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in afamilyof | -dependent problemst becomes a small vargegumeter
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The asymptotic expansion in the far field zone

We expect that in this region, the solution will vary at the
microscopic/ macroscopicscales
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The equations for the near field terms

Modulo the conventiorJ; =0 for j< 0 ,theU, O s are solutions of
embedded Lapla@s equations inth@,!) plane, in which plays
the role of aparametejthrough the right hand side.
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It can be shown that this kernel is dfmension 2and more precisely
Ker Ao(',!s) =span {1, N}
where N (called groble functiolis debned by

|

1

A G
” I
u
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The equations for the near field terms

It can be shown that this kernel is dfmension 2and more precisely
Ker Ao(',!s) =span {1, N}
where N (called groble functiolis debned by

|

‘Ao(!!,!S)N =0

A G
” I
u
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The equations for the near field terms

It can be shown that this kernel is dfmension 2and more precisely

Ker Ao(',!s) =span {1, N}
where N (called groble functiolis debned by
|

N=11N, +o(1) ‘AO(!!,!S)N:O N=1!+N, +o(l)

>
| .
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The equations for the near field terms

It can be shown that this kernel is dfmension 2and more precisely

Ker Ao(',!s) =span {1, N}
where N (called groble functiolis debned by
|

N=11N, +o(1) ‘AO(!!,!S)N:O N=1!+N, +o(l)

>
| .

Again two functions off are missing, linked to the behaviour at inbnity,of
an(!)+ bﬂ(l) N ("!S)
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Matching conditions

The missing information, namely 4 functiong/of , will be provided by the
matching conditionthat are obtained by expressing that the two expansion:
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Matching conditions

The missing information, namely 4 functiong/of , will be provided by the
matching conditionthat are obtained by expressing that the two expansion:

r' R Rl 7

= i) u@ny= oy, CRERL,

n! N n!' N

mustcoincidein the overlapingzones.
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Matching conditions

The missing information, namely 4 functiong/of , will be provided by the
matching conditionthat are obtained by expressing that the two expansion:

Q)= MuErr) d@ny= oy, SRR

n! N ni N

mustcoincidein the overlapingzones.

In our case, the identiPcation of the two expansions relie$agor expansmn
of ux (r,! ) aroundr = R and-ourier series expansions s of U, (! ;s,")
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Matching conditions

The missing information, namely 4 functiong/of , will be provided by the
matching conditionthat are obtained by expressing that the two expansion:

u!(r,!):_ "”uﬁ(r,!) u!(r,!):! "nUn I'!"R;FIQI!’!TI

n! N ni N

mustcoincidein the overlapingzones.

In our case, the identiPcation of the two expansions reliesaymor expansions
of Uz (r,!) aroundr = R and-ourier series expansions s of U, (! ;s,")

The matching conditions link the, Osand  Os from one side (inittig
of I ,tothe U, Os on the other side (behaviourrdtnity
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Matching conditions

The missing information, namely 4 functiong/of , will be provided by the
matching conditionthat are obtained by expressing that the two expansion:

Q)= MuErr) d@ny= oy, SRR

n! N ni N

mustcoincidein the overlapingzones.

In our case, the identiPcation of the two expansions reliesaymor expansions
of Uz (r,!) aroundr = R and-ourier series expansions s of U, (! ;s,")

The matching conditions link the, Osand  Os from one side (inittig
of I ,tothe U, Os on the other side (behaviourrdtnity

One gets a@ransmission problerfor (u;,u; ) by eliminating théJ,, Os.
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Matching conditions

i!
<’ f (r,) = u;(R,!)+"ru;(R,!)§+l'(:2 "Fu;(R,!)%
Un(bs )= an () ()P q( )+ O@€)  t e
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Matching conditions

#!
<’ f (r,) = u;(R,!)+"ru;(R,!)§+l'(:2 "Fuﬁ(R,!)%
Un(bs )= an () ()P q( )+ O@€)  t e
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Matching conditions

#!
<’ f (r,) = u;(R,!)+"ru;(R,!)§+l'(:2 "Fuﬁ(R,!)%
L Un(hs")=an()+ () L+ 12gi(ht)+ O )t
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Matching conditions

#!
<’ f (r,) = uﬁ(R,!>+"ru;<R,!>§+l'(:2 "Fu;(R,!)%
L Un(bs")=a()+ Bi() !+ 12gi(h )+ O )t
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Matching conditions

;

+ i+ SRR # P n K, + #k
un (1) = U (R + U (R1) & + rUn (R1) 1 rax

\ k=2
Un(Ls") = ap()+ B 126 (L) O )t

! | | T
E (1) my, RR

n! N n! N

146

Tuesday, September 28, 2010



Matching conditions

Mg

N (& () + B () # # G ()) + O(eT)

U (1) = U (R )+ u+(R')ﬁ+!H Uy (R, 1) A
< n y = - N y = F“n y = $ - n - W
\ Un(!!S’"): a-rll_(")-l_h-ql-(")! +!2q;(!,")_|_ O(e!!) | + 3
" Uﬁ (I’,!) = | "N U, I’!"R;F\:!’!
n!' N nl N
F o — k
# #
| n + | L4 i 4 e
L Un(R,.)+ rUn(R,.) $+k:2 un(R’!) k|$k)
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Matching conditions

up(rt) = U$(R,!)+"rUI$(F€,!)ﬁ+!H "FUE(R,!)#—i
< S E
CUn(bs")=ap()+ B()! + 1P q(Lt)+ O )t
ogEry o~ ey, TERRT
n!' N n! N
b oo F oo k
4 ! #
I w (R + " U(RD) =+ KU (R1) ——
MR RD g R ) o )
= Y (A M+ ) #+ # G #) + O
n=0
permits to relate the(a,, (!),b; (1)) Os to thel, (R,!),"rus (R,!)  Os.
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Determination of the order O terms

+ O | I «

W ! uy 4+ oug = in Ug outgoing
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Determination of the order O terms

+ O | I «

W ! uy 4+ oug = in Ug outgoing

Ao(!1,!s)Uo =0 =i Uo(a!) = ao(!)+ (') N
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Determination of the order O terms

+ - n *

W !ug + !4 Uy = in Ug outgoing
Ao(tr,!s)Ug =0 = Uo(a!) = ao(!)+ (') N

The matching conditions at order O give

(1) = 0 (R = ao(!) U (R1) =ao(!)
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Determination of the order O terms

W !uy 4+ u

Ao(l1,1s)Ug =0

- = N

n +

Ug outgoing

= Uo(d!)= ag(!) + lp(') N

The matching conditions at order O give

(1) =0

This implies

IUQ ('):O

V = Vs v

Uy (R = a0()  up(R!) = aol!)

and we set Uy(R,!) = ug(R,!)! u;(R,!)
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Determination of the order O terms

W !uy 4+ u

Ao(l1,1s)Ug =0

+ - n T

= in

Ug outgoing

= Uo(d!)= ag(!) + lp(') N

The matching conditions at order O give

(1) =0

This implies

Uy (R = a0()  up(R!) = aol!)

IUQ ('):O

and we set Uy(R,!) = ug(R,!)! u;(R,!)

UO(Va S (9) = UO(Ra (9)
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Determination of the order O terms

W !ur + 1% Ul = in" * u; outgoing
Ao(li 1)U = 1A 1(1, 16, 1)U = ! Leu(",s) ! Ug(R, #)
146
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Determination of the order O terms

W !ur + 1% Ul = in" * u; outgoing
Ao(li 1)UL = 1A 1(1,,1s,1:)Ug = 1 1u(™,8) |1 Uo(R, #)
146
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Determination of the order O terms

W !ur + 1% Ul = in" * u; outgoing
Ao(li 1)UL = 1A 1(1,,1s,1:)Ug = 1 1u(™,8) |1 Uo(R, #)

This suggests to introduce the profile functiod defined by
|

U=1"! U + o(l) ‘AOU';IS)U:IISH U=U, + o(1)

>
|
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Determination of the order O terms

w lur+!% up =0 in"* u; outgoing
Ao(li 1)UL = 1A 1(1,,1s,1:)Ug = 1 1u(™,8) |1 Uo(R, #)

This suggests to introduce the profile functiod defined by

5 |
u=1"1 U +0(1) ‘AO(I';IS)U:|Isu U= U +0(1)
; | —
. . R
By reciprocity U = 5 w1 ) OsN dsdy
M
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Determination of the order O terms

W !ur + 1% Ul = in" * u; outgoing
Ao(li 1)UL = 1A 1(1,,1s,1:)Ug = 1 1u(™,8) |1 Uo(R, #)

This suggests to introduce the profile functiod defined by

5 |
u=1"1 U +0(1) ‘AO(I';IS)U:||3|-1 U= U +0(1)
; | —
. . R
By reciprocity U = 5 w1 ) OsN dsdy
M

Ul('i!): al(!)+ k}_l.(l)N+ "!UO(R’!)M
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Determination of the order O terms

The matching conditions at order 1 give
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Determination of the order O terms

The matching conditions at order 1 give

L rus(R,™) = by(") Ocug (R,0)= b1(0) =! | rdrup (9)=0

146

Tuesday, September 28, 2010



Determination of the order O terms

The matching conditions at order 1 give

Lo Thug (R") = bu(")

8r u-lo_ (R7 6)) — bl(e)

rOug (A) =0

w lus+ ! ouy = f

'U() (!):O

', Ug (") =0

N

n +

Ug outgoing

across!
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Determination of the order O terms

The matching conditions at order 1 give

L rus(R,™) = by(") Ocug (R,0)= b1(0) =! | rdrup (9)=0

n +

w lug+ ! ouy=f in Ug outgoing

up (1)=0 ', up (")=0 across!

UO(Va S 6)) - UO(Ra (9)
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Determination of the order O terms

The matching conditions at order 1 give

L touy (R™) = (") Or ug (R, 0) = by(6)

=l | rOug (6)=0

n +

w lug+ ! ouy=f in

up (1)=0 r'rup (")=0

Ug outgoing

across!

UO(Va S 6)) - UO(Ra ‘9)

up (R1) = ar() £ ()N, = U "up(R,!)
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Determination of the order O terms

The matching conditions at order 1 give

L rus(R,™) = by(") Ocug (R,0)= b1(0) =! | rdrup (9)=0

n +

w lug+ ! ouy=f in Ug outgoing

up (1)=0 ', up (")=0 across!

UO(Va S 6)) - UO(Ra 9)

2. UT(R,!):al(!)i bL(!)Ny £ U " ug(R,!)
1

ur (')=2 N, ";up(R,!)+2 U "guo(R,!)
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Determination of the order 1 terms

Iterating the process gives the second transmission conditionifor
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Determination of the order 1 terms

Iterating the process gives the second transmission conditionifor

rteup ()= CooUo(R,")+ Coz! 2Up(R,")+2 R Uy '3 up(R,")

| 2R2 " "
Coo = o ", 1 ") dsd#
Coz = - "u! I w)!sUdsd" + : "u! ! ) dsd”
M Rl.,ll
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Determination of the order 1 terms

Iterating the process gives the second transmission conditionifor

rtrus (") = GoUo(R,")+ Coz! fUo(R,")+2 R U,

| 2
T

! UO(R1 ")

Co2= — M

| 2R?°

Coo = Yo

21,

| w)!sUdsd" +

) ds d#

1
R

w 1) dsa”

ur (1)=2 N,

"rUo(R,1)+2 U

n =+

i _ .
uy = in

u; outgoing

"’ QUO(R! | )

rtrus (") = GoUo(R,")+ Coz! fUo(R,")+2 R U,

acr

0sd

12, Uup(R,")
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Determination of the order 1 terms

Iterating the process gives the second transmission conditionifor

rtrus (") = GoUo(R,")+ Coz! fUo(R,")+2 R U,

| 2
T

! UO(R1 ")

Co2= — M

| 2R?°

Coo = Yo

21,

| w)!sUdsd" +

) ds d#

1
R

w 1) dsa”

ur (1)=2 N,

"rUo(R,1)+2 U

n =+

i _ .
uy = in

u; outgoing

"’ QUO(R! | )

rtrus (") = GoUo(R,")+ Coz! fUo(R,")+2 R U,

acr

0sd

12, Uup(R,")
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Determination of the order 1 terms

rteup (") = Gouo(R,")+ Coz! fUo(R,")+2 R U !7

| 2R2 -
= o
Coo on | ) ds d#
Coo = 1 "u. I n)!'sUdsd" + 1 "p. ' ) dsd"”
M | R |
W !lur + 1% U= in" * u; outgoing
upr (1)=2N, ",up(R,!)+2 U "gup(R,!) across

! UO(R! ")

Ui(hs™)= (up(")+ #uo(R,") N(l,s)+ # up(R,") U(!,s)
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Constructing a second order condition

A natural candidate for providingseecond orderaccurate approximation
outsidea thinneighborhoodof the interfaceis

U, = ugt 0ug
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Constructing a second order condition

A natural candidate for providingseecond orderaccurate approximation
outsidea thinneighborhoodof the interfaceis

U, = ugt 0ug

The approximate transmission conditions we shall propose will not provide
ui,r as a solution but we shall use it for constructing them.
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Constructing a second order condition

IUO (!):O

up ()=2N, "uo(R,1)+2 U, "guo(R,!)
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Constructing a second order condition

IUO (!):O

| Uq (I):2N| "TUO(R,!)+2 U, "QUO(R,!)

U (1)=2"N, #Uo(R,1)+2"U, # Ug(R,!)
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Constructing a second order condition

IUO (!):O

U (M)=2 N, ",uo(R,!)+2 U

Uo(R,!) = Tug, "(t)+ O(")

. QUO(R1 I )

U (1)=2"N, #Uo(R,1)+2"U, # Ug(R,!)

146
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Constructing a second order condition

IUO (!):O

U (M)=2 N, ",uo(R,!)+2 U

Uo(R,!) = Tug, "(t)+ O(")

. QUO(R1 I )

Uq 1 (I) =2 "N, # Uq 1 "(! ) +2" U # !U]_,! "(R, | ) + ()(")2
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Constructing a second order condition

IUO (!):O

U (M)=2 N, ",uo(R,!)+2 U

Uo(R,!) = Tug, "(t)+ O(")

. QUO(R1 I )

Uy (P)=2"Ny U, "(Y)+2"U #1100, "(R, )
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Constructing a second order condition

IUO (!):O

U (M)=2 N, ",uo(R,!)+2 U

Uo(R,!) = Tug, "(t)+ O(")

. QUO(R1 I )

Uy (P)=2"Ny U, "(Y)+2"U #1100, "(R, )

I r Ug (") =0

r'rugr (") =CooUo(R,") + Co2! fUo(R,") + 2R U ! i Uo(R,")
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Constructing a second order condition

ug (1)=0 Uo(R,!) = Tug (1) + O(")

| Uq (I):2N| "TUO(R,!)+2 U, "QUO(R,!)

Uy (P)=2"Ny U, "(Y)+2"U #1100, "(R, )

I r Ug (") =0

1orheup (") =GCooUo(R,") + Co2! FUG(R,") + 2R Use I 5 Up(R,™)

oliny (") = #Goo iy "(") + #Cop ! Ml "(") + 2 #R UL 17 Ty, (")
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A first approximate second order problem

w Pup, +rey U, = f int® L7, outgoing

P+

Uy (1)=2"Ny # ") +2 " U # g, (1)

by (") = #Coo !Ug "(") + #Co2 ! 21U, "(")+ 2 #R U, A g, (")
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A first approximate second order problem

W tup, +r2up, = f int® L7, outgoing

Uy (1)=2"Ny # ") +2 " U # g, (1)

by (") = #Coo !Ug "(") + #Co2 ! 21U, "(")+ 2 #R U, A g, (")

Problem: stabilityissue (vell-posednesanduniform bounds)
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A first approximate second order problem

+

W tup, +r2up, = f int® L7, outgoing

Uy (1)=2"Ny # ") +2 " U # g, (1)

by (") = #Coo !Ug "(") + #Co2 ! 21U, "(")+ 2 #R U, A g, (")

Problem: stabilityissue (vell-posednesanduniform bounds)

To illustrate this, for simplicity, we restrict ourselves to thgmmetriccase:

+ andp areevenfunctions with respect tos o
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A first approximate second order problem

+

W tup, +r2up, = f int® L7, outgoing

gy (1)=2"Ny #HU ()

rt Uy, “(") = #Coo SV "(")+ #Ch ! --Z!l'Jl,! "(")

Problem: stabilityissue (vell-posednesanduniform bounds)

To illustrate this, for simplicity, we restrict ourselves to thgmmetriccase:

+ andp areevenfunctions with respect tos o
in which case Uy =0.
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A first approximate second order problem

W !tup, oy, = f

Uy (1)=2"Ny #HlU ()

IN

+

LT, outgoing

L ligy (") = #Coo lg, (") + #Co2 ! F1lg, (")

---------
- ~
~

L 4 L 3
4 L 3
R .
P \‘
’ .
’ 2N
’ Y
’ '
’ I + 1€
’ ! 1
I 1
! 1
! 1
' 1
! 1
g I
'
)
' ’
+ ’
e ’
e ¢
‘s I |
LS "
D4 »
~ »

~
.....
------

146

— U+ T Ups =0.

T
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A first approximate second order problem

W tup, +r2up, = f int® L7, outgoing

Uy (1)=2"Ny #HlU ()

L ligy (") = #Coo lg, (") + #Co2 ! F1lg, (")

N

| #1,! alv" !2#1’! V dx+ T #1,! vd"

IR
+ 1 Gy Ml "W d" # 1 G U " I8V d"
| |

R S AT
2N, ! , B
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A first approximate second order problem

W

| #1,! alv" !2#1,! V dx+ T #1,! vd"

BARE
+ 1 Cyo W, " IV d* # | Cy U " T VT d"
| |

T S
2N, | , M B
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A first approximate second order problem

W

| #1,! alv" !2#1,! V dx+ T #1,! vd"

IR
+ 1 CGoo Mg "IV d" # 1 Gy 18U "T# V' d"
| |

T S AL
2N, | , M B

vt Vo= vt HI P E )T % T H) )
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A first approximate second order problem

W

| #1,! alv" !2#1,! V dx+ T #1’! vd"

RN
+ 1 CGoo Mg "IV d" # 1 Gy 18U "T# V' d"
| |

T S AL
2N, | , M B

vt Vo= vt HI P E )T % T H) )

usual terms
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A first approximate second order problem

W

| #1’! alv" !2#1,! V dx+ T #1’! vd"

BARE
+ | Cyo W, " V" d*“ # | Cy U " TV d"
! !

T S
2N, | , M B

vt Vo= vt HI P E )T % T H) )

usual terms Interface terms
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A first approximate second order problem

W

| #1,! alv" !2#1,! V dx+ T #1,! vd"

IR
+ 1 CGoo Mg "IV d" # 1 Gy 18U "T# V' d"
| |

T S AL
2N, | , M B

vt Vo= vt HI P E )T % T H) )
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A first approximate second order problem

W

| #1,! alv" !2#1,! V dx+ T #1,! vd"

IR
+ 1 CGoo Mg "IV d" # 1 Gy 18U "T# V' d"
| |

T S
2N, | , M B

vt Vo= vt HI P E )T % T H) )

Alternative de Fredholm
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A first approximate second order problem

W

| #1,! alv" !2#1,! V dx+ T #1’! vd"

IR
+ 1 CGoo Mg "IV d" # 1 Gy 18U "T# V' d"
| |

T S AL
2N, | , M B

vt Vo= vt HI P E )T % T H) )

coercive terms
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A first approximate second order problem

D)

| #1,! alv" !2#1,! V dx+ T #1’! vd"

IR
+ 1 Gy MU "IV d" # 1 Gy & U " 14V d"
| |

T S
2N, ! , B

vt Vo= vt HI P E )T % T H) )

coercive terms compact terms
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A first approximate second order problem

D)

| #1’! alv" !2#1,! V dx+ T #1’! vd"

BARE
+ 1 Cyo g, " IV d“ # | Cy g " T VT d"
| |

T S
2N, | , M B

vt Vo= vt HI P E )T % T H) )

coercive terms compact terms well-posed ifCo2 ! O
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A first approximate second order problem

L+

D)

| #1,! alv" !2#1,! V dx+

To #;, vd"

+ 1 Cyo g, " IV d*“ # | Cyo | #. Ul,! "1V d"

1 ..# $..v$d" i
ON, !, Y B
vt V= {vt HIC T ) % THI) )
| well-posed ifCoz ! O
coercive terms compact terms e
stability if N, ! O
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A modified approximate second order problem
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A modified approximate second order problem

Problem:in some cases the inequaliti€g, ! O ahd ! O ang true.
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A modified approximate second order problem

Problem:in some cases the inequaliti€g, ! O ahd ! O ang true.

Remedy. consider ahick andthin interface of width! " for some! > C
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A modified approximate second order problem

Problem:in some cases the inequaliti€g, ! O ahd ! O ang true.

Remedy. consider ahick andthin interface of width! " for some! > C

Tuesday, September 28, 2010



A modified approximate second order problem

Problem:in some cases the inequaliti€g, ! O ahd ! O ang true.

Remedy. consider ahick andthin interface of width! " for some! > C

IS aparameterto be adjusted
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A modified approximate second order problem

Problem:in some cases the inequaliti€g, ! O ahd ! O ang true.

Remedy. consider ahick andthin interface of width! " for some! > C

! Is aparameterto be adjusted

VRH I YR LT
! .l
V(R+ 1", #)+ V(R 1" #

[V];

IIV#.

NI
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A modified approximate second order problem

Problem:in some cases the inequaliti€g, ! O ahd ! O ang true.

Remedy. consider ahick andthin interface of width

For any smooth solutiomi  of the
homogeneous Helmholtz equation

(Taylor expansion + Helmholtz)
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A modified approximate second order problem

Problem:in some cases the inequaliti€g, ! O ahd ! O ang true.

Remedy. consider ahick andthin interface of width

For any smooth solutiomi  of the
homogeneous Helmholtz equation

(Taylor expansion + Helmholtz)

[
=
+
‘!\_’
E
C—
+
@,
o
w
~

[u],
| ’

[rl rU]! = [rl rU] # 21" || #ZUII! + $2R2 !u"! N O("3)
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A modified approximate second order problem

Problem:in some cases the inequaliti€g, ! O ahd ! O ang true.

Remedy. consider ahick andthin interface of width

For any smooth solutiomi  of the
homogeneous Helmholtz equation

(Taylor expansion + Helmholtz)
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A modified approximate second order problem

w Pup, +rey U, = f int® L7, outgoing

P+

gy (1)=2"Ny #HU ()

rt Uy, “(") = #Coo SV "(")+ #Ch ! --Z!l'Jl,! "(")
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A modified approximate second order problem

w Pup, +rey U, = f int® L7, outgoing

P+

gy (N)=2" Ny #HUL ()

rt Uy, “(") - #C(l)O SV (") + #C(l)z | --Z!l'Jl,! "(")

2l
Ni = N, + —
R
2l
Coo = Gzt
20 Rw?
CIOO:COO! 5
Ci
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A modified approximate second order problem

W tup, +r2up, = f int® L7, outgoing

gy (N)=2" Ny #HUL ()

rt Uy, “(") - #C(l)O SV (") + #C(l)z | --Z!l'Jl,! "(")

, 2!
o for+ large enough
Cro = Coo! = ' C
20 Rw?
CIOO = Coo ! 2
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A modified approximate second order problem

W tup, +r2up, = f int® L7, outgoing

Uy (1)=2"N¢ # () +2 " U # g, (1)

rt by (") = #Co MUg  "(")+ #Ch ! 2y, "(")+ 2 #R U, 1A T, (")

, 2!
o for+ large enough
Co = Coo! = ' C
20 Rw?
CIOO = Coo ! C!Z
146
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Stability analysis and error estimates

W tup, +r2up, = f int® L7, outgoing

by (1)=2"NY #()+2 U # g, () Py,

rt by (") = #Co MUg  "(")+ #Ch ! 2y, "(")+ 2 #R U, 1A T, (")
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Stability analysis and error estimates

W tup, +r2up, = f int® L7, outgoing
by (1)=2"NY #()+2 U # g, () Py,

rt by (") = #Co MUg  "(")+ #Ch ! 2y, "(")+ 2 #R U, 1A T, (")

Theorem: Assume that:  ischosensuchthat; ! 0 ang,! 0
there exists!* > 0 suchthatfor! !', Py, admitstanique solution

Uy, !V
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Stability analysis and error estimates

W tup, +r2up, = f int® L7, outgoing
by (1)=2"NY #()+2 U # g, () Py,

rt by (") = #Co MUg  "(")+ #Ch ! 2y, "(")+ 2 #R U, 1A T, (")

Theorem: Assume that:  ischosensuchthat; ! 0 ang,! 0

there exists!* > 0 suchthatfor! !', Py, admitstanique solution
Uy, !V

Moreover, for anyy >0 andM >R + ! | there exists a consta@i;; > O

such that

gy " u'lyig,, ) # Cur 12

where ! mi = x| <M/d (x,") <!
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Stability analysis and error estimates

The stability result (uniform estimate) is based on a contradiction argumen

For the error estimate, one brst establishes a power series expansioHiof

U]_,! = Ug+ !lUq + !2U2+

For which we have In particular

(1) !Ul,! " lg " !U]_!Hl(! wi ) # (!-:I\/I | 2

One observes that lp = Uup and bU; = u;  and one combines (1) with

u’ | 2

Ug " !U1!H1(! wi ) # CII\/I

to conclude with the triangular inequality.
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Numerical results
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Numerical results

|
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Numerical results

. S0 5

-5 -5
B

_—E -1.4 -1 -0.a 0 0.3 1 1.4 2

Exact computation Approximate computation
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Numerical results
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Numerical results
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— " =0.25
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145 ! ! ! ! ! ! ! ! ! |
12.1 12 11.9 11.8 11.7 11.6 1.5 11.4 11.3 11.2 1.1

In(! )/In(10)

146

Tuesday, September 28, 2010



