(x, ωx+c)+Hn(x′, ωx+c)

≥ −4(2n+m)‖V ‖∞ +Hn(y
′
1, . . . , y

′
α−1, ξα, yα+1, . . . , ynd, ω

x
+c)

+Hn(y1, . . . , yα−1, y
′
α, y

′
α+1, . . . , y

′
nd, ω

x
+c). (8.5)

To prove this, observe that for any θ, η ∈ + we can rewrite

Hn(x, ωx+c)+Hn(x′, ωx+c)

= Hn(x1, . . . , xi−1, θ, x
′
1+1, . . . , x

′
n, ω

x
+c)

+Hn(x
′
1, . . . , x

′
i−1, η, x1+1, . . . , xn, ω

x
+c)

+
i−1∑
k=1

{
(V (xk − xi)− V (xk − θ))+ (

V (x′k − x′i )− V (x′k − η)
)}

+
n∑

k=i+1

{
(V (xk − xi)− V (xk − η))+ (

V (x′k − x′i )− V (x′k − θ)
)}

+
∑

yj∈ωx+c

{(
V (xi − yj )− V (θ − yj )

)+ (
V (x′i − yj )− V (η − yj )

)}
.

Then, by an appropriate choice of θ, η, (8.5) follows.
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Now, by the simple change of variable yα → ξα(t), we have∫∫
+n×+n

dy1 . . . dynddy
′
1 . . . dy

′
nd

∣∣fα(y′1, . . . , y′α−1, ξα(t), yα+1, . . . , ynd)
∣∣2

×e−Hn(y
′
1,...,y

′
α−1,ξα(t),yα+1,...,ynd ,ω

x
+c
)−Hn(y1,...,yα−1,y

′
α,y

′
α+1,...,y

′
nd ,ω

x
+c
)

=
∫ l

−l
dy1 . . .

∫ l

−l
dyα−1

∫ l

−l
dy′α

∫ l

−l
dy′α+1 . . .

∫ l

−l
dy′nde

−Hn(y1,...,yα−1,y
′
α,y

′
α+1,...,y

′
nd ,ω

x
+c
)

×
∫ l

−l
dy′1· · ·

∫ l

−l
dy′α−1

∫ l

−l
dyα+1· · ·

∫ l

−l
dynd

∫ (1−t)l+ty′α

−(1−t)l+ty′α

dξα

1 − t

× ∣∣fα(y′1, . . . , y′α−1, ξα, yα+1, . . . , ynd)
∣∣2 e−Hn(y

′
1,...,y

′
α−1,ξα,yα+1,...,ynd ,ω

x
+c
)

≤ Z

1 − t

∫
+n

dx |fα(x)|2 e−Hn(x,ωx+c ). (8.6)

Putting together (8.2), (8.4), (8.5) and (8.6), we obtain (8.1). ��

9. Appendix C: Regularity of the Solution of the Poisson Equation

We prove here the regularity of the solution of Eq. (4.6), as a consequence of the spectral
gap bound of the previous section. Let + be again the centered box of sidelength 2l, and
let +R be the centered box of sidelength 2(l + R). In +R we consider configurations
with n + m particles such that there are n particles in + (whose positions will be de-
noted by {x1, . . . , xn}) and m particles in +R \+ (whose positions will be denoted by
ωx+c = {y1, . . . , ym}). We do not consider configurations with particles on the boundary
∂+. Let g(x1, . . . , xn; y1, . . . , ym) be a smooth function of these configurations such
that the canonical expectation C+(g)(n, ωx+c) = 0. Recall we have defined the elliptic
operator

LW
n,ωx

+c
=

n∑
j=1

(
#xj − (∇xjH+) · ∇xj

)
,

where

∇xjH+ =
n∑
i �=j

∇V (xj − xi)+
m∑
i

∇V (xj − yi).

Let u(x1, . . . , xn; y1, . . . , ym) be the solution of the equation

LW
n,ωx

+c
u(x1, . . . , xn; y1, . . . , ym) = g(x1, . . . , xn; y1, . . . , ym) , (x1, . . . , xn) ∈ +n

(9.1)

with Neumann boundary conditions on ∂+n. The position of the exterior particlesωx+c =
(y1, . . . , ym) ∈ (+R \+)m should be considered as exterior parameters in Eq. (9.1).
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Lemma 9.1.

C+

 n∑
j=1

|∇xj u|2
 (n, ωx+c) ≤ c1ne

c2(n+m)C+(g2)(n, ωx+c), (9.2)

where c1 = 8dl2 and c2 = 8‖V ‖∞.

Proof. Multiplying (9.1) by u and integrating respect to the canonical Gibbs measure
we obtain

C+

 n∑
j=1

|∇xj u|2
 (n, ωx+c)

= C+

(
u(−LW

n,ωx
+c
u)
)
(n, ωx+c)

= C+ (ug) (n, ω
x
+c) ≤ (

C+

(
u2
)
(n, ωx+c)

)1/2(
C+

(
g2
)
(n, ωx+c)

)1/2
.

By the spectral gap bound (8.1),

C+

(
u2
)
(n, ωx+c) ≤ c1ne

c2(n+m)C+

 n∑
j=1

|∇xj u|2
 (n, ωx+c).

Inserting this in the previous inequality, we obtain the bound (9.2). ��
Lemma 9.2. There exists a constant c3 such that

n∑
j,k=1

C+

(
|∇xj∇xku|2

)
(n, ωx+c) ≤ c3n

2e2c2(n+m)C+

(
n2g2 +

n∑
k=1

|∇xkg|
)
(n, ωx+c).

(9.3)

Proof. This is just a standard elliptic regularity argument. Fix a k = 1, . . . , n. Let
{e1, · · · , ed} be the canonical base in Rd . The function uk,α = eα · ∇xku satisfies the
equation

LW
n,ωx

+c
uk,α = eα · ∇xkg −

n∑
j=1

V ′′(xj − xk)uj,α.

Defining gk,α , the right-hand side of this equation, we observe that

d∑
α=1

C+(g
2
k,α) ≤ 2C+(|∇xkg|2)+ 2‖V ′′‖2

∞nC+(
n∑

j=1

|∇xj u|2)

≤ 2C+(|∇xkg|2)+ 2c1‖V ′′‖2
∞n

2ec2(n+m)C+(g2).

By reapplying the same argument as in the proof of Lemma 9.1, we have

C+

 n∑
j=1

|∇xj uk,α|2
 ≤ c1ne

c2(n+m)C+(g2
k,α).

and (9.3) follows from these last two inequalities. ��
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Lemma 9.3.

m∑
k=1

n∑
j=1

C+

(
|∇xj∇yku|2

)
(n, ωx+c) ≤ c3n

2e2c2(n+m)C+

(
nmg2 +

m∑
k=1

|∇ykg|2
)
(n, ωx+c).

(9.4)

Proof. The proof follows the same argument as in the one of Lemma 9.1, starting with
the equations for eα · ∇yku. ��
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