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In order to perform some analysis, we plug a given problem for a given     
in a family of    -dependent problems :     becomes a small varying parameter.! !
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Once this choice is done, the rest belongs to the Þeld of rigorous mathematics.

The choice of this family is somewhat arbitrary, suggested by numerical data 
or physical argumentation,  justiÞed a posteriori by numerical experiments.
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¥Establish an asymptotic expansion of the solution

            - formal step (matched asymptotics)

            - establish existence and uniqueness results

            - error estimates

(#) ad hoc and not direct (compare asymptotic expansions)
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(! ) one meets non standard problems (non variational)

(" ) there is not a unique way

¥Construction of approximate conditions from the asymptotic expansion

¥Stability and error analysis for the approximate problem

¥Numerical implementation and validation

Presentation limited to second order conditions
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One distinguishes different regions of space in which one postulates a different 
ansatz for the asymptotic expansion

These regions overlap and the matching principle expresses that
the different expansions coincide in the transition zones.
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Missing information : two functions of θ

, smooth in the neighborhood ofΓ
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The asymptotic expansion in the far field zone

s
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 boundary layer homogenization macroscopic

u! (r, ! ) =
!

n ! N

" n Un

" r ! R
"

;
R!
"

, !
#

Un (! ; s + 1 , " ) = Un (! ; s, " )

Un (! ; s, " ) : R ! R ! [0, 2#] "# C

We expect that in this region, the solution will vary at the 
microscopic / macroscopic scales
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"

U(! ; s, " )given

They are based on the expression of the Helmholtz operator
applied to functions of the form
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∂ν
(
r ! R

δ
,
Rθ

δ
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!
! U
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+
R
#
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" # r ! R
#

,
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#
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They are based on the expression of the Helmholtz operator
applied to functions of the form

U! (r, ! ) = U
! r ! R

"
;

R!
"

, !
"

U(! ; s, " )given

A 0(∂s, ∂! ) := R2
!
∂! (µ∂! ) + ∂s(µ∂s)

"
where

! 2 r 2
!"

! .(µ! ! ) + " ! #2
#

U!
$

(r, $) =
!
A 0(%s, %" ) U

$" r " R
!

,
R$
!

; $
#

+
4%

k=1

! k
!
A k (%s, %" ; %#) U

$" r " R
!

,
R$
!

; $
#
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applied to functions of the form

U! (r, ! ) = U
! r ! R

"
;

R!
"

, !
"

U(! ; s, " )given

A 0(∂s, ∂! ) := R2
!
∂! (µ∂! ) + ∂s(µ∂s)

"
where

! 2 r 2
!"

! .(µ! ! ) + " ! #2
#

U!
$

(r, $) =
!
A 0(%s, %" ) U

$" r " R
!

,
R$
!

; $
#

+
4%

k=1

! k
!
A k (%s, %" ; %#) U

$" r " R
!

,
R$
!

; $
#
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A 0(∂s, ∂! ) := R2
!
∂! (µ∂! ) + ∂s(µ∂s)

"
where

! 2 r 2
!"

! .(µ! ! ) + " ! #2
#

U!
$

(r, $) =
!
A 0(%s, %" ) U

$" r " R
!

,
R$
!

; $
#

+
4%

k=1

! k
!
A k (%s, %" ; %#) U

$" r " R
!

,
R$
!

; $
#

A 1(! s, ! ν , ! θ) := R
!

2" ! ν(µ ! ν) + µ ! ν + ! s(µ ! θ) + µ ! 2
s,θ

"

A 2(! s, ! ! , ! " ) := " 2 ! ! (µ ! ! ) + " µ ! ! + ! s(µ ! " ) + µ ! 2
" + # $2

A 3(! s, ! ! , ! " ) := 2 R " # $ 2

A 4(! s, ! ! , ! " ) := " 2 # $2
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A 0(! ! , ! s)Un = !
4!

j =1

A k (! ! , ! s, ! " )Un ! k

Modulo the convention                           , the      Õ s are solutions of 
embedded LaplaceÕs equations in the           plane, in which    plays
the role of a parameter, through the right hand side.

Uj = 0 for j < 0 Un

(s, ! ) θ

The equations for the near field terms
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A 0(! ! , ! s)Un = !
4!

j =1

A k (! ! , ! s, ! " )Un ! k

Modulo the convention                           , the      Õ s are solutions of 
embedded LaplaceÕs equations in the           plane, in which    plays
the role of a parameter, through the right hand side.

Uj = 0 for j < 0 Un

(s, ! ) θ

that, by periodicity, we can reduce to the inÞnite strip
s

!

The equations for the near field terms
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A 0(! ! , ! s)Un = !
4!

j =1

A k (! ! , ! s, ! " )Un ! k

Modulo the convention                           , the      Õ s are solutions of 
embedded LaplaceÕs equations in the           plane, in which    plays
the role of a parameter, through the right hand side.

Uj = 0 for j < 0 Un

(s, ! ) θ

that, by periodicity, we can reduce to the inÞnite strip
s

!

and where we impose that        does not increase exponentially at inÞnity.Un

The equations for the near field terms
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A 0(! ! , ! s)Un = !
4!

j =1

A k (! ! , ! s, ! " )Un ! k

Modulo the convention                           , the      Õ s are solutions of 
embedded LaplaceÕs equations in the           plane, in which    plays
the role of a parameter, through the right hand side.

Uj = 0 for j < 0 Un

(s, ! ) θ

that, by periodicity, we can reduce to the inÞnite strip
s

!

and where we impose that        does not increase exponentially at inÞnity.Un

These equations determine inductively the       Õs up to an element of 
the kernel of                  , for each value of    . 

Un

A0(! ! , ! s) θ

The equations for the near field terms
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It can be shown that this kernel is of dimension 2, and more precisely

Ker A0(! ! , ! s) = span {1,N}

Nwhere        (called a proÞle function) is deÞned by

The equations for the near field terms
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It can be shown that this kernel is of dimension 2, and more precisely

s

!

Ker A0(! ! , ! s) = span {1,N}

N

A 0(! ! , ! s) N = 0

where        (called a proÞle function) is deÞned by
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It can be shown that this kernel is of dimension 2, and more precisely

s

!

Ker A0(! ! , ! s) = span {1,N}

N

A 0(! ! , ! s) N = 0 N = ! + N ! + o(1)N = ! ! N ! + o(1)

where        (called a proÞle function) is deÞned by

The equations for the near field terms
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It can be shown that this kernel is of dimension 2, and more precisely

s

!

Ker A0(! ! , ! s) = span {1,N}

N

A 0(! ! , ! s) N = 0 N = ! + N ! + o(1)N = ! ! N ! + o(1)

where        (called a proÞle function) is deÞned by

Again two functions of     are missing, linked to the behaviour at inÞnity ofUnθ

an (! ) + bn (! ) N (", s)

The equations for the near field terms
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The missing information, namely 4 functions of   , will be provided by the 
matching conditions that are obtained by expressing that the two expansions

θ
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The missing information, namely 4 functions of   , will be provided by the 
matching conditions that are obtained by expressing that the two expansions

u! (r, ! ) =
!

n ! N

" n u±
n (r, ! ) u! (r, ! ) =

!

n ! N

" n Un

" r ! R
"

;
R!
"

, !
#

must coincide in the overlaping zones. 

θ
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The missing information, namely 4 functions of   , will be provided by the 
matching conditions that are obtained by expressing that the two expansions

u! (r, ! ) =
!

n ! N

" n u±
n (r, ! ) u! (r, ! ) =

!

n ! N

" n Un

" r ! R
"

;
R!
"

, !
#

must coincide in the overlaping zones. 

In our case, the identiÞcation of the two expansions relies on Taylor expansions 
of                  around              and Fourier series expansions in    ofsu±

n (r, ! ) r = R Un (! ; s, " )

θ
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The missing information, namely 4 functions of   , will be provided by the 
matching conditions that are obtained by expressing that the two expansions

u! (r, ! ) =
!

n ! N

" n u±
n (r, ! ) u! (r, ! ) =

!

n ! N

" n Un

" r ! R
"

;
R!
"

, !
#

must coincide in the overlaping zones. 

In our case, the identiÞcation of the two expansions relies on Taylor expansions 
of                  around              and Fourier series expansions in    ofsu±

n (r, ! ) r = R Un (! ; s, " )

θ

The matching conditions link the       Õs and       Õs from one side (in the vicinity 
of     , to the       Õs on the other side (behaviour at inÞnity)

u+
n u!

n
Un!
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The missing information, namely 4 functions of   , will be provided by the 
matching conditions that are obtained by expressing that the two expansions

u! (r, ! ) =
!

n ! N

" n u±
n (r, ! ) u! (r, ! ) =

!

n ! N

" n Un

" r ! R
"

;
R!
"

, !
#

must coincide in the overlaping zones. 

In our case, the identiÞcation of the two expansions relies on Taylor expansions 
of                  around              and Fourier series expansions in    ofsu±

n (r, ! ) r = R Un (! ; s, " )

θ

The matching conditions link the       Õs and       Õs from one side (in the vicinity 
of     , to the       Õs on the other side (behaviour at inÞnity)

u+
n u!

n
Un!

One gets a transmission problem for                by eliminating the      Õs.(u+
n , u!

n ) Un
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Un (!, s, " ) = a+
n (" ) + b+

n (" ) ! + ! 2 q+
n (!, " ) + O(e! ! )

u+
n (r, ! ) = u+

n (R, ! ) + " r u+
n (R, ! )

#
$

+
+ !!

k=2

" k
r u+

n (R, ! )
#k

k! $k

! !" + #






≡
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Un (!, s, " ) = a+
n (" ) + b+

n (" ) ! + ! 2 q+
n (!, " ) + O(e! ! )

u+
n (r, ! ) = u+
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Un (!, s, " ) = a+
n (" ) + b+

n (" ) ! + ! 2 q+
n (!, " ) + O(e! ! )

u+
n (r, ! ) = u+

n (R, ! ) + " r u+
n (R, ! )

#
$

+
+ !!

k=2

" k
r u+

n (R, ! )
#k

k! $k

! !" + #






u! (r, ! ) =
!

n ! N

" n u±
n (r, ! ) u! (r, ! ) =

!

n ! N

" n Un

" r ! R
"

;
R!
"

, !
#

≡≡
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Un (!, s, " ) = a+
n (" ) + b+

n (" ) ! + ! 2 q+
n (!, " ) + O(e! ! )

u+
n (r, ! ) = u+

n (R, ! ) + " r u+
n (R, ! )

#
$

+
+ !!

k=2

" k
r u+

n (R, ! )
#k

k! $k

! !" + #






u+
n (R, ! ) + " r u+

n (R, ! )
#
$

+
+ ∞!

k=2

" k
r u+

n (R, ! )
#k

k! $k

+ ∞!

n=0

! n
" �

+ ∞�

n =0

! n
�

a+
n (" ) + b+

n (" ) # + #2 q+
n (#, ")

�
+ O(e−! )≡

u! (r, ! ) =
!

n ! N

" n u±
n (r, ! ) u! (r, ! ) =

!

n ! N

" n Un

" r ! R
"

;
R!
"

, !
#

≡≡
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Un (!, s, " ) = a+
n (" ) + b+

n (" ) ! + ! 2 q+
n (!, " ) + O(e! ! )

u+
n (r, ! ) = u+

n (R, ! ) + " r u+
n (R, ! )

#
$

+
+ !!

k=2

" k
r u+

n (R, ! )
#k

k! $k

! !" + #






u+
n (R, ! ) + " r u+

n (R, ! )
#
$

+
+ ∞!

k=2

" k
r u+

n (R, ! )
#k

k! $k

+ ∞!

n=0

! n
" �

+ ∞�

n =0

! n
�

a+
n (" ) + b+

n (" ) # + #2 q+
n (#, ")

�
+ O(e−! )≡

u! (r, ! ) =
!

n ! N

" n u±
n (r, ! ) u! (r, ! ) =

!

n ! N

" n Un

" r ! R
"

;
R!
"

, !
#

≡

permits to relate the                        Õs  to the                                     Õs . 
�
a+

n (! ), b+
n (! )

� !
u+

n (R, ! ), " r u+
n (R, ! )

"

≡
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µ! ! u±
0 + ! 2" ! u±

0 = f in " ± outgoingu+
0
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µ! ! u±
0 + ! 2" ! u±

0 = f in " ± outgoingu+
0

A 0(! ! , ! s)U0 = 0 U0(á, ! ) = a0(! ) + b0(! ) N=!
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Determination of the order 0 terms

/46

µ! ! u±
0 + ! 2" ! u±

0 = f in " ± outgoingu+
0

A 0(! ! , ! s)U0 = 0 U0(á, ! ) = a0(! ) + b0(! ) N

The matching conditions at order 0 give

b0(! ) = 0 u!
0 (R, ! ) = a0(! ) u+

0 (R, ! ) = a0(! )

=!
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µ! ! u±
0 + ! 2" ! u±

0 = f in " ± outgoingu+
0

A 0(! ! , ! s)U0 = 0 U0(á, ! ) = a0(! ) + b0(! ) N

The matching conditions at order 0 give

This implies and we set u0(R, ! ) := u+
0 (R, ! ) ! u!

0 (R, ! )
!

u0
"
(! ) = 0

b0(! ) = 0 u!
0 (R, ! ) = a0(! ) u+

0 (R, ! ) = a0(! )

=!

!
v

"
= v+ ! v!
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µ! ! u±
0 + ! 2" ! u±

0 = f in " ± outgoingu+
0

A 0(! ! , ! s)U0 = 0 U0(á, ! ) = a0(! ) + b0(! ) N

The matching conditions at order 0 give

This implies and we set u0(R, ! ) := u+
0 (R, ! ) ! u!

0 (R, ! )
!

u0
"
(! ) = 0

b0(! ) = 0 u!
0 (R, ! ) = a0(! ) u+

0 (R, ! ) = a0(! )

=!

U0(ν, s θ) = u0(R, θ)
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µ! ! u±
1 + ! 2" ! u±

1 = 0 in " ± outgoingu+
1

A 0(! ! , ! s)U1 = !A 1(! ! , ! s, ! " )U0 = ! ! sµ(", s) ! ! u0(R, #)
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1
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s

!
A 0(! ! , ! s) U = ! ! s µU = ! U! + o(1) U = U! + o(1)

This suggests to introduce the profile function       defined byU
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A 0(! ! , ! s) U = ! ! s µU = ! U! + o(1) U = U! + o(1)

This suggests to introduce the profile function       defined byU

U! =
R

2µ!

! "
µ! ! µ) ∂s N ds dνBy reciprocity
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µ! ! u±
1 + ! 2" ! u±

1 = 0 in " ± outgoingu+
1

A 0(! ! , ! s)U1 = !A 1(! ! , ! s, ! " )U0 = ! ! sµ(", s) ! ! u0(R, #)

s

!
A 0(! ! , ! s) U = ! ! s µU = ! U! + o(1) U = U! + o(1)

This suggests to introduce the profile function       defined byU

U1(·, ! ) = a1(! ) + b1(! ) N + " ! u0(R, ! ) U

U! =
R

2µ!

! "
µ! ! µ) ∂s N ds dνBy reciprocity
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The matching conditions at order 1 give
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=!
!
r∂r u0

"
(θ) = 0

The matching conditions at order 1 give

∂r u
+
0 (R, θ) = b1(θ)! r u!

0 (R, " ) = b1(" )1.
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=!
!
r∂r u0

"
(θ) = 0

The matching conditions at order 1 give

∂r u
+
0 (R, θ) = b1(θ)! r u!

0 (R, " ) = b1(" )1.

µ! ! u±
0 + ! 2" ! u±

0 = f in " ± outgoingu+
0

!
u0

"
(! ) = 0 across !

!
r! r u0

"
(" ) = 0
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The matching conditions at order 1 give
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=
!

!
u1

"
(! ) = 2 N ! " ru0(R, ! ) + 2 U! " θu0(R, ! )

=!
!
r∂r u0

"
(θ) = 0

The matching conditions at order 1 give

∂r u
+
0 (R, θ) = b1(θ)! r u!

0 (R, " ) = b1(" )1.

u±
1 (R, ! ) = a1(! ) ± b1(! ) N ! ± U! " ! u0(R, ! )2.

µ! ! u±
0 + ! 2" ! u±

0 = f in " ± outgoingu+
0

!
u0

"
(! ) = 0 across !

!
r! r u0

"
(" ) = 0

U0(ν, s θ) = u0(R, θ)
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Iterating the process gives the second transmission condition for u1
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Iterating the process gives the second transmission condition for 

C00 =
! 2R2

2µ!

! "
" ! ! " ) ds d#

!
r! r u1

"
(" ) = C00 u0(R, " ) + C02 ! 2

! u0(R, " ) + 2 R U! ! 2
r,! u0(R, " )

C02 =
1

µ!

! "
µ! ! µ) ! s U ds d" +

1
R µ!

! "
µ! ! µ) ds d"

u1
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Iterating the process gives the second transmission condition for 

outgoing

across!

µ! ! u±
1 + ! 2" ! u±

1 = 0 in " ± u+
1

!
u1

"
(! ) = 2 N ! " ru0(R, ! ) + 2 U! " θu0(R, ! )

!
r! r u1

"
(" ) = C00 u0(R, " ) + C02 ! 2

! u0(R, " ) + 2 R U! ! 2
r,! u0(R, " )

C00 =
! 2R2

2µ!

! "
" ! ! " ) ds d#

!
r! r u1

"
(" ) = C00 u0(R, " ) + C02 ! 2

! u0(R, " ) + 2 R U! ! 2
r,! u0(R, " )

C02 =
1

µ!

! "
µ! ! µ) ! s U ds d" +

1
R µ!

! "
µ! ! µ) ds d"

u1
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C00 =
! 2R2

2µ!

! "
" ! ! " ) ds d#

outgoing

across!

µ! ! u±
1 + ! 2" ! u±

1 = 0 in " ± u+
1

!
u1

"
(! ) = 2 N ! " ru0(R, ! ) + 2 U! " θu0(R, ! )

!
r! r u1

"
(" ) = C00 u0(R, " ) + C02 ! 2

! u0(R, " ) + 2 R U! ! 2
r,! u0(R, " )

C02 =
1

µ!

! "
µ! ! µ) ! s U ds d" +

1
R µ!

! "
µ! ! µ) ds d"

Iterating the process gives the second transmission condition for 

!
r! r u1

"
(" ) = C00 u0(R, " ) + C02 ! 2

! u0(R, " ) + 2 R U! ! 2
r,! u0(R, " )

u1
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C00 =
! 2R2

2µ!

! "
" ! ! " ) ds d#

outgoing

across!

µ! ! u±
1 + ! 2" ! u±

1 = 0 in " ± u+
1

!
u1

"
(! ) = 2 N ! " ru0(R, ! ) + 2 U! " θu0(R, ! )

!
r! r u1

"
(" ) = C00 u0(R, " ) + C02 ! 2

! u0(R, " ) + 2 R U! ! 2
r,! u0(R, " )

C02 =
1

µ!

! "
µ! ! µ) ! s U ds d" +

1
R µ!

! "
µ! ! µ) ds d"

U1(!, s " ) = �u1�(" ) + #r u0(R, " ) N (!, s ) + #! u0(R, " ) U (!, s )
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A natural candidate for providing a second order accurate approximation 
outside a thin neighborhood of the interface is 

u1,! = u0 + δ u1
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A natural candidate for providing a second order accurate approximation 
outside a thin neighborhood of the interface is 

u1,! = u0 + δ u1

The approximate transmission conditions we shall propose will not provide
        as a solution but we shall use it for constructing them.u1,!
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!
u1

"
(! ) = 2 N ! " ru0(R, ! ) + 2 U! " θu0(R, ! )

!
u0

"
(! ) = 0

Tuesday, September 28, 2010



Constructing a second order condition

/46

!
u1

"
(! ) = 2 N ! " ru0(R, ! ) + 2 U! " θu0(R, ! )

!
u0

"
(! ) = 0

! !

!
u1,!

"
(! ) = 2 " N ! #r u0(R, ! ) + 2 " U! #" u0(R, ! )

Tuesday, September 28, 2010
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!
u1

"
(! ) = 2 N ! " ru0(R, ! ) + 2 U! " θu0(R, ! )

!
u0

"
(! ) = 0

! !

!
u1,!

"
(! ) = 2 " N ! #r u0(R, ! ) + 2 " U! #" u0(R, ! )

u0(R, ! ) = !u1,! "(! ) + O(" )

! v " =
1
2

!
v+ + v−

"
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u0
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(! ) = 0
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!
u1,!

"
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u0(R, ! ) = !u1,! "(! ) + O(" )
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!
u1

"
(! ) = 2 N ! " ru0(R, ! ) + 2 U! " θu0(R, ! )

!
u0

"
(! ) = 0

! !

!
u1,!

"
(! ) = 2 " N ! !#r u1,! "(! ) + 2 " U! #" !u1,! "(R, ! ) + O(" )2! ! !

!
r! r u0

"
(" ) = 0

!
r! r u1

"
(" ) = C00 u0(R, " ) + C02 ! 2

! u0(R, " ) + 2R U∞ ! 2
r,! u0(R, " )

u0(R, ! ) = !u1,! "(! ) + O(" )
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u1
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(! ) = 2 N ! " ru0(R, ! ) + 2 U! " θu0(R, ! )

!
u0
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(! ) = 0
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!
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"
(! ) = 2 " N ! !#r u1,! "(! ) + 2 " U! #" !u1,! "(R, ! ) + O(" )2! ! !
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!
r! r u0

"
(" ) = 0

!
r! r u1
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(" ) = C00 u0(R, " ) + C02 ! 2

! u0(R, " ) + 2R U∞ ! 2
r,! u0(R, " )

!
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#
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r," ! "u1,! "(" )
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µ! ! !u±
1,! + ! 2" ! !u±

1,! = f in " ± !u+
1,! outgoing
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Problem : stability issue (well-posedness and uniform bounds)

µ! ! !u±
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Problem : stability issue (well-posedness and uniform bounds)

To illustrate this, for simplicity, we restrict ourselves to the symmetric case:

µ! ! !u±
1,! + ! 2" ! !u±

1,! = f in " ± !u+
1,! outgoing

µand     are even functions with respect to    or   .s !!
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(" ) = #C00 ! "u1,! "(" ) + #C02 ! 2

" ! "u1,! "(" ) + 2 #R U! ! 2
r," ! "u1,! "(" )

!
"u1,!

#
(! ) = 2 " N ! #r ! "u1,! "(! ) + 2 " U! #" ! "u1,! "(! )

A first approximate second order problem
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Problem : stability issue (well-posedness and uniform bounds)

To illustrate this, for simplicity, we restrict ourselves to the symmetric case:

in which case  U! = 0 .

µ! ! !u±
1,! + ! 2" ! !u±

1,! = f in " ± !u+
1,! outgoing

µand     are even functions with respect to    or   .s !!
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!
! r "u1,!

#
(" ) = #C00 ! "u1,! "(" ) + #C02 ! 2

" ! "u1,! "(" ) + #C11 ! 2
r," ! "u1,! "(" )

µ! ! !u±
1,! + ! 2" ! !u±

1,! = f in " ± !u+
1,! outgoing

!
"u1,!

#
(! ) = 2 " N ! #r ! "u1,! "(! ) + 2 " U! #" ! "u1,! "(! )

!

! !

! +

! !

r! ru1,δ + T ! u1,δ = 0.

T ! transparent DtN operator
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!
! r "u1,!

#
(" ) = #C00 ! "u1,! "(" ) + #C02 ! 2

" ! "u1,! "(" ) + #C11 ! 2
r," ! "u1,! "(" )

µ! ! !u±
1,! + ! 2" ! !u±

1,! = f in " ± !u+
1,! outgoing

!
"u1,!

#
(! ) = 2 " N ! #r ! "u1,! "(! ) + 2 " U! #" ! "u1,! "(! )

+ ! C00

!

!
! "u1,! " ! v" d" # ! C02

!

!
!#" "u1,! " ! #" v" d"

+
1

2N ! !

!

!

"
#u1,!

$ "
v

$
d"

!

! + ! ! !

"
! #u1,! á ! v " ! 2 #u1,! v

$
dx +

!

" "

T " #u1,! v d"

= 0
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+ ! C00

!

!
! "u1,! " ! v" d" # ! C02

!

!
!#" "u1,! " ! #" v" d"

+
1

2N ! !

!

!

"
#u1,!

$ "
v

$
d"

!

! + ! ! !

"
! #u1,! á ! v " ! 2 #u1,! v

$
dx +

!

" "

T " #u1,! v d"

= 0
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+ ! C00

!

!
! "u1,! " ! v" d" # ! C02

!

!
!#" "u1,! " ! #" v" d"

+
1

2N ! !

!

!

"
#u1,!

$ "
v

$
d"

!

! + ! ! !

"
! #u1,! á ! v " ! 2 #u1,! v

$
dx +

!

" "

T " #u1,! v d"

= 0

! v " V =
�

v " H 1(! + # ! ! ) / $v% "H 1(")
�
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+ ! C00

!

!
! "u1,! " ! v" d" # ! C02

!

!
!#" "u1,! " ! #" v" d"

+
1

2N ! !

!

!

"
#u1,!

$ "
v

$
d"

!

! + ! ! !

"
! #u1,! á ! v " ! 2 #u1,! v

$
dx +

!

" "

T " #u1,! v d"

= 0

! v " V =
�

v " H 1(! + # ! ! ) / $v% "H 1(")
�

Alternative de Fredholm
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+ ! C00
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! "u1,! " ! v" d" # ! C02

!
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!#" "u1,! " ! #" v" d"

+
1

2N ! !

!
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#u1,!

$ "
v

$
d"

!

! + ! ! !

"
! #u1,! á ! v " ! 2 #u1,! v

$
dx +

!

" "

T " #u1,! v d"

= 0

! v " V =
�

v " H 1(! + # ! ! ) / $v% "H 1(")
�

coercive terms compact terms well-posed ifC02 ! 0
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+ ! C00

!

!
! "u1,! " ! v" d" # ! C02

!

!
!#" "u1,! " ! #" v" d"

+
1

2N ! !

!

!

"
#u1,!

$ "
v

$
d"

!

! + ! ! !

"
! #u1,! á ! v " ! 2 #u1,! v

$
dx +

!

" "

T " #u1,! v d"

= 0

! v " V =
�

v " H 1(! + # ! ! ) / $v% "H 1(")
�

coercive terms
well-posed if

compact terms
stability if

C02 ! 0

N ! ! 0
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A modified approximate second order problem

Problem : in some cases the inequalities               and                are not true.C02 ! 0 N ! ! 0

!

R + ! "

R ! ! "

! +
!

Γ−
!

Remedy : consider a thick and thin interface of width        for some            .   ! " ! > 0

!  is a parameter to  be adjusted

[v]! :=
!

v(R + ! " , #) ! v(R ! ! " , #)
"

"v#! :=
1
2

!
v(R + ! " , #) + v(R ! ! " , #)

"
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A modified approximate second order problem

Problem : in some cases the inequalities               and                are not true.C02 ! 0 N ! ! 0

Remedy : consider a thick and thin interface of width    

R + ! "

R ! ! "

!

! +
!

Γ−
!

For any smooth solution     of the 
homogeneous Helmholtz equation          

(Taylor expansion + Helmholtz)          

u
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A modified approximate second order problem

Problem : in some cases the inequalities               and                are not true.C02 ! 0 N ! ! 0

Remedy : consider a thick and thin interface of width    

R + ! "

R ! ! "

!

! +
!

Γ−
!

[u]! := [ u] + 2! "
R ! r! r u"! + O(" 3)

[r! r u]! := [ r! r u] # 2! "
R

!
! ! 2

#u"! + $ 2 R 2

c2
!

!u"!

"
+ O(" 3)

For any smooth solution     of the 
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A modified approximate second order problem
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µ! ! !u±
1,! + ! 2" ! !u±

1,! = f in " ± !u+
1,! outgoing
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µ! ! !u±
1,! + ! 2" ! !u±

1,! = f in " ± !u+
1,! outgoing

N !
! = N ! +

2!
R

C!
02 = C02 !

2!
R

C!
00 = C00 !

2αRω2

c2
!

!!

!
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! = N ! +
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!

for    large enough!
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1,! + ! 2" ! !u±

1,! = f in " ± !u+
1,! outgoing

!!

!
!
P1,!

"

Theorem :  Assume that      is chosen such that                 and               ,
 there exists             such that for                          admits a unique solution

N !
! ! 0 C!

02 ! 0
! ! > 0 ! ! ! ! ,

!
P1,!

"!

!u1,! ! V
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µ! ! !u±
1,! + ! 2" ! !u±

1,! = f in " ± !u+
1,! outgoing

!!

!
!
P1,!

"

Theorem :  Assume that      is chosen such that                 and               ,
 there exists             such that for                          admits a unique solution

N !
! ! 0 C!

02 ! 0
! ! > 0 ! ! ! ! ,

!
P1,!

"!

!u1,! ! V

Moreover, for any           and                   ,  there exists a constant              
such that  

! M,! =
!

|x| < M / d (x, ") < !
"

where

γ > 0 M > R + ! CM,! > 0

! !u1,! " u! ! H 1 (! M,! ) # CM," ! 2
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Stability  analysis and error estimates
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 The stability result (uniform estimate) is based on a contradiction argument.

 For the error estimate, one Þrst establishes a power series expansion of!u1,!

!u1,! = !u0 + ! !u1 + ! 2 !u2 + ...

! !u1,! " !u0 " ! !u1! H 1 (! M,! ) # !CM ! 2

 One observes that                  and                   and one combines (1) with!u0 = u0 !u1 = u1

! u! " u0 " ! u1! H 1 (! M,! ) # C!
M," ! 2

 For which we have in particular

(1)

to conclude with the triangular inequality.
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U(!, s ) N (!, s ) ! !

s

!

s

!
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Exact computation Approximate computation
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!2.1 !2 !1.9 !1.8 !1.7 !1.6 !1.5 !1.4 !1.3 !1.2 !1.1
!4.5

!4

!3.5

!3

!2.5

!2

!1.5

!1

ln(! )/ln(10)

 

 
"  = 0.5
"  = 0.25
"  = 0.01
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