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| Nver se sour ce problem

We consider in R? the homogeneous Helmholtz equation

1-d 1
Oru —thku = o(rz ), D

{ Au+k*u = S(o),

where £ is the wavenumber of the radiated scalar field .

Assume that S(x) has a compact supportin By, (0) C €2, and
dist (Bg,, ") > dp.

Determine the source S that generates the field u;. everywhere outside
the source region €2 for k € [0, ko).
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Define the Green function in the whole space

_igWier) ifd =2
(I)(/fﬂ“) — {euﬁ 0 ( ) ifd:37

Arr

There is a unigque solution « to the system (1))

ww) = [ @le—u)Sws
Let v(x) be the outward normal derivative at z € T'.

The functions « and % on I' determine uniqguely « in the
whole space R¢.
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For a fixed wavenumber £, we define the radiation
operators Lg), L,(f) from L*(I') — L*(T") as

-

LO(S)(z) = /B (k. |z — y|)S(y)dy, forz el

L2(S)(x) = /B 8(1)(’;’”‘22)_@/‘)5(@/)@, forz €T

The M-isp is to find S(x) € L?(Bpg,) such that the following
linear equations are satisfied simultaneously for k& € |0, ko

LY (8)(x) = up(z), LP(9)(z) = %(x) forz cT. (2
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frequency data is not well-posed:

t should be pointed out that the inverse problem with singleT

(i) The solution to (2) is not unique. This is due to the
existence of the non-radiating source, whose radiating

field vanishes identically outside the support volume Bp, .

(i) The problem is severely ill-posed for low w

avenumbers,

that is, an infinitesimal noise in the measurement will give

rise to large errors in the reconstruction so
In fact, it can be shown that the singular va

maps L,(:) and L,(f) decay exponentially for

ution.
ues of forward

ow £.
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Figure 1: The first 120 singular values of L,(fl) and L,(f) when k£ = 1.
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Stability estimates

Let ¢ € R? such that |¢| = k. T
Multiplying the equation (1)) by e~** and integrating over €,
we obtain

§(§) — /Feig'x(% + ig.uuk)dax &l =k € 0, kol.

By collecting the measurements wu,, % on I' for k € |0, ko,

v

the Fourier transform of S on B;, can be reconstructed
directly.

The M-isp is to determine .S from the knowledge of §(§) for £ € DBy, .
Theorem 0.1. Let (k;); be a bounded sequence of positive reals. The
measurements (Ukj)j determine uniquely the source function S.
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Theorem 0.2. Let .S be a function in C'1(B.). Assume that

Ouy

€e=|—— 5, lco(By,nr )y + lkukllcos,, 1y <1

and
HSHcl(EC) S M7

where M is a positive constant. The following statements hold:

A) Ifc < €, Then

1
B) If c > 5e€l1+2d then

N

W=
/—\
\_/

win

—_

ISlcos,, < C(M(1+2ve)

where C'is a constant that only depends on the dimension d.

Inverse source nroblem with multi-freauencyv data — p. 9/21



- N

Theorem 0.3. Let S be a function in C'1(B1). Assume that

e= 7 llrrse iy + 1Rl B, L1 (r)) <1

and
Hsucl(ﬁl) < M7

where M is a positive constant. The following statements hold:

A) lfc> e % 41, Then

1 ., dt1
ISllooz,y < C(1+2M0+ )+ (=) F e,

where the constant C' only depends on the dimension d.

B) Ifc < e %+ 1, then

ISleom, < o(1+2ma+ D zlﬁé)( <i1>)%’

where C'is a constant that only depends on the dimension d.
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Numerical iHlustration

Assume that at k = k,,,, the source function has been recovered with S = 5,,,.

Then at a higher wavenumber k = k,,+1 := kp + 0k, Where 6k,,, > 0 IS the
increment, the Landweber iteration is applied to solve (2) with &£ = k1.

In the example, the support volume of the source function is
[—0.3,0.3] x [—0.3,0.3], which lies in the domain 2 such that dist(Br,,[") = 0.05.

The measurements {uy, ‘%’f} are made on I' for k € [kmin, kmaxz]-
We set k..in = 1 in the following numerical example.
Assume that the true source

2 2 2 2
S(Q?l,xg) — 1.16_200(($1_0'01) )+(x2—0.12) . 100($§ . x%)e—QO(wl-l—acQ).
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Figure 2: Real source function.
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Figure 3: The contour plot of the real source function.
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Figure 4. Reconstruction at k=9.
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Figure 5: Reconstruction at k=17.
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Figure 6. Reconstruction at k=25.
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Figure 7. Reconstruction at k=33.
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Figure 8: Reconstruction at k=41.
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Figure 9: Reconstruction at k=61.
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Futureworks

-

The presented work can be found in the two papers:

-

# Multi-Frequency Inverse Source Problem, to appear in JDE
2010.

® Numerical solution of the inverse source problem for the Helmholtz
Equation with multiple frequency data, Submitted.

Here are some future works:

| Multi-Frequency Inverse Source Problem in an
Inhomogeneous medium.

Il Multi-Frequency Inverse Source Problem with phase less
data.
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