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Abstract: We study the hydrodynamic density fluctuations of an infinite system of
interacting particles on RY. The particles interact between them through a two body
superstable potential, and with a surrounding fluid in equilibrium through a random vis-
cous force of Ornstein-Uhlenbeck type. The stationary initial distribution is the Gibbs
measure associated with the potential and with a given temperature and fugacity. We
prove that the time-dependent density fluctuation field converges in law, under diffu-
sive scaling of space and time, to the solution of a linear stochastic partial differential
equation driven by white noise.

1. Introduction

Consider an aqueous suspension of particles in equilibrium at temperature 7 = 1/8.
Let the interaction between the particle be given by a two body potential V. We assume
that V' is superstable, positive and smooth with compact support. The interaction with
the fluid is modeled by an Ornstein-Uhlenbeck type force (linear viscosity plus white
noise) such that the particle velocities are maintained in equilibrium, i.e. distributed by
a Maxwellian distribution of temperature T (cf. [14, 20]). The dynamics of this mod-
el is given by the solution of the following infinite system of stochastic differential
equations:

dxj(t) = v;(t)dt,

dvj(t) = — Z VV(x;(t) — xi(t))dt — yv;(t)dt + | %dwj(t). (1.1
i#]

* We thank J. Fritz for fruitful discussions, in particular about the existence of the infinite dynamics.
A special thanks to L. Bertini for help in the proof of the spectral gap estimate (cf. Appendix B)
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Here {w; ()} are independent standard Wiener processes, and y > 0 is the friction
coefficient. We set here the mass of each particle equal to 1. We refer to this system as
the interacting Ornstein-Uhlenbeck particles.

Consider the grand canonical Gibbs measures (i, g corresponding to the formal
Hamiltonian

2

V4 1
5§=Z?]+EZV(xj—xi) (1.2)
j i#j

with fugacity z and inverse temperature f3.

As in the case of the corresponding deterministic Hamiltonian system (y = 0), the
proof of the existence of the dynamics given by (1.1) for a wide set of initial configura-
tions is a challenging problem. In [8], J. Fritz proves the existence and uniqueness of the
solution of (1.1) for a class of initial configurations that has probability 1 for any grand
canonical Gibbs measure. The results contained in [8] are limited to dimension d < 2.
For our purposes it is enough to consider the existence of the equilibrium dynamics:
for a given u; g there exists a set of initial configurations and a set of realizations of
the Wiener processes {w} such that they have full measure and for which (1.1) has a
non-exploding solution (see Sect. 2 for a precise definition). We prove this existence the-
orem in Appendix A (Sect. 7), by approximation with finite local dynamics. The proof,
that has the advantage that it works in any dimension, follows the classical approach
of Lanford ([11, 13]) adapted to our stochastic case. A certain care should be done in
this proof for existence of the dynamics when dealing with random evolutions. In fact
an approximation by local dynamics defined using reflection on hard walls would bring
difficulties concerning the existence of these local dynamics (cf. the paper of R. Lang
with the addition of T. Shiga [12], where a similar problem arises in the context of the
interacting Brownian motions). In order to avoid such problems, we apply an idea of
J. Fritz ([9, 10]: define special smooth local dynamics such that the stationary Gibbs
measures stay unmodified (cf. Egs. (7.1)).

The purpose of this paper is to study the macroscopic behavior of this system in
equilibrium. Let us consider the positions of the particles under diffusive rescaling:

xX6@t) = exj(e720), (1.3)

where ¢ is a scaling parameter. We are interested in the macroscopic limit as ¢ — 0.
The empirical distribution of the particles is a random positive measure on R? defined
by

nf(G) =&Y GE)),
J

where G is a smooth function with compact support. If the particles are distributed (in
the original microscopic coordinates x ;) by the equilibrium Gibbs measure u, g, by the
law of large numbers, we have

n(G) — p/G(q)dq Uz p —a.s.,

where p = p(z, B) is the average density of particles per unit volume for 1 g.
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Then we consider the density fluctuation field

EE(G) =742 (nf<c> —p / G(q)dq) :

In equilibrium, the positions of the particles are distributed by (i g, and because of the
mixing properties of this Gibbs measure one can show (cf. [1]) that &7 (J), for a fixed 7,
converges in law to a Gaussian field £ on R? with mean zero and covariance

<&(fE(g) >=x / f@glq) dq, (1.4)

where x = x(z, B) is the compressibility of u; g.
We prove in this paper that &7, as a distribution valued process, converges in law to
the solution &; of the stochastic linear partial differential equation:

2
& = D(p)AE + |2 v. ], (1.5)
vB

where {ji};=1,...q are §-correlated space—time white noises, i.e. d-vector Gaussian fields
on R4*! with covariance

< ji(qg. ) julq' s) >=8(q — q")8(t — $)8i .

The diffusion coefficient D(p) is identified as the derivative of the thermodynamic
pressure as a function of the density, as in [17].

Equation (1.5) should be intended in the weak sense, i.e. for any smooth test function
G?

t
£:(G) — §0(G) ='/0 &(DAG) ds + M (VG),

where M;(VG) is a continuous martingale with constant quadratic variation given by
% f |VG(q)|2dq. Since (1.5) is obtained in equilibrium, the initial condition &p is
distributed by the Gaussian field with covariance given by (1.4), which is in fact the
invariant law for the evolution given by (1.5). This implies the following identity for the
bulk diffusion coefficient:

p=-"_ (1.6)

CvBx
If we consider the solution of (1.1) in a long time scale, the velocities will relax to
equilibrium. If we suppress them we obtain a closed evolution on the positions given by

1 2
dxj(t) = ==Y VV(xj(t) = xi(0) dt + |— dw;(). (1.7)
iy VP
J

We refer to this system as the interacting Brownian particles. In [20] Spohn proved the
convergence of the density fluctuation field &7 for (1.7). The limit equation is still given
by (1.5). The equivalence of the bulk diffusion in the two systems could also be seen
from the hydrodynamic limit out of equilibrium (cf. [24, 17]).
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As noticed first by Rost [19], the main point in the proof of a theorem of equi-
librium fluctuations for a system with conserved quantities is the so-called Boltzmann-
Gibbs principle. This principle is an estimate of the space-time variance of the
difference between a non-conserved quantity (typically the flux of the density fluc-
tuation field) and its linearization along the conserved quantities (here the density fluc-
tuation field itself). This principle has been proven in various reversible models (in
[2] for zero-range models, in [6] for speed-change exclusion models and in [20] for
the interacting Brownian particle system (1.7)). In all these papers the approach to
the proof of the Boltzmann-Gibbs principle is the following: one defines an Hilbert
space of functions of the configurations, with a scalar product related to the
static variance of these functions with respect to the stationary measure of the pro-
cess. Then one needs to identify the subspace that is invariant under the action of the
semigroup of the generator of the process with the one dimensional subspace gen-
erated by the density fluctuation field. This identification follows by a strong ver-
sion of the equivalence of the canonical and grand canonical Gibbs measures. One
of the difficulties in this approach is the selfadjoint extension of the generator of the
process in this new Hilbert space (observe that all these results concern reversible
models).

In [4], C. C. Chang introduced a different, and simpler, approach to the proof of
the Boltzmann-Gibbs principle. In Chang’s approach, by using the same strong form of
the equivalence of ensembles, the problem is reduced to the estimate of the space-time
variance in the canonical measure in a fixed finite volume. Then this estimate can be
done by standard finite dimensional analysis (cf. [7] Chapter 11, for a clear exposition
of the method). Besides its simplicity, this approach has two other advantages: it avoids
problems in defining the dynamics in a different Hilbert space, and it can be extended
more easily to non-reversible models (cf. [5]).

Our proof follows the direction of this second approach. The difficulty here is due
to the fact that the generator of our Markov process is degenerate in the directions of
the positions of the particles (noise acts only on the velocities). This poses a problem
even in the finite dimensional analysis needed to estimate the variance in the canonical
measure on a finite box. We solve this problem by relating the (degenerate) generator of
our process to the strictly elliptic and symmetric generator of the interacting Brownian
particles process (cf. Proof of Proposition 4.2). Then we need an estimate of the spectral
gap of this symmetric operator, that we prove in Appendix B.

For the strong form of the equivalence of ensembles, which is in fact a local central
limit theorem for the Gibbs measures, we use the results by Spohn contained in [20]
(recently improved in [3], cf. Sect. 2).

The paper is organized as follows: in Sect. 2 we give a precise definition of the model
and of the dynamics in equilibrium. In Sect. 3 we study the evolution equations of the
fluctuation field. In Sect. 4 we prove the Boltzmann-Gibbs principle for our system. In
Sect. 5 we prove the tightness of the distribution of the fluctuation field as a stochas-
tic process with values in a certain negative Sobolev space. In Sect. 6, by using the
Boltzmann-Gibbs principle and the compactness result, we prove the convergence to
the solution of (1.5). In Appendix A we prove the existence of the dynamics in equilib-
rium. In Appendix B we prove a lower bound on the spectral gap of the generator of the
interacting Brownian motions (cf. (1.7)) in a finite box. We use this bound in order to
prove some estimates on the derivatives of the solutions of the Poisson equation related
to the generator of the interacting Brownian motions. We need these estimates in the
proof of the Boltzmann-Gibbs principle.
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2. The Dynamics in Equilibrium

We assume that V : RY — R is a pair potential satisfying the following assumptions:

(i) V iscentral (i.e. depends only on |g|) and symmetric: V(g) = (—¢q).
(i) V is positive: V > 0, and V (0) > 0.
(iii) V has finite range: V(q¢) = 0if |g| > R.
(iv) V is two times continuously differentiable.

Notice that the positivity implies immediately the lower regularity condition (LR) of
[16]. Furthermore observe that (ii) is equivalent to superstability (cf. condition (SS) in
[16]).

The configuration space 2 is defined as the set of locally finite labeled configurations
of particles w = {(x;, v;),i € N}, where x; = x;(w) and v; = v;(w) have values in
R4, and the sequence x; = x;(w) has no accumulation points. We will use the notation
o* = {x;(w)}. Let Q2 be equipped with the weak topology: lim, , = » means that
lim, x; (w,) = x; (w) and lim,, v; (w,) = v; (w). We denote by B the corresponding Borel
o -algebra of subsets of €.

A grand canonical Gibbs state for V at temperature 8! and activity (or fugacity) z is a
probability measure u on (€2, B3) that distribute w”* according to a grand canonical Gibb-
sian point field with pair interacting potential 8V and activity z, while velocities are inde-
pendent of positions and are identically distributed as independent Gaussian variables of
zero mean and variance 8. This means that the i-conditional probability to find n par-
ticles in a finite volume region A C R? with configuration {(x1, v1), ..., (x,, vy)}, con-
ditioned to the configuration outside A, i.e. wac = {(x;(w), v; (w)), xi(w) € A, i € N},
has density with respect to the Lebesgue measure on (A x R?)" given by the DLR equa-
tions:

wa((x1,v1), ..., (Xn, V) |@ac)
S S . o @.1)
 Za(w}e) n! exp [ =B (Cxt, i), o (n vn): @]
where
NN L -
(X1 1), s Ky Vn); Wpe) = Z} 5 t3 Z; Vg —xi)+ ) V=)
J= 1=

viewt

and Z (o)) is the corresponding normalization.

In order to simplify notations we fix the values y = 8 = 1, and, since the activity
z € (0, z0) is fixed, we will omit. Writing the explicit dependence on z and we write
W= fz,p,and p = p(z, B) for the corresponding density of particles.

In the following we will assume that

-1
0<z<2z0=028 <e/(1 — e V@) dq) . (2.2)

We need this condition on the activity in order to apply Spohn’s results on the equiv-
alence of ensembles (cf. [20]). As a consequence we are in the low fugacity regime
where the grand canonical Gibbs measure is unique. A recent paper by Cancrini and
Tremoulet (cf. [3]) permits to improve (2.2) substituting the constant 0.28 with 1/3, that
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is the sufficient condition for the exponential L2-mixing of the Gibbs measure needed
by Spohn in Lemma 4 in [20].

We give now a precise definition of the dynamics in equilibrium associated to (1.1)
and to a grand canonical Gibbs measure p.

Let W be the probability measure induced on 3 = C([0, o0), R))N by the infinite
independent Wiener processes {w;(-),i € N}. On € x 3 we define the product mea-
sure P, = 1 @ W, and we denote E,, the corresponding expectation. On € x 3 we
also define the increasing filtration {F;};~q, where F; is the o-algebra generated by
{w;(s),s <t,i € N} and B.

Given an initial configuration w(0), a solution of (1.1) is a F;-adapted continuous
stochastic process {w(¢)} with values in €2, which satisfies

t
xi(w(1)) =xi(w(0))+/ vi (w(s)) ds,
0

t
vi(@ (1)) = vi(@(0)) — /O Z VV(xi(w(s)) — xj(w(s)) ds (2.3)
J#

t
—~ / vi(@(s))ds +~/2 w; (1).
0

In Appendix A it is proven that there exists a set M C Q x I such that P, (M) = 1, and
such that if (w(0), {w; (1)};en) € M, then (2.3) has a solution. This way it is possible to
define a strongly continuous semigroup of contraction operators P’ on L>(Q2, B, j1). A
straightforward calculation shows that the generator of this process (1.1) can be written
as a sum of a symmetric operator and an antisymmetric one (with respect to i) :

L=A+S,

A={9 3= v Ve, =Y VVG;—x) -V, |
J i#]

S:Z(Avj_vj'vvj)'

J

2.4)

Observe that the antisymmetric operator A is given by the Poisson brackets with the
Hamiltonian $), i.e. is the generator of the corresponding deterministic Hamiltonian
dynamics.

3. Time Evolution of the Fluctuation Field

For every configuration w € 2 and ¢ > 0, the density fluctuation field is the distribution
onS ’(Rd ) (the dual space of the Schwartz space S (]Rd ) of smooth rapidly decreasing
functions) defined by

E°(G)(w) =67 stG<ex,-(w>>—pr<q>dq :
J

where G € S(RY).
Defining G, (q) = £9/>G(¢q), observe that £ (G)(w) = £'(G,)(w). It is easy to see
that £4(G) € L%(€2, ). In fact we have the following bound:
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Lemma 3.1. There exists a constant B = B(p) < oo such that for any G:

sup (6°(G)?) < BIGI2,. G3.1)

>0

Proof. Using the 2-point correlation function p, of the grand canonical Gibbs measure
W, and the translation invariance of u:

(¢6?) = [[ 6e@0Gut@)oatar.a2) ~ %) day day
1
< /f 5 (Getan + Ge(@2)?) Ip2(a1. 42) — 0*| da1 da

= (/ Ge(q)® dq)/mz(o, q/)—p2|dq’=||G||iZ/|pz(o, q')—p*ldq’ .

This last quantity is finite by Lemma 4.4.8 of [15]. O

In order to simplify notations, we will denote £ = £°(w (¢72t)). For a fixed arbitrary
T > 0, we denote by P? the probability distribution, under P,,, of {£7,0 < ¢ < T} in
C ([0, T1, S'(RY)).

Consider now a smooth test function G with compact support. By a simple calculation
we have

e 2t
£ (G) —&(G) = / gd/2+1 E VG(exj(s)) - vj(s) ds
0 ;
J

8’2t s’zt
=J§gd/2+‘/0 ZVG(exj(s))~dwj(s)+82f0 Ve(@(s)) ds

J

— g2y (VG(ij(S—zt)) (e — VG (x5(0)) - v; (0)) ;
j
(32)

where

d
ve(@) =23 3" 8940, Gexviv] — e Y " VGex)) - VV(xj — xi)
i \eo=1 i#]
(3.3)

with ¢ the o™ component of g and 3, = dya.

It is easy to see that variance of the last two terms in the rhs of (3.2) converges to 0
as ¢ — 0. In fact, by stationarity we have

E, [sd/2+l 3 (vc(ng (e720) - vj(e721) — VG(x£(0)) - vj(O)) ]2
7

< 262 < () VG(exj) - v))* >,
j
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and by the independence of the velocities:

< (ed/ZZVG(ng) ) s=el < Z IVG(ex))|> >, = ,0/ IVG(q)|* dg.
j j
(3.4)

The main step we need to do, in order to obtain (1.5) as a macroscopic equation, is
to prove that:

t 2
lim [, ([/ (ve(w(725)) — DEE(AG)) ds] ) = 0. (3.5)
E—> 0

For any continuous function f on R with compact support, let us define the local
function

1
Yoo (f)(w) = Z(xf’ —x7) Vo (x;i — Xj)/o FOxi + (1= 1)x;j)dAr, (3.6)
i.j
where V,(q) = 9,4V (q).

Lemma 3.2. Let f be a continuous function with compact support suchthat [ f(q) dg =
0. Then there exists a constant C = C(p) such that

< (Yoo () >4 < C [ £1I72.
Proof. This is basically (4.13) in [20]. Since f f(g) dg =0, we have

1
<Ta,a(f)>=/o d)»/ (@7 —q3)Va(q1 — q2)

x fqr + A —=Mg2)p2(q1, q2) dq dgz
1
:/ dk/dz 2% Ve (2) p2(0, z)fdcn fz+4q2) = 0.
0

Let us denote by p4 the truncated 4-point correlation function of pu, i.e.

04(q1, 92,93, 94) = p4(q1, 92, 93, 94) — p2(q1, 92) p2(q3, q4).
In order to simplify notations, let us define
2@q1,q2,2) = (g —a3)Valq1 — @) fOq1 + (1 = M)q2) .

Then, by using the Jensen inequality, we have

< (Yoo () >4

=< (Toz,a(f)_ < Ta,a(f) >)2 >
2

1
/Odk< Zg(x,',x/nk)—//g(ql,qz,k)pz(ql,qz)dq1 dg> >

(i) "

IA

1
/O dk//// dqidqgrdqsdqs g(q1, q2, 1) g(q3, g4, A) 04(q1, g2, q3, q4).
(3.7)
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By a linear change of variables in the quadruple integration and translation invariance,
the right-hand side of (3.7) is equal to

1
/0 dX /f// 20 Vo (z1) 25 Vo (z3) f(Az1 +22) f(Az3 + 20 + 24)

X p4(z1, 0, 23 + z4, z4) dz1 dzo dz3 dza,
which is bounded by

Cy </ f(z)2 dz) /f/d21 dzz dz4 1p4(z1, 0, 23 + z4, 24)|-

This last integral is finite by Thm. 4.4.8 of [15]. O
In the following Go 5 (q) = 94«40 G(q). Defining G, ,(q) = ed/zGa,g(eq), then
using the symmetry of V we can rewrite
d/j2—1
€
gd/2-1 Z Z VG(ex)) - VV (xj —x) = — Z Z(vc(ng) — VG(ex;)) -
Joi# Joi#]
1
YV —x) = > Yao(GE ).
a,0

Let h(g) be a positive continuous function with support in B(0, 1/2), the ball cen-
tered at the origin and of radius 1/2, and with total integral equal to 1. Since |G, , —
G, 5 * hll 2 converges to 0 as ¢ — 0, by Lemma 3.2 we have

lim < (Yoo (G, — G % h)? >, —0. (3.8)
e— ’ ’ e—

Let{zy,q € Rd} the shift operator on €2, defined by 7,0 = {(xj(w) +¢q, vj(w)), j € N}.
By (3.8), Schwarz inequality and stationarity, we can substitute in (3.5) y, with

7@ = ¥ [ Guur 60)un (7,0 da.
o,0
where ¢ o is the local function given by

1
buo@) = Y hENUV] — 2 Tao(h). (3.9)
i

Taking the expectation with respect to u and using the translation invariance we have

< Qo0 >u

1 1
= /0805,0_5// dmdquz(ql,qz)(qi’—qé’)Va(ql—qz)/ h(rg1+(1=1)g2) dxr
0

1 1
= pbao — E/dqu(q, 0)q° Va(q) = ba.0 <p —5g | 44 r2q.00q - VV(q))
and observe that, by the virial theorem (cf. [18, 23]), this last quantity is equal to
8a.0 P(p), where P is the thermodynamic pressure expressed as a function of the density
p. Consequently D = P’(p).

The limit (3.5) is a direct consequence of the Boltzmann-Gibbs principle that we
enunciate and prove in the next section.
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4. Boltzmann-Gibbs Principle

In this section we will consider the following set of smooth local functions on 2. We
say that a measurable function ¢ : 2 — R is in £ if it can be written as

¢(w) = H (Z 1Gi(@), vi(@)), ., Y i), v,-(w») :

where { fv(q, v), k = 1, ..., m} are smooth functions on R¢ x R with compact support
in g and growth at most linearly in v (i.e. | f (g, v)| < C(1+|v|)),and H(y1, ..., Ym) €
C°°(R™) such that there exists aconstantc < oo suchthat|H (yy, ..., ym)| < e° 2=t Il

If A is a finite region containing all the g-supports of fi, then there exists a finite
constant C such that for any configuration w,

p@| <exp|C Y A+ vj@) |- (4.1)

xj(w)eA

By (4.1) and by superstability estimate (cf. [16]), it follows that ¢ € L?(u) for any
p < oo. We denote its expectation by

P(p) =< b >4,

as a function of the density p. Observe that a(,o) is a smooth function of p. In fact,
always by the superstability estimates, ¢ (o) is a smooth function of the activity z, which
is a smooth function of the density p in the ranges defined by (2.2) (cf. [15], Theorem
4.2.3, p.76).

Let us define

- do
0@) = 9@) =30~ o) | L hesp = .
J

where h : R? — R, is a positive smooth function with support in B(0, 1/2), the ball
centered at the origin and of radius 1/2, and with total integral [ h(q)dgq = 1.
The main result of this section is contained in the following proposition:

Proposition 4.1 (Boltzmann-Gibbs principle). Let ¢ € £ and ® be defined as above.
Then for any smooth function G with compact support on R%,

t 2
lim [(gd/zf dsqu G(sq)dJ(tqw(s_zs))) } =0.
£— 0

We will make wide use of the following estimate:

Lemma 4.1. There exists a finite constant C, depending only on V and p, such that for
any G in L*(R?) and for any local function ¥ (o) in L*(w) such that < ¥ >= 0 and
whose support is contained in a finite set A C R¥, we have:

2
<(f G(@) ¥ (ry0) dq) > < ClA| < ¢? > /G(q)2 dq. (4.2)
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Proof. This is a consequence of the exponential decay of the correlations, cf. Lemma 4
in [20], and the proof is very close to Lemma 9 in [20].

<( [ ca@wmo dq)2>

_ // G(@)G(q) < Y (g (tyw) > dq dg

IA

[ (e + 6@ dq dg’
> q q)) | < ¥ (rqgw)¥ (tyw) > | dg dq

/ dq G(g)* f dq'| < ¥ (ty_g o) (@) > |.

By Lemma 4 in [20] there exists ¢ and « positive constants, depending only on V and
0, such that

. - _ A A xi,—ad(tg A A)
| < Y(ryo)¥(@) > | < <¢¥? >, min{l, c|A]e @AM IAle T

where d is the distance on R?, and A = {qg € RY : d(gq, A) < R}, (R being the radius
of the support of the interaction V). Then performing the integration in ¢’ one obtains
4.2). O

Proposition 4.1 will be proven in several steps. In the first one, we will condition
® on the positions configuration that we denote by w*. We will use then the following
lemma:

Lemma 4.2. Let W be a local function on L* (1) such that its j-expectation conditioned
on the positions configuration »* is

<V >=0 u—a.s.

Then for any smooth function G with compact support on R?,

t 2
lim B, [(gdﬂ/ dsqu G(sq)\IJ(rqa)(e_zs))) } =0.
e— 0

Proof. Observe that the operator S, the symmetric part of the generator of the pro-
cess defined by (2.4), has a spectral gap equal to 1. Since < W|w* >= 0, S~'W ()
is a function in Lz(u). Recall we have defined &7/ 2G(sq) = G.(q). It follows that
s—1 qu G:()¥(ryw) € L%(w). Then (cf. Theorem 2.2 in [22]):

t 2
E, [(fo dsqu Gg(q)lll(tqw(e_zs))) }
< 8rsz<< / dq Gg(qwqu)) =5~ ( / dq Gs(q)w<rqw>)>.

By the spectral gap of S this last quantity is bounded by:

2
< 8162

/dq Ge(g)¥V(ryw)

L2(p)
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By Lemma 4.1 this is bounded by

817G 17,C(W).

As a consequence of Lemma 4.2, we only need to prove Proposition 4.1 for the
function

d(0") =< Dl > .

Observe that ® is still a local smooth function satisfying (4.1).

For [ large, let A be a centered box of size /. The u canonical expectation of ®
conditioned on the configuration of the positions of the particles outside A (denoted by
w’; ), and on the number of particles in A is defined by:

Fa®(@") =< ®|Na(w), 0} > .

By DLR equations, it can be defined for every w’ . and it does not depend on p. Always

by DLR equations, one can see that I'y ® is smooth on the set of configurations where
there are no particles on the border of A. Since this set has x full measure, we have that
"o is smooth u-a.s.

Again by the DLR equations one has

Na(w)
Pa D nGp ] = A 4.3)
J
consequently
- . - d,  (Na(w)
FA®(@") =Trd(@") — d(p) — ——(p) ( -0,
dp [Al

Recall the thermodynamic relation d(ldT‘;z) = x. Then Z—ﬁ (p) = fﬂkz%. It is proven

in [20], Eq. (8.5), that, if z(p) satisfies (2.2), one has the following strong equivalence
of ensembles:

lim [A] < (TpA®)? > = 0. (4.4)
AR

Indeed in [3] an even stronger statement is proved under a weaker condition than (2.2).
Then, using Lemma 4.1, (4.4) implies

2
lim lim < <ed/2/dq G(eq)FAé(r,,wX)> >=0.
AMRd e—0

(this is basically Lemma 9 in [20]). So we can recenter & around its canonical expectation
"' s @, and Proposition 4.1 will follow from the following one:
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Proposition 4.2. For any smooth function G with compact support on R? and for any
finite box A,

t 2
lim [(adﬂ/ ds/dq Geg) (P — rAé)(rqu(s—zs))> } =0.
E—> 0
Proof. We denote by

F(X1y s XNy @he) = (D — T @) (")

and we will consider f as a function of the positions of the particles inside A", for
any fixed exterior configuration w’ . and any fixed number of particles Ny = n inside
A. Since the set of configurations with particles on the boundary of A have null mea-
sure with respect to /4, we can consider only configurations w7 . without particle on the
boundary of A, and the dependence of f on w7, is smooth on this set of configurations.
Furthermore, for any such wf\c fixed, f is a smooth function of the positions (x1, ..., X;)
on the interior of A",
Then, for any a)f\c and Ny = n fixed, we consider the elliptic operator on A",

n
Ly =D | By = 2OV = xi) - Yy (4.5)
Jj=1 i#j

with Neumann boundary conditions. Then, by the properties of f, a smooth function
u(xi, ..., Xp; wy.) solution of

w . X
—Ln’wi—\cu = f(x1,..., Xp; Whe) (4.6)
exists. We consider now u as a local function of w* (i.e. as a function of {x1, ..., xn,,

k.
AL‘
By Lemma 9.1 in Appendix C, there exist ¢y, c; finite constant independent of n, @, .
and u such that

A (Z Ikau|2> (n, whe) < cinexp {cz(n + Na,JgA(“))/C\f))] 1N (f2> (n, wie),

k=1

where 8;§A = A(l + R) \ A. Integrating with respect to © we obtain

< ) |VXku|2> < e (NaeMaem 72 47

X EA

and the left-hand side is bounded by (4.1) and superstability estimates.
The trick now is to relate L::wa to the generator of our process L (cf. (2.4)). Define
) AC

the local function

F(w) = Z vj - V.

XjEA
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By 4.7), F € L?*(w), and by the results contained in Appendix C it is in the domain of
the generator L. Then we apply L to f and we obtain

LF@) =Y > (V) - Vaipu— Y [ D VV@;—x) |- Vou—F.
xX;jeEN k X;EN \i#j
(4.8)
The first term on the rhs of (4.8) can be rewritten as
d
XX e agtgn= Y At i
XjEA k o0 X;EA
where, by Lemmas 9.2 and 9.3, ¥ (w) is a local function in Lz(u) such that
<Yl >=0 I —a.s.
Observe that also f has the same property. In conclusion we can write

(@ —Tad) () =Ly U= LE (@) + V()

()
where W (w) is a local function in Lz(u) such that
<V >=0 U —a.s.

So we can apply Lemma 4.2, and we are left to prove

t 2
lim [, [(84/2 / ds / dq G(eq)(LF)(rqw(ezs))> } =0. 4.9)
E—> 0

Integrating in time we can rewrite

t
8d/2/ ds/dq G(eq)(LF ) (tyw(s%s))
0 (4.10)

= /212 / dg G(eq)(F (tyw(e?1)) — F (140(0))) + M,
where M is a martingale such that

2

E [(Mf)Z] — 1edt2 _ Z </ dq G(sq)aka(rqw)) >
k

= 1912 // dq dq’ G(eq) G(gq') < ZkaF(Tqa))aka(rq/a)) >,
k
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and by the Schwarz inequality this is bounded by
1/2

12
red+2 // dqdq'|G(eq)||G(eq")| < (Z(aka(rqw))2> (Z(aka(Tq/w))z) -
k k

12\ 2
=te? < sd/Qqu|G(sq)| (Z(aka(rqw))2> >
k

Since

D @uF @) =) (Vyu)?,
k

XkEA

then, by (4.7), this is a local function in L'(w), and by Lemma4.1, E [(Mf)z] converges
to 0 as ¢ — 0. It follows by Lemma 4.2 that the variance of the first term on the rhs of
(4.10) goestoO0ase — 0. O

5. Tightness

For any k > 0 and f, g € C*®°(R?) consider the scalar product

5 k
@ 1% = [ e@ (af - ) f@) da 5.1)
R4

and denote by Hy the corresponding closure. For any positive kK we denote by H_y its
dual space with respect to the L>(R¢) = H, scalar product.

It is convenient to represent the scalar product (-, -); in the ON base of the Her-
mite polynomials, which are the eigenfunctions of |¢|> — A. Let 7 be a multi-index

of (zt)? and |i1| = Z:-jzl n(i). We denote by A,y = 2n(i) + 1 for n(i) € Z* and
A o= Z?:l Jn(i)- Define hj(q) = ]_[fl=1 (i) (qi), where hy, is the m'* normalized
Hermite polynomial of order  in R. We have then for every k > 0 and f € L?,

2
IF1IE = / F@UglP =D f@dg= Y A (/ f(q)hz(q)dq)-
R4 R4

ne(Z+)yd

This is valid also for negative k. So the H_-norm of a distribution £ on R? can be
written as

17 =Y a7t &M (5.2)
ne(Z+)d

Observe that for k¥’ > k, the injection J of H_j in H_; is compact. In fact it can be
approximated by the finite range operators J,,& = Zlﬁl <m &(hi)hy;, and it is easy to see
that the operator norm of the difference is bounded by

1J = Jull < @m+d)~ K0,

Recall that for a fixed arbitrary T > 0, we have denoted by P¢ the distribution, under
Py, of (§f =& (@(e7%1)),0 <1 < T}in C ([0, T], S'(RY)).
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Proposition 5.1. For any k > d + 1 and every T > 0, the sequence of probability
measures {P¢, e € (0, 11} has support in C([0, T, H_t) and is relatively compact in
this space.

By the compactness of the injections H_; <> H_p for k < k', and standard
compactness arguments, Proposition 5.1 is a consequence of the following proposition.

Proposition 5.2. For any k > d + 1 and every T > 0, we have that
(i)
sup EM< sup ||s;"||2_k) < +o00.
£€(0,1) 1€[0,T1]
(ii) For any R > 0,
lim limsupP, | sup ||§ —&S|l—x > R ]| =0.

=0 0 1,5€[0,T]
[1—s]<8

To prove Proposition 5.2, we need the following key estimate:
Lemma 5.3. Let G € S(RY). Then there exists a constant B = B(p, T) < oo such that
sup Ey, ( sup & <G>2> <B / (6@?+1VG@P) dg.
£€(0,1) 1€[0,T]

Proof. Let us define F; (w) = Zj VG (exj) - vj. By (1.1), we have

a’zt
E5(G) = EE(G) + 692+ /0 Fulw(s)) ds. (53)

Then

8_21 2
EH< sup Ef(G)2> < 2<§8(G)2>+2EM sup [sdﬂ“ / Fu(w(s)) dsj|
] 0

t€(0,T] tel0, T

By Lemma 3.1, there exists a constant B’ such that <§S(G)2> < B/||G||iz.
Since F, = —SFg, by Theorem 2.2 of [22]

et 2
E, | sup sd/2+1/ Felw(s))ds | | <8Te? < Fo(=8)"'F: >
t€[0,T) 0
=16Te! <Y " |VG(ex))|* >
j
=16Tpl|VG|3,. O
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Proof of Proposition 5.2. We start by proving (i). By (5.2) and Lemma (5.3) we have
En |: sup ||§f||2ki| =< Z)‘;:kEu |: sup fzg(hﬁ)2:|
1€[0,T] - 1€[0,T]

< BY a1+ Vhil}.) (5.4)
n

< BY 250+ hald)
i

<BY AF(1+17).
i

This series converges provided k > d + 1 and therefore (i) is proven.
We are left with the proof of (ii). Always by (5.2) we have

B 2
Bl sup lE &I | < D0 A B | swp (5 )~ & 0) |- (55)
i = i

For every R > 1,
- 2
Y ATBu| sup (& (i) — & (i)

- I t,5€[0,T]
neNd:|n|>R [1—s|<8

<4 Y AE, [ sup (gf(hﬁ))2:| :
FeN?:[i|> R tel0.7]
By (5.4),sincek > d + 1,

lim lim sup Z AFE, [tes[gp”(gf(hﬁ))z} =0. (5.6)

R—o0
£20 G oNdii|>R

Consequently, in order to prove (ii), we only need to show that for every 7,

lim limsupE,, | sup (£°(h7) — &5(hi))* | =0. (5.7
=0 0 rl,se[?,?
t—s|=<

By (2.3)
£ (hy) — & (hi) = I{(t,8) + I (1, 5) + I5(1, 5),

where

e 2t
{09 =2 [ S (e o) - du o),
J
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-2

& t
1§<r,s)=f o) du,

s

where y; is given by

ve(@) = e3> " 0,00 hi(ex) v9v7 — 71> Vhi(ex)) - VV(x; — x;)
j \eo i#]

and
15,9 = = (n:@@E ) = (@),
where we have defined

ne@) = 3713 Vhi(ex; (@) - vj().
J

Observe that, by Lemma 3.2, y, is uniformly bounded in LZ(M), then by the
Cauchy-Schwarz inequality and stationarity

T
E, | sup I£(t.5)?| < 5/ Ey (ve(@(E20)?) dr < 6T < y2 == 8TcGi)
t,5€[0,T] 0

[t—s]=<8

(5.8)

with ¢(71) a constant independent of & and §. It follows that this term vanishes to 0 as §
goes to 0.
For what concerns / f (¢, s), we will prove that for any R > 0,

lim limsupP, | sup [[(t,s)| >R ]| =0.
=0 ¢0 1,5€(0,7]
|t—s|<8

This follows if we prove

1
lim lim sup P, ( sup |I{(t,5)| > R) =0.
80 .0 O s<t<s+é
By stationarity this is equivalent to prove
1 e

lim —limsupP, | sup |I{(¢t,0)] > R) =0.

§—>038 .0 0<r<s
Letus write I (¢, s) as the difference M; — M¢, where M is a martingale with quadratic

variation given by

t
Ag(t)=28d/ § (Vhi)* (exj(e2u)) du.
0 N
J
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Observe that sup, < A(t) >< Ctpn. For any £ > 0 define the stopping time
Te 0 = Inf{t : Ac (1) > £}

and let M{¢ = My, ,. Then for any fixed ¢, MEY is a martingale with quadratic

variation bounded by ¢, and by a standard estimate

o~ 2
P, (sup MY > R) < 2e %, (5.9)
0<r<é
Then for any fixed £ and any R > 0,
2
P, (sup |M;| > R) < e~ %5 + P, (rg,g < 8)
0<t<s§

and

Py (te0 < 8) <P (Ac(8) > £) <

Cpné
T
It follows that for any R > 0,
1
lim lim sup <P, (sup M| > R) =0.
=50 o0 O 0<i<s

In order to study If (t, s), observe that

1,5€[0,T] tel0,T]
[t—s|<8

2
E, | sup If(t,s)2 < 2EM< sup [ns(a)(s_zt))] )
Then the evolution equations for 7, say
_ o2 N P _
ne(e ) = o) + [ D) do
0
t
+ / e =D g
0

For the first term of the rhs of the above expression, observe that < ng >—0ase — 0
(cf. (3.4)). About the second term, by Schwarz inequality we have

¢ 2
E, | sup |;/ e_s_z(’_f)yg(w(8_2t)) dr]
te[0,T] 0

1
-2
< T <y2> sup /6_25 =g — 0.
1€[0,T170 e=0

About the martingale term, by Doob’s inequality:

t 2 T
E, ( sup [ / e““’)dMi} ss</ 2T dr)p / (Vhi(g) dg
t€[0,7T] 0 0

that convergestoOase — 0. O
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6. The Macroscopic Equation

As a consequence of the results contained in Sects. 3 and 4 we have that for any test
function G € C%(R) with compact support

2

) - O’

s’zt
M (G) = /O V26PN (VG (ex(5)) - dwji(s).

J

t
£ (G) —&5(G) —/0 EZ(DAG) ds — ME(G)

limE, [ sup
e—0 0<t<T

where the martingale M is given by the stochastic integral,

The quadratic variation of M; is given by
(‘,72

et
A =262 /0 V3 1VG) (exj ()P ds.
J

It is easy to see that A7 converges uniformly for ¢ € [0, T] to 2pt f (VG)(q)|* dg in
L'(P,) and as., i.e.

E, | sup
0<t<T

Consequently the law of M} (G) in C([0, T'], R) converges to a brownian motion M;(G)
with variance given by 2ot [ |(VG)(¢q)|* dgq.

By the results in Sect. 5, the laws P? of & are tight in C([0, T'], H_) for any
k > d + 1. It follows that any limit point P of P is concentrated on the solutions of the
equation

A7 —2ptf|(VG)(q)|2 dq‘) =0.

t
£(G) — &(G) = / £(DAG) ds + M,(G)  ¥G e C2(RY). (6.1)
0

Then the conditions of Theorem 11.0.2 in [7] are satisfied and Holley-Stroock theory can
be applied to identify & as the corresponding generalized Ornstein-Uhlenbeck process.
Since these limits are obtained in the stationary state u, for each fixed time ¢ € [0, T']
the marginal distribution of & is the law of the centered Gaussian field on R¢ with
covariance (cf. [1])

Ep & (G)&(F) = x f G(q)F(q) dq.

This permits to identify P as the distribution of the stationary solution of (6.1), and D
with p/x. We summarize the final result in the following theorem.

Theorem 6.1. Let k > d + 1 and T > 0. The law &F on C([0, T'], H_¢) converges to
the law of the Gaussian process with covariance given by

Ep(&(G)E (F)) = x / G@) P2 F)(g) dg

with D = 2.
X
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7. Appendix A: Existence of the Dynamics

We prove here the existence of the equilibrium dynamics for the system of stochastic
differential equations defined by (2.3).

The idea is to approximate the infinite dynamics by some local dynamics that have
(L as invariant measure.

For that, let us introduce a once continuously differentiable function a : RY — [0, 1]
with compact support A C R? such that |Va(g)| < 1 for all ¢ € R?. For every cutoff
a, we consider the following system of stochastic differential equations:

dxi(t) = a(x;(1))v; ()dt,

dv;(t) = —a(x; (1)) ; VV(x;(t) —x;(2))dt + Va(x;(t))dt 7.1
JFi
—a(x; ()i (1)dt + v/ 2a(x; (1))dw; (1)

with initial conditions x; (0) = x; (w) and v; (0) = v; (w).

Observe that particles outside A are frozen, while in the region where a = 1 our
particles follow the original equations of motion.

The generator of the Markov process associated to (7.1) can be written as

Ly = ZeﬁA(w) [8via(xi)e_ﬁ[‘(w)8ui + avia(xl.)e—ﬁA(w)axi _ axia(xl.)e—ﬁ/\(w)avi] ,
i

where we have defined

. 2 1
Ga@ = Y [#*5 S Ve @-xe)+ Y V(Xj(w)—xk(w))}.

Xj(w)eA xi(w)eA xp(w)eAC

Forany m € Nand any fixed configuration ., the canonical Gibbs measure p(- [Ny =
m, ) is invariant for (7.1). Consequently (i is also invariant.

We shall write w®(t) = (x“(t), v*(¢)) for any solution of (7.1). Since for almost every
configuration with respect to w there are only finitely many particles in A, the global
existence of these dynamics for p-a.e. initial configuration does not pose any problem.

Step 1. We prove first some bounds on the velocities and the densities that are valid with
IP,.-probability 1.

In the following, we shall write By, for the ball centered at the origin and of radius
2L Moreover, we shall denote B(x, r) the ball centered at x and of radius r.

Proposition 7.1. Let T € R™. For any constant C > 0 we have

a j:wx;eBp 0<t<T

P, (EILO >0: VL > Lo sup sup sup [vf(r)] < CL) =1. (7.2)
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Proof. Letus fix L > 2T /C and consider

P, |sup  sup sup |vi ()| > CL
a ixi(w(0)eBy 0<t<T

<E, (NBL (w(0)P, (sup sup |vf(1)| > CL‘NBL (w(O)))) . (1.3)

a 0<t<T

Since

T
sup sup [vf (1) < [vf ()| + V2 sup |w1<t)|+/ 1> VVG(s) — x9(s)| ds
a 0<t<T 0<t<T 0 2

T
+ T+f i (s)] ds,
0

(7.3) is bounded above by

CL
< Np, 1 |>cL/81 >u +C102Ld]E< sup |wy(2)| > ?>
0<t<T

T cL
+E, | Np, (@O)E, /O )ZVV(x;'(s) —x;’(s))‘ ds > ?‘ N, (0(0)
A
ro. CL
+E, (NBL(CU(O))]P;L </0 [vi(s)| ds > ?‘ NBL(CU(O)))) ,
(7.4)

where C| is a constant depending only on the dimension d. Since, under u, vy is Gaussian
distributed and is independent from the positions,

g2
< N, Ajjy>cLss) >u< C1p2"e” 1

The second term involving w (¢), by a standard estimate on Brownian motion, satisfies
a similar bound.

Using the Chebichef inequality, the third term of (7.4), is bounded, for any « > 0,
by

2
T w22
E, | N, exp | / ‘ S VVG(s) — x9(s))] ds e
0 Tz
By the Schwarz and Jensen inequalities this is bounded by
2

1 T
]E'u NBLF\/O CXp UTZ Z Vv(xil(s) _ X;Z(S)) dS e—aC3L2’
J#l
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where C3 depends only on C and on 7. Then by stationarity this is equal to

2

<N3Lexp aT? ZVV(xl—xj) >e_“C3L2.
j#1

Since the range of the interaction is R, posing 7 = «||VV || T?, this last quantity is
bounded by

_ 2 172 12 _ 2
<N3L exp [anzg(xlyR)De «Csl §<N§L> <exp[2nN§(x],R)]> emCsL

/2 2
< Csp21 (exp [20N3 g 1vam) ) e 9O (1.5)

By superstability estimates <exp [2’7N123(0 V2 R)]> is finite for  small enough. Then we
can correspondingly choose « small and we obtain that (7.5) is bounded by Cgp25¢
e*OlC3L2 .

We treat in a similar way the 4™ term in (7.4) and, for & small enough, we can bound
it by

<NBL€aT2|v1|2>e—aC3L2 < C7p2Lde—aC3L2_
Then (7.2) follows by Borel-Cantelli lemma. 0O

Proposition 7.2.

m (31 > 0,VL: sup Np(.r) < 1L‘1> =1. (7.6)

X€BL
Proof. This is a consequence of Ruelle’s superstability estimates (cf. [16, 13]). O

Step 2. To prove the existence of limiting solutions when the cutoff is removed, we have
to compare the solution corresponding to different cutoffs a.

Let A7 denote the set of all once continuously differentiable a : R4 — [0, 1] with
compacz support such that |Va(g)] < 1 Vg € R? and such that a(g) = 1 for all
lg| <2~

Fora and @ in Az, let us consider ®(¢) = (x°(¢), v*(¢)) and 0 (1) = (x%(¢), v4 (1))
the corresponding solutions to (7.1) with the same initial value @ (0) = (x;, v;);eN.

For some r > 0 and ¢ > 0 let us define

Pia,asr,) = Y sup |xi'(s) —x{'(s)|

. <s<
izl <r OS5

and

To(a,@r,t)= > sup [vf(s) — v (s)].

. <5<
itlxi| <r 0S8

We prove that
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Lemma 7.3. Forany T > 0 and any r > 0,

lim sup Iy(a,a;r,T)+T2(a,a;r,T)=0 P, —a.e.

L—+o00 a,acAr

Proof. We recall that by Proposition 7.1, for a given C > 0, with P, probability one
there exists a real Lo such that for any L > Lo, any t+ < T and any i such that x; € By,
we have [x]'(t) —x;| < CLt and |x{(¢) — x;| < CLt. So, take L > Ly in the following.

Fix rg > 0, and take L > L sufficiently large such thatro+ R+2CLT < 2L Then

sup sup |x7 ()| < 2L sup  sup |xf(t)| <2k,
i:lxi|<ro 0<t<T i:lxi|<ro 0<t<T

By a simple computation, if |x; (0)| < rg,
- t -
x4 (1) — o)) < /O W8 (5) — v (5)] ds,
which implies immediately
t
Ii(a,a;ro,t) < / ['2(a, a; ro, s) ds.
0

Then, always for |x; (0)| < ro,

- t —-
o-vdols[fev X we-dgon)

x;€B(x;,R+2CLT)
t -
+/ [vi(s) — v (s)| ds,
0

where Cy = ||AV || Therefore,

XEBL,

t
I2(a,a; ro, t) 5/ (Cv sup NB(x,R+2CLT)F1(a,El;rl,S)+F2(a,5l;ro,S)> ds,
0

where r| = rg + R + 2CLT < 2%. By Proposition 7.2 with [P, probability one, there
exists a finite / such that sup, ., Np(x.r+2cLT) < Ci 1L4T4,

So we have proven that, with [P, probability one, there exist two finite constants
I, Ly > O such that forany L > Lg,anyt < T andanya,a € Ap,

t
Ti(a,a;ro, t) 4 Tala, a; ro, t) < C’szLd/ (Ti(a,a; ry,s) +Ta(a, a;ry,s)) ds.
0

We finish the proof by iterating the above relation for a number of times given by

2L—r0
hy =| ——
R+2CTL
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and we obtain
I'i(a,a;r0,T)+Ta(a,a;ro, T)

1 dpd\ M ’ e ~. AL ~. AL
< (CILT dty--- dtp, (T1(a,a; 2%, ty,) +Ta(a,a;2%,1,,) ) .
0 0

Since Ty (a, a; 2F, t,,) < 2L and Ty (a, a; 2%, t,)) < 2CL we have

ThL+l

_ ] C2k (Cir? Ld)™
supl'i(a,a;ro, T) +Ta(a,a;rp, T) <
a,El hL'

that convergesto O as L — co. O

Step 3. Conclusion. Now, we are able to prove the existence of limiting solutions to
(1.1). Let us consider a sequence of a partial solution w,(¢) for n € N of (7.1) with a
common initial value w,(0) = (x;, v;). The corresponding cutoff function a, is taken
in A,,ie. a,(q) = 1if |g| <2". By Lemma 7.3, with P, probability 1, w, converges
to some limit w () for each t < T. Elementary considerations following the argument
of the previous lemma show that this limit is a solution of (1.1) and it does not depend
on the particular cutoff chosen.

8. Appendix B: Spectral Gap for Interacting Brownian Particles

We prove here the spectral gap bound we used in Sect. 4. In this Appendix A is a fixed
centered cube of sidelength 2/ ( |A] = (2] )4). We fix the number of particles in the box
A to be equal to n, and an arbitrary configuration w7, outside A. Let m = m(w’.) be
the number of particles of the outside configuration w? . that are at distance less than or
equal to R, the radius of the range of the interaction V.

Recall that I" o () (n, ;) is the corresponding canonical Gibbs expectation.

Theorem 8.1. Let f(x1, ..., x,) be a CL(A") function such that T s (f)(n, i) = 0.
Then

n
TA(f2) (0, whe) < 8dPne @ +mIVIs 3™, (|inf|2) (n, whe). (8.1)
i=1
Proof. We denote by pua(dX) = up(dxy, ..., dx,|n, w).) the canonical measure cor-

responding to ' (-)(n, @) ). Observe that we can rewrite the canonical variance of f
as

CA(f2)(n, wye)

: N2 ,
ZE/fA" An (f(X)_f(X)) A dx)pp (dx)

. 1
272
where we denoted

Ha(x, 0j) =Y Vi —xp)+y Y Vixi—yj)

) i=1 yjewt,

// (f(X) _ f(X/))ze_H”(X’wf\c)_H”(X/’w;\C)dX dX/, (82)
A X A"

and Z = Z (n, w).) is the corresponding canonical partition function.
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For each couple of configurations x, x’ we will choose a particular piecewise differen-
tiable path that will connect these two configurations. The choice of this transformation
follows a simple rule: we move each particle one by one along the coordinates axis. So,
in order to simplify notation, it is convenient to consider x, X’ as points in [—/, [ ]”d and
write X = {y1, ..., ypa} and X" = {y{, ..., y, ;}. Then defining

Ex() = ya +1 (V) — Ya) tel0,1) a=1,...,nd

we can rewrite the difference

nd 1y
f(X)—f(x/)=Z/0 T F Ot B0, Yak oY)
a=1

and by the Schwarz inequality
2
(fx®) = f(xD)

nd 1
< anZ/O | fa O oo Yoty Ea®)s Yokt oo vn) [ e OPVT =1 dt, (8.3)
a=1

where we have denoted by f,, the partial derivative of f* with respect to y, and éa (1) =
¥, — Yo Since |£,(¢)| < 21 we have that the right-hand side of (8.3) is bounded by

nd

1
812nd2/(; |fa(}’§"y(;f],éa(t),)’aJrl,a)’nd)F Vl_tdt (84)
a=1

Since the interaction V is bounded, for any &, € [—/, /] we have the uniform bound

Ha(x, @) + Ho (X, 00)
2 _4(2n +m)||V||OO + Hn()’i: LN} y(;_l’ S(Jt’ }7a+1, crt )’nds wf\f)
FHu Vs s Yam1s Vs Vgl - - - » Vs @) (8.5)

To prove this, observe that for any 8, n € A we can rewrite

Hau(x, Cl)f\c) + H, (X/’ w)/c\tf)
= Hn(.x[, e Xi—1, 93 -xi_i'_la o 7-x;/15 a)f\“)
+ Hn(xi7 ) x;—l’ )77x1+]9 ooy Xn, a));\()
i—1
+ Y AV —x) = Vo —0) + (Vi —x) = Vg — )}
k=1

+ > AV —x) = Vi —m) + (Vg —x) — Vi, — )}
k=i+1
+ Y A(V@w =y =VO—y))+ (Vi =y =V —yp)}.

yjew)[(\c

Then, by an appropriate choice of 8, 7, (8.5) follows.
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Now, by the simple change of variable y, — &,(¢), we have

2
// Ayt .. dynady, .. dYog | fa Gl Yoy EalO): Yokt s 30|
A X AT

e~ Hn O Yoo 1:Ea (Yot tso Ynd @y )= Hn (91 Yam 1Y Y 12 Vpa» @)

i )
2/ dyi .. /dyot 1/ dyot_/ dya+l /dyy/,de_H”(yl"“’y‘)‘*l’ya’yaJrl’-"*ynd*“’}w)
(1— t)l+tya
X/ dY1"'/ dya 1/ dyoa+t1- / d}’nd/
- (A=D)l+ty], 1—f

e_H"()l »»»»» ya,1s$a~Ya+l ----- yndej\zr)

X |fa(y;a ~--7y(;_17$a’yoz+l’-~-vynd)|

V4 ¥
< = | dx|fux)P e Mm@, (8.6)
1—1t Jan

Putting together (8.2), (8.4), (8.5) and (8.6), we obtain (8.1). O

9. Appendix C: Regularity of the Solution of the Poisson Equation

We prove here the regularity of the solution of Eq. (4.6), as a consequence of the spectral
gap bound of the previous section. Let A be again the centered box of sidelength 2/, and
let Ar be the centered box of sidelength 2(/ + R). In Ag we consider configurations
with n + m particles such that there are n particles in A (whose positions will be de-

noted by {x, ..., x,}) and m particles in Ar \ A (whose positions will be denoted by
wjc ={y1, ..., ym}). We do not consider configurations with particles on the boundary
oA. Let g(x1,...,Xn; Y1, ..., Ym) be a smooth function of these configurations such

that the canonical expectation I' (g)(n, w}.) = 0. Recall we have defined the elliptic
operator

n
wakc - Z (A = (Vi;90) - V)

where
Vi, 9 = ZVV(x, —xi) + Zvvoc, — -
i#]
Let u(x1, ..., xn; ¥1, .., ym) be the solution of the equation
Ll?’/wicu(xl,...,xn;yl,...,ym):g(xl,...,xn;yl,...,ym), (X1, ..., xy) € A"

©.1)

with Neumann boundary conditions on d A". The position of the exterior particles w} . =
(15 ---5Ym) € (Ar \ A)™ should be considered as exterior parameters in Eq. (9.1).
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Lemma 9.1.
n
Ta [ Do 1Vul? | (1. 0he) < cne® ™™o (g5 (1, w}e). 9.2)
j=1

where ¢ = 8d1% and ¢ = 8|V | so.

Proof. Multiplying (9.1) by u and integrating respect to the canonical Gibbs measure
we obtain

n
Ca [ Do 1Vul® | (n, 0ho)
j=1

=T (=L 10) (1, e

au(=Ly e 1) ) (, @pe)
1/2 1/2

=T wg) (1, 0 = (T4 (#2) (1, @30)) (T (87) (0, @3)) V2,

By the spectral gap bound (8.1),

n
Fa (1) (1, 050 = cine Ty [ 371900 | (0o,

j=1

Inserting this in the previous inequality, we obtain the bound (9.2). 0O

Lemma 9.2. There exists a constant c3 such that

n n
Z FA (lvx_,- kau|2> (n’ 6())[(\(:) 5 C3n262C2(l’l+l’Vl)FA (n2g2 + Z |Vng|> (I’l, (,())[Cv)

k=1 k=1
9.3)
Proof. This is just a standard elliptic regularity argument. Fix a k = 1,...,n. Let
{e1, ---, ey} be the canonical base in RY. The function Ukoa = €y - Vyu satisfies the

equation

n
w "
Ln,wf\cuk’“ =€y V& — Z Vixj —xpujq.
Jj=l1

Defining g o, the right-hand side of this equation, we observe that

d n

D TA(gle) < 2TA( Vi gl?) + 21V 12,nTA | Ve;ul?)
a=1 j=1

< 2T A (Vi 81%) + 2¢1 [V 12?2, (7).

By reapplying the same argument as in the proof of Lemma 9.1, we have

n
Pa [ Y 1Veural® | < cine® ™™ Ta(g] )
=1

and (9.3) follows from these last two inequalities. O



Equilibrium Fluctuations

Lemma 9.3.

m n m

3 FA(|ij vyku|2) (n, w}) < 30220 [ nmg? + 37 9,17 ) (1, w00,
k=1 j=1 k=1

9.4)

Proof. The proof follows the same argument as in the one of Lemma 9.1, starting with
the equations fore, - Vy,u. 0O
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