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Abstract. The problem of describing the bulk behavior of an interacting system
consisting of a large number of particles comes up in different contexts. See for
example [1] for a recent exposition. In [4] one of the authors considered the case of
interacting diffusions on a circle and proved that the density of particles evolves
according to a nonlinear diffusion equation. The interacting particles evolved
according to a generator that was symmetric in equilibrium. In this article we
consider interacting Ornstein-Uhlenbeck processes. Here the diffusion generator
is not symmetric relative to the equilibrium and the earlier methods have to be
modified considerably. We use some ideas that were employed in [3] to extend the
central limit theorem from the symmetric to nonsymmetric cases.

1. The Model and Its Macroscopic Equation

Let S be the circle of circumference 1. For each positive integer N we consider a
system of N interacting particles with positions on S and velocities in R. The
system is described by the following stochastic differential equations in phase

space (X, )= {(x1,0), (X3,05), ..., (Xn, U8)},
dx(t)=Nvt)dt
doft)=—N* ¥ 2V (N(x)—xA0)de
2

— _1_\;_ vit)dt + Ndw?) (1.1)

for i=1,2,...,N; 0<t<T Here {w(t),i=1,2,...,N} are N independent Wiener
processes and V is an even function on R with compact support describing a pair
interaction.
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We make the following assumptions on V:

(i) V=0, V(0)>0 and V has compact support (super stability).
(i) V is once continuously differentiable.
(iii) w(z)= —zV"(z)=0 (Repulsive Interaction).

The generator of the Markov Process (x(t), v(t)) on (S x R)Y is given by

Ly=Sy+Jy,
where
N2 N (52 0
=3 5 (5 )
N ) B 1.2)
Jy=N i; {via—xi —Nj;i 2V'(N(x;—x;)) GTJ,}
The “equilibrium” measure on (S x R)" for Ly is given by
1 ¥ e N(xi—x
dun(x,0)= e 25" T gy, (13)
Zy

where Z is the normalizing constant. We note that Sy and J), are respectively the
symmetric and antisymmetric part of Ly with respect to uy.

We will assume that the initial distribution of the process has a density f¥(x, v)
with respect to uy and it satisfies the following entropy bound:

Hy(f¥)= | W(x, ) log fR(x,v)dup(x,0) SCN (1.4)
for some suitable constant C.

The empirical distribution of the process at time ¢ is the probability measure on
S defined by

1 N
an(t,d0)= 3 ¥ 3oofd0). .5)

We view ay as an element of C[[0, T'], M,(S)], the space of continuous functions
on [0, T] with values in the space M,(S) of probability measures on S, endowed
with the weak topology. We denote by Qy the distribution of ay on C[[0, T],
M (S)]. The aim of this article is to study the limiting behavior of Qy. The main
result is that as N— 0o, @y will concentrate around a single trajectory which is the
solution of a nonlinear diffusion equation.

Theorem 1.1 (Hydrodynamic Limit). Assume that Hy(f¥)<CN and that there
exists a function my(0) such that my(0) =0, { my(8)d0 =1 and for every J : S —R which
is smooth and every 6>0,

lim [ fY(x v)duy(x,v)=0,

N-o© An,s,7

where

% .=§1 Jx)— jJ(G)mO(B)dé)l ga},

An,s0= {(J_C, v)e(SxR)N:
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then Q= lim Qy exists and it is concentrated on the trajectory of the form u(t,d0) in
N—wo
CLIO, T1, M(S)] satisfying
() u(t,dO)=m(t,0)do for all t.

(i) jT dt | d6[m(t,0)]* < co.
0 S

o T 0 2
(iid) (j) dtg me.0) [b—e P(m(t, 9)):, df<oo.

(@iv) m(t,0) is a weak solution of the equation
om _ 5 0*P(m(0,1))
ot 06?
with initial condition m(t,0) at t =0 given by my(6). Furthermore the weak solution
(1.6) satisfying (ii) and (iii) above is unique. The function P(-) is the thermodynamic
function “pressure” which is defined in Sect. 2.

(1.6)

This theorem will be proved in Sect. 5 using the basic results of Sects. 3 and 4.
The main idea is the following.
Let fy(x,v) be the solution of the forward equation

a t

W1y sy 1)
with initial condition f;}, where L¥ is adjoint of Ly with respect to the measure p,.
The core of the problem is to prove certain local ergodic properties of the time
average

Tulx.0)= (f)fN(x V)t (1.8)

These local ergodic properties will be established in Sect. 4 and are based on
certain bounds on entropy and its rate of change. An elementary computation
yields

d 1 ofy
g7 AW =~ j 70 ,-Z ( 6fv > duy 0. (1.9)

This implies immediately that H(fy) < CN for all t = 0. Defining for any density f
relative to uy

wn=357 5 (L) u.

we have
TI ‘dt————1 Ho(fH—H f0)<_C
g N(f}\') Nz( N(f}v) N( N) = N

Since both Iy(f) and H,(f) are convex functionals of f we have

IS (1.10)

Hy(fy)<CN. (1.11)



358 S. Olla and S. R. S. Varadhan

2. Canonical and Grand Canonical Gibbs Measures

Let 4 denote the set of all locally finite configurations of particles on the real line R.
By a locally finite configuration we mean a countable subset of R with no
accumulation points in R. For each value of a real parameter A called the chemical
activity the Grand Canonical Partition function in a finite interval 4 is defined as

enl
ZhA)= Y —~ | exp[— X V(qi_qj)]dql"'dqw 2.1)
nz0 N: An i)
The free energy as a function F(4) of 1 is defined by
F(A)= lim 1 logZ(4,A4). (2-2
AR |4]

By the assumptions made on the interaction V, the limit (2.2) exists and defines a
convex function F(4) of A. In our case since the dimension is 1, the function F(4) is
continuously differentiable with a derivative
dF(%)
)= —. 2.

=" 23
The function g(4) is continuous and strictly increasing with ¢(4)—0as A—» — co and
0(A)> 4+ 00 as A— +o00. The inverse A=A(g) exists as a continuous increasing

function and
P(g)=F(4(e) (24

defines the pressure P(g) as a continuous, strictly increasing function of g.

The canonical Gibbs measure in a finite interval A4 with particle number n and
external boundary condition w is a probability measure y;, 4 on configurations in
A with n points or equivalently, a symmetric probability measure on A". The
external boundary condition is a configuration on 4°. We define

1 -
d/‘r?,A=;l"[an,A] ‘eXp[—ZV(qi—qj)—ZZV(qi—ya)]dql---dq.,, (2.5)
where Z;, , is the normalization constant,

2a= s [ owl-EV@-0) 25 Va—)daday. (9

The Grand Canonical Gibbs measure on a finite interval A with activity Ais a
convex combination of u, , with special weights. We define

[ee]
ﬂ(f,A = [Z? ne ! Zo ean'«?’ Aln 4>
n=
where

[ee]
2a= 3 22,
n=0
The Grand Canonical Gibbs measure on the infinite line with activity A is a
point process pu, on the configuration space & such that for every finite interval A
the conditional distribution of the configuration in 4 given the configuration w in
the exterior A°, is given by 13 , for almost all w.






