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Abstract. The problem of describing the bulk behavior of an interacting system
consisting of a large number of particles comes up in different contexts. See for
example [1] for a recent exposition. In [4] one of the authors considered the case of
interacting diffusions on a circle and proved that the density of particles evolves
according to a nonlinear diffusion equation. The interacting particles evolved
according to a generator that was symmetric in equilibrium. In this article we
consider interacting Ornstein-Uhlenbeck processes. Here the diffusion generator
is not symmetric relative to the equilibrium and the earlier methods have to be
modified considerably. We use some ideas that were employed in [3] to extend the
central limit theorem from the symmetric to nonsymmetric cases.

1. The Model and Its Macroscopic Equation

Let S be the circle of circumference 1. For each positive integer N we consider a
system of N interacting particles with positions on S and velocities in R. The
system is described by the following stochastic differential equations in phase
space (x, y) = {(xί9 t J, (x2, v2),..., (XN, %)},

dxί(t) = Nvi(ήdt

dvt(t)=-N2 Σ 2V'(N(xi(t)-xjmdt
j*ί

-¥-ΌJt)dt + Ndwft) (1.1)

for i = l,2,.. .,N; O^ί^T. Here {w;(ί), J = l,2, ...9N} are N independent Wiener
processes and V is an even function on R with compact support describing a pair
interaction.
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We make the following assumptions on V:

(i) F^O, F(0)>0 and V has compact support (super stability).
(ii) V is once continuously differentiable.

(iii) ψ(z)= — zF'(z)^0 (Repulsive Interaction).

The generator of the Markov Process (x(t), v(t)) on (S x R)N is given by

where

s =^ Σ (^-v-
2 ,-Λarf 'dv,. (12)

The "equilibrium" measure on (S x R)N for L# is given by

2- Σ _ _ Ar

'*J dwfdwp, (1.3)
N

where ZN is the normalizing constant. We note that SN and JN are respectively the
symmetric and antisymmetric part of LN with respect to μN.

We will assume that the initial distribution of the process has a density /^(x, v)
with respect to μN and it satisfies the following entropy bound:

HM3)= ίf^v)logf^v)dμN(x,v)^CN (1.4)

for some suitable constant C.
The empirical distribution of the process at time t is the probability measure on

S defined by

%M0)=^ ί^Xi(t)(dθ). (1.5)

We view αN as an element of C[[0, T], M^S)], the space of continuous functions
on [0, Γ] with values in the space MX(S) of probability measures on S, endowed
with the weak topology. We denote by QN the distribution of αN on C[[0, T],
M1(S)]. The aim of this article is to study the limiting behavior of QN. The main
result is that asN^>ao,QN will concentrate around a single trajectory which is the
solution of a nonlinear diffusion equation.

Theorem 1.1 (Hydrodynamic Limit). Assume that HN(f£) ^ CN and that there
exists a function m0(θ) such that m0(0) ̂  0, J m0(θ)dθ = 1 and for every J:S-*R which
is smooth and every δ > 0,

lim J

vv/iere

^7 Σ J(Xi)-SJ(θ)mΌ(θ)dθ
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then Q = lim QN exists and it is concentrated on the trajectory of the form μ(t, dθ) in

Cί&TiM^S)] satisfying

(i) μ(t,dθ)=m(t,θ)dθ for all t.

(ii)
0 S

(iv) m(t, θ) is a weak solution of the equation

dm _^2P(m(θ,t))

-fo-2~d& (1'6)

with initial condition m(t, θ) at t = 0 given by m0(θ). Furthermore the weak solution
(1.6) satisfying (ii) and (iii) above is unique. The function P( ) is the thermodynamic
function "pressure" which is defined in Sect. 2.

This theorem will be proved in Sect. 5 using the basic results of Sects. 3 and 4.
The main idea is the following.

Let /#(*, v) be the solution of the forward equation

with initial condition /^, where L% is adjoint of LN with respect to the measure μN.
The core of the problem is to prove certain local ergodic properties of the time
average

v)dt. (1.8)

These local ergodic properties will be established in Sect. 4 and are based on
certain bounds on entropy and its rate of change. An elementary computation
yields

This implies immediately that HN(f^) ^ CN for all t ̂  0. Defining for any density /
relative to μN

we have

N .

Since both IN(f) and HN(f) are convex functionals of / we have

(1.11)
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2. Canonical and Grand Canonical Gibbs Measures

Let 3C denote the set of all locally finite configurations of particles on the real line R.
By a locally finite configuration we mean a countable subset of R with no
accumulation points in R. For each value of a real parameter A called the chemical
activity the Grand Canonical Partition function in a finite interval A is defined as

Z(A,Λ)= Σ ί expΓ- Σ V(qt-qj)\dqι...dqn. (2.1)
n ^ O n\ Λn [_ ίΦ./ J

The free energy as a function F(λ) of A is defined by

F(A)=lim-|-logZ(A,Λ). (2.2)
\A\

By the assumptions made on the interaction V, the limit (2.2) exists and defines a
convex function F(λ) of A. In our case since the dimension is 1, the function F(λ) is
continuously differentiable with a derivative

TΓdλ

The function ρ(A) is continuous and strictly increasing with ρ(A)-»0 as A-> — oo and
ρ(A)-> + oo as A-» + oo. The inverse A = A(ρ) exists as a continuous increasing
function and

(2.4)

defines the pressure P(ρ) as a continuous, strictly increasing function of ρ.
The canonical Gibbs measure in a finite interval A with particle number n and

external boundary condition ω is a probability measure μ%Λ on configurations in
A with n points or equivalently, a symmetric probability measure on A". The
external boundary condition is a configuration on Ac. We define

d<Λ=~ \7 l J"1 exp[- Σ V(qi-qj)-2Σ V(qi-yJ]dql...dqn9 (2.5)

where Z^Λ is the normalization constant,

ZIA^- \ πpί-ΣV(<li-qJ)-2ΣV(qί-yΛ)'}dqi...dqN. (2.6)
Yl . Λn

The Grand Canonical Gibbs measure on a finite interval A with activity A is a
convex combination of μ%Λ with special weights. We define

oo
Λω _ryω η-1 y pλnyω ..ω
^λ,Λ — L^λ,ΛΔ L e ^n,Λμn,Λ>

n = 0
where

The Grand Canonical Gibbs measure on the infinite line with activity A is a
point process μλ on the configuration space 3f such that for every finite interval A
the conditional distribution of the configuration in A given the configuration ω in
the exterior Ac, is given by μ^Λ for almost all ω.
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One of the important aspects of the absence of phase transition in our one
dimensional system is the following theorem. It is stated here without proof. A
sketch of the proof can be found in the appendix of [4].

Theorem 2.1. For each λ, there is exactly one Grand Canonical Gibbs measure μλ on
9C corresponding to the activity λ. It is a stationary point process with density ρ = ρ(λ)

given by (2.3). // μ™ Λ are canonical Gibbs measures such that A]R and —— ->ρ, then
\Λ\

for any continuous bounded local function H(ω') on the configuration space,

lim sup
n/\Λ\^ρ ω

Λ t R

- - J H(ω'x)dx-H(ρ) (2.7)

Here H(o) = Eμλ\_H(ω'}~\ with λ chosen so that ρ(λ) = ρ. The configuration ω'
translated in space by x is denoted by ω'x.

The correlation measures R(£\dzί,...,dzk) are defined so that

" = ί /(*ι, , zJRftdzi, . . ., dzk) .
Rk

On the left-hand side the summation is over all fe-tuples (zl9 . . ., zk) that belong to
the configuration. f(zl9 ...,zfc) is assumed to be a bounded continuous function
with compact support. R(£\dzί9 ...,dzk) is a σ-finite measure on Rk invariant with
respect to diagonal translations zί,...,zk^>z1 + α9...9 zk + α. In particular

We have the identity proved in the appendix of [4].

Theorem 2.2. For every λ and ρ related by ρ = ρ(λ),

Q + ί ί Ψ(x ~ y)h(y)R?\dx, dy) = P(ρ) ,

oo

where h(y) is any function which has compact support with J h(y)dy = 1.

3. Some Estimates Based on Entropy and the Dirichlet Form

In this section our aim is to obtain some elementary bounds based on the
inequalities

and «jvuW=s^i (3Λ)

IM£jj (3-2)

for an arbitrary density fN(x, v) relative to μN.

Theorem 3.1. Let fN satisfy (3.1). Then

(i) $\v\2fNdμN^N(log}/2 + A). (3.3)


