Non-equilibrium macroscopic dynamics of chains of
anharmonic oscillators

Cedric Bernardin
Stefano Olla
© Draft date April 26, 2010



il



Introduction

The objective of statistical mechanics is to explain the macroscopic
properties of matter on the basis of the behavior of the atom and molecules
of which it is composed.

Oscar R. Lanford III [9)

If we want to make the above definition specific for the non-equilibrium statistical
mechanics, we can refrase it as

The objective of non-equilibrium statistical mechanics is to explain the macroscopic
evolution of matter on the basis of the dynamics of the atom and molecules of which
it 18 composed.

This definition requires to be more specific about what we intend for macro-
scopic evolution. In most non-equilibrium problems it should be specified non only
the space scale, but also the time scale of the macroscopic evolution. In fact, as
we will see in this book, the same system can behave very differently at different
space-time scaling.

This is also related to the choice of which observables we should follow in a
macroscopic non-equilibrium evolution of a system. Here we are interested in the
evolution of conserved quantities of the systems, like energy. A major concern is
to distinguish these slow observables from the others (fast). In fact a deterministic
hamiltonian dynamics with n degrees of freedom, may have other integrals of motion
than energy. One could be total momentum, but there could be many others, and
some systems are completely integrable (like a chain of harmonic oscillators, or the
Toda lattice).

We are interested here in systems such that the only integrals of the motion
that survive to the themodynamic limit n — oo are given by energy, eventually
momentum (if the infinite system has translation invariant properties), and number
of particles. This is actually a very vague statement, since the corresponding infinite
system typically has an infinite amount of energy, momentum and mass. So the
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iv INTRODUCTION

precise definition of this property is that the only stationary translation invariant
measures, enough regular so that are locally absolutely continuous with respect to
Lebesgue measure, are given by Gibbs measures associated to the Hamiltonian of
the system (see chapter [2| for a precise definition of all these notions). We call this
property ergodicity, or ergodicity of the infinite system to distinguish it from the
more classical definition of ergodicity of finite systems.

A well known conterexample to this ergodicity is given by the harmonic chain
of oscillators, where the energy of each mode of vibration is conserved. This is a
linear system, and this example suggests that ergodicity should be connected with
some level of chaoticity induced by non-linearities in the interactions. The Toda
lattice conterexample (non-linear) shows that the situation is not so simple, and
in fact it is not easy to state necessary or sufficient conditions on the interaction
between particles, that will imply this ergodicity property. This is one of the ma-
jor open problem of statistical mechanics, since it is this property that allows, in a
macroscopic (space-time) description, to separate an autonomous evolution of en-
ergy, momentum and density from the other observables.

In chapter [2| we give a proof that, if a stationary measure has an excheangeable
distribution of velocities, then is a Gibbs measure, i.e. ergodicity follows from this
excheageability of the velocities.

Since at the moment we are not able to prove ergodicity of the infinite system
for any hamiltonian system, we consider stochastic perturbations of these hamilto-
nian dynamics. These stochastic perturbation exchange momentum between parti-
cles. They are local and conserve kinetic energy and eventually total momentum.
Consequently the stationary measures for these infinite stochastic dynamics have
excheangeable distributions of velocities, i.e. they are ergodic. All this is proven
in chapter 2| for a one-dimensional chain of oscillators. One can think that these
stochastic perturbations model the effect of the non-linearities, or of some other
faster chaotic degree of freedom not included in the hamiltonian dynamics.

For these ergodic systems it is useful to define the concept of local equilibrium.
This is not a property of a single probability measure on the configuration space of
the finite of infinite system, but an asymptotic property of a sequence of probability
measures. We define a sequence of probability measure a local equilibrium if locally
they converge to a Gibbs measure for the infinite system corresponding to a given
energy, momentum and density (cf. section for a precise definition).

Thermodynamic entropy S(r, ) is defined by formula from the micro-
canonical ensemble, as the limit of the logarithm of the volume of the configurations
with fixed total energy and volume of the system of n particles. Notice that this is
actually a density of entropy, and it should be thought as the thermodynamic en-
tropy of the macroscopic system of (macroscopic) length r at equilibrium with given



value of energy £. This is obtained from a one dimensional chain of n oscillators,
with total length fixed to be nr and total energy fixed at n€, as n — oo. It comes
out from its definition that S(r,&) is a concave function, and that

926 7”1+7"2751+52
2 2

) > S(Tl,gl) + S(T2,52> (001)

The quantity on the left in is the thermodynamic entropy of a system of
2n oscillators with total length fixed at n(ry 4+ 72) and energy fixed at n(&; + &).
This property of thermodynamic entropy has a classic interpretation. Suppose we
have two systems of n oscillators in microcanonical equilibrium, with corresponding
parameter 1, & and 7y, &, and we put them in contact fixing the two extremities

add picture here

We have then an inhomogeneous system of 2n oscillators with total length fixed
to be n(ry + re) and energy n(&; + &). This system now is in non-equilibrium, and
energy and density will evolve on a certain time scale depending on n that we will
study later on. If this new system will reach equilibrium, then the thermodynamic
entropy associated will be larger than the sum of the two initial thermodynamic
entropies. This is the classic argument explaining increase with time of thermody-
namic entropy, repeated probably thousand times by many authors. In principle it
is correct even if we where not taking the limit as n — oo, i.e. using as entropy just
the logarithm of the corresponding volume in the phase space. The usual objection
to this argument is that the dynamics of the (finite) system may not reach equilib-
rium (and in fact typically it does not E[) Here we insist in the inequality
for the thermodynamic entropy S defined in the limit n — oo, i.e. associated to the
macroscopic (infinite) system in equilibrium. More precisely the sense of the entropy
increase contained in as to be understood in a macroscopic space-time limit,
as we will make clear later on.

The above procedure can be generalized to k chains of n oscillators at different
equilibrium parameters obtaining

where as before we identify the right hand side as the entropy of an inhomogeneous
system where we have prepared each subsystem in equilibrium at different param-
eters. Going further we can rescale the (macroscopic) size of the k macroscopic

'Even in presence of non-linearities the finite system may have periodicities and other phe-
nomena that prevent the system to converge to equilibrium, this was in fact the main point of
the Fermi-Pasta-Ulam numerical experiment. These phenomenas should disappear in the limit as
n — 0o, see the clear discussion of this problem in [13]
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systems as k=1 and obtain with the limit procedure, as & — oo, the thermodynamic
entropy of a system in local equilz’bm’umﬂ with profiles of energy £(y) and inverse
density r(y) as

/0 S(r(y), £(y) dy

that by concavity is bigger or equal than S([r(y)dy, [ €(y)dy). This definition
of thermodynamic entropy has precise mathematical meaning for a macroscopic
inhomogeneous system in local equilibrium. Homogeneous systems (systems in local
equilibrium with flat profile of energy and density) maximize this entropy.

Assume now that we have prove that in a certain macroscopic scale energy
and density evolve deterministically, following some profiles densities r(y, t), E(y, t),
solution of certain conservative macroscopic equations (i.e. [r(y,t)dy, [E(y,t)dy
are constant in t). It follows that the problem of the macroscopic increase of the
entropy in time is related to the evolution of the profiles of density and energy in
this macroscopic scale.

More precisely, if one looks at the hyperbolic macroscopic space-time scale,
where space and time are rescaled in the same way (see chapter , the momen-
tum m(y,t) is also a macroscopic observable, and the internal energy is given by
U(y,t) = E(y,t) — m(y,t)?/2, and the total thermodynamic entropy at time ¢ is
given by fol S(r(y,t),U(y,t)) dy. The profiles triplet r(y,t), 7(y, t), E(y,t) evolves in
time as solution of the Euler non-linear hyperbolic system . If these solutions
are smooth, then we prove in chapter [3| under the assumption that the infinite dy-
namics is ergodic, that they describe the macroscopic evolution of the corresponding
observables. It turns out that in this smooth regime

0, S(r(y,t),U(y,t)) =0 (0.0.2)

for any y. This means that if shock are not present, thermodynamic entropy remains
constant. Correspondingly the sysstem is also macroscopically reversible in time (in
the smooth regime Eler equations are time reversible).

Zsee the precise definition in section where this notion is intended as a macroscopic asymp-
totic property.



Chapter 1

Statistical mechanics and
thermodynamics of one
dimensional chain of oscillators

1.1 The model: grand canonical formalism

We study a system of n anharmonic oscillators. The particles are denoted by
j = 1,...n. We denote with ¢;,7 = 1,...,n their positions, and with p; the
corresponding momentum (which is equal to its velocity since we assume that all
particles have mass 1). We consider first the system attached to a wall, and we
set go = 0,po = 0. Between each pair of consecutive particles (7,7 + 1) there is an
anharmonic spring described by its potential energy V' (g;+1 — ¢;). We assume V' is
a positive smooth function such that V(r) — 400 as |r| — oo and such that

Z(\B) = /eﬁv(’")“‘rdr < 400 (1.1.1)

for all B > 0 and all A € R. Let a be the equilibrium interparticle spacing, where V'
attains its minimum that we assume is 0: V(a) = 0. It is convenient to work with
interparticle distance as coordinates, rather than absolute particle position, so we
define {r; = ¢; — ¢;—1 —a, j =1,...,n}. Without loosing any generality, we will
choose a = 0 for the sequence.

The configuration of the system is given by {p;,r;,j = 1,...,n} € R?*", and
energy function (Hamiltonian) defined on each configuration is given by

H = igj
j=1

1



2 CHAPTER 1. THERMODYNAMICS

where

1 .
5j:§pj2-+V(7“j), j=1,....n

is the energy of each oscillator. This choice is a bit arbitrary, because we associate
the potential energy of the bond V'(r;) to the particle j. Different choices can be
made, but this one is notationally convenient.

At the other end of the chain we apply a constant force 7 € R on the particle
n (tension). The position of the particle n is given by ¢, = > 7_, r;. We consider
the Hamiltonian dynamics:

Tj(t):pj(t)—pjfl(t% jzl,...,n,
pi) = V(i (1) = V(). j=1,....n—1, (1.1.2)
Pu(t) =7 = V'(ra(t)),

It is easy to see that, for any 3 > 0, the grand canonical measure uifﬁ defined by

Ej—rj)

H 27?6 1z (BT 5)

is stationary for this dynamics. The distribution ,u" ¢ is called grand canonical
Gibbs measure at temperature 7' = 3! and tension (or pressure) 7. Notice that
{ri,...,7n,p1,-..,pn} are independently distributed under this probability measure.

gc . .
Let us now fix a reference measure Hro o> corresponding to a given temperature

=0y 1 and with external force 7. We define A\ = 703,. If we consider the random
vector X; = (r;,€&;) € RxR xR, then applying the result of appendix we obtain
that the sum %Z? X; has a large deviation function given by

I(T7 5) = sup {AT =+ 775 - A<>\7 3 >\07 50)}

A777</80

with

A(X;m; Ao, Bo) = log (ZO‘ +X0.50—m) | Bo )

Z (Mo, Bo) Bo—n
and A\, 1; X, Bo) = +o0 if n > [o.

Then we obtain

I(r,€) = sup {Ar — BE —log (\/2w—1z(A, ﬂ))}

A,B3>0

— X7 + (o€ + log (\/ 2”50_12(/\0750))
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The function

. 2m
S(r,u) = ﬁ?io {—)\r + pu+log Z(\, B) + = log 3 } (1.1.4)

is called thermodynamic entropy.

So we have obtained that

2T

I(r,&) = =S(r,&E) — Aor + Bo€ +log Z(0, By) + log 5,

The density of the distribution of & > i X; under p2% is given by

Ju(r, E)
ﬁoz EitAod;my 1 <&
- /R% i )”/QZ o o) ( 25 - &; ﬁ;rj — 7") Hdrjdpj
o—BoE—Xor) 1 (1.1.5)
-y Lo (35 S ) T

e~ (BoE—Aor)

(278, )2 Z (o, o)

L (r, &).

Observe that T',(r, £) defined by the equation above, does not depend on 7,
and . It is clearly sub—multiplicative

Coim(r, &) > Tp(r, E)T (1, E)

that implies the existence of the limit

lim ~log T,(r, €) = S(r, &) (1.1.6)

n—oo M

and applying (A.5.8)) we identify as the thermodynamic entropy defined by ([1.1.4).
This is the fundamental relation that connects the microscopic system to its ther-
modynamic macroscopic description.

We can now define the other thermodynamic quantities from the entropy def-
inition . From equation (|1.1.4]) we have

0S(r,u)
or

0S(r,u)

Ar,u) = — 5

5(73 u) =

(1.1.7)
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and we will always define the tension as 7(r,u) = A(r,u)/B(r, u).

_ 0logZ(\,B) / eVl / e
r(\, B) = 2 =r Z0.5) dr= [ rjdul,

dlog (Z(/\, ﬁ)«/27r/ﬁ) Ar— BV () 1 v
u(X.B) = - 35 :/V“)md”%:/g"‘ d‘;Tﬂ |
1.1.8

In thermodynamics is used the following terminology

e 1 is the length,
e u is the internal energy,
o T = 37! is the temperature,

e 7 = 37!\ is the pressure or the tension [16].

The above are the basic thermodynamics coordinates. Usually one choose two of
these as independent variables, and express the others as functions of these.

Computing the total differential of S(r,u) we have

dS = —prdr + fdu = ? (1.1.9)

where d() is the (non-exact) differential
dQ = —7dr + du (1.1.10)

and represents the energy gained (or lost) by the system under the infinitesimal
change dr, du. In fact 7dr is the infinitesimal work done on the system by the force
7 to perform the infinitesimal displacement dr, while du is the infinitesimal change
of internal energy, so that we can identify d() as the energy exchanced from the
system to the exterior during the thermodynamic infinitesimal change dr, du.

Equation (1.1.10) is the differential form of the first law of thermodynamics,
while ([1.1.9) is the one corresponding to the second law of thermodynamics.

1.2 Microcanonical measure
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Instead of applying a force (tension) to one side of the chain, one can fix the particle
n to another wall at distance nr (¢, = >_°_7; = nr and p, = p, = 0). The
corresponding constrained dynamics is

p](t) = V/(rj-‘rl(t)) _V/(rj(t))7 J=1...,n—1,

ot (1.2.1)
ra(t) =nr — er(t) )

The dynamics now is conserving the total energy H = > j &; = nu and the total

length Z?Zl r; = nr. The microcanonical measures p*¢ are now stationary for

this dynamics. These are defined in the following way:

Consider the vector valued i.i.d. random variables

{Xj = (r]"gj)>j = 1,...,71},

distributed by du"% . Fix x = (r,u), and define p2"™¢ the conditional distribution of

70,60

T1,P1s - n, Pn) ON the manifo ' X =nx. This is defined, for any bounde
h ifold ;‘71 X, This is defined, f y bounded
continuous function G : R x R, — R and H : R*® — R, by

/G(Sn)H<Tlap17 s JTTHpn) dﬂ:é?go (Tlapla s 7rnapn)

= / dx G(X)fn(x)/H(T’hph ey Ty Pn) dp™
RX]R+

where S, = %Z?:l X;. It is easy to see that p™¢ does not depend on 9, 3. We
call p2™¢ the microcanonical measure.

The multidimensional application of theorem gives the following equiva-
lence between microcanonical and grandcanonical measure:

Theorem 1.2.1 Given x = (r,u), let
B = pB(r,u), 7= Mr,u)3 "
Then for any bounded continuous function F : R** — R we have

lim | F(ry,pi,..., %, o) duy™(

n—~oo

r,p1,--- 7T7’Lapn)

:/F(Tlaplv"wrk?pk‘) dﬂ’?—,cﬁ(--'7r17p17"'7rn7pna'--)
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It will be useful later the equivalence of ensembles in the following form:
Theorem 1.2.2 Under the same conditions of Theorem [1.2.1], assume that

/F(rlapla v 7rk7pk) dﬂf—:g’c(rlapla <o 7rk7pk) = 0.

Then

lim

n—oo

1 n,mc
n—k;F(ri’pi""vri+kapk+i) dpme =0

The proof of these two theorems follows the argument used for Theorems
and [A.5.5]

1.3 Canonical measure

Applying a Langevin’s thermostat at temperature T'= 3! to the particle n (or to
any other particle), we obtain a dynamics that has the canonical measure ,u:g as
stationary measure:

T’j(t):p](t)—pj_l(t), jzl,...,n—l,
dp;(t) = (V'(rja(t) = V'(r;(2))) dt

+ i1 (—pj(t)dt + \/Bdw(t)> , J=1...n—-1 (131)

This is defined as follows:

If we condition the grand canonical measure f153% on the total length of the
chain equal to L =nr = >_ ;TP =qn—qo , We obtain the canonical measure that we
denote by 1,75 We can formally write

—Bp2/2 e B wm (

s = Hmd]’” Zotr ) O\ 2T "T>Hd”

where Z,, .(r, 3) is the normalization constant (canonical partition function).

n,c

Similar statements as theorems |1 2.1) and [1.2.2] holds, 4,73 converging to the
grand-canonical measure 4.;’5°, with 7 given by the thermodynamic relations (|1.1.7).

Other boundary conditions can be made, like applying a tension 7 and a
Langevin thermostat at temperature 3=! to the n particle, obtaining a system with
pZs as stationary measure.
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1.4 Local equilibrium, local Gibbs measures

The Gibbs distributions defined in the above sections are also called equilibrium
distributions for the dynamics. Studying the non-equilibrium behaviour we need the
concept of local equilibrium distributions. These are probability distributions that
have some asymptotic properties when the system became large (n — o0), vaguely
speaking locally they look like Gibbs measure. We need a precise mathematical
definition, that will be useful later for proving macroscopic behaviour of the system.

Definition 1.4.1 Given two functions f(y) > 0,7(y),y € [0,1], we say that the
sequence of probability measures (i, on R*" has the local equilibrium property (with
respect to the profiles 5(-),7(:)) if for any k > 0 and y € (0, 1),

1 _ k,gc
nhjrolo Hn‘([ny],[ny]—i-k) = Kr(y),8(y) (1.4.1)

Sometimes we will need some weaker definition of local equilibrium (for ex-
ample relaxing the pointwise convergence in y). It is important here to understand
that local equilibrium is a property of a sequence of probability measures.

The most simple example of local equilibrium sequence is given by the local
Gibbs measures:

e—BG/n)(Ej—7(i/n)r;)

dr:dp; = " dr:dp. 4.
II?ﬂw% GG By = oo L dvdes (142

Of course are local equilibrium sequence also small order perturbation of this se-
quence like

ezj Fj(Tj_h’pj_h’""rj+h’pj+h)/ng¢(.)”g(.) H d?”jdpj (143)
j=1
where F} are local functions.

To a local equilibrium sequence we can associate a thermodynamic entropy,
defined as

swmwwzlsmmumm/ (1.4.4)

where 7(y), u(y) are computed from 7(y), 3(y) using (L.1.8).



CHAPTER 1. THERMODYNAMICS



Chapter 2

Dynamics

In this chapter we study the dynamics of the infinite chain and we set the problem
of its ergodicity. We need first to give a proper definition of ergodicity for an infinite
dynamics. We need some stochastic perturbation in order to prove something about
this ergodicity. We introduce then some stochastic perturbation acting only on the
velocities such that will conserve the total energy and momentum of the chain.

2.1 Dynamics of the infinite system

In order to avoid technical difficulties we assume the potential V' satisfies
V'(r)2 < CV(r), V'(r)y<C (2.1.1)
Basically we require that V' grows to infinity quadratically.

We consider now the system in the infinite lattice Z. As before, r; = ¢; — ¢;—1
is the interparticle distance. Let us denote Q = (R?*)Z the configuration space
and w = (p;, 1i)icz € € the generic configuration. We introduce the space CF(£2)
composed of local functions which are k differentiable with continuous bounded
derivatives and D(Q) = Nk=oCH(Q).

The hamiltonian dynamics is given by the solution of the infinite system of
differential equations

75(t) = p;i(t) — pj-a(t)

. . 2.1.2
5i(0) = VI(ra() ~ V(1)) e 212
and the formal generator of the dynamics is the Liouville operator

A= 0y =250 Oy + (V) = V(7)) 0, } (2.1.3)

JEZ
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with domain D(€2).

The existence of the solution for (2.1.2)) can be proven for a wide class of
initial conditions, in particular for a set of configurations that has measure one for
any Gibbs grand-canonical distribution

T | —
Hrps Z(5r, 5, B)

JEZ

for all parameters 7,p, 6 > 0. We will prove this existence by an iteration scheme.
Notice that the momentum is formally conserved, which follows from the translation
invariance of the dynamics. This is why we have the third parameter p in the
stationary measures.

A set of initial conditions can be defined in the following way. For a > 0, we
denote

Q, = {w = (rj,p)jez € (R®? ¢ |w|? = Z(p? + el < oo}
jez

the Hilbert space equipped with the norm || - ||,. It is easy to check that any
probability measure v such that [(r? + p?)dv < Ce™ with b < a gives measure one
to €2,. In particular any Gibbs measure uﬁfﬁﬁ satisfies this condition since

/ r2e PV =g < CZ(r8+1,8) + Z(18 — 1, 8)]

We also introduce the Banach space H, composed of all continuous €2,-valued
functions w on the time interval [0, 7] with norm

N(w) = sup |lw(t)|a
te[0,T

The two next lemmas are proved in a more general context in section [2.3]

Lemma 2.1.1 For any o € €, there exists a unique stochastic process w(-, o) =

(ri(+), pi(+) )icz belonging to H, and satisfying with initial condition w(0,0) =
o. The application o € Q, — w(-,0) € H, is continuously differentiable.

For any w € €,, the quantity [Z] e*aljlgj(w)] is finite (thanks to (2.1.1)).
Starting from w, (2.1.1) gives

i (Semsem) <o e 215

JEZ JEZ
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and then the following a priori bound

[Z ™ Vg (w(1))

JEZ

S Coeclt

Y eelilg, (w)] (2.1.6)

JEZL

We define a semigroup (F;);>o on the space B(f),) of bounded measurable
functions on €2, by:

Vfe B(), YoeQ, (BPf)(o)=f(wto))
where w(t,0) = {r;(t),p;(t); j € Z} is the solution of starting from o.

We have the following lemma

Lemma 2.1.2 Stationary states p satisfying the moment condition

sup/é}du < 400 (2.1.7)

=/

are characterized by the stationary Kolmogorov equation:

[ Astw)iuw) =0 por 6 € DI

The moment condition (2.3.3)) is here to ensure that the support of y is included
in ma>OQa.

2.2 Ergodicity

Ergodicity is one of the main open problem for Hamiltonian systems, in fact we
think there is not a general agreement on what it means for an infinite system.

For us ergodicity will mean a characterization of the stationary translation
invariant probability measure, in a class of locally reqular measure, as convex com-
bination of Gibbs measures.

Definition 2.2.1 We say that the dynamics defined by s ergodic if any
probability measure v on the configuration space that

1. has finite density entropy : 3C > 0,YA € Z, Hx(v|ud,) < CJA|
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2. is translation invariant,

3. is stationary, i.e. for any function F(r,p) € D()

/AF dv =10 (2.2.1)
15 a convexr combination of Gibbs measures Nifp,g-

Remark 2.2.2 In the first assumption /vcgf()’l does not play any role and can be
replaced by any Gibbs measure jif ;.

It is clear that this property is not always true. The easier example is the
harmonic case, i.e. V quadratic. We are tempted to conjecture that for generic
non-linear dynamics the system is ergodic. But for Toda lattice interaction V(r) =
ae” — r — b, the dynamics is completely integrable in its finite dimensional version
(like the harmonic case) and constitute another conterexample. So it is not clear on
which class of anharmonic V' the ergodic property can be conjectured.

The idea is that the nonlinearity should mess up sufficiently the distribution
of the velocity.

Theorem 2.2.3 Let v satisfy the three conditions of definition and further-
more the distribution of the wvelocities conditioned to the position v(dp|r) is ex-

cheangeable. Then v is a convex combination of Gibbs measures /ﬂcﬁﬂ.

Let F;,, be the o-field of the sets of 2 invariant for translations.

Lemma 2.2.4 If v is a translation invariant probability measure on €2 such that
v(dp|r) is exchangeable then conditionally to Fiy, the p’s and the r’s.

Proof:

Let Fi be the o-field generated by {w.,z € {—k,...,k}}. A measurable
transformation 7' : Q@ — 2 is called local if T'(w) is Fj-measurable for some k > 1.
For example the map T,, : (p,r) — (p™¥,r), where p™¥ is the configuration of
velocities obtained by the exchange of p, and p,, is a local transformation. Any
bounded function € is the limit of 6, = v(0|Fy) as k — oo a.s. and in mean
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square. Let 6 be a bounded F;,,-measurable function. Then 6 = v(0|F;,,) =
limy o V(0| Finy) a.s. and in mean square and using the ergodic theorem we have

T -
ezgﬂﬁT;mv+%§%Wﬁ (22.2)

Since 6y is a local function for any k£ this shows that any F;,,-measurable function
is in fact invariant w.r.t. any local transformation 7'

Let ¢(r) and 1(p) be two bounded local functions depending respectively only
on the velocities and on the positions. Let # be a bounded F;,,,-measurable function.
Consider two integers k and j. Since 1 is local there exists a local transformation T},
obtained as the composition of exchange transformations 7, , such that Tip = p.

Let xx(r) = v(¥(mp)0(p,r)lr) and observe that xo(r) = v ((Tip)0(Tip,r)|r) =
v (Y(1ip)0(p,)|r) = xx(r) because v(dp|r) is T-invariant and € is Tj-invariant.

We have
o ow.rya = [vouiFa oa
= [otrnt) dv= [ st av
= [ ot v = [ olmnimpbe.r) av

We now sum over j,k = —N ... N and divide by (2N + 1)?. Taking the limit
N — o0 ergodic theorem implies

/u(¢¢|ﬂm)9 dv = /V(gb]ﬂm)u(wﬂmw dv (2.2.3)

and the claim is proved.
O

Because v has finite entropy density the entropy inequality (proposition [B.1.1)
gives the following bound on the energy density

3C > 0,Vj € Z, /@@gc (2.2.4)

Then the ergodic theorem allows us to define v a.s. the following quantities
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20 = hm z = lim - E r; = v(rj|Finv)
{—00 €

21 = lim 2¢ = hrn n Zp] = v(pj|Finv)

{—o00
29 = hm zg = hm n ij =v pj\]:mv)

and we denote by z(r, p) = (20, 21, 22) the corresponding random vector (with values
on R x R x R, ). Denote [ the F;,,-measurable function defined by

g = v(pi(pj — 21)| Fine) = 22 — 21 (2.2.5)

and observe that )
ﬁ_ldiJ - (pz( - Zl)|«/fzm)) (226)

~

Let us first show that the degenerate situation of null temperature: 3= = 0
is impossible. We have

Lemma 2.2.5 Let v a translation invariant measure with finite entropy density.
Then v a.s. we have z? — 2z > 0.

Proof :
Let Ay. be the event

2
1¢ 1<
2
Ape = z;l p; — (Z E m) <ep €Fa,

By the entropy inequality we have

log2 + Hy,(v|p) - Col
log (1 + pu(Are) ™) = log(1 + pu(Arc) ™)

for some constant Cj independent of ¢. Moreover it is well known that

1 1 T 1 ’
72V (;Zm) =72 |\ pi- (zZ?ﬁ)
j=1 Jj=1 ' J=1

v(Age) < (2.2.7)
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has the same law as (! Zf ip? By Cramer theorem [A.2.3| we have

{—1
1(Are) = p (61 ZP? < 6) ~ ¢ tinfz<e I(2)

where [ is the large deviations rate function associated to (p?)jzl ,,,,, ¢. A simple
computation shows that inf,<. I(z) = I(¢) goes to +00 as ¢ — 0. Letting first ¢
going to 400 and then ¢ — 0 we get

v(zg— 22 =0)=0

O

Lemma 2.2.6 For any function F' € D() and any bounded Fip,-measurable func-
tion h we have

/h(r, p) AF(r,p) dv(r,p) =0 .

Proof: Clearly it is sufficient to prove the lemma for h in the form h(w) =
7(p)p(r) where 7 (resp. p) is a bounded F;,,-measurable functions of the p’s (resp.
of the r’s). We use the following approximations similar to (2.2.2)) for = and p:

N

e A
() = Jim ) = fim i 5o 3
N
e M
plr) = lim p;"(r) = ,}ggonggozN Z Tion(r

where 7 (resp. pg) is a smooth local function measurable w.r.t. the o-filed F}
(resp. Fj) generated by (p.), = € {—k,...,k} (vesp. (rz), x € {—k,...,k}). In
fact the local function 7 (resp. pi) is a smooth approximation of v(w|F}) (resp.
v(plFi))-

Since 7, py and F' are smooth functions, implies

/WéN)ng)AF dv = —/F [AW,(CN) ng) +7r,(€N)ApEM)] dv

Observe that

Al = 5y 20 7

Z(V/(Tiﬂ) - V’(m))apiwk]

1EL
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converges v a.s. as N goes to infinity to
v (Z(V’(ml) - V’(ﬁ))é’pﬂrk\ﬂm> =D v ((V'(ris1) = V') Fins) v (0| Fin) = 0
i€Z i€Z

by lemma [2.2.4] Hence we have

lim lim 7Tk ng).AF dv = — / F WApéM)dV

k—oo N—oo

and similarly we have that Ap§M) converges v a.s. as M goes to infinity to 0. It
follows that

/ﬂ'p.AFdV = hm lim lim lim ﬂ,i pg JAF dv = 0

{—00 M—o0 k—o0 N—oo

which completes the proof. [

Proof of Theorem |2.2.5
It follows from lemma that for every F(r,p) € D(Q2)

/AF(r,p) dv(r, p|Finw) =0 . (2.2.8)

Choosing in (2.2.8) the function

F = (pj — 21)6(r)
with ¢(r) € D(RZ) that we specify later, we obtain by lemma

7

=> (/(pj — Zl)pﬂ/(dplﬁm)) (/ (0r6 = 01,11 0) d”<7“|fmv>)

i

0= / {Z(pj — 21)pi (8r1¢ — ('%Hqﬁ) + (V'(rjp1) = V(1)) qﬁ(r)} dv(r, p|Finv)

n / (V/(rj51) = V' (1)) $(r) dv(r] Finy)

— {57000 - 010) + (V/(rse) = Vi) 60} i)
(2.2.9)

Define ) )
Wolr) = eZima BV =dr)
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where \ = (20, B) Notice that A and 3 are just function of z, so we can treat them
as constant under v(dr|F;,,). Choosing

¢(r) = x(r)e(r),

with x(r) a local smooth function, we get for any j =1,...,¢ — 1:

/Bl (87'jX - arquIX) ¢l(7“) dV(ﬂEnv) =0.

We choose now
¢

X(r) = xs(r)g (Z Ti) Xo(r1s -+ Te-1),

i=1
where Y, is a local function not depending on 7y, ...,7y, and g is a smooth function
on R. Since

aTjX(,r) - 87"]‘4-1X(T) = Xb(,r)g (Z Ti) (87’jX0<T> - arj+1X0<r))

if j=1,...,¢ — 1, we can further condition on Zizl rr = fu and on the exterior
configuration {r;,i # 1,...,¢}, and obtain, for all j =1,...,¢ — 1,

/ (87“j XO(T) _aTjH XO(T)) (0 (T)

. (2.2.10)
v (drl,...,dm Zrk =lu,r;, 1 # 1,...,€,Env> =0

k=1

This is enough to characterize the measure
¢
Ui(r)v (drl, . ,dn’ Zrk =lu,ry, 1 £ 1.0, ]—"mv> =
k=1

Y, ¢
= G_EAT Heﬁv(”)lj (d?"h e ,d?“g‘ Zrk - ﬂu, 'f‘i, 7/ 7£ 17 . e a£7 Env)
i=1 k=1

as the Lebesgue measure on the hyperplane {(r1,...,7/) : 22:1 r, = fu} (up to a
multiplicative constant). In particular it follows that

(d drelrs, i # 1 0. Fon) e Zle(BV(ri),;md )
1% T)-.-7 rrzuz gy Xy inv) = _ .
| e Z(\, B)* ! ¢
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which implies
—(BV (r:)=Ary)
dr|Fine) = [[ s (2.2.11)
JEL Z()‘7 ﬁ)

Similarly, choosing in (2.2.8) the function

F = (p)(rj = 20)

we have

0= / {(pj —pi-)¥(p) + Z (V' (riga) = V'(ra)) (rj — Zo)apiw(P)} dv(r, p| Finw)

(2.2.12)
Since
/ V(i) — 20)p 0 (p) do(r, 1)
= [ a1V 600 0 ( [ dstomiantzin )
=657 [ 0,000) dv(plFi)
and became
[0 = po) 4570, = 0,000} dvlpiFa) =0 (2213
which is enough to characterise dv(p|Fi,,) as
o—Bpi—21)?/2
v(dp| Finy) = [ [ —— (2.2.14)
and finally we have by lemma [2.2.4]
v(dr, dp| Finy) = v(dr|Fin)v(dp| Finw) = p5° (2.2.15)
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2.3 Conservative stochastic dynamics

The proof exposed in section is based on the assumption that the stationary
distribution of the velocity, conditioned on the positions, are convex combination of
gaussians. Nowhere we used the non-linearity of the interaction, that in a hamilto-
nian deterministic dynamics should be the cause of such mixing of velocities. This
is a very difficult problem, that we do not even know how to attack mathematically.
We choose an easier path here which is to approximate the mixing effect due the
non-linearities of the dynamics by adding some stochastic terms to it. The porpouse
of this stochastic term is to create this mixing of the velocities so that we can apply
the argument of section 2.2l We also would like that the total momentum and total
energy is conserved by this stochastic mechanism, and that has a local nature. A
simple way is to exchange the momentum of each consecutive particles p;, pj+1, in
such way that p; + p;1; and p? + p? 41 are both conserved. Define the exchange
operators acting on functions f : {2 — R by

(Yis£)(r,p) = f(r,p™") = f(r.p) (2.3.1)

and for consecutive particles
Yz‘ = Yz‘,i-i-l

We define now the operator

S=)Y (2.3.2)

The energy-momentum conservative infinite dynamics is defined as the Markov
process on §2 = (R?)Z generated by the formal generator

L=A+~S. (2.3.3)

In this section we show the following ergodic property for the infinite stochastic
dynamics:

Theorem 2.3.1 Let v a translation invariant probability measure, stationary for
the dynamics generated by L. Assume that there exist a finite constant C' such that

Hy(v|p) < CIA] (2.3.4)

Then v is a conver combination of grand canonical measures.
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The ode describing the evolution are now substiuted by the following stochastic
differential equations:

dri(t) = p;(t) — pja(t)dt
dpj(t) = (V' (rjpa(t) — V' (r(t)))dt

+ V7 Pis1(t=) = pj(t=)) dN; 11 (t) + /7 (pj-1(t=) — pj(t=)) dN;_1 (1),
(2.3.5)

where N(t) = (N, j+1(t));ez are independent standard Poisson processes.

The existence of the infinite dynamics is done similarly to the deterministic
case. To get the approximation by finite dimensional dynamics one defines a dynam-
ics generated by L, = A, + 7S, then we prove that this converges to the infinite
dynamics in a set of initial conditions that has measure one for any Gibbs measure.
Notice that also here all Gibbs measure with null momentum average are stationary
for these finite dynamics.

For the set of initial conditions we choose as in the deterministic case the
Hilbert space

Q= {w = (rj,pj)jez € (RO [wl2 =D (0] +15)e V! < OO} , a>0

JET

equipped with the norm ||-||,. The set €2, has measure one with respect to any Gibbs
measure. In the following lemma, the expectation E is the probability measure cor-
responding to the sequence of independent Poisson processes N = (N j11)jez. We
also introduce the Banach space H, composed of all predictable €2,-valued processes
w on the time interval [0, 7] with norm

1/2
E ( sup Hw(ﬂHZ)]
t€[0,T]

Lemma 2.3.2 For any o € €, there exists a unique stochastic process w(-, o) =
(ri(+), pi(+) )icz belonging to H, and satisfying with initial condition w(0,0) =
o. The application o € Q, — w(-,0) € H, is continuously differentiable and the
derivatives satisfy the linearized equations associated to .

N(w) =

Proof The proof relies on the classical iteration procedure in Banach spaces.
It is standard and we only sketch the proof. Let us write (2.3.5)) in the form

dw(t) = F(w(t))dt + B(w(t))dN(t) (2.3.6)
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where F': Q, — Q,, B:Q, — (, are suitable functions whose exact expression is
not used. Using ([2.1.1)) it is not difficult to see that the map

K:QyxH, — H, . .
(o,w) — 0+/OF(w(s))ds+/ B(w(s))dN(s)

0
is such that
1
N (K(o,w) — K(o,u")) < §N(w — )

if T is sufficiently small. By Picard’s fixed point theorem there exists a unique
w € H, such that K(o,w) = w. This establish the existence and uniqueness of
w(-,0) for short time interval. Iterating the procedure gives the existence (and
uniqueness) for all times.

To get the differentiability with respect to initial conditions we observe that
w(-, o) satisfies
,C(O',CU(',O')) —W(-,U)) =0 (237>

and that local inversion theorem is valid because of the assumption (2.1.1). This
implies the claim. [J

Starting from an initial configuration w € €),, conservation of the energy by
the dynamics gives the following a priori bound

Ew < Coeclt

> b ()

> e“'jlsj(w)] (2.3.8)

By this way we define a semigroup (P");>o on Cp(£2,)
Vf € B(), Vo € Qu,  (P'f)(0) =E, [f(w(t,o)]

where w(t, o) = {r;(t),p,;(t); j € Z} is the solution of ([2.3.5]).
By It6’s formula we have that if f is two times differentiable with bounded
derivatives then

(P'f)(0) = f(o) + / (P*Lf)(0)ds (2.3.9)

Moreover if f € C2(€,) and ¢ > 0 then by lemma the function g = P'f is
two times differentiable with bounded derivatives. By (2.3.9) we have the forward
Kolmogorov equation

h
(Phg)(0) — g(0) = / (P*Lg)(0)ds
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and the function s — (P*Lg)(0) is continuous because w(+, o) has continuous tra-
jectories and Lg is a bounded function. Therefore, sending h — 0, we have

% L (P9 (o) = d%\h:t((th)(a)) = (Lg)(0)

so that the backward Kolmogorov equation is valid
t
(P'f)(o) = flo) + / (LPf)(0)ds (2.3.10)
0

Two probability measures p and v on § such that [ fdu = [ fdv for all
f € D(Q) are equal. If i is a stationary state for (P*); then the forward Kolmogorov
equation implies that [ Lfdu =0 for all f € D(Q). If [ Lfdu =0 for all f € D(Q)
then the backward Kolmogorov equation implies that [(P'f)dp = [ fdu for every
f € D(Q) and hence p is stationary for (P*);>. Hence we have

Lemma 2.3.3 Stationary states p satisfying the moment condition
sup / Eidp < 400
JEL

are characterized by the stationary Kolmogorov equation:

[ £o)dut) =0 por 6 < D(®)

We now prove that the infinite volume dynamics is well approximated by the
finite dimensional dynamics w™(t) = {r?(t),p?(t),i € Z}. Tt is defined by the
following stochastic differential equations

Pt = V(i () = V(" (1))

+ Li<n—1y VY (it (t=) = pi(t—)) dNi i1 (t) + L —nt1y VY (Pica (8=) — pi(t—)) dNi—1,i(t),
1=-Nn,...,N.

AU =pM ) =) i=—nnd
(

(2.3.11)
with the coordinates (g;(t), pi(t)) = (¢;(0),p;(0)) if i € {—n,...,n}. The dynamics
is generated by L, = A, + S,, where A, is defined by

’A” - Z {pj<87"j - aTjJrl) + (V/(Tj—&-l) - V/(Tj)) apj} (2.3.12)

j=-n
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and &, is given by

n—1
Sp=Y_ Y} (2.3.13)

j=—n

Remark that ([2.3.8]) is also valid for the finite-dimensional dynamics

Ew S C() et t

> g WM (1)

J

> el (w)] (2.3.14)

J

Choose a initial configuration w € €2, and b > a. Let us define

0a(t) = B (lw™() — w(®)]l}) = E. (Z e (" ) = i) 2+ 1p" (1) - p¢<t>|2))

i€z
(2.3.15)

where the dynamics w™ () and w(t) start from the same initial configuration w.

By Cauchy-Schwarz’s inequality and 1to’s formula, we have

t
6n(t) < Cr / dséu(s)+Cr Y e R, [Ei(w) + Ew(t) + EW™M(1)], te[0,T)
0 ,
[i|>n—2
(2.3.16)
where C'r is a positive constant depending on 7" and such that C goes to zero with
T and that can change from line to line. By the a priori bounds (12.3.8] [2.3.14)), we

have
E, [E:(w) + E(w(t) + E(w™(t))] < Cre (Z e‘“'ﬂgj(w)) (2.3.17)
JEL
so that
t Cr By
on(t) < CT/ dson(s) +en, €n < T e (N " emalilg; (w) (2.3.18)
0 —a JEZ

By Gronwall’s inequality we get

Sn(t) < g€ (2.3.19)

Let P, the semigroup generated by L£,,. Estimate (2.3.19)) is enough to prove
the following lemma

Lemma 2.3.4 Let a >0 and w € €),, then
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o P, as., (7"1(") (t),pz(") (t)) converges to (r;(t),pi(t)) as n goes to infinity.

e For any bounded Lipschitz local function ¢ and t € [0,T] there exist constants
C, =Cu(a,T,¢) — 0 as n — oo such that:

(o) — Plo(w)| < C, (z ew'sjw)

jez

Let 1 and v probability measures on Q = (R?)Z, and for any A C Z let Fy
the ensemble of the measurable functions of wy = (rj,p;;7 € A) (i.e. functions on
(2 that depends only on the variables in A).

In the following let p = u%ﬁ a grandcanonical Gibbs measure at temperature
By ', If vis translation invariant, denoting A, = {—n, ..., n}, we have that Hy, (v|)
is a superadditive function of n (see proposition [B.1.4)), and consequently it exists
the limit

_ , 1
H(vlp) = lim o= Hy, (v|p) = sup mHAn(V!u) (2.3.20)

For any local measurable function ¢ define the limit

F(9) = lim 22 Fu(0), Falo) =log [ Fen dy (2.321)

where 7; is the shift operator on functions on (R?)Z.

We recall here proposition B.1.5;
Proposition 2.3.5 Let v a translation invariant probability on €2, then
H(v|p) = sgp {/ ¢ dv — F’(gb)} (2.3.22)
where the supremum is taken over all bounded measurable local functions ¢.

As a consequence we can prove easily the following bound on the average
energy density:

/50 dv < C(1+ Hp(v|p)) (2.3.23)

Here is the ergodic property for the infinite stochastic dynamics:
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Theorem 2.3.6 Let v a translation invariant probability measure, stationary for
the dynamics generated by L. Assume that there exist a finite constant C' such that

Hy(v|p) < CIA| (2.3.24)

where p = pg, is a reference grand canonical measure. Then v is a convexr combi-
nation of grand canonical measures.

We have seen that for a translation invariant v, (2.3.24)) is equivalent to the
condition H(v|p) < C < oo.

The proof is divided in two steps. Let us first consider a generic probability
mesure v, not necessarily translation invariant, such that H (v, |u) < oo, and let us

denote by g = %. Let us denote, for any n, the Dirichlet forms:
Sn
D, (v,) = sup {— 4 dy*} (2.3.25)
¥ (G

where the supremum is carried on the set of positive functions ¢ : Q@ — (0, 4+00)
such that 0 < M~ <4 < M < 400 for some positive constant M.

Lemma 2.3.7 Let v* be be a probability measure on ) absolutely continuous w.r.t.
i and such that D, (v,) < +oo. Then g = dv*/du satisfies

Du) =3 Y [ Wi du (2:3.26)

j=—n

Proof: Let ¢ : Q — (0,+00) such that 0 < M~! <4 < M < +oo for some
positive constant M. Observe that Y;? = —2Y; and that Y; is a self-adjoint operator
in L?(p). Therefore

S, L& (YA 1T g

L ii+1 i,i+1 ¢( ) ¢( Z"Hl)
_ 52/ o) = g s — 9) s o)

_ ln—l Girly i1 (¥/\/9)(p) (0/\/9) ()
= 53 [ |s0t ) = vae v [( S O ]+g(p>] "

dp

=N

VAN
N
|'Mf
\
=
S
s
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because z+1/z > 2 for every positive z. This proves D,,(v*) < = Zj__n (Y;1/9)* dp.

For the other sense of the inequality, let M > 0 and consider ¢y, = M ! +
inf(,/g, M'). We have seen that

n—1 iit1
Dy (V') > %Z/[g(p"’i“)—g(pi’i+1)¢j24£,2l) g(p)%Jrg(p) dp

i1
Observe that %L()) is positive and converges to \/g(p""*')/\/g(p). By Fatou
M\P
lemma we get
1 n—1
2
D)2 5 Y [ (v du
j=—n

which completes the proof. [

A simple consequence of proposition and convexity of the Dirichlet form
gives the following

Proposition 2.3.8 For any probability mesure v and any n, we have
H(v. Pi|n) +tD,(7.,,) < H(w|p) (2.3.2)

_ 1t
where v, =t~ [[ v, Pids.

Because of (2.3.26)), if H(v.|u) < +o0, then for any j =-—n—+1,...,n—1

H(v.Pyu) + Z/ (V;V/35)* dp < H(v.|n)

jf—n

_ dvt .
where g = d;ln' In the second term of the above, because is composed by a sum

of positive parts, we can restrict this to any m <n — 1:

H P + 5 Y [ 05V dn < H

j_fm

By (B.1.2) and (2.3.25)), for any choice of function ¢ € D(2) and local functions
; € D(2) (bounded by below by a positive constant)

t o? Ysz _t
P ¢ dv, — log dp — - Z dy*m < H(vi|p)
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Now we can finally let n — oo, and by theorem we obtain
¢ ¢ V2 wz _t
P'¢ dv, — log dp — = Z dv, < H(vi|p) (2.3.28)
j_fm
where 7! = ¢! fot v, P ds.
Proposition 2.3.9 Let v be a translation invariant measure stationary for Pt such

that for a finite constant C', Hx(v|ug ) < C|A| for any finite interval A. Then for
any n we have D, (v) = 0.

Proof We apply now (2.3.28)) to v, = M= Vla,,

Notice that

HW™ ) = Hy, (v|p), and consequently

1 _
lim ——H (v |u) = H(v|p)

m—00

Choosing ¢ = >_1"  Tido, i = T3y, where ¢y € D(Q) and )y € D(£2) is bounded
by below by a positive constant, we obtain

> [ Pirn) ) = Ffon) — 5 Z / U0 gt = 1

i=—m

and all we need to prove is that

1 ¢ "
7}1}20 1 ig_n/Pt(Tigbo) dv™ = /Ptgbody = /gbodu (2.3.29)
and
Y ¢0 _(n)t Yo
li (it — [ 2050 g 2.3.30

In fact maximising what we obtained over ¢y and 1y we get

2
_mf/Mdu:o
Yo o

It is clear that we can repeat the argument substituting Y} to Yy, and we obtain

V2
—m/f%w—o
Yo Yo




28 CHAPTER 2. DYNAMICS

In the last infimum it is easy to extend the infimum to the set of functions ¢y : Q —
(0, +00) bounded by above and by below by positive constants. Summing up over
7 we obtain

n+1 n+1
mf

0<D,(v)=

j=—n—1

O
Proof of and (2.5.30)).
The difficulty comes form the fact that P'¢ is not local.

We approximate again P' by our local dynamics P}. Observe that by ({2.3.23)),
foranyt=1,...,n,

/ri'J(uJ)d(TZ M) < sup (/5du—|—/€du) <K
1Y/

with K independent of n. Then it follows from lemma that

/Pt¢ d(nyﬁn)) — /ngb d(%‘%@) < KC’@Z@‘“U‘

JEZ

sup
n

with Cp — 0 as ¢ — oo.

Now we have that Pf¢ is a local function, and by definition of "

o +1Z/Pe¢dn =5 +1Z/Pe¢dn +C(0)/n

for some constant C'(¢) > 0. Sending first n to infinity and then ¢ we get

lim lim

1 n
. . t )y . _
SJm 2n+1iZ_N/Pg¢ d(rvy™) /P ¢ dv /qsdy,
Proof of (2.3.30) is similar.

O

Theorem [2.3.6|is a consequence of the following proposition

Proposition 2.3.10 If v is a probability measure on Q such that Hy(v|p) < C|A]
for every finite subset A and satisfying D,(v) = 0 for any n > 2, then v(dp|r) is
exchangeable.
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Proof Let g, be the density of v|,, with respect to u|A,, where A,, = {—n, ..., n}.
We call B, the set of functions 1 (r, p) bounded by below and by above by strictly
positive constants and depending on the p’s only through p;,i € A,,.

The condition D,,(v) = 0 implies

0 =sup {— / S;;}wdu],\n VNS Bn} (2.3.31)

The proof of lemma shows that the right hand side is equal to

%i /(yj@n)?dﬂm (2.3.32)

j=-n

Since the sum is composed of positive terms it implies that g, (r,p*1) = g,(r,p)

a.s. for every j € {—n,...,n — 1}. Since this is true for every n > 2 we get that
v(dpl|r) is exchangeable.
0

We conclude the proof of Theorem [2.3.6, by observing that v is separately
stationary for S and A, and then we conclude by applying Theorem [2.2.3]|

2.4 Other stochastic dynamics

2.4.1 Energy conserving noise
We can also define a noise § = > ;X ]2 acting on the momenta conserving only

kinetic energy. The construction is similar : for nearest neighbors atoms j, 7 + 1 we
define the vector field X; by

X_] = pj+1apj - pjapj+1 (241)
It is tangent to the circle {(p;, pj+1) € R?; p? + pj2+1 = 1} so that

S=) _X? (2.4.2)

conserves the kinetic energy. Momentum is not conserved and is in fact eigenvector
of S since S(p;) = —p;-
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2.4.2 Momentum exchange and momentum flip

One can also consider noise of Poissonian type conserving energy and eventually
also momentum. Poissonian energy conserving noise is defined by the following flip
operator

(SHP) =D [f@) - )] (2.4.3)
J
where p/ is the configuration obtained from p by changing the coordinate p; in —p.

Poissonian momentum-energy conserving noise is realized by exchange of mo-
menta of nearest neighbor atoms. The generator of this noise is given by

(SH@) = [FE") = £(0)] (24.4)
J
where p7*1 is the configuration obtained from p by exchanging the coordinates p;

and pj41.

Remark that these noise have very poor ergodic properties (which is not the
case of the Brownian noises defined before). Nevertheless results of section can
be applied for them and it implies that the dynamics obtained by adding these noises
to the Hamiltonian dynamics is ergodic.

2.5 Bibliographical Notes

The argument for the proof of the ergodicity of the stochastic model is adapted
from [11], |10], [5] and [6].



Chapter 3

Hydrodynamic Limit: Hyperbolic
Scaling

3.1 Hyperbolic conservation laws

We consider in this chapter the system with periodic boundary conditions (i € Ty).
We will first consider the deterministic system assuming that it is ergodic in the sense
of 2.2.1] Then we will consider the stochastic conservative perturbations considered
in section [2.3] that will make the dynamic ergodic, and we will show that these
perturbations do not modify the macroscopic equations.

Configuration space is Qy = (R x R)™ and a generic configuration (r;, p;)ier,
is denoted by w. The generator of the dynamics (w(t))¢>o is given by Ay, the
Liouville operator.

The system conserves the following quantities

Z r;: length of the chain

€T

E p; © momentum
ic€Ty

E E; : energy
€Ty

The conservation laws can be read locally as
(An(ri), An(pi), An (&) = Jic1 — i

where J; is the instantaneous current between ¢ and ¢ + 1 given by

Ji = —(pi, V'(riz1), piV'(ri1)) (3.1.1)

31
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We are interested in the macroscopic behavior of the three conserved quantities
(>-ri, > i, > €;) at time Nt, as N — oo. For this pourpose we define the empirical
densities:

en(t,G) = 1 37 Gl/N)ri(NY

pr(t.G) = 3 Gl/N (N (3.12)
en(t,G) = % S Gli/N)es(N)

where G(y) is a smooth function on T, the circle of length 1.

We start at time 0 with an initial probability distribution on the configuration
of the system such that there exist smooth functions vy, pg, eg on T and

{tN(OG)pN(OG)eNOG}—>{/G to(y dy/G 1poly dy/G eoly dy}

in probability.

We want to prove that we have the same convergence for vy (t, G), py (¢, G), en(t, G)
to corresponding smooth profiles v(t,y),p(t,y), e(t,y) solution of the hyperbolic sys-
tem of partial differential equations:

3tt = 8yp
p = 0,7 (x, ¢ — p/2) (3.1.3)
de = 0y (pr(r,e — p*/2))

with initial condition ty, pg, eo. It is useful to use the notation & = e —p?/2 to denote
the corresponding profile of internal energy. The function 7(r,u) = A(r,u)/B(r, u) is
the tension defined by (|1.1.7)) and (1.1.8)) from the thermodynamical entropy S(r, u)
(1.1.4).

We will prove this convergence under some restrictive conditions on the inter-
action V', and on the solution u(t,y) = (¢(t,v), p(t,v), e(t,v)).

Observe that under the Gibbs measure pJ7; ; (with 7 = A//3) the relation

VjeZ, /dquﬁV'(rj) =7

and one has that
7(v, 4) = /V’(ro),u (e p.3(e.50 (AT0)
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It follows from these relations that computing the thermodynamic entropy
along the solution of (3.1.3]) we have

OS5 (v(t, ), Ut y)) = —F70yp + B0, (p7) — pOy7] = 0 (3.1.4)

ie. (3.1.3)) is isoentropic. This is strictly dependent on teh smoothness of the
solution, i/e/ that we are only considering the equation (3.1.3)) in the smooth regime,
before apperance of shocks ﬂ

Let F': U C R™ — RP is a sufficiently differentiable function from the open
subset U of R™, m > 1. If p = 1 we denote the gradient of F' at x € U by
(DF)(x) e R™. If p>2and F = (F*',..., FP) with each F" real valued we use the
notation (DF)(x) = (DF'(x),...,DF?(x)) € M, ,(R) for the Jacobian matrix of
F at x. The Hessian matrix of F' is denoted by D*F.

To simplify notation we denote

Aw) = A(e,8l),  Bu) = B(x, 4)

and
S(u) = S(t, p,e) = S(x, )

By we have
(DS)(u) = (=A(w), =H(u)p, B(u))

and we rewrite (3.1.3)) as
o — 9y J(u) =0 (3.1.5)

with J(u) = (p, A(w)/B(u), pA(u)/B(n)), and the isoentropic property reads as

(DS)(u) - 9,[I(u)] = 0.

It may be useful to use more symmetric notations and call ©(v) = log Z(\, Bp, ),
for v = (A, Bp,B3) € R? x (0,00), and ®(w) = —S(r,p, &) for w = (r,p, &) €
R? x (—00,0). By , ® is the Legendre-Fenchel transform of ©. Since © is
convex, lower semicontinuous and not identically equal to infinity Fenchel-Moreau’s
theorem implies that © is the Legendre-Fenchel transform of ®. Hence we have

O(v) = sup{v - w — ®(w)}, ®(w) = sup{v-w —O(v)}

w v

1Shocks should make this time derivative positive in some sense. This means that proving
such convergence in the presence of schocks would imply to obtain, in this hyperbolic scace-time
limit, irreversible adiabatic transformation that increase thermodynamic entropy, i.e. the second
principle of thermodynamics. But at the moment even the problem of uniqueness of such solutions
is mathematically open
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We have that
(D(I))(w) = ()" Bp, ﬁ)a (D@)(U> = (r()Uﬁ)vpa _<u()‘75) +p2/2))

are never equal to 0. Hence © : R? x (0, 00) — R?x (—00,0) and ® : R? X (—00,0) —
R? x (0, 00) are diffeomorphisms, one inverse of the other and

D®(DO(v)) = v, DO(D®(w)) = w,
Every couple v, w are said in duality if
v = DP(w), w=DO(v), veR*x(0,+c0), we€R?x(—0c0,0)
and then they verify immediately the relations

d(w) +0(W) =w-v, D*O(v)=D*®(w)*

For u = (¢, p, e) we define
= (v,p,—e),  J() = (p, A(u)/B(u), —pA(w)/B(w))

For v = (A, Bp, B) define

S(v) = v- J(DO®W)) = \p = L2 (3.1.6)

U3

then
DX(v) = J(DO(v)) (3.1.7)

Let v(t,z) the dual of u(t,x) where u(t,x) is the solution of (3.1.5). Then

(¢, x) solves the symmetric system

9,[DO(v)] = 9,(D(v)) (3.1.8)

Proposition 3.1.1

o(t,x) = DJI(u)0,0 (3.1.9)

Proof Equation (3.1.8)) can be rewritten as
(D*©)9,0 = (D*%)9,b
Since D?O(v(t,z))~! = (D?*®)(u(t, z)), we have

dio = (D*®)(D*L)d, b



3.2. LOCAL GIBBS STATES 35

Differentiating (3.1.7)) we have
D*%. = (D*0)(DJ (1))

and substituting we obtain

oo = (DJ(u))d,v
OJ
On V we assume that has at most quadratic growth for r — oo, i.e.
V'(r)? <CV(r), [r|>R (3.1.10)

for some constant R and C.

We also assume that initial profile and solution u(t,y) of (3.1.3) are smooth,
i.e. the theorem is valid up to appearance of the first shock.

3.2 Local Gibbs states

By (1.1.7), given a macroscopic profile {u(y) = (¢(y),p(y),e(y)),y € T} such that
U(y) = e(y) — p(y)?/2 > 0, there is a unique corresponding profile of parameters

(r(1), A(w), B(y)) defined by
AMy) = —0.S (x(y), My)), Bly) = 0.5 (x(y), t(y))

We can define then an inhomogeneous product probability measure on the configu-
ration space (y

g = H exp[B(i/N) (=& + p(i/N)p;) + A(i/N)ri]
vO Z(A(i/N),B(i/N)p(i/N),B(i/N))

€T N
Let ¥ (p,r) a local function of the configuration p,r (like 1» = poV'(r1) etc). If N is
large enough, we can define 1) on the configuration on Ty without ambiguities. We
denote by 7; the spatial shift on configurations (i.e. 7,90 = p;V'(r;41) in the above
example). We will use the same notation 7; in the case i € Z or i € Ty.

(3.2.1)

It is elementary (see proposition [3.3.2)) to prove the law of large numbers for
a local function ¢ as

E Y CEN — [ G dr LG

N—oo
i€Tn T

where

P(u) =< >,



36 CHAPTER 3. HYDRODYNAMIC LIMIT: HYPERBOLIC SCALING

is the grand-canonical expectation.

Our goal will be in proving that the distribution at time Nt on the system,
i.e. the solution of the forward equation

ath(tapa T) = NA*NfN(tapa T)

is close enough to gﬁt7,), with u(¢, y) solution of , such that they share the same
laws of large numbers. This vague assertion are usually called ”local equilibrium”.
We will make this more precise. We will measure the distance between fy(t) and
9,y With their relative entropy.

In the following we will use the symmetrized notations introduced in the previ-
ous section. So to the (smooth) solution u(t, y of (3-1.5)), there corresponds the dual
solution v(¢,y) of the symmetrized equatlon 8) and we denote the corresponding
local Gibbs measure by gN drdp by g, drdp that can be written as

giv(w) _ H et/ N) £ =O(0(t:i/N)) & = (ri,pi, —&) (3.2.2)

€T N

3.3 Relative Entropy

We start with an upper bound for the mean energy. Because total energy is conserved
by the dynamics we have

/Zé’ft drdp = /Zé’fo drdp

ZETN ’LETN

By assumption on the initial state, this last quantity converges as N goes to infinity
to [ eo(y)dy < +o0. Since (V')? < CV for some positive constant C', we get

Lemma 3.3.1 There exists a positive constant C such that

/N > & fYdrdp < C, /N V2 (r;) fN dedp < C

ZGTN ZGTN

We use the following simplified notation for the relative entropy

Hy(t) = H(fx(t)drdp| g drdp) = [ ((()))d b (331)



3.3. RELATIVE ENTROPY 37
Proposition 3.3.2 Assume that
. ~N(t)
"N

then for any bounded local function v and continuous G(y)

Efy) (‘ ZG i/ N)Ti) — / ) dy

N—oo

Proof. To simplify we assume the local function ¢ depends only on the con-
figuration through wy = (po,ro). Observe that since ¥ (u(t,-)) is continuous we have

limsup Ey, ) (‘/ u(t,y)) dy——ZG i/N)(u (t,z/N))D =0

N—o0 €Ty

Similarly since GG is continuous and v is bounded, we have

1 , 1 .
NZiE'H‘N G(i/N)1p — NZieTN G(i/N) <2€ n 1Z|j il<e . g¢> '

1 ~ ! '
= |5 Syery ¥ (GW M) = g D G0/ N)> ‘
= N

where C'(¢, G, 1)) is a finite constant depending on ¢, G and 1. Hence we are left to
prove

1
lim sup lim sup Ey ) NZ 2f+ Z b —Pu(t,i/N)| | =0  (3.3.2)

{—00 N—o0 €Ty lj—i|<t

By entropy inequality, for every n > 0 the expectation in (3.3.2)) is bounded above
by

1 1 ~
o) + rlog By exp Ny % - Y Y — bt i/N)

€Ty \]—i|§€

Since el < e* + e=*, we can forget the modulus in the last exponential. In the
sequel we will choose 7 as a function of ¢. By assumption Hy(t)/N goes to 0 as N
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goes to infinity. Hence we have to show

1 -
hreriigphzrvnjolip n—NlogE L |exP AT ; g Z T —Y(u(t,i/N)) p| =0
i€TN |J i|<e
(3.3.3)
Let us introduce the box Ay = {—¢, ..., ¢} of length 2¢+ 1. We assume without loss
of generality that 2¢ 4+ 1 divides N and we decompose Ty as follows

Ty = Ujen BG),  BG) = {j+ 20+ 1)q g =0, N/(20+1) =1} (33.4)

Since ¢ depends only on wy, for each j € Ay fixed, the random variables

X/ 2£+1 > mab, i€ B(j)

k—i|<t

are independent under the product measure gfl\(ft,.). We have

1 1
_ _ il :
SEEEPIRTED N PET D SRTI RS o D3Rty B i
1€TN |k—i|<e JE€Ar \:i€B(j) |k—i|<e JEAr \i€B(j JEA,
(3.3.5)
By generalized Holder’s inequality we have
log E,n [ aneAeYj] e” (20+1)Y; }
u(t 4) u(t -
J €Ay
and by independence (for fixed j) of the Xij 's, we get
1 ~ .
n_NlogEgi\Et,») expi n Z % Z T —(u(t,i/N))
e 2 S (3.3.6)

log By [e”Z\k—ilge{TW*@(U(t»i/N))}}
2€+ N Z .

As N goes to infinity this sum converges to

1 ~
— [ logE, [e” nge{m?ﬁ—@b(u(t,x))}]
n(20+1) /T u(t.z)

By the standard inequalities

2
T
e <1+ o] + e, log(1+]a]) < 2
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we get that the previous integral is bounded above by

1

557 B | [ {70 = Bttt o))} | + 20101 2e+ D expn2e+ D)

|k|<e
(3.3.7)
We choose = (20+1)"'e with € > 0 going to 0 after £. By the law of large numbers
and the dominated convergence theorem (¢ is bounded), goes to zero. [

Proposition 3.3.3

d

 Hx(t) = - / [(VAx + 8)log g, )] f(t) dr dp

Proof. To simplify notations, let us denote f; = fy(t), and g, = gi\étv.). Then

d

(0 = @108/ dp+ [ oufuiv dp — [ Doz ) fde dp

- / fN Ay log(f,)dr dp — / fINAx + 8] log(g,)dr dp
= — / fil NAN + 04] log(g¢)dr dp

O

We compute now [N Ay + 9 log(g:). Observe that with the notations we have
introduced we can write

log g = 3 [o(t,i/N) - & = O(v(t,i/N) (3.3.8)

with & = (73, pi, —&).

N Ay log(g:) = g@r;vN {U (tv %) -0 (t’ %)} & (33.9)
=Y " (9,0)(t,i/N) - J7 + Ry (t)

€T N

where J¢ is defined by

Ji = (pis1, V' (13), =pia V(1))
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By lemma and the smoothness of v we have that R% /N is small in the sense

N—oo

t
lim / ds / drdp fY (N"'R§(s)) =0 (3.3.10)
0
By the isoentropic property of the solution u(¢,y), we have
[ ot 3Gt dy = [ vle.)-0,0@) dy= [ (D) 0,3)w)dy =0
T T

T

so also

1 i =
N > (9,0)(t,i/N) - J(u(t,i/N)) — 0
We have then obtained that

NL log(g) = = D (0,0)(ti/N) - [ 32 = 3(a(t,i/N))] + R (2)

]

with Ry /N small in the sense (3.3.10)).

We compute now 9; log g/¥:

O log gy = [(0w)(t,i/N) - & — 9iO(v(t,i/N))]

7

then
0:9(v(t,-)) = DO(v(t,-)) - Opo(t,-) = u(t,-) - do(t,-)

which gives

dlog g = [(80)(t,i/N) - (& — u(t,i/N))] (3.3.11)

)

Recall that by proposition [3.1.1

(B0)(t,y) = (DI)(i(t,9))d,0(t, y) (3.3.12)
Resuming we have obtained that
— (NLy + 8)log g
= — > 9,0(t,i/N) - [J¢ = J(@(t,i/N)) — (DI)(u(t,i/N))(& — ﬁ(M/N))] + Ry (1)

€T N

(3.3.13)
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We first need to do some cutoff in order to deal after only with bounded
variables. Let A;; = {|&;| < [}, and define J}; = J{14,, and &;; = §14,,. By the
properties of V', we have that jfl and &;; are bounded.

Then, by entropy inequality, for any v > 0 sufficiently small

/ drdp "> (9,0)(t,i/N) - I¢1ae,

%

v

< lzlog (1 +/ euayU(t,i/N)~j?+n(t,i/N)~§i—®(n(t,i/N))) + HN(t)
v % Af,z

_ No() | Hx(t)

14 14

with o(l) that tends to 0 as | — oo.

We introduce now some averaging on a microscopic block of size k. We will
let k — oo after N — oo. To simplify notations we assume k divides N and k is
even. We denote Ag(y) = {z € Ty;|y—z| < (k—1)/2} the box of length k centered
around y and we introduce the microscopic averaged profiles

uNk Z 5]7 5]: T‘],p],— ) (3314>

JEAk(Z)
First observe that, using the smoothness of J,bwe can bound the difference

> 9,0(t,i/N) - Jg,—— Z I | < Cikl

i€Tn JEAk
Similarly we have

> 9,0(t,i/N) - (DI)(u(t,i/N)) i__ Z 3 <01—Zg

€T N ]eAk €T N

In section [3.4] we will prove that

lim lim lim ds/drdpr(r p)— Z > I8 = I(ank(i)| =0

l— 00 k—o00 N—o0
zE’IFN ]GAk ()

(3.3.15)
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Then we have to deal with

1Zantz/N |3 (0)) = J@(E3/N)) = (DI)((E, i/ N)) (i (i) — 6(t, 1/ V)|

(3.3.16)
for any positive constant A.

Here again, we use the decomposition (3.3.4). We rewrite (3.3.16)) as a sum of
(k +1)/2 terms, each term indexed by ¢ being the sum of N/k averages in disjoint

microscopic boxes of length &

(k—1)/2 N/k
—(NL+d)g¥ =Y Z G(t,y;/N) - Qs (y;): i(t, Y5 /N)) + Rwva(t)
£=0 =1

Q( U) 3(W) — J(u) — (DI)(u)(w — u)
)

(3.3.17)
and

lim lim lim —/ /RNM f drdp =0

l—00 k—oo N—oo N

Using again the entropy inequality (B.1.2]), we are left to prove that for n > 0
small enough

(k-1)/2
lim lim % 3 {%log / kS Gt ) D 0 /N) N dpdr} _0

(3.3.18)
Since we have arranged the sum over j’s on disjoint blocks, that are independently

distributed by g7, the left hand side of (3.3.18)) is equal to

(k—1)/2 N/k

. k 1 kG (t,y¢ /N)- Qi g (v))sik(tyE /N)) N

lim NhinooE Z o3 g / RG0S /N) e )TN N gy
One shows this limit is equal to 0 by using the large deviation properties of the
product measure ¢}, that locally is almost homogeneous. In fact by using the
smoothness for the various functions involved, we can substitute, in the previous

expression, the inhomogeneous ¢g¥ with a product homogeneous measure Gu(ty! /N)>
7

with a prize small in k/N and uniform on ¢ and we are left with

(k—1)/2 N/k

ko~ 1
Jim m ST S g / RGN NI Ng o dpdr b = 0

/=0 Jj=1
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The limit in N results in an integral over T because we have a Riemann sum
and the functions involved are smooth. Observe also the limit in /V is independent
of £. Then by applying the Laplace-Varadhan’s theorem for this product

measures one obtains
QD2 (N
lim lim z Z NZElog/enkG(t7y§/N)'Q(”k?“(t’yf/N))gu(t’yf_/N) dpdr
j=1

_! / dy sup {nG(t,y) - Qrw, 5(t,)) — (0, 5(t, )}

2
(3.3.19)

where (1, u(t,y)) is the rate function of (§,). as (7, p:). are distributed according
to the homogenous product measure gy, (r, p)drdp. From now we omit the de-
pendance in (¢,y) of the involved functions u,u,v. Recall and that u and v
are in duality then we have

I(v, 1) = sup {x -w — log (/ ex'se"'f_@(“)drdp) }

:sgp{x-w—@(n+x)+9(b)}
=0O(v) — v 1w+ O(1w)

where the last equality follows from the equality between the Fenchel-Legendre trans-
form of © and the function ®.

Hence we have
I(ro, 1) = O(t) +O(v) — 10 - v (3.3.20)

Notice that I(u, 1) = 0 and that
(Dywl)(vw,u) = DP(r0) — DO (u) (3.3.21)
so also Dyl (u,u) = 0. Furthermore [ is strictly convex in to:
(D) (o, 1) = (D*®)(w) >0 (3.3.22)
Since Q(u,u) = 0 and

DS, it) = (DI)(10) — (DI)() (3.3.23)

we also have (D,€2)(u,u) = 0.
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Lemma 3.3.4 For n > 0 small enough

nG(t,y) - Qw,u(t,y)) < I(w,ut,y)), Vi

Proof This follows from condition (3.1.10) on V' (exercise) OJ

Consequently for n small enough
sup {(nG(t, y) - (v, i(t, y)) — (10, G(t, y))} = 0 (3.3.24)
o

and we have finally proved that

d N
EHN@) < CHy(t) + Ry ra(t)

with limy_, o limg_eo My oo fg N~'Ryi(s) ds = 0. By Gronwall’s inequality we
obtain

am

and by proposition the hydrodynamic limit follows.

3.4 Proof of one block lemma

We now prove lemma|3.3.15] which is a weak form of local equilibrium. It is now that
we use the stochastic perturbation of the dynamics. Thanks to the characterization
of the infinite volume ergodic measures of chapter [2, the proof is very simple.

We define the space time average of the distribution:

fN:Li/tT»fN ds

and fI its projection on {(r;,p;) € R**: i e Ay} where Ay = {—[k/2] —
1,...,[k/2]+1}. We also denote dv™ = fN []..¢. dridp; and dv = fV T]..x. dridp;

€T N
the corresponding probability measures on RY on R2(*+1),

1E€EAE

Lemma 3.4.1 For each fived k, the sequence of probability measure (VY )nsp is
tight.
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Proof

It is enough to prove that there exists a C) < oo independent on N such that

/Z [p7/2+ V( n}dvk < Gy

1€

Since entropy is decreasing and convex and because of the initial condition we

have
H(’/N’Ng,coﬂ < CoN

Consider the partition of {0,..., N — 1} into p = N/|A| consecutive dijoint boxes
of length |Ag[: {0,...,N — 1} = Uj_A(j). By translation invariance of vy, we
have

HAk(VN“’I’g,CO,l) Hy, ( ’Nom) J=1...p

By the superadditivity property of entropy we have

N|M001 >ZHAk ’M001) pHAk(VNWg?o,l)

Hence we get
HAk(VIiVWg,Co,l) < ColAg| (3.4.1)

and by entropy inequality it follows
Z [p7/2+ V()] dvy < G,
1€EAL

OJ

For any k let v, be a limit point of the sequence (v} )n>1. The sequence of
probability measures (v )x>1 forms a consistent family and by Kolmogorov’s theorem
there exists a unique probability measure v on (R x R)Z such that the restriction
of v on {(r;,p;) € R2*+1: 4§ € A} is 1. One has easily that v is invariant by
translations. Moreover, by lower semicontinuity of entropy and there exists
a constant C such that for any £ > 1,

Ha, (Vi 113.1) < Col A (3.4.2)
It remains to show the following lemma

Lemma 3.4.2 For any bounded smooth local function F(r,p), we have

/EFdi/:O
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Proof Let F' be a bounded smooth local function with support included in
(R x R)*. We have

/EF dv = /EF dvy = lim [ LFdv) (3.4.3)

Define G = N-' SV ' 7, F. By Ito’s formula
v { [ avioGiep) ¥ rp) - [ drdoGie,p) ) |
— /0 t ds / drdp(LG)(r,p)f¥ (r,p)
—t [ dvdp(x,p)(LF)(x.p)/" . p)
:t/dl/,iv(r,p)(ﬁF)(r,p)

Since F' (and hence G) is bounded the right side of (3.4.4) goes to 0 as N goes to
infinity and it follows that

/dl/(r, p)(LF)(r,p)=0 (3.4.4)

O

) By theorem [2.2.3} v is convex combination of Gibbs measures 17 5. Then we
ave

1 - -
Ii li v | = § CJi+d N1
nzisogp ljifnjolipj:(i?PN/k/ Y|k P T I (y;)) [t ()| <4

li—kj|<k/2
a3z n-3(;3e)
= 11msup sup sup V|- i — i 1 .
k—oo BpeBvreg kiEBk kieBk kZZGBk |& <A

where B is the set of boxes i + Ag, ¢ € Z, and G the set of Gibbs measures ,uﬁfpﬁ.
Observe that we can forget the supremum over B since Gibbs measures are transla-
tion invariant. By taking the conditional expectation with respect to k=1 Y ic B, i
and thanks to the indicator function we are left to prove

lim sup sup /dufjmc =0 (3.4.5)

k—oo |x|<A
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Here again we divide the box Ag(k/2) in ¢ disjoint boxes (A));1,. 4 of length
¢ (assuming that ¢ divides k) and we use the fact that under p*™¢ the distribution
of (§i)e aj Is independent of j. Then we have to show

lim lim sup / dpkme

{—00 k—o00 [x|<A

Then we apply the equivalence of ensembles theorems [1.2.1] and [1.2.2] and we
get lemma ?77.

3.5 Some remarks on the hyperbolic scaling

Observe that the proof applies to the harmonic case V(r) = r?/2. In this case

1 | 154
s =——1og —
2m & 2m
and ,
4 .
e=—5 B
and equations ({3.1.3)) take the form
att = (9yp
Op = ¢ (3.5.1)
8te = 8y (pt)

i.e. t(t,y) satisfies linear wave equation Oyt = J,,t, temperature profile T'(y) =
B71(y) stays constant in time and energy evolves by

8te = 8y((9tt2/2)
If we take solution of the form v(¢,y) = vo(y + t), then the energy is given by

e(t,y) = voly +1)° + 67 (y).

This coherent macroscopic evolution of the energy is due to the microscopic noise
(even if the parameter v of the strength of the noise is not present). In fact in
the deterministic harmonic chain (v = 0), energy is dispersed and does not have
such macroscopic evolution. Without noise the energy of each Fourier mode k is
conserved, and this energy moves with speed w'(k), where w(k) = 2|sin(27k)| is the
dispersion relation of the system.
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3.6 Bibliographical notes

The relative entropy method was introduced by H. T. Yau in |15, where was used
in the diffusive scaling of the gradient Ginzgurg-Landau model. The method was
then used in [12] for the Euler dynamics for a compressible gas. This exposition is
largely inspired to [12]. The advantage to work on this lattice case, with respect to
the gas dynamics of [12], is that we can work here with quadratic cinetic energies,
while in |12] were assumed bounded velocities. A clear exposition of the method for
scalar hyperbolic equations (one conserved quantity) can be found in the book of
Kipnis-Landim [8], applied to the asymmetric zero range process.



Chapter 4

Equilibrium Fluctuations

4.1 Static Fluctuations

We look in this chapter to the evolution of the fluctuations of the conserved quan-
tities for the system in equilibrium. It will be easier here to consider the infi-
nite system on Z, with initial conditions distributed by the Gibbs measure py ; 3,
with A = —(D,.s)(7,p,€), and f = (D,s)(T,p,€). With the symmetric notations
introduced in the previous chapter we denote v = (X, (p,3) = D¢(u), where
u=(7,p,—€), and

dpinp,p = dps = H e~ dp, dr,
T€Z

with g:}c = (Tmapm _eac)-
The fluctuations fields are defined as distributions on R defined by

i 1 )
iy(G) = \/—N;G(m/]\f) (&, — @) (4.1.1)

where G(y) = (G1(y), G2(y), G3(y)) is a smooth (vector valued) test function with
compact support on R.

Since uy is a product measure, the standard central limit theorems for inde-
pendent random variables say that

~ law  ~
Uy — u
N—oo

where 1t is a (vector valued) centered Gaussian field on R with covariance
E(i(y) @ 4(y)) = (D*0)(®)d(y —y) (4.1.2)
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i.e.

4.2 Evolution of Fluctuations: hyperbolic scaling

We start the infinite system with the equilibrium distribution uz, and we look at
the fluctuations fields at the hyperbolic time scaling:

in(Nt,G) = \/_ZGI/N (£.(Nt) — @)

Computing the time evolution of this fluctuation field, with similar computa-
tion as done for (3.3.9)), we have

in(Nt, G) — iy (0, G) / fz { (& G(%)] - J.(Ns) ds
:/0 \/—N;N[G(x;l)—G(%)} (3o(vs) = 3(w) ds
:/Ot\/LN;ayG(x/N)-(JI(NS) —3(a>) ds + Ry(t)

where Ry(t) is a term that has small variance as N — oo (This needs to be proven
later on).

We can rewrite this as

/ % S G(/N) - (DI)E) &(Ns) )

/ \/_28GI/N +(Ns) ds+ Ry(t)
with Q, = J, — J(a) — (DI)(0) (&, — ).

The key point here is to prove that space-time variance of Q, is small as
N — 00, in the sense that

| B ' N\
]&@MEM( /0 \/—szjayG(x/N)-Qx(Ns) ds] ) =0 (4.2.1)
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This is sometimes called Boltzmann-Gibbs principle.

A consequence of (4.2.1)) is the convergence of iy (Nt,-) — u(t,-), where this
is the solution of the linearized equations:

Oyii = (DJ) (1) 9,1 (4.2.2)

This means that in the hyperbolic scaling, fluctuations of the conserved quantities
evolve deterministally following the linearized Euler equation (4.2.2)), i.e.

i(t,G) = 1(0,e'G)
where A = (DJ)(a@) 8, and A* = —(DJ)(a)* 9,.

We call these equilibrium fluctuations since the centered gaussian distribution
with covariance given by (4.1.2)) is stationary for this linearized evolution. In fact
computing the covariance

E (i(t, G)i(t, F)) = / AUG(y) - DO(0)eA F(y) dy
/ G(y) - e DO(0)e 'F(y) dy
its time derivative at t = 0 is

/G - (ADO(D) + DO A YF(y) dy
/ Gly () DO(®) — DO(®) DI(a)") 0,F(y) d

By (??) we know that DJ(2)DO(v) = D?S(v) that is symmetric, we have:
DI () DO(%) = DO(v) DI(u)*
ie. dE (u(t,G)u(t,F)) /dt = 0.

The Boltzmann-Gibbs principle (4 is very hard to be proven, even for the
stochastically perturbed dynamics, and at the moment is still an open problem.

4.3 Diffusive scaling

Looking at the evolution of the fluctuation field at the diffusive staling (i.e. at time
N2t instead of Nt, is even more difficult. One should first subtract the transport
term appearing at the hyperbolic time and look for the evolution of

% (t, G) = un(N?t, e VA Q) (4.3.1)
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As a matter of fact, for the unpinned one dimensional models, if the stochastic
perturbation conserves momentum and energy, we expect these fluctuations to evolve
at a different time scale:

iy (N, e MA Q) (4.3.2)

for some o < 2. We will come back on this later on.

If we perturb with noise that conserve only momentum, then we expect diffu-
sive behavior of this fluctuations. Since momentum is not conserved, at the hyper-
bolic time scale we do not have any evolution, i.e. A = 0 in this case.

Let us look then at the evolution of

N 1 o
tv(t,G) = N Z G(z/N)(ry(N*t) — 7) s
(L G) = VLN S Gla/N) (ex(N*) — )

xT

under the dynamics generated by L = A + S, where

S = Z(pxapx-H - px+1a I)Z

T

Since now momentum is not conserved, we set p = 0 and the equilibrium parameters
are u = (7,0,—e), and v = (\,0,3). Also notice that we are not searching for
the macroscopic evolution for the momentum fluctuations: since momentum is not
conserved these evolves at a much faster scale. On the N2t time scale the momentum
fluctuations are § correlated also in time.
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Since Jy , = p, = —Sp., using (??7) we can rewrite

N1/2 ZG (x/N)(ry(N?*t) — r,(0)) = —N1/2/0 ZG/(ZL‘/N) p2(N?%s) ds + Ryn(t)

N1/2

_ / ZG’ ©/N) 1(Spa)(Ns) ds + Ru(t)

1/2-2
_ _N / S G (@ /N) (N2Lp,)(N%s) ds

N1/2

/ ZG’ 2/N) v(Apy)(N2%s) ds + Ryn(t)
= NST DG a/N) (2:(0) = pr(N) + / ﬁ SN s (V)
N1/2 / G"(x/N) V'(ry(N?s)) ds + Rs.n(t)

t 1 / 2
+ /0 W ; G (x/N)pr(N S)dwz,x+1 (5) + RG,N(t)

where R; y(t) are remainders that can be proven that have small variance as N — 0.
Observe that the quadratic variation of the stochastic integral above is

/ N’YZG/ 2N Pena(Vis) ds w/ Gl (4.34)
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Computing the time evolution of the energy fluctuation field we obtain:

ﬁ Y G(x/N)(ea(N?t) — €,(0))

t
— _N1/2 / Y G'(2/N) jower (N?s) ds
0 X

+ /0 \/%Z G'(x/N)pepei1(N?s)dwg z11(s) + Ry n(t)
=N [T G ) e (V) d

LN / S G (w/NYE(N?s)) ds

+ /0 \/%; G/<I/N)psz+1(N2S)dwff@+1(8) + R7’N(t)

with j§ .11 = —(Pe + Pey1)V'(r2)/2. We encounter here the difficulty that jg ., is
not a gradient, and apriori the first term of the RHS of the above expression looks
big. Let us assume the following:

Assumption 4.3.1 There exists a sequence of local functions (hy,), and a constant
K = k*(\, B) such that

2
t
lim lim ENA,ﬁ <N1/2/ Z G,<x/N)[jg,m+1 - /{Q(Tm—l—llﬂ - T:c¢) - Ta:Lhn](NQS) dS) =0
0 x

n—oo N—o00

(4.3.5)
where 1 is a local function such that < >, g= €.

It basically means that the space—time variance of j* — k%(m19) — 1)) — Lh,,, in a box
of size N x N? is small. This permit to perform a second integration by part and
obtain:

ﬁ > " G(z/N)(ea(N*) — €4(0))

= N S0 G N+ ) (N) s

+ \/%/0 ; G'(z/N) (Z[Yz%hn]dwz,zﬂ(s) + pszl(NQs)dme(S))

z

— N3N "G (@/N)(7ahn(N?t) = 721 (0)) + Ry n(t).
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The quadratic variation of the stochastic integral in the above expression gives, as
N — o0

Dt / G'(y)* dy
where we will precise later D.

Resuming we have obtained

Tn(t,Gy) W0,6)\ oo [ ., o
(?N@,GQ)) - (EN«),G?)) =N /0 ;G (@/N) - (32(N?s) = 3(u)) ds
+ Mn(t, DG) + Rg n(t)

with

NGB )

K+ 7y)e

(u) =< Jo >5= (<

ol

3 _ 771‘//(7090)
o\t

and Ry n(t) a remainder with a small variance as N — oo.

We need now a Boltzmann-Gibbs principle similar to (4.2.1)):

lim E,,
N—oo

| = E 0,6 /)-8, ds] =0 (430)

with
~ - ry —T

Qe = Jo(N?s) — J(a) — DJ(u) ( _)
We call DJ(u) = D the diffusion matrix.

After proving some compactness of the law of these fluctuation fields (as distri-
butional valued stochastic processes), we have the convergence in law to the system
of sde:

du(t,G) =u(t,DG") dt + dW(t, BG') (4.3.7)
where B is a matrix realted to D that can be computed...

As we se many steps of this program are still open, In the harmonic case
V(r) = r?/2 all this can be proven rigorously (cf. [7]). In this case the equations are

~ 1 /1
ékt = ;83{ + ")/_ﬁayWh

S _ 1497 1—9% o 2 V1472
Oie = 0 1) —0, W ~ 90, W-
L R A v LY I

(4.3.8)
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Chapter 5

Conductivity and Green-Kubo
Formulas

5.1 Diffusivity

With the notation settled in the previous chapters, let us consider the Hamiltonian
of the infinite system:

H_y%i (%zJFV(rr)) _mZZdex (5.1.1)

and the corresponding hamiltonian dynamics perturbed by noise that change p, into
—p, with rate ~, independently for each particle, i.e. the generator is given by

L=A+~S (5.1.2)
with
Sf(r.p) =Y (f(r.p") — f(r.p)) (5.1.3)
where p; = p, if y # z, and p; = —p,. Since momentum is not conserved, the
equilibrium stationary measure are given by
e—ﬁ(Sz—TTz)
s s = dr.dp, . (5.1.4)
o=l zG v
Recall that
\ dlog (Z(A,B)\/%/ﬁ) y =BV (r) ; 1 o e
u(A, p) = — BY —/ (T)m 7’+%—/a‘ Hr.3
(5.1.5)
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Then the energy static variance is given by
X\, B) = —0su =< £ >55 —u(), B)? (5.1.6)

Now we perturb the equilibrium measure by adding some energy at particle 0,
defining a new probability measure

Ey
d l: d gc
H u(/\, 5) Hr0,8

(5.1.7)

and observe that
< & >'=ul\, B) + X< §(x), (5.1.8)

u

If we start the dynamics with this measure, that is not stationary, we expect
the perturbation diffuse:

. X e—m2/4Dt
< &) >'~ul\, p) + 22 . 5.1.9
(1) >~ un, 0 + 2 s (5.1.9)
for large x and t (in a diffusive scaling). Since
2T
<& >
this suggest the following definition for D:
Zx (< E1)E(0) > — < & >?) (5.1.10)
and ]
D=D\p) = thm QtD( ). (5.1.11)

It is common to define S(z,t) =< E,(t)&(0) > — < & >?, and its Fourier
trasform S(k,t) is called structure function. If S(x,t) > 0, one can see x;'S(z,t)
as a probability transition, and the sense of the asymptotic is

—x2/4Dt

€ e

—S ([e tz], e %) —
Xe ([ ] ) —0 \ArDt

D is called thermal diffusivity. The thermal conductivity is defined as

Xe
T2D xe3*D (5.1.12)

Oserve in fact that

T2 = —0gu(\, B)B% = dru(\, T ).
We will prove later that the limit defining D in (5.1.15)) exists. But first we

prove the following Green-Kubo formula for D, under the assumption that such

limit exists.
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Proposition 5.1.1 [t the limit in exists and is finite, then

2 [ ‘ '
. / > <drari(D)jor(0) > dt. (5.1.13)
e JO .

Proof. Observe that S(z,t) = S(—=x,t), and that S(z,0) = x.do(z). Conse-

quently
Z 2?8 (x,t) = Z 22 [S(x,t) — S(x,0)]
:—Zx (x,t) + S(—x,t) —25(x,0)]
and using stationarity and translation invariance, this last quantity is equal to
5 30 < (Eult) — E0) (Elt) ~ £0(0) >
= 2 S < (aaalt) — Leea (D) (orol8) — s (1) >

where J, ,41(t) = fot Juat+1(s)ds, wWith jz .01 = psV/(re41). After a summation by
part this is equal to

_% Z(ZI + 1) < Jpoq1(t)(Jo10(t) = Joa(t)) >

and by translation invariance and another summation by part it is equal to

Z<J—zl —2(t)Joa(t Z<Jo:z+1 )Joa(t) >

—22/ ds/ AT < Jewy1(8)jon(T) >
= 22/0 ds/o AT < Jres1(5 — 7)jo,1(0) >=
t s
= 2 Z/Ov dS/O dT < jx,x%»l (T)jO,l (0) >

Dividing by 2x.t and taking the limit as ¢t — oo, we obtain (5.1.13]). [J

Before proving the convergence in (5.1.15]), we prove that the noise perturba-
tion imply that thermal conductivity is finite. The proof of the convergence will be
in the snext section.
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Proposition 5.1.2

D 1 ! 2
sup (1) < 6 < V'(rg)® >
t>0 2t ﬁXe’y

1 ! .
; < J:c a:-‘rl JUl( ) >= ]\}l—r>noo 2NX6 < /0 Z ]x,x+1(s) ds >

(5.1.15)
By the general estimate for variance of Markov processes in stationary state:

([ 5r9) )< (o ) v

lz|<N |lz|<N lz|<N

and since Sp, = —2p,, we have (—S5)~* ZImISijH = %Zm\ger,va and then,
ising independence of the velocities, the RHS of (5.1.16]) is equal to

< Z Joos1) 2> _ 16tN LGEN 2y 13%]\7 (V' (10)2).

lz| <N

0

We can repeat the same argument with the other conserved quantity, i.e.
ry. If we start with the perturbed equilibrium measure
x p q

70
dup" = ———du3° 1.1
H O\, B) X5 (5.1.17)
Then defining the static variance of the stretch
Xr(A\, B) = oar(\, B) =< 12 > —r(\, B)? (5.1.18)

We obtain that this perturbation will diffuse with variance given by

D, = lim
t—00 2txr

Zx < re(t)ro( 0)>—<7‘0>2}
: . (5.1.19)

_ Xi / 3 < palOm(0) >

With the same arguments one could show that D, < +oo, but in fact it can be
computed explicitely and we obtain (exercise):

1 1
= =0 \(r,u 5.1.20
YXr Y (r.w) ( )

D, =
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In order to complete the diffusion matrix, we can consider respectively the

time evolution of
< 1:(t)E(0) >

<1 (t) >'= 5.1.21
ra(t) >'= <AL (5.121)
and &)
< To - >
E.(1) >"= 5.1.22
<& L (5,122
and obtain
1 2
D,. tlggo T 22 [< 1y (t)E(0) > —rul
) (5.1.23)
D., tlirgo T 5 % [< 1o(0)E(t) > —rul

By a simple time-reversal argument and the translatin invariance it is easy to prove

the so called Onsager relation:
D,.=D,, (5.1.24)

and by similar arguments as above it can be written as

/Z]zx—H po(0)) dt = o / Z]Ol )P (t)) dt (5.1.25)

Xre

5.2 Proof of convergence in the Green-Kubo for-
mula
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Chapter 6

Non-equilibrium stationary states:
linear response

Tl(t) :pl(t)
Ta(t)zpj(t)—pj—1(t)» j=2,...,n,
pi(t) =V'(rjqa(t) =V'(r;(t)  j=2,...,n—1 (6.0.1)

dp1 = (V'(ra(t)) — V'(r1(t))) dt — p1(t)dt + /3, dwy (t)
dpr = (1= V'(1a(1))) dt = pa(t)dt + /5, dwn(t)
that describe the system subject to an external tension (force) 7 on the last particle,

and attached on the left to a wall (po(t) = 0 for all ¢), and with two Langevin
thermostats attached at the boundaries with different temperatures 7, = 3, ' and

T =Bt

The unperturbed generator is given by
Ly=A,+ B+ B, (6.0.2)

where

Bj = ;195 — p;0), (6.0.3)

and A, is the correspondig hamiltonian operator

A, = Z{ = Pe-1) Op + (V' (r2) = V'(r2-1)) Oy, }

+p10y, + (1 = V(1)) Op,

(6.0.4)

In order to study situation with finite macroscopic thermal conductivity, se add
some different stochastic perturbation that are energy preserving. The generator of
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these persurbation we will denote by 7S, with v > 0 a positive parameter measuring
the strength of the perturbation.

We choose first the simple case of the independent velocity change of sign,
given by

Sf(r.p) =Y (f(r,p") = f(r.p)) (6.0.5)

where py = p, if y # z, and p; = —p,.
So we consider the dynamics generated by L, = Ly + 7S.

In appendix SS we prove that a unique stationary probability measure exists
and has a density fgs(r,p) with respect the Lebesgue measure on (R x R)". We
want to study here the conductivity properties of this stationary measure, in the
asymptotic n — oo.

If T, =T, =T = 37!, then by direct computation one can see that

n e—,@(é'x—ﬂ"x)

1L 281, 8)\/27 5

It T, # T,, fss cannot be computed explicitely, and the pourpouse of this
chapetr in to study the main properties of this stationary state. We will denote
with < - >, the expectation with respect do the stationary probability measure,
omitting the dependence on n, T}, T,y when not necessary to be specified.

An immediate consequence of stationarity is that for any x =1,...,n:
< Pz >s = 0
<V'(ry) >s=T7 (6.0.7)
< jx,x—l—l > = =< pmvl(rr—s—l) >= Js

where J; is the average stationary current of energy flowing from left to right. Notice
that J, is also the energy current at the boundaries, i.e. the stationary average
energy exchanged with the thermostats:

Jo=T— <pl>=<p>>-T, (6.0.8)

6.1 Entropy production

A simple entropy production argument shows that the sign of J is the same as
T, — T,, i.e. energy flows from the hot to the cold reservoir.
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By stationarity, and the skewsymmetry of A, we have

0=— < Lylog fss >

— ”YZ/fss r,p)log ]{:(( )) drdp — /fss r,p) (By + By)log fss(r, p)drdp

where we denote drdp = HZ:1 dr,dp,.

By explicit calculation we have (for j =1 and j = n):

- / Fus . p) B 108 fus (1, p)idrdp

(O, (fss/91,))? 1 2
=T; 4 o drdp+ T, (T:— < p3 >,
J/ fss/gTj P J ( ! pj )
=D; + (51(j)Tl_1 - (5n<j>Tn_l) Js

And by (6.0.8) we obtain

0 —72H Fslf2) +Di+ Dy + (T = T7Y) (6.1.1)
le.

(T —171) Jy _72}1 fos f2) + D1 + D, > 0. (6.1.2)

This non-negative quantity is also called entropy production of the stationary state.

6.2 Conductivity: linear response

We apply now first order perturbation theory to study the stationary energy flow
Js for small difference of temperature 7; — T, = 07T. To simplify notations, let us
set Ty =T and T, =T — 6T.

We define conductivity of the finite system the limit (when exists)

nd
tin = (T, 7,7) = s 6T

(6.2.1)

We will compute this limit, by a first order expansion of J, in 07T. It is
convenient to introduce a local Gibbs measure with a temperature profile given by
the linear interpolation

oT 0T
n—1 n—1

T, =
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i.e. the inhomogeneous product probability density

n e ﬁz T 7'7'9:)

| o)

r=1

(6.2.2)

where 3, = T, '. This product probability density in the 0 order approximation of
the stationary probability density fs, and we are interested in the developpement:

fss =g+ u 6T + o(0T) (6.2.3)
It is convenient to work using g as reference measure. Let uf define fos = fosg™ !
Then f,, is solution of the equation

L fu =0 (6.2.4)

where Efy is the adjoint of L. with respect to the measure gdrdp.
Observe that By, B, and S are symmetric with respect to gdrdp.
The adjoint or A with respect gdrdp is given by

n—1
A* = _A - Z (ﬁx—&—l - ﬁsc) (j:c,:c-f—l + Tpx)
= (6.2.5)
6T «— .
= —./4 + TTTL Z (]x,erl + Tpx) + 0(5T)
r=1
So we can write
~ (ST n—1
L =-A+ o ; (Joa+1 + TPz) + 7S + Bir + Bypysr + 0(0T)
5T L2
= A+t ; (Jows1 +TP2) + S + Bir + Bur + 6T + o(3T)

= L2 + 6T 92 + o(oT)

where E?T is the adjoint, with respect to the homogeneous Gibbs measure at tem-
perature T', of the generator of the dynamics with thermostats at equal temperature
T ie

=A+~v5+ Bir+ B (6.2.6)

A formal expansion of fss in 67"

foo =1+ 0T + o(0T) (6.2.7)
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gives that a(r, p) must satisfy the equation

n—1

1
(,]ac z+1 + sz - me Tr+1 ) (628>

L= ———
v T2n

r=1

Since the right hand side of (6.3.8]) is antisymmetric for a global change of sign
p — —p, defining a(r, p) = a(r, —p), we have that u satisfies the equation

1 n—1
Z ]9: z+1 + Tpa: (629)
r=1

T2n
We can now compute the average energy curet at the first order in 67"

Js = Uyyt1), = (5T/jy7y+1 @ g drdp+o(0T) (6.2.10)

and since j, 41 is antisymmetric in p, this is equal to

Js = —5T/jy,y+1 @ g dr dp+ o(0T)

5T & [ o
= T2, Z /]y7y+1 [(—Lz) ! (Joot1 + Tpx)] g dr dp+ o(6T)
(6.2.11)
Z/ dt /]y g [ ]x a1 T Tpx)] g dr dp+ o(6T)

S [ a0 Gers®) 7220, 5 of0T)

where < - >7, is the expectation for the dynamics generated by Lg in equilibrium.

Using the noisy part of the dynamics, we can further compute this thermal
conductivity, by observing that

n—1

pr = V’ (ra) = V'(r1)) = %H;px —~ %pl (6.2.12)
that gives
o Z |t GOm0, = s [ a0 (V0 = Va0,
o Z Gt O8O, + 7 Gy OO,
e [ 0y O (V0D = VD, + 2
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if we choose y # 1.
So we have obtained the following formula for the conductivity:
2

ol ]
=g 3 [ G Qe O, + 5

T

N (6.2.13)
s | U OV (00) = V0D,

_|_

The challenging (open) problem is to prove and identify the limit for n — oo
of the conductivity. This should be given by

2
, T
nh—{go Fin = g Z/ dt (Jo.1(0) s xﬂ(t)) + m (6.2.14)

TEZ

where now the dynamics is the infinite one in equilibrium. Notice that the first term
is connected to the diffusivity D, of the energy, while the second correspond to the
off-diagonal D, , term in the diffusivity matrix (5.1.23).

6.3 Unpinned model

The above analysis will change little if the chain is not attached to a wall on the
right hand side, but a constant force acts on the first particle, of equal strength 7
but of opposite signe to the one attached on the right end.

More interesting situation if the forces differ, 7, # 7, and study the behaviour
for small difference in the first order. Of course the center of mass of the system
will move of a speed that we will determine in the stationary state.

The generator is now given by L = A, . + 7S + B; + B,,, where

n —1

An,n = ; (p — Pa— 1 ; 7ﬂaerl (rx)) apz (631)
— (1 =V'(r2)) Op, + (7. = V(1)) Op,

Notice that now does not appear the coordinate ;.

We skip for the moment all problem connected to the existece of a stationary
state, and assume its uniqueness.

Then, using similar notation as above we have the following relations for the
average velocity of the system:

Ve =<ps >=<V'(ry) > — 1 =71.— < V'(r, >4 Ve=1,...,n (6.3.2)
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If 7, = 7, + 67, then for small 67 we have V, = Vy07 + o(d7).

Since, for = # 1,n
Lp, = —2yp, + V' (roq1) — V'(ry) (6.3.3)

it is easy to prove here that Vo = (27)~!, independent of tension and temperature!

Also it is easy to see that there is a linear profile of tension defined by 7, =<
V'(r,) > that satisfies

n(Tx - 7~_x+1) = V:s (634)

Let us see now the influence of the tension gradient on the thermal conductivity.
Let 7, the linear interpolation profile between 7, and 7. = 7, + d7. We use now as
reference measure

n I Ex Tz"’z)
e
6.3.5
=1 7m0 (6:3.5)
The corresponding adjoint of the Hamiltonian operator is
n—1
A* = _-/4 - Z (ﬁa:—i—l - 5:E)ja:,:c+1 + (ﬁ:v—l—lTx-‘rl - ﬁa}Tac)px

=t o (6.3.6)

At 0T § Z(‘ + )+6TZ +0(0T, 67)

= - T z,T TPx T i 0 , 0T

nxlj,ﬂ p nTIle

We now expand fss, the stationary probability density with respect to g, at the
linear order in 67" and 07:

fos = 1+ @0T + 067 + (0T, 67) (6.3.7)

where 4 and ? are solution of

1 n—1
T2 (]x z+1 T+ Tpx)
T2 ’
"=t (6.3.8)
-1

1 n

Ly = —
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And for current and velocity we have at the first order:

Js =< jy,y+1 >s = (ST/jy,erl U gr drdp + 6T/jy,y+1 v gr drdp
oT 0T
= —~K

€ e,r
+ K,
n " n "

Vs =< py >S:5T/pyﬂgTdrdp+§T/pyf)gTdrdp
oT oT

= —k, "+ —k,
n n

n

and it is easy to prove the Onsager relation x> = kg



Chapter 7
Kinetic limits

We denote with 0(k), k € T = [0, 1], the Fourier transform of a function v on Z,

=3 ey (), (7.0.1)

2€Z

and with f (z), z € Z, the inverse Fourier transform of a function f on T,

f(z) = /T dk e*™*= f (k). (7.0.2)

The function w(k) = \/a&(k) is called dispersion relation.
it is convenient to introduce the complex valued field ¢ : Z — C defined as

Z5 (@) + in (1), (7.03)

Observe that [¢(y)]* = 50 + 52 ,cz @y — ¥')ayqy = €, is the energy of particle
y and conservation of total energy is equivalent to the conservation of the fo-norm.
For every t > 0 the evolution of v is given by the stochastic differential equations,

Y(y,t) =

Ay, 1) = — i@ )y, )t + 7B (& — ) (o, D)t
(7.0.4)
VD DA IR YT
k=-1,0,1
where (3 is defined through
(8% f)(2) = SAWF() + Flz— 1) + fz+ 1), (705)

71
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The Fourier trasform is then

Ok, t) = %w(k)q(k,t) + ip(k, t) (7.0.6)

and its time evolution is given by
At (k1) = — iw(k)b(k, 1)t = 1Bk) (k1) = Dk, 0)") dt

. X e (7.0.7)
+ ﬁ/R(k, k) <¢(l€ K — Dk — K, t)*) W(dK', dt)

where W(dk’ ,dt) is the white noise on T x R, i.e. centered gaussian field with
covariance

E (W(dk, dt)W (dk, dt’)) = 5(k — K)5(t — ¢')dkdt

while B(k) and R(k,k’) are explicitely computed after a leghtly calculation, and
depend n the type of noise.



Chapter 8

Fourier’s law for the energy
conserving model

One of the main difficulties in proving Fourier’s law and hydrodynamic limit is to
establish a fluctuation-dissipation relation, i.e. a decomposition of the current of
the conserved quantity (here the energy) in a dissipative part (a spatial gradient)
and a fluctuating part (a time derivative). Thanks to the stochastic perturbation
one can write here an exact fluctuation-dissipation relation (cf. equation ({8.2.14))).
Then, in order to obtain Fourier’s law, we have to bound (uniformly in the size of
the system) the second moment of the positions and velocity at the boundary. In
fact we can bound the second moments of all the coordinates, that gives a bound of
the expectation of the total energy proportional to the size of the system.

The main tool we use in our proof is a bound of the entropy production of the
bulk dynamics. This tool has been successful in the analogous problem of Fick’s law
in some lattice dynamics (cf. [?], [?]).

Atoms are labeled by x € {1,...,N —1}. Atom 1 and N — 1 are in contact
with two separate heat reservoirs at two different temperatures 7; and T,. The
interaction between the reservoirs is modeled by two Ornstein-Uhlenbeck processes
at the corresponding temperatures. The moments of the atoms are denoted by
P1,-..,pn—1 and the positions by qq,...,qny_1. The distances between the positions
are denoted by 71,...,ry_o, Where r, = ¢,11 — ¢,. The hamiltonian of the system
that represents the total energy inside the system is given by

N-1 2 2 2
px+ Tz — PN-
HN:;e:m ex:( <2 p>> 33':1,’]\[—27 EN-1 = Nl'

(8.0.1)

The dynamics is described by the following system of stochastic differential equa-

73
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tions:

dry = (pes1 — pa)dt, r=1,...,N—2
dpy = (ry — Tp—1)dt — Yo dt + /Y (Po1dWy—1 5 — Pry1dWypv1), x=2,...,N —2

1+
dpy = (r1 — p)dt — 71010% — /Yp2dwi o + \/Tldwo,b

1+
dpy—1 = —(rn_g — p)dt — TﬁypN—ldt + VYpN—2dwn_o N—1 + /T dwn_1 N,
(8.0.2)

Here wy 411(t), 2 =0,..., N — 1, are independent standard brownian motions (with
0 average and diffusion equal to 1). The parameter v > 0 regulates the strength of
the random exchange of momenta between the nearest neighbor particles.

Observe that by translating r, in r, — p one has the same equations for the
new coordinate but with p = 0. So we set p = 0 without any loss of generality.

The generator of the evolution has the form

N-2 N-2

LN = Z(prrl - p:}c)&"z + Z(Ta: - rwfl)apz + rlapl - 7,N72apN,1
v=1 N 1 =2 ) (8.0.3)
+1 Z X2y + 5 (0] = p10y) + 5 (T2, — pv-1h )

where
Xx,:c+1 = p:z:—s—la e pxapm_H (804)

One can check easily that the Lie algebra generated by these vector fields
and the hamiltonian part of Ly has full rank at every point of the state space
RN¥=1 x R¥=2. By Hoérmander theorem it follows that this operator is hypoelliptic
(cf. thm 22.2.1 in [?]), so the stationary measure has a smooth density. We denote
with < - > the expectation with respect to the stationary measure (see appendix at
the end of the chapter for the existence and uniqueness of the stationary measure).

Energy is conserved by the bulk part of the dynamics and we have

LNex - jm—l,x - jx,x-{—l (805)

with the instantaneous current of energy given by

. i
]x,z+1 :_T$p$+1_§(pi+l_p3:)7 II:l’... ,N—2
) : (8.0.6)

Jog = §(Tl —p3), JN-1N = —§(Tr —Pr-1)
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Because of stationarity, for any x = 1, N — 1 we have
< Jza+1 >=<Jo1 >=<JN-1N > (8.0.7)

The following theorems are the main results of this chapter.

Theorem 8.0.1 For any v > 0

1
Am N <aann >=5 () (L=T). (8.0.8)
Theorem 8.0.2 For any v > 0
lim — (Hy) = = (T} +T)) (8.0.9)
N1—>ooN N B l r)- -U.

It is easy to see that the averages of the total kinetic and potential energy are
equal. It follows then, as corollary of theorem [8.0.9| that the same result is valid for
the kinetic and the potential energies, i.e.

o
]\}1_1)1100 N ; (p2) = ]\}I_I)Iclx) — Z (r2) = Tl +T,) (8.0.10)

Theorem 8.0.3 For vy =1 and any bounded function G : [0,1] — R, we have

Tim <%§;G<xﬂv>ex> - | i (5.0.11)

where T(q) =T, + (T, — T})q is the linear profile interpolating T; and T,.

8.1 Entropy production

Denote by gr.(p1,71,-..,PN—2,"N—2,Pn—1) the density of the product on gaussians
with mean 0 and variance T,. We denote by fy the density of the stationary measure
with respect to gr.. By hypoellipticity this density is smooth.
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By stationarity we have

N-2

3 [ Kewnfn) 9 i
0=—-2< LNlong >=ry /(j;lfmgﬂdﬁdf-%ﬂa/( pr1fN> gTTdﬁdf

x=1 N N

-2 < Ljlog fn >
(8.1.1)

where L; = (1105, — p10y,). Define h = gg;/gr,, then we can rewrite the last term as

—2< I log f]v > = —2/%Ll log (fTN) ngdﬁ dr — Q/fNLl(log h)gTTd;E dr

2
:Tl/Mngdﬁdf—l—(Tl_l—Trl) (Tl_ <p% >).

In/h
(8.1.2)
So by (8.2.16|) we have the following bound
N-2

(Xxx+1fN)2 _ - /(aPleN>2 g /[apl(fN/h)]z _ g
———gprdpdr+T, | —————gpdpdr+ 1, | —————gp,dp dr

7;/ I gr.ap I gr.ap l Fu/h g, ap
= (7' =17 (Ti- <pi >)

(8.1.3)

In section [8.7.1, we prove that this last expression is bounded by CN~! for some

constant C' (cf. (8.2.16) and (8.0.6))). This relation also gives us the right sign for
the energy current, i.e. if 7; <7, we have < j, ;41 >< 0.

8.2 Some bounds
From (§8.0.6) and (8.0.7)) we have
<pi>+<pi,>=T+T (8.2.1)

Observe that, since Lyr} = 2(rips — rip1), we have
< Tpy >=<T1p1 > (822)
Equation (8.0.7)) for x = 1 gives

<Jig>=—<1mipy > —% (<p3>—<pi>) (8.2.3)
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Since this last is equal to < jo; >, using (8.2.2)), we obtain

1 1
% <py>=— < 7rp > +§(7+ 1) <pt> —5Ti (8.2.4)

Then by Schwarz inequality there exists a constant C, depending only on ~, such
that
<py><C(<ri>+<pi>) (8.2.5)

Analogous computation for the index x = N — 2 gives

<P >SS C(< i >+ <13y >). (8.2.6)

Observe now that

+1

Ly(ripy) = pi(p2 — pr) +775 - ! 5 P (8.2.7)
so we have the relation
1
<r?>=<pl>— < pipy > +% < piry > (8.2.8)
and by use of (8.2.4])
1\? 1 1
<T%>:<p%>—<p1p2>+(%) <p§>—w<p§>—%7}

(8.2.9)

and by Schwarz inequality, for any o > 0

<ri><(1+ (VTH)ar%) <p >+(%—@) < ps> (8.2.10)
choosing properly « one obtains a constant C' depending only on +, such that

<ri><C<pi> (8.2.11)
and an analogous bound is obtained for < r%,_, >.

Putting all together we have obtained the following lemma:

Lemma 8.2.1 There exists a constant C' depending only on v and linearly on T;
and T, such that

<TI >+ <P >+ <P >+ <y o>+ <Py >+ <Py, > C(+T,)
(8.2.12)
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The bulk dynamics is only apparently non-gradient since defining

1 1
he = =—Des1(Te +To1) +-popy, *=1,...,N—3 (8.2.13)
2y 4
permits to rewrite
. 1 y 1 y
par1 = =V | =12+ 102 + —p.pa ~V(p? Lhy, x=1,... N—3.

(8.2.14)
where the discrete gradient V of a discrete function w is defined by (Vw)(x) =

w(z + 1) — w(z). Using again (8.0.7)) we have

;| V=3
<j01>—N—_3;<]xx+l>
L L <2 >4l <y >+1 < >
=\ — <7 — — _oDN_
N -3\ 2y N—2 5 PNn_9 2y PN—-2PN-1
Y 2 2 1 2 i 2 1 i 2 2
+Z(<pN71>—<pN72>)—%<n>—§<p1>—g<pzp1>—1(<p2>—<p1>)

(8.2.15)

and by (8.2.12) we obtain that there exists a constant C depending only on 7}, T
and ~y such that

C
| <Jran>|< 5, =0 N-1 (8.2.16)

8.3 Fourier’s law

Proposition 8.3.1 Forz =1 and N — 2 we have

]&im < PaPat1 >=10 (8.3.1a)
A}im < TyPri1 >=10 (8.3.1b)
lim < (p2 —p2.) >=0 (8.3.1¢c)

Proof. Let us prove the case x = 1, for x = N — 2 the proof is similar. By

[ 1.3), (82.16) and (8.2.12)

< rpg >=<rip; >= /hpl(fzv/h)gndﬁ dr = E/hapl(fzv/h)gndﬁ dr

2 1/2
crrt o ([P N o

o (832
In/h - VN
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The proof for < pyps > is similar.
Now by (8.2.16|) for x = 1 we have

lim < (pi —p3) >=0

N—o0

Then by (8.2.8) we have
: 2 __ 1 2 __
g <= < py >=1

and similarly

lim <73, >= lim <pi , >=1T,
N—oo N—o00

By (8.2.15)) it follows that

(v+ ) (-1

N | —

m N < jyor1 >=

N—o0

i.e. the law of Fourier.

8.4 Average Energy

We first state the following equipartition result:

()= ()

proof Recall that r, = ¢,+1 — q,. Then

Proposition 8.4.1

79

(8.3.3)

(8.3.4)

(8.3.5)

(8.3.6)

(8.4.1)

N-1 N-1 N-2 N-2 1 +’y
Ly (Z qxpm> =3 =D =) tapa - —5—(@pr+avapya) (842)
=1 =1 =1 r=2

Since Lyg: = 2¢ups, (8-4.1)) follows. [

We prove now theorem [8.0.2] proof We claim there exists a constant C' > 0

independent of N such that

()

(8.4.3)
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Define
¢(x):i<7"2>+1(<p2>—|—<p2 >)+i<pp > (8.4.4)
2,y x 4 T z+1 27 lr+1 ° i
By (8.0.5)) and (8.2.14]), we have
Ag(x) =0, r=2,....,N—=3 (8.4.5)

Here, (Aw)(z) = w(x + 1) + w(x — 1) — 2w(x) is the usual discrete Laplacian
of the function w(x). By (8.2.12)) and the maximum principle, it follows that there
exists a constant C' independent of N such that

o(z)|<C, x=1,...,N—2 (8.4.6)

In fact we have further;ore, by the explicit expression of ¢(x) and the result of the
previous sections that

N-2
o1 1 1
]\ll_rgo N ; o(z) = 5(7 +1 )T+ 1)) (8.4.7)
By a straightforward calculation we can write, for x =2,..., N — 2,
1V(( + 75-1) )+1L 1( + 7o)’ + (8.4.8)
ePr+1 — 5 Te ™ Te—1)Pa— 5 Ty T Tp— xPx— 4.
PazPz+1 3y 1)Pz—1 3y N5 1 PzPz—1

Consequently, taking expectation with respect to the stationary state and summing
from x = 2 to N — 2 we obtain

N-3

1
Z < PaPzy1 >= 3 (< (rv—2+7n-3)pn-3 > — < (rg +711)p1 >) (8.4.9)
=2

Now we also have that

5y +1 r?
Ln(pip2) = — 72 pip2 + rap1 + Ly (51) (8.4.10)
which implies, by (8.2.12)),
1
< Tropp >= 5 < ppe > < C (8411)

For the other side we have

1
Ly (_é(rNZ + TN73)2 + lepN2)

5y +1
2

(8.4.12)

=rNn_aPN—2 — PN—3("N_2 +TN_3) — PN-1PN—-2
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so that

oyt
2

and again by (8.2.12) this quantity is bounded in absolute value by a constant
independent of N. So we can conclude that

< pN-3(rN—2 +TN_3) >= < PN_1PN-2 >+ <Tn_opn_2 > (8.4.13)

N-3

Z < PzPz+1 >

=1

with C' a constant independent of N. It follows by (8.4.14)) and (8.4.7)) that

<C (8.4.14)

1
— <>t (<pi>+<pi,>)| = §(7+7‘1)(TT+TT) (8.4.15)

The by using we finally get (8.0.9)) and ( .U

8.5 Energy profile for v =1

From the results of the previous section we have that

1 _
Jim_6((Na)) = 5(r+97)T(g) (8:5.3)
If v =1 we have
_1 2 1 2 2 1
o(x) =3 <ry> +Z(< (Poyr >+ <pz>) + 92 < PaPet1 > (8.5.2)
=< e, > +1(1)

with
1 1 ) )
w(l’) = 5 < PaPz+1 > +Z(< (pr > — < P >)
forx=1,...,N — 2.

Then, in order to prove (8.0.11f), we are left to prove

lim Z (z/N)(x) =0 (8.5.3)

Because of (8.4.8)), ¥(z) = V&(z) with £ a bounded function, so (8.5.3)) follows by
summation by part.
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8.6 Green-Kubo formula

In this section, we compute the thermal conductivity defined by the Green-Kubo for-
mula x“% and we show it is given by the conductivity defined in the non-equilibrium

setting. Let us define
t 2
Cn(t) = (2T*N) 'Eg ([/ 3(8)d8:| )
0

Since starting from g3 the process is stationary we have

Clt) = ﬁ /0 ds /0 " duBs [3(u), 3(0)]

performing two integration by parts, one obtains that the Laplace transform £y(\)
of tCn(t) is equal to

£5 ) = g | e MBS 00,30

This last quantity is equal to

1
A2T2N

By the fluctuation-dissipation equation, we have

<3 AN-L0L)'3>

J
A-L) =
( )73 A+
so that £y(A) is given by
<J,J>
\) =
N = TRt

One computes easily < J,J > and after inversion of the Laplace transform, one gets

On(t) = ~ (1 - e'vt)>

vy it

One concludes that the thermal conductivity defined by the Green-Kubo for-
mula is given by

KOK — 4=l 4 o

It is the value obtained in theorem [R.0.1].
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8.7 Appendix

In this section, we prove existence and uniqueness of the stationary measure < - >
for any left temperature 7; and right temperature 7,. Recently, |3]|, |14] proved
existence and uniqueness of the stationary measure for a nonharmonic chain with
reservoirs at the boundaries.

8.7.1 Existence

Let us denote by Q = {w = (p1,...,pN_1,71,---,"N_2) € R*N 73} the configuration
space and by (ws)s>o the Markov process with generator (8.0.3)).

Lemma 8.7.1 Ifwy is a configuration with finite energy: Hy(wo) < +oo then there
exists a constant C' > 0 such that

1 t
= Euo |77 s <C 8.7.1
V>0, K, Hl/OHN(w)ds (8.7.1)
proof By (8.0.5) and(8.0.6)), we have
LyHN = Joa — -1, (8.7.2)

It follows that
t t
By (H () — Hv(wo) = / Eoo(Ty — p2(s))ds + / Eoo(T, — o 1(s))ds (8.7.3)
0 0

Hence there exists a constant C' > 0 such that

'HN(wt)) < C

(8.7.4)

Vit > 0, Ewo( P~

Using the preceding bound, we can repeat the estimates of section with <. >
replaced by the average ¢—* fot E.,- The only difference is that we have to take
in account the boundary terms depending on ¢. In the sequel, C is a constant
independant of ¢ which can change from line to line. By and , we
know that .

1

— | Eu(0i(s) + pi_1(s))ds < C (8.7.5)
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Since Lyr} = 2(r — 1ps — r1p1), we have

1 5 9 B 2 t
1 (B, (r3(t) — r3(0))] = 1),

By (8.7.4 - the modulus of the left hand side is bounded by a constant independant

of t. Similary as what is done in and ( -, and using ) to bound the
boundary terms, we have

B (r1(s)pa(s) — m1(s)pi(s))ds (8.7.6)

1 t gl 1
o7 | @B | om0 || <c sa)
By Schwarz’s inequality, we conclude
1 ' 2 c [ 2 2
151/, dsEq, (pa(s)) < 1), dsEw, (r1(s) +pi(s)) + C (8.7.8)

This estimate is the equivalent to the estimate (8.2.6). In the same way, we can
obtain the equivalent of lemma 1, meaning

t%/o A5Euy (17 (5) + () +P3(5) + 73 -(5) + PR (5) + PR () <€ (8.7.9)

Let us now define the function

00.0) = 1 [ B | 529+ 5 026) 4 22 (6) + (e (s)]| (8700

.....

that 0,(w) < C'Hy and satisfying

A(ﬁ(t,&?) = LEWO(GQU(wt)) -

P 0 (wo) (8.7.11)

t+1
and we obtain

|Ad(t,7)| < C (8.7.12)

Moreover, by (8.7.10), |¢(¢,2)| < C, lo(t, N —1)| < C. By the maximum
principle, it follows that
lo(t,2)| < C (8.7.13)

Using equation (8.4.8) and the bound (8.7.4), it is easy to show

t + 1 [Z pa: px-i-l

<C (8.7.14)
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It follows by (8.7.13)) and the preceding inequality that

1 t
E |-
wo t+1/0 Hy (ws)ds

<C (8.7.15)

O

The proof of the invariant measure is now standard. Let us denote by (7})>0
the semi-group corresponding to the diffusion (A.3.1)) and let wy be an arbitrary
configuration with finite energy. We consider the following family u; of probabilities
on €

1 t
e = ;/0 Ouwo Tsds (8.7.16)

where 9, is the Dirac mass on the configuration wy. By lemma the sequence
of probability measures (f;)¢>0 is tight. Let p* a limit point of the family (i¢)¢so-
A simple checking shows that p* is an invariant probability measure of the diffusion
(1A.3.1)).

8.7.2 Uniqueness

Lemma 8.7.2 Assume T} =T, = 0. If p is an invariant measure for the diffusion
then p is the Dirac mass supported by the configuration w = (0,...,0).

proof We repeat the computations of section with 7, = T, = 0. (8.2.1)
shows that p a.s., py = py—1 = 0 and (8.2.8]) gives 71 = 0 pa.s. . By (8.2.4), it follows
that p a.s. po = 0. Since Lyrs = 2(rops — rapa), pu(raps) = 0. But p(jaz) = p(jor)

and this last term is equal to zero since p(p?) = 0. Since joz3 = —ropz — g(pg — p3),
we get still u(p?) = 0. In the same way, we have
1 a.s. PL=DpP2 =pP3 =PN_1=PN_2=pPn_3 =0 (8.7.17)
By (8.4.4), and (?7), we obtain
p(Hy) =0 (8.7.18)

and the lemma is proved. [J

Let 1 and ps two invariant probability measures for with temperature
on the left 7} and temperature on the right 7,.. We consider the following coupling.
We note the diffusion satisfying with initial condition distributed according
to p1 (resp. p2) by (w})iso (resp (w?)i>0) and driven by the same Wiener processes
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Wy pr1(t),x = 0,..., N — 1. By linearity, the process (w} — w?);>0 is solution of
(A.3.1) with 7, = T, = 0. By lemma [8.7.2) we have the following weak convergence

hn1%E[Pwa——w@]ds::PK0) (8.7.19)

t—o00

for any continuous function F': Q — R such that |F(w)| < CHy, C > 0. Here 0 is
the null configuration.

Let now F': 2 — R be a Lipshitz function:

|F(w) = F(@)] < C\V/Hn(w — @) (8.7.20)

We have
1 st 1 rt
m(F) - (P = [B|; [ Flbds| ~E|; [ F)ds
0 0
t 1/2
< cE|; /[ {sz—ws)}/]d
0
1 t
< C,|E ;/ Hy(w! —w?)| ds
0

By (8.7.19), this last term goes to 0 as t goes to infinity. It follows easily that
H1 = H2-



Appendix A

Large Deviations

A.1 Introduction

As Dembo and Zeitouni point out in the introduction to their monograph on the
subject [1], there is no real theory of large deviations, but a variety of tools that
allow analysis of small probability.

To give an idea of what we mean with large deviations, let us consider a se-
quence of independent identical distributed real valued random variables X1, Xo, ..., X,
such that E(X?) = 1, and E(X;) = 0. Let S, = £ > X; the empirical sum. The
weak law of large numbers says that for any 6 > 0,

P(|S,| >9d) — 0 (A.1.1)

- n—o00
The central limit theorem is a refinement that says

b
P(vnS, € [a,b]) — L e 2dr . (A.1.2)

n— oo 2 a

In the case X; ~ N(0,1), we have S, ~ N(0,1/n), and we can compute explicitly

therefore (exercise)

1 i 5
“log (S, = 8) — —= (A.1.3)

n— o0 2

Equation (A.1.3)) is an example of a large deviation statement.

87
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A.2 Cramér’s Theorem in R

Let {X,} a sequence of i.i.d. random variables on R with common probability
distribution a(dz). We define the moment generating function

M(X) =E [eM] (A.2.1)
and let us assume that there exists A* > 0 such that M(\) < oo if |A\| < A\*. Notice
that, since |x| < A7}(e* + e7®) for any A\ > 0, this condition implies that X is

integrable and we denote m = E(X;) € R. It is easy to see that m = M'(0). We
are interested in the logarithmic moment generating function

Z(\) = logE [¢*] (A.2.2)

By Jensen’s inequality, we have Z(\) > Am > —oo. Let Dz = {\: Z(\) < +00}.
Under our hypothesis, 0 € D% (the interior of Dz).

Lemma A.2.1 1. Z(-) is convex.
2. Z(-) is continuously differentiable in D% and

]E(X1€)\Xl )

0= "3

A € DY

Proof:

1. For any « € [0, 1], it follows by Holder inequality
E(e(a/\1+(1—a)>\2)X1) < M()\l)aM(Ag)l_a
and consequently

Zlad+ (1 —a)\) <aZ(\)+ (1 —a)Z(\)

2. The function f.(z) = (e*T9%—e??) /e converges pointwise to ze*?, and |f.(z)| <
(el — 1) /5 < (e 4 e7%7) /§ = h(x), for every |e| < 6. For any \ € D%,
there exists a § > 0 small enough such that E(h(X7)) < M(A+0)+M(A—4) <
+00. Then the result follows by the dominated convergence theorem.



A.2. CRAMER’S THEOREM IN R 89

O

Using the same argument one can prove that Z(-) € C*°(D%). Computing the
second derivative we obtain

vy E(XZ2M) (E(X M)
2= ‘( Ty )20

Observe that Z”(0) = Var(X;). To avoid the trivial deterministic case, we assume
that Var(X;) > 0. It follows that Z”(\) > 0 for any A € D%, i.e. Z(-) is strictly
convex.

We define the rate function as the Fenchel-Legendre transform of Z

I(z) =sup{\x — Z(\)} (A.2.3)

AER

It is immediate to see that I is convex (as supremum of linear functions), hence
continuous, and that I(z) > 0. Furthermore we have that I(m) = 0. In fact by
Jensen’s inequality M (X\) > e*™ for any X € R, so that

Am — Z(A) <0

and it is equal to 0 for A = 0. We conclude that I(m) = 0.

Consequently m is a minimum of the convex positive function I(x). It follows
that I(x) is nondecreasing for z > m and nonincreasing for z < m.

Observe that if z > m and A <0
Ar— Z(A) < dm — Z())

that implies

I(x) =sup{\x — Z(\)} T >m (A.2.4)
A>0
Similarly one obtains
I(x) =sup{\x — Z(\)} r<m (A.2.5)
A<0

Here are other important properties of I(-):
Lemma A.2.2 [(z) — +00 as |z| — oo, and its level sets are compact.

Proof: If © > m V 0, for any positive A € Dz,

o) oy 2

T T
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and lim, ;. Z(\)/xz = 0, so we have lim, ., I(z)/x > A. Consequently its level
sets {x : I(x) < a} are bounded, and closed by continuity of I. [

We want to prove the following theorem:

Theorem A.2.3 (Cramer) For any set A C R,

1 - 1 .
— inf I(x) <liminf —logP(S, € A) < limsup —logP(S, € A) < —inf I(x)

TEA° n—oo 1 n—oo N €A

were A° is the interior of A and A is the closure of A.

A.2.1 Properties of Legendre transforms

We denote Dy ={z € R: I(x) < o0}.

Lemma A.2.4

The function I is convex in Dy, strictly convex in D} and I € C*(DY). Furthermore
for any & € DY there exists a unique A € D% such that

z=2'(\)

and

Furthermore 1(z) = AT — Z()\).

5]

We will say that Z and \ are in duality if the conditions of the above lemma are
satisfied.

Proof: The function F,(A) = Az — Z()) has a maximum for A = X. This is
because it is concave and 0y Fy(A) = 0. It follows that I(Z) = Az — Z(\) and that
Z(\) = sup, {\x — I(x)}. By the same argument G,(z) = Az — I(z) is maximized
by z. O

A.2.2 Proof of Cramer’s theorem

Upper bound
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Let us start with A a closed interval of the form J, = [z, +00) and let > m. Then
the exponential Chebycheft’s inequality gives for any A > 0

P(S’n Z I) S e_nAxE[GZ?:l >\Xi] — e—n)\a:M()\)n

Since A > 0 is arbitrary, we can optimize the bound and obtain for z > m

%log]P’(gn >x) < —sup{A\x — Z(\)} = —1(x) (A.2.6)

A>0

where we use (A.2.4)) in the last equality. Similarly for z < m we obtain

Llog (S, < ) < —sup{Az — Z(V)} = 1(2) (A.2.7)

A<0

Consider now an arbitrary closed set C' C R. If m € C, then inf,cc I(z) =0
and the upper bound is trivial.

If m ¢ C, let (x1,22) be the largest open interval around m such that C' N
(.Tl, Z’Q) = @, i.e.
CcC (_007 xl] U [.1'2, —|—OO)

(if 1y = —oo then C C [29,+00) and if x5 = 400 then C C (—o0,z1]). Observe
that 1 < m < xo. Consequently

P(S, € C) < P(S, > x3) + P(S, < 21) < 2max{P(S, > x3),P(S, < 21)}
and using and
%log P(S, € C) < —min{I (), I(z1)} + %logQ (A.2.8)
and from the monotonicity of I(z) on (—oo,x;] and [z, +00)

inf I'(x) > min{l(z3), I(x1)}

zeC

which concludes the upper bound.

Lower bound

Given an open set (G, it is enough to prove that for any z € GG

lim inf — logP(S, € G) > —I(x) .

n—oo M
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To this end, it is enough to prove that for any = and any 6 > 0,

lim inf ! logP(S, € (z— 8,2+ 8)) > —I(x) .

n—oo 1

Clearly it is enough to consider x such that I(x) < co. Assume « has finite support
and that a((—o00,0)) > 0,a((0,00)) > 0. Then Z is finite everywhere (Dz = D% =
R) and there exists a unique Ay € D% such that

I(z) = Xz — Z(\o) and  x=Z'()\)

Assuming x > m, we have that \g > 0.
Let us define the probability law on R

Qg (dy) =

Notice that

[y antin) = 2(00) ==

Noting A, s = {(z1,...,2,) : (z1 +---+x,)/n € (x — 0,2 + )} C R", then for
51 <0

P(Sne(x—(s,xw))z/A a(dzy) ... o(dzy,)

n,01

- M()\O)"/ e @t ten) o (day) L ay, (dy)
A

n,81

> M(\g) e ™ol@ton) / o (dzy) - .. g (dy,)

An,§1

By the law of large numbers, for any 6; > 0

n—oo

/ ay(dry) ...y (dey) — 1
An,51

so that

lim inf 1 logP(S, € (. — 0,24 0)) > —[Mo(z + 61) — Z(Xo)] = —I(x) — Aoby

n—oo M

Since d; < ¢ is arbitrary, we can let ; — 0 and it gives the result. If x < m, we
have A\g < 0, and in the steps of the above we will have x — d; instead of x + ;.

Assume now « is of unbounded support with a((—o0,z)) > 0, a((x,0)) > 0.
Let Ay > 0 be such that a([—Ap,x)) > 0,a((z,Ag]) > 0. For any A > Ay let g
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be the law of X; conditioned on {|X;| < A}, and 3, the law of S, conditioned on
{|X;| < A,i=1,...,n}. Then, for all n > 1 and every § > 0,

an((z = 0,7 +0)) = Bu((x — 0,2+ 0)) {a([-A, A])}"

The preceding result applies for 3,. Note

Z4(N) = log / eMa(dy),

—A

and observe that the logarithmic generating function of 3 is given by
24\ —loga([-4,4]) > 24())
It follows that
lim inf %log an((z = 0,2 +0)) > inf {24(\) — Az} (A.2.9)
Let us define
I*(z) = limsup [sup {\z — Z4(\)}

A—o00 AER
then we have

1
liminf —log o, ((z — 6,2+ 6)) > —I"(x) (A.2.10)

n—oo M
Observe that Z4(-) is nondecreasing in A4, Z4(0) < Z(0) = 0, and thus —I*(x) < 0.
Moreover the assumption a([—Ag, z)) > 0, a((z, Ag]) > 0 implies

Az — Z4(\) > —inf {loga[—A, x), log a(z, Ao]}

Therefore we have —I*(z) > —oo. The level sets {\; Z4(\) — Az < —I*(z)} are
non-empty, compact sets that are nested with respect to A. Then it exists A\g in
their intersection and —1I(z) < Z(A\g) — A = limy o Z4(N\o) — Nox < —I*(x). By
(1A.2.10]) we get
1
liminf —log v, ((x — 6,2+ §)) > —1(x)

n—oo M

The proof for an arbitrary probability law « is completed by observing that
if either a((—oo,z)) or a((x,00)) = 0 then Z(-) is a monotone function with
infyeg{Z(A) — Az} = log a({x}). Then we have

an((z =0,z +9)) = a({z}) = a({z})"
and

1 N
liminf —logP(S,, € (x — 6,2 +9)) > —I(z)

n—oo M
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Remark A.2.5 Notice that the proof contains the non-asymptotic bound (A.2.8)),

1.e.
¥Yn>1, P(S, € C) < 2e "infecc @) (A.2.11)
also called Chernoff’s bound.

Remark A.2.6 The lower bound was obtained by using the change of variable in
conjunction with the law of large numbers for the new probabilities. One can get
better bound by using the central limit theorem, and obtain the following corollary

Corollary A.2.7 For any x > m,

1 A
lim —logP(S, > z) = —1I(x) if x >m
n—oo M,

! A (A.2.12)
lim —logP(S, <z)=—I(x) ifx <m

n—oo M,

Proof: By the central limit theorem

1
/ o (der) .. ang(dwn) — 2
(o1t onfne o ton) T

So in the proof of the lower bound one can substitute (z — d,z + ¢) with [z, z + §).
Since P(S,, > x) > P(S,, € [x,z + §)) one obtains

1 ~
liminf —log P(S,, > z) > —I(x)

n—oo M

The upper bound follows from the one in theorem

Examples in R

1. Let a be the gaussian distribution

1

—(z—m)? /202
e dx
V2mo?

then I(z) = (v —m)?/20%. In this case one can compute it directly, since
S, —nm has law N(0,5%/n).

2. a = 3(6p + &1) (Bernoulli). Then M(X) = 3(1 + ¢*) and
I(z) =zlogz + (1 —z)log(l —z)+log2  ifze€]0,1]

and I(z) = +oo otherwise.



A.3. CRAMER’S THEOREM IN RP? 95

3. For the exponential law a(dz) = Be 1,59 dx, we have M(\) = 3/(8 — \)
for —oo < A < 3, otherwise M () = +o00. Then

I(z) = Pz — 1 — log(fx) ifx>0
and I(z) = +oo if z < 0.

4. Tf ¢ in a random variable with law N(0,1/43), then £ has law x%(1), i.e. a
gamma law I'(1/2, 3/2), which has density

1/2
ﬁ / x—l/Qe—ﬁ:p

V2I'(1/2)

Its moment generating function is M()\) = (8/(8 — 2X))Y/? if A < 3/2, other-
wise equal to +00. The rate function results

I(x) = %{ﬁx —log(fzx) — 1} ifx >0

and +oo if z < 0.

A.3 Cramér’s Theorem in R?

Let {X,} be a sequence of i.i.d. random variables in RY, and denote a(dx) the
common law. We define as before, for u € R?, the moment generating function and
its logarithm

M(u) = / % o(dx),  Z(u) = log M(u) (A3.1)
Rd
and we denote Dz = {u € R?: Z(u) < +oo}. We assume that 0 € D%. Then M (u)
is smooth in this open set and VM (0) = m = E(X).
The rate function is the Legendre-Fenchel transform of Z:

I(x) = sup {u-x— Z(u)} (A.3.2)

ucRd

As in the one dimensional case, it follows immediately from the definition that I
is non negative, convex, lower semicontinuous and I(m) = 0. Denoting D; = {x :
I(x) < 400} we have similar properties as in the one dimensional case:
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Lemma A.3.1 I(x) € C®(D,°), and m € (D;°). There ezists a diffeomorphism
between Dr° and DY defined by

u" = (VZ)(u), u=(VI)(u") (A.3.3)

and
(V’2)(u) = [V’ D)) (A.3.4)

Theorem A.3.2 For any Borel set A C R?,

1 - 1 .
— inf I(x) < liminf —logP(S,, € A) < limsup —logP(S,, € A) < — inf I(x)

xEA° n—oo 1 n—oo N x€A

were A° is the interior of A and A is the closure of A.

Proof:

The lower bound is proven in the same way as in d = 1. Consider u* such that
I(u*) < 4+00. To simplify we assume there exists a unique u € D9 such that

I(u)=u"-u—- 2Z(u) u=(VI)(u")

Then we consider the new probability law on R?, absolutely continuous with respect
to a, defined by
o (dx) = e** 2 o(dx)

Observe that
/xau(dx) =u
Noting A, 5 = {(X1,...,%X,) : |(X1 4+ +%,)/n—u*| < J} C R", then for any 6; < ¢
P(|S, — u*| < ) > / aldxy) . .. a(dx,)

An,51

= M(u)" / et Exn) o (dxy) .o (dx,)
A

n,01

_ M(u)ne—nu.u* / e—u.[(xl.:,....—i-xn)—nu*]au(dxl) N .Oéu(dxn)
An,él

> el p—nlulé / ayu(dxy) ... an(dxy)
A

n,81
The law of large numbers now says that
lim ay(dxy) ... ay(dx,) =1

n—oo An,51
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and we obtain

1 N
liminf —log P(|S,, — u*| < 9) > —I(u*) — |uld;
n—oo M
and letting 6; — 0 we conclude that for any § > 0 we have the lower bound

1 N
liminf — log P(|S,, — u*| < 9) > —I(u")
n

n—oo

The upper bound requires a little more work. Convexity plays a role here.

Let C any Borel set in R?. Then the exponential Chebicheff inequality implies
for any u € R¢

P (Sn € C) < exp [—nirelgu : x} E (e"“'s") = exp {—n inf u- x] M(u)"

xeC

and optimizing in u € R? we obtain

llogIP’ (gn € C> < —sup inf [u-x — Z(u)] (A.3.5)
n

ue]Rd xeC

So to conclude we need to exchange “sup,cra” With “infycc”. This is immediate if

C' is a convex set by the following lemma (c.f. [4], chapter 6):

Lemma A.3.3 Let g(u,x) be convex and lower semicontinuous in X, concave and
uppersemicontinuous in u, then if C' is compact and convex
inf sup g(u,x) = sup inf g(u,x) (A.3.6)

x€C ycrd ucRd X€C

Consider now any compact set K C R? there exists [ > 0 such that infycx [(x) =
[. By the ower semicontinuity of I(-), for a fixed € > 0 and any x’ € K, there exists
a closed ball C(x’) such that

Ix)>1l—-€¢ Vxe(CX)

Since K is compact, there exists a finite subcover C'(x}), ..., C(x}y) extracted from
these closed ball. Then

P (sn € K) < ép (sn c C(xg)> < N max P <sn € C(x;))

1<j<N

< N max exp <—n inf > < Ne (=9
1<G<N Cx))
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and

hmsup—log]ID(S EK) —(l—¢)

n—oo

Since € is arbitrary, this proves the upper bound for compact sets.

To extend this bound from compact to closed sets, we need to prove the expo-
nential tightness of the distribution of S,,, i.e.

lim lim — ! logIP’( ¢ H> —00 (A.3.7)

p—00 N—0 N,

where H, = [—p, p|* is the centered hypercube of length 2p. To prove this observe
that, denoting S”,(f ) is the average of XI(J ) Yo ,XTS] ), by applying the results obtained
in the one-dimensional case, we have

P (gn 4 Hp> ZIP’ (S(J — )) <d maXdexp( nmin{]j(p),fj(—p)})

.....

where [’ is the rate function for the j—marginal distribution of the law o. Then

(A.3.7)) follows by applying lemma [A.2.2|
O

A.4 Generalities on Large Deviations

Let X a complete separable metric space and P, a family of probability distributions
on X. In the previous sections X = R? and P, the distribution of S,. We says that
{P,} satisfies a large deviation principle with good rate function I(-) if there exists
a function I : X — [0, co] such that:

1. I(-) is lower semicontinuous.
2. For each ¢ < oo the set {z : I(z) < ¢} is compact in X.

3. For each closed set C € X

lim sup — logP (C) < —inf I(x).

n—oo T zeC

4. For each open set G C X

1
liminf —log P,(G) > — inf I(x).

n—oo T zeG
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Here the adjective good refers to properties 1 and 2. The next lemma does not
require the rate function I to be good.

Theorem A.4.1 Varadhan’s Lemma. Let P, satisfy the large deviation princi-
ple with rate function 1. Then for any bounded continuous function F(z) on X

1
fim *log / @ qP, (2) = sup{ F(z) — I(x)}.

zeX

Proof.

Upper bound. For any given § > 0, since F' is bounded and continuous, we can
find a finite number of closed sets covering X such that the oscillation of F'(-) on
each of these closed sets is less or equal 0. Then

/ nF :):)dP Z/ Z F+5P
where F; = infe, F(z). It follows

lim sup — log/ F@ap,(z) < sup [Fj +6 — igf I(z)]
n j

n—oo 1<5<m
< sup sup[F(z) — I(x)]+9

1<j<m. C;

= sup[F(z) — I(z)] + 0

rzeX

Since ¢ is arbitrary, we can let it go to 0.

Lower bound. By definition of a supremum for any 6 > 0 we can find y € X
such that F'(y) — I(y) > sup,[F(x) — I(x)] — &/2. Since F' is continuous we can find
an open neighborhood U of y such that F(x) > F(y) — /2 for any € U. Then we
obtain

n—oo M n—oo M

1 1
lim inf — log/e"F(I)dPn(x) > liminf — log/ @ dp, (x)
U

> F(y) — 5 — inf 1) 2 F(y) — 1) — 3 2 suplF () — 1(0)] = 6

- zelU

and we conclude from the arbitrariness of §. [J
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Theorem A.4.2 Contraction Principle. Let P, satisfy the large deviation prin-
ciple with rate function I, and ™ : X —'Y a continuous mapping from X to another
complete separable metric space Y. Then P, = P,m~! satisfies a large deviation
principle with rate function

Iy = inf (),

zim(z)=y

I(y) =+o00  if{z:m(z) =y} =0

Proof. Since 7 is continuous, given any closed set C' C Y, the subset C' = W’l(é) is
closed in X. Then

lim sup llog P,(C) = limsupl log P,(C) < —inf I(x) = —inf inf I(z).

n—oo T n—oo T zeC yeC zim(z)=y

and similarly for the lower bound. [J

A.5 Large deviations for densities

We deal first with the one-dimensional case. If the distribution of S, on R has
a density that we denote by f,(x), from Cramers theorem we have the intuition
that f,(z) ~ e @ for large n. We will prove this under some condition on the
probability a(dz). It is interesting to notice that we will not use Cramer’s theorem
in the proof, but the following local central limit theorem.

Theorem A.5.1 Local central limit theorem. Let ¢(k) the characteristic func-
tion of a centered probability measure o(dz) with finite variance o*, and assume that
lo(k)| < 1if k # 0 and that there exists an integer r > 1 such that |p|" is integrable.
Let gn(x) the probability density of (X1 + -+ X,,)//n, where X; are i.i.d. with
common law «. Then

1
lim g,(z) = e~ w2

n—00 vV 2mo?

Proof. The characteristic function of « is defined by

b(k) = / ¢ o (de) (A5.1)

The characteristic function of the distribution of X; + -+ + X, is ¢"(k) that is
integrable. It follows that the probability density g, (z) exists for any n > r (cf. [?],
theorem XV.3.3). Then

Gulr) = o / :o et {gzs (%)]dk
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and therefore

~ ]. €7x2/202

9ul®) = s dk

1 oo k " 2 2
< . - _ 7]€O' /2
= or /_oo ‘d) <ﬁ) ‘

Given a > 0, we split the integral in three parts.

0

1. Uniformly in k € [—a, al,

n 2 9 n
() () e
n n—oo
/+a gb i n B 6_k202/2
a vn

so that
dk — 0

. Observe that it is possible to choose § > 0 such that

[G(k)| < e [k <6

Then for the interval |k| € (a,d\/n), we can estimate as

5v/n n 5v/n )
/ b RN | g < / 26~k < / 2e K4k
a \/ﬁ a a

that converge to 0 as a — oc.

. It remains to estimate the contribution from the interval (§1/n,+00). Since

we assumed that |¢(k)] < 1 for k # 0, and since |@|* is integrable, we have
¢(k) — 0 as k — oo. Consequently we must have sup;>s |¢(k)| =7 < 1, and
" too 2.2
dk+/ e P dk
5

we can estimate
+oo k
s | j¢ (—)
—00 \/ﬁ vn

[ lP(GR) =
ol —=] —e
sva | \vn
“+o0o +oo
:77’””\/5/ |¢(k)\rdk+/ e MR
—00 6

Vn
that converges to 0 as n — oc.

Distributions such that their characteristic function |¢(k)| < 1 for k # 0 are

called non-lattice ( [2], chapter 2). It does not imply they have density.

We assume now that the measure a(dz) satisfies all the assumptions made in

section [A.2] and furthermore its characteristic function satisfies conditions of the
local central limit theorem |A.5.1, Then, for n > r, the distribution of S,, on R has
a density that we denote by f,(x).
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Theorem A.5.2 For any y € D} we have

T log f(y) = ~1(y) - (A5.2)
Proof.

Let 7y the translation of the measure a by y. Assume that m = [ za(dz) =0,
otherwise just recenter it and consider 7,,a.

Let y € D;°. Then by lemma there exists a unique A\ € Dz’ such that
y=2'(N), A\=1'(y), and I(y) = Ay — Z(\). Define

a(y,dr) = @t o (dx)

M(X)

Observe that this is a probability distribution with 0 average. In fact

/d(y,d:v) — ﬁ/ez’\a(dz) =1

and .
/x&(yvdx) =—y+ m/zezw(dz) =-—y+2'(A\)=0
So we treat here y as a parameter. Let X7, ..., X? i.i.d. random variables with law

given by a(y, dz).
For n > r it exists the density for the distribution of (X7 + - -+ X¥)/n that

we denote by f,(x,y), and it is equal to
en(ery))\

an(x +y) = "W (24 y)

falz,y) =

To prove this formula, compute, for a given bounded measurable function G(-):

E(G(X{+- -+ X!))/n)) = / G(én)e"(l(y)“é”)@&(dxl) .. Tya(dzy,)
" (A.5.3)
= / G(5)e"IWHA) £ (5 4 4)ds
R

It follows that
faly) = e ™MW £,(0,y)

To conclude we only need to prove that (log f,(0,v))/n — 0 as n — 0.

Let f,(z,y) the density of (XY+- - -+X¥)/v/n. Then f,(z,y) = vV/nfo(v/nz,y).
By the local central limit theorem [A.5.1] the result follows immediately. O
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For y € R define Vy (dxl, ..., dx,) the conditional distribution of (X, ..., X,)
on the hyperplane x; + - - - + z,, = ny. This is defined as the probability measure on
R"~! satisfying the relation

E (G(SH)H(Xl,...,Xn)) /dyfn /H 21y 2 W (day, . day)

Lemma A.5.3 Let F' be a bounded continuous function on R andy € D, A = I'(y).
For every 6 € R, the limit

lim 1 log/eG(F(x1)+""+F(””))V§")(d:cl, o dxy) = G(y, 0) (A.5.4)

n—oo M,
exists and G 1is differentiable at 6 = 0 with

%?ge)’“:/p(@%(dm)_ (A.5.5)

Proof Denote by H,(y,0) the function

H,(y,0
/eG(F(“H“”JFF(“))I/é”)(dml, codxy) = (v,6) (A.5.6)
which, by (A.5.3), can be formally written as

H,(y,0) = / IE @t F @) o () . aulday,).
1+ +Tp=ny

Let us denote

a(6) = / PP @) (d), M(A,e):ﬁ / 0P (@) o ()

Then we can compute the Cramér rate function for the law a(6) '@ a(dz), and
this is given by B B
Ty(y) = I(y,0) = sup {\y —log M(X,0) }
by

Observe that D19 = Dy because F' is bounded. If (Y7,...,Y,) are i.i.d. distributed
by a(f)~'e’ @ a(dr), then the density of the distribution of (Y; + --- 4 Y,)/n is
given by a(0) " H,(y,#). Then by applying to this law we obtain

lim llog H,(y,0) = —1(y,0) + log a(0).

n—oo M,
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Consequently we have, applying again

1 1 1
lim — log/ea(F(‘rl)+""+F(:p"))l/§")(dxl, ooydxy,) = lim —log H,(y,0) — lim —log f,.(v)
n—oo N

n—oo 1 n—oo 1
= loga(0) — I(y,0) + I(y) = G(y,0).
Differentiating G(y, #) we have
0G(y,0) d'(0) 0I(y,0)
a0 a(6) a0
In order to compute this last expression let us set \*(y, 0) = 9,1(y, ). Existence of

A*(y, 0) is provided by the assumption y € D9 and the equality between the sets D;
and Dy,. We have

Then, since 9, log M()\* 0) =y, we get
) = yOp\" — (89M + O\M O \* ) = —0plog M()\*, 9)

_ 86 loga la / Ax-{—@F(a: ) _ ((g)) /F(:L‘)e/\*x—'—eF(m)_IOgM()‘*79)Oé(dl‘)

So we have
@a%mzjfmw“%”>@M” o(dz)

and sending # — 0 we obtain
G (0.0 = [ Fla)eX 00 s 00090 dg) = [ Fajan(do)

0

Theorem A.5.4 For anyy € D7, and any € > 0
lim V ( ZF / (x)ay(dz)| >

Proof. Without loosing any generality, let us assume that [ F(z)ay(dz) = 0.
Consequently G(0,y) = O(#?). Then for any 6 > 0

1 n
Vén) ( - > e) < e”ee/emzfﬂF(wﬁ)uz(/”)(dxl, o dxy)

S F,)
j=1
< e—nes/ 03 5= Flzj),,(n (dﬁl, ;d$n)

e) =0 (A.5.7)

_|_€7n96 / 679 >i=1 F(xj)yzgn) (dxl, RN dl’n)
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and by (A:5.)
lim 1 Z F(
im —lo 1/ (x;
n—oo M g ]
Optimizing the above bound in # one obtains
lim — L lo y Z F(z;
n—oo N, & ]

for some positive constant C'. [J

> e) < —fe + max{G(0,y),G(—0,y)}

> e) < —Cé?

Observe that Vysn) is a symmetric measure, so we have

/F(l‘l) 15 (dzy,...,dx,) = / ZF xj) 1/”) (dxy,...,dx,) — [ F(x)ay(dx)

n—oo

Theorem A.5.5 Let F(xy,...,x;) a bounded continuous function on R¥ and y €
DY, then

lim F(xl,...,xk)uén)(dxl,...,dxn) :/F(ml,...,xk)oz,\(dxl)...a)\(dxk)

n—oo

Proof. 1t is enough to consider functions of the form F'(xy, ..., zx) = Fi(z1) ... F(z).
For simplicity let us prove the case kK = 2, the generalization to any k is straight-
forward. Without loosing generality, let us assume that [ F;(z)ay(dz) = 0. By the

exchange symmetry of 1/3(,”) we have

/F1(£C1)F2(x2)1/ "(dxy, ... dr,) :/%

n—1

Z Fy(x; Fz(xj)y (dxy, ... d,)
7]

:/ (n—1) ( ZFl )( ZFH;J)V“ dxl,...,d:cn)+0(%)

and this last expression converges to 0 an n — oo by (A.5.7) .
U

The generalization to more dimensions of the above results is quite straight-
forward and can be left as exercise. Let us state here what the result is in this
context.
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Let a(dx) a probability measure on R¢ that satisfies conditions used in section
[A.3] Let us assume that its characteristic function is such that |¢(k)| < 1 for k # 0,
and such that |¢(k)|" is integrable on R? for some integer r > 1. Then, for n > r
the n-convolution of « has a density and we denote by f,(x) the density of the
distribution of (X; + - -- 4+ X,,)/n, where {X,} are i.i.d. with common distribution
a(dx).

Theorem A.5.6 For anyy € D} we have

lim ~log fu(y) = —I(y) . (A5.8)

n—oo N

Example Let V : R — R, a positive function such that V(y) — +oo for
ly| — 400, and such that

Z(\B) = / VWG <00 VAER,3>0.

Then we can define the probability density (on R?)

=BV (r)+p?/2)+Ar

frp(r,p) = STTZ00) (A.5.9)

Let {Y; = (r;,p;)} be a sequence of i.i.d. random variables with common law
given by fo ,(r, p)drdp, By > 0 fixed.

Then the vector valued random variables X; = (r;, (V/(r;) 4+pj/2)) clearly has
a law a(dx) which is degenerate in R? but a x o has a density w.r.t. the Lebesgue
measure. I[ts logarithmic moment generating function is given by

()\7 Bo — 77) Bo
Z(0, Bo) Bo—n

A
Z(\,n) =log / e’\r+’7(v(r)+p2/2)f0ﬁ(r, p)drdp = log

for n < [y and 400 otherwise. The corresponding Legendre transform, for » € R
and £ > 0, is given by

I(r,€) = sup {Mr+n€ —log Z(\,n)}

n<Bo,A

— sup {)\7‘ — BE —log ( 2mG-1Z (), 5))} + Bo€ +log (\/2#50_12(0750))

B8>0\
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The function defined by

_ _ _ —1
S(r, &) = ﬁ?io{ N+ BE — log (Z()\, B)\/27 5 )} (A.5.10)
is called thermodynamic entropy. So we have obtained
27
[(7178) = _S(r75)+605+10gz( ﬁO) —lOgﬁ
0
Observe that S does not depend on fy.
The density of the distribution of & > X is given by
fa(r, E)
ﬂoz &;
_ /R (27% G ;5 £~ er —r Hdrjdpj
o / Z g & 1S 0 o) [ dryd
= — ;— ri—T ridp;
(27 B, Dn2Z(0, Bo)™ Jren N ’ ; Y

—nﬁog
(28, )M2Z(0, o)

where T',,(r, p, £) is the volume of the corresponding 2n — 2-dimensional surface on
R?" and does not depend on 3y. Applying (A.5.8)) we obtain

Lo(r,&).

lim log T,(r, €) = S(r, &) . (A5.11)

n—oo M

for any (r,€) € D%. A sufficient condition to have D% = R x (0,00) is V(r) > cr?
for a positive constant c.
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Appendix B

Entropy

B.1 Generalities

Let Q be a polish space and P(2) the topological space of probability measures
on ) equipped with the weak topology. For u,v € P(£), the relative entropy
H(v|p) € [0, 00] of v with respect to v is defined by

H(v|p) = Sup {/fdu —log (/ efdu)} (B.1.1)

where the supremum is taken over all bounded continuous functions f : Q@ — R.
The positivity of H(v|u) follows from the choice f = 0 in the variational formula.
Observe also that the supremum can be restricted to the set of positive bounded
continuous functions.

As a trivial but useful consequence we have the following entropy inequality

Proposition B.1.1 (Entropy inequality) Let f : Q@ — R be a bounded measur-
able function and n > 0 a positive number. Then

/fdu <n! {log (/ e”fd,u> + H(ym)} (B.1.2)

Proof 1t f is continuous it is a trivial consequence of the definition. Since the

class of f’s for which (B.1.2) holds is closed under point-wise convergence, (B.1.2))
continues to be true for every bounded measurable function. [

Proposition B.1.2 Relative entropy is conver and lower semicontinuous.

109
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Proof 1t is a simple consequence of the variational formula. [J

Proposition B.1.3 The entropy H(v|p) is equal to +00 if v is not absolutely con-
tinuous with respect to p. Otherwise it is given by

H(v|p) = /¢10g¢du, ¢(r) = (j—:) (z) (B.1.3)

Proof Observe first that for any density function ¢ the integral of ¢ log ¢ makes
sense in RU{+o0} since z € [0, 00) — xlog z is bounded above so that the negative
part of ¢log ¢ is integrable with respect to pu.

If v is not absolutely continuous with respect to p then there exists a measur-
able set A such that u(A) = 0,v(A) > 0. Choosing the function f = als,a > 0 in
(B.1.2) we get H(v|n) > av(A). Since « is arbitrary we have H(v|u) = +o0.

We first show that if dv = ¢dp is absolutely continuous with respect to p and
if dvg = 0dp + (1 — 0)dv = ¢edp for 6 € [0, 1] then
tim [ onlog dudye = [ log ody (B.1.4)

Since x € [0,00) — xlogx is convex, we have

1)~ [ utog éudu < (1 -0) [ ologody

On the other hand since x € (0,00) — log x is concave and non-decreasing, log ¢y >

sup{log 6, (1 — 6)log ¢}. Therefore

](0):9/log¢9d,u+(1—9)/¢loggb@d,u2010g9+(1—9)2/¢10g¢d,u

It proves (B.1.4).

Since ¢g > 6 > 0, Jensen’s inequality shows

exp [ / Vivy —1(9)1 < / %dl/g _ / exp(t)dy

/ Ydvg < 1(0) + log ( / ew>

Hence we have
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It implies H(vp|p) < I(0). Recall that relative entropy is lower semi-continuous. In
view (B.1.4) we have

HMWS/M%MM

To obtain the reversed inequality we observe that if ¢ is uniformly positive and
uniformly bounded, it is trivial, by the variational formula defining H (v|u), that

/M%WMSHMM

If ¢ is uniformly strictly positive but not bounded we define ¢, = ¢ A n and by
Fatou’s lemma we have

/(blog odp = /log odv

< liminf/log Ondv

SFUWM+Jgg§bg(/UAn%m>IINWM

Finally to treat the general case we assume ¢ is uniformly bounded and use ¢y
defined above. We proved that [ ¢glog ¢edp < H(vp|u). Since 0 € [0,1] — H (vp|p)
is bounded, lower semi-continuous and convex, it is continuous. Using also
the result follows. [J

We now consider the case Q = (R?)% equipped with the product topology. The
closed set of translation invariant probability measures on €2 is noted 7. Let A be
a subset of Z and p, v € P(2). The relative entropy Hy(v|u) of v with respect to v
in A is defined by

H(v|p) = H(palva) (B.1.5)

where pp, vy are the marginals of 1 and v with respect to A.

Proposition B.1.4 (Superadditivity) Assume p € 7T is product. We have the
following superadditivity property of the entropy:

Haon (Vi) 2 Ha(v|) + Hy (v]p2) (B.L6)
ifANN =0,

Proof Let fa (resp. fa) be an arbitrary continuous bounded function depend-
ing only on w through sites in A (resp. A’). We have

/fAdVA — log (/ €fAdMA) = /fAdVAUA’ — log (/ efAd:uAUA’)
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and similarly with A replaced by A’. Summing the two equalities obtained and using
independence of f) and fx, under ppup/, we get

Hyun (v|p) > /(fA + far)dvaus — log </ e[fA+fA']duAuA/)

= { / fadvy — log ( / efAd,uA)} + { / frdv —log ( / efAdM’A>}

Taking now the supremum over fy and fj, we obtain the desired inequality. [J

So if v, pu are translation invariant and p is product, denoting A, = {—n, ..., n},
we have that Hy, (v|p) is a superadditive function of n, and consequently it exists
the limit

Hy, (v|p)

H(v|p) = lim Hy, (v|p) = sup (B.1.7)

Moreover it is easy to show that v € 7 — H(v|u) inherits properties of relative
entropy. Hence it is convex and lower semicontinuous.

For any bounded continuous function ¢ with support in {—nyg,...,ng} define
the limit
F(6) = lim ——F(¢), Fu(6) = log / (Tt g (B.1.8)
n—oo 21 + 1 n 3 n

where 7; is the shift operator on functions on (R?)%. Existence of the limit is proved
in the following proposition.

Proposition B.1.5 Let v a translation invariant probability on §2, then
Al =swp{ [ od - Fo) (B.1.9)
where the supremum is taken over all bounded continuous functions ¢.

Proof We claim it is sufficient to prove that

liminf (2n + 1)" ) > sup {/gbdl/ — H(v|p) } (B.1.10)
n—oo veT
and
limsup (2n + 1)~ ) < sup {/gbdu — H(v|p) } (B.1.11)
n—o0 veT

Assume we proved (B.1.10) and (B.L.11). Let M () the vector space of finite
signed measures on €2 equipped with the weak topology. We extend H to M(Q2) by
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H(v|pu) = +oo if p ¢ T. Since 7T is a closed convex set the function H extended in
this way remains convex and lower semi-continuous. Let (M(£2))’ be the topological
dual of M(Q2) and consider the application ® € (M(Q))" — fo € Cy(Q2) defined by
fo(z) = ®(d,). Remark that fp is continuous and that [ fedv = ®(v). Moreover it
is injective since the finite support signed measures are dense (for the weak topology)
into M(2) (see [?], appendix III, theorem 4) and surjective since for any f € Cy(2)
the linear form ® : v € M(Q) — [, fdv € R is such that fo = f. Hence ® — fo
is an isomorphism between (M(Q2))" and C,(©2). Then Fenchel-Moreau’s theorem
implies

() = s { [od- F<¢>} (B.1.12)

for any v € M(w) and in particular for v € 7.

We start by proving (B.1.10). Let v € 7 such that H(v|u) < oo. By the
variational formula defining Hy, (v|u) applied with Y  7;¢ and the translation
invariance of v we have

Fo(0) 1 - Ha, (v|p)
2 + 1 Z/2n+1 (;LW) v = Ay
> [ v~

Taking the liminf in n and the supremum over v € 7 we get (B.1.10)).

Observe that for any n > 1, we have

log ( / 62?__nnd>du> = sup { / (i T,»¢> do— My, (a|u)} (B.1.13)

=N

where the supremum is carried over all probability measures a on (R?)A+m0. One
sense of the inequality is trivial by the variational formula defining Hy,,,, (o|p) and
the other sense is obtained by taking the optimal o which maximizes the supremum

in (B.1.13). This « is such that Hy,,, (alu) < +oo.

For such a we define @ € 7 in two steps. First a* is obtained by taking
independent copies of o on all translated disjoint cubes (Cy)gez of Aying:

o = ®kEZ7—2k(n+n0)+1a7 Cr = TQk(n+nO)+1An+no
The family of probability measures (a?),>1 defined by
1 p

af = 211 Zna*

l=—p
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is tight and we denote by & a fixed limit point of the family. To simplify notations
we denote the subsequence along which the limit is achieved by the same letter p.
It is trivial that & is translation invariant.

Let Bj = U __ ;Ck. Since entropy is lower semicontinuous we have

H(a|p) < lim liminf | B;| ™" Hp, (o”|p) (B.1.14)

j—00 p—00
By convexity of entropy and translation invariance of p we have

1 1 P

B:|"'Hp (a? < Hg (1,0*
| J| Bj( |,u) = An+n0 (2p+ 1)(2] + 1) Z;p BJ( L |lu)

1 1 P
H. 5
R op s D 1) 2 e (i)

l=—p

Observe that 7 ,B; can be written as the disjoint union I U U{fiﬁjﬁck UF
where Jo € Z, IcC Cjz—l and F' C Cje+2j—1'

Since the relative entropy of a product of measures § ®  is the sum of the
relative entropies of § and v, we have

Je+2j-2
H. (o) = Hi(e*|lp)+ Y He (o |u)+ Hp(a"|p)
k=3¢
= Hi(a"[pw) + (25 — 1)Ha,,,, (a"[p) + Hp(a"|p)

Since Hy(a*[p) < Ha,,,, (alp) and Hp(a*|p) < Hy, ., (a|p), taking first the
limit in p and then the limit in j we get

_ H 0"

B.1.15
|An+no ( )

Moreover it is clear that

1

2”“@-2/(7@) da—/¢da

lim =0

n—~oo

and we get (B.1.11]). O

B.2 Entropy Production
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Let (w;)i>0 be a Markov process on 0y = (R?)A, A C Z, with generator L, and
invariant probability measure . We denote by A, (resp. Sj) the antisymmetric
(resp. symmetric) part of Ly in L?(Qy, ). We assume the space of smooth bounded
functions on 25 is a common core of Ay, and Sx and that Ly, = Ay + Sx and
L}y = —Apr+Sh are generators of Feller semigroups (P} )i>0 and (Py')¢>0. We suppose
that Ly (resp. Sa) can be extended to strong Feller semigroups on L2(25, ). The
semigroup generated by Ly (resp. L} on L?*(Qy, 1)) is also denoted P} (resp. Pit).

The first proposition below shows that entropy w.r.t. invariant probability
measures can only decrease

Proposition B.2.1 For any probability measure v on Q2 we have

H(vP{lu) < H(v|p) (B2.1)

Proof By definition we have

H(vPy|p) = sup {/ Pypdv —log (/ 6¢du) }

and by Jensen’s inequality and stationarity of p we have

[ eodn = [ dn)esp @afo@) < [ Ee®Ndu(o) = [ eta

and then the result follows since Pj¢ is a bounded continuous function. O

In particular this shows that if we start from a probability measure v with
finite entropy then at any time the probability measure v P} has finite entropy and
hence is absolutely continuous with respect to p. Let ga(t) be the density of vPj
w.r.t. p.

We are now interested in the entropy production rate. The Dirichlet form of
v w.r.t. p is defined by

Say

Dy (v|p) = sup {— le/ : ¢ € Dom(Sy),inf ) > O} (B.2.2)

Proposition B.2.2 Let v be a probability measure on Q2 with finite entropy H(v|p) =
Ha(v|p) < oo. For every t,h >0, we have that

t+h
HWPY™ )~ HOPn <2 [ dsDy@Pil (B.23)
t
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Proof Let o and (3 two probability measures on €2,. Jensen’s inequality shows
that
H(aP}|BP)) < H(a|B) (B.2.4)

It is sufficient to show the proposition for ¢ = 0. Let ¢ be a smooth bounded
positive function with mean one with respect to p. Fix a positive time 7. We define
the probability measure 3 by df8 = ¢¥du. Then we have 3P] is absolutely continuous
with respect to p with density P{7.

It is an elementary fact that
H(alB) = H(aly) — /1og¢da (B.2.5)
It follows that
H(aP}|9P}) = H(aPfw ~ [ log(Piv d(aP) (B.2)
Hence, with , we get

H(al) — H(aPf|p) > / log 4 dev — / P log (P{™) da

> /logwda—/log (P{Py™) do
PLPT

> —/10g< ” ) do
Y — P{PTY

2/( v )d&

where we used Jensen’s inequality and log(1 + 1) < 7.

Since (P})¢>0 and (P;');>o are Feller semigroups we have
= PLPTY = — Pl — b — PR(PYTY — ) = =275,¢ + 7¢(¢), 7)

where ||e(¢,7)||c — 0 as 7 — 0.

Let be ¢ > 0 and divide the time interval [0,¢] in m small intervals of length
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7 =t/m and let m goes to infinity. We have

H(a|p) — H(aPy|p)

v

v

m—1
[ i+l
|[H (P 1) = H(aP" )]
=0
m—1 ) -
lim sup Z [H(aPAmtm) - H(aPﬁtm)}

hnr?j;p [—%mz_/ <PA#L (‘S;/L_w>> da+t€(¢,t/m))]

o[ n (S%) o

By taking the supremum over all 1) considered we conclude the proof. [J

Proposition B.2.3 (Donsker-Varadhan) Let A be a finite set. Assume that
Dy(v|p) is finite and that v is abolutely continuous with respect to p with a density
denoted by g. Then /g belongs to the domain of (—Sx)"/? and

Dy

W =Y [ dn((=51)"v5) (B.27)

TEA

Proof See theorem 5 in [?]. O
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