’

Recovery

Gabriel Peyré

www.numerical-tours.com

CEREMADE

TIVERSITE FARIS

P,


http://www.ceremade.dauphine.fr/~peyre/wavelet-tour/
http://www.ceremade.dauphine.fr/~peyre/wavelet-tour/

Inverse problem measurement y= KTg+ W

i‘Lk‘ K:RNo1 RP, P N
a o




m L
'

: , 1 . . .
A Example: !~ Regularization -

Inverse problem measurement y= KTg+ W

',/
-
?/. - »
*'
' 4

K:RVe1 RP. P11 N

Model: fo =" Xo sparse in dictionary! ! RN'* Q@ Q! N.
x | RN L [f=1x! RV [y=Kf! R"
cod clents g image | observations

I = K!" " RPN T




.-- ’
'

- 1 . . .
¥ Example: !~ Regularization =

Inverse problem measurement y= KTg+ W

B . B
AV ‘ G g K:RVol RP, P11 Ng
/S /!

Model: fo =1 Xo sparse in dictionary! ! RN'* Q@ Q! N.

x | RN L [f=1x! RV [y=Kf! R"
cod cients > Image g observations
‘ | = K!" " RN T

Sparse recovery.f* = Ux' wherex' solves

1
min [=1y = x| + [ |x
min 2||y || Ix11

Fidelity = Regularization



miations and Stabillity aj

Data: fo="1 Xo

Observations y=1!Xg+ W

1
Recovery z 1 argmin 5122 ” yl>+ Hzle (P (y))
x! RN



miations and Stabillity

Data:

Observations

Recovery

+
)

f():!XO

y=1Xo+ W
1

— o' ! argmin Z|®z" y]* + ! 2]y

x! RN 2

—> X' | argmin |x]1

l x=y

(no noise

(P (Y))
(Po(y))



m\ '.i:*‘: Variations and Stability a'i

Data: fo="1 Xo

Observations y=1!Xg+ W
1

Recovery 4 — «' ! argmin S1%2” gl + zle (P (y))
x! RN
- x| alrgmin 111 (no noise  (Po(Y))
' x=vy
Questions

b Behavior ofx’ with respecttoy and!.

P Criterion to ensurex’ = xo whenw=0and! =0"%.

b Criterion to ensure|x' ! Xgo] = O(|w]).
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m;fgl‘ytopes Approach , aj

= ()it RO

By = {x\ x| <!}
b= IXoli

Theorem:  Xg IS IdentiPable Y I Xo # ' A(B))
Xg = X’




I&- EThe Basis-Pursuit Map in 2D zﬂé

L =(@i)i! R®S
C(O,l,l) )
! 3
K11 ™
| >
( I
y " X' (y)
2-D quarter space 2-D cone!

Ks= (Iisi)i! R\ I;1 0 Cs =! Kg



Delaunay paving of the sphere with spherical trianglesC;
r Empty spherical caps property



| ' '- Polytope Noiseless Recovery :-5

Counting faces of random polytope:s 'Donoho, 2006
All Xo such that |[xglo! Cn (P/N )P are identiPable
Most X such that |xglo! Cg (P/N )P are identiPable

Cn (1/4) ! 0.06¢ b o0
Cr(1/4)! 0.25 - |
I Sharp constants
I No noise robustnes: o
! No compressible signal:
2.7 250

Fé|p Most
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mt Order Condition ::-E

x' | argmin E(x) = —II' " yIF+ Alxls
x! RN
Support of the solution: | = {i! {0,...,N" 1}\ x; #0}

First order condition:
X' solution of P (y) r 0! I E(x")

_ ! ! _ S| = Sign(xr),
[ I | I + | g = W

Sjc = CIDiC(CI)X! | y)



W% l|-"£ First Order Condition :;-

x' ! argmin E(x) = —II' " yIF+ Alxls
x! RN
Support of the solution: | = {i! {0,...,N" 1}\ x; #0}

First order condition:
X' solution of P (y) r 0! I E(x")

S| = Sigl’l(Xr),

I I (1 x* | | ¢ =
! "I x" ! y)+1s=0  where sl <1
Sjc = (I)ic((I)X! | y)
Uniqueness:
Theorem: [|f !, has fullrank and |! (! X' I y)]-

then X' is the unique solution of P (y)




Local Parameterization

If 1, has full rank: + | T
| e ()

X y)+ls=0 = xSyl () s
Implicit equation



|Zz '|‘|E‘ | ocal Parameterization -

If 1, has full rank: |+:(|!!|)"1!!

(I x ! y)+ls=0 = xp =Ty () s
Implicit equation
Giveny ! computex’ ! compute (s, ).

Debne ¥e(@) = !, w! (1 ;1)) 's Ve (W) e =0

By construction &, (y) = X .



If 1, has full rank:

L= (i)
XL y)+ts=0 = o xp =Lyl s
Implicit equation
Giveny ! computex’ ! compute (s, ).
Debne ®¥g(@) = ! [ @! B!l ) s Vg (P) e =0

By construction &, (y) = X .

| ocal Parameterization -

Theorem: Let x° be a solution of P- (y).
If !, x ! y)]- <! for (9, close enough to (,Y),
¥z () is a solution of Pg(P)

L



Local parameterization ®g(g), = ! "w! P ;! ) s

Under uniqueness assumptiol

III . . .
Y X1 are piecewise & ne functions

S

X1 breaking points

change of support of X°




¥ Projector -y

Proposition: If x' and X' are solutions of P- (y)
then! x' =1 ¥,

u(y) = ! x* is uniquely debnec



m:"‘ﬂgjector -

Proposition: If x' and X' are solutions of P- (y)
then! x' =1 ¥,

u(y) = ! x* is uniquely debnec
There existsx* such that ®, has full rank.

If | sign(x;)]: < 1, for gclose toy:

ug) = Pi(g! "
N

P =T L) s
Orthogonal projector ~ constant
{! z\ Supp(z) = I}
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mustness to Small Noise

Identifiability crition: [Fuchs

For s! {" 1,0,+1}N, let | = supp(s)

F(s)= 1! s where || ="

(! | 1s assumed to have full rank



Robustness to Small Noise

Identifiability crition: [Fuchs

For s! {" 1,0,+1}N, let | =supp(s)

F(s)= ]! s ] where ! =" ;"""
(! , Is assumed to have full rank
Theorem: If F(sign(Xp)) < 1, T= mlirll X0 |
|
If |w|/T is small enough and! ! |w]|, then
Xo+ ! yw—1(!) *sign(xo,)

IS the unique solution of P, (y).

' If Jw] small enough,|x' ! Xo| = O(Jw]).




F(s)= 1! s :r?/fﬂr 'di, !

where d, debned by
it A, iS= s



F(s)= 1! s :r?/fﬂr 'di, !

where d, debned by
Li" 1, A, %= s

Id; , "] <1



F(s)= 1! s :r?/fﬂr 'di, !

where d, debned by
Li" 1, A, %= s

Id; , "] <1




m‘etch of Proof :;

Local candidate: implicit equation X' = X(sign(x’))
where  &(s); = ! y! (1 ') ts, I=supp(s)

— Prove that & = &(sign(Xg)) Is solution.



|Zz Fﬁ Sketch of Proof -, X

Local candidate: implicit equation X' = X(sign(x’))
where  &(s); = ! y! (1 ') ts, I=supp(s)

— Prove that & = &(sign(Xg)) Is solution.

Sign consistency sign(X) = sign(Xo) (C 1)

y=1Xg+w =l B = Xo+!}FW" |(| ?| I)—lsI
L oWl )Y L <T -1 (Cy)



Mtch of Proof a'f

Local candidate: implicit equation X' = X(sign(x’))
where  &(s); = ! y! (1 ') ts, I=supp(s)

— Prove that & = &(sign(Xg)) Is solution.

Sign consistency sign(X) = sign(Xo) (C 1)
y=IXe+w =l R=xo+!Fw" (15 ) 's;

L T |07 I (O il TR | =1 (C1)
First order conditions: I (B! Y- <! (C2)

I'ie(tt ) Wl @Y F(s)! <0 =t (Co)
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mtch of Proof (cont)

'] 2

[w] +

ORI el I

<T

IVt

' id) o, Jwl ! |2

@) <0

=1 X IS
the solution



m_etch of Proof (cont) a'i

!
'] 2

[w] +

TURRID Ll T

I <T =| ¥ IS

1t ad) o Jwl ! |2

the solution

@) <0

For |w|/T < ! nax, one can choosée ! |w|/T

such that ® is the solution of P, (y).

w
Wl o




m_etch of Proof (cont) E-E

X #1
1 T VW g | (GO kel TR

I <T =| ¥ IS

T i)

(1!

the solution

@) <0

For |w|/T < ! nax, one can choosée ! |w|/T

such that ® is the solution of P, (y).

XU X wl A
= 0(||vv||)

=l ®" x| = O(lw])

W
Wl o

) tle 2
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mustness to Bounded Noise E-E

Exact Recovery Criterion (ERC): [Tropp]
For a support 1 ! {0O,...,N " 1} with ! | full rank,
ERC()= '] . where | =" " "
=max |! ] ¢l

C

Relation with F criterion: ERC(l1)= max F(s)
s,supp(s)! |



.

Exact Recovery Criterion (ERC): [Tropp]

For a support 1 ! {0,...,N " 1} with I', full rank,
ERC() = 1" 11 where 1, = "#"
= max |! 1 il
gl IC

Relation with F criterion: ERC(l1)= max F(s)
s,supp(s)! |

Theorem: If ERC(supp(Xg)) < 1 and! ! |w]|, then
X' is unique, satisfies supp(X’ ) ! supp(Xg), and
[Xo! x| = O(|w])




Sketch of Proof

Restricted recovery

A ® 1
X € argmin S|!' X —y]* + ! [x]4

supp( x)! 1
' Prove that & is the unique solution of P, (y).



X ¥ Sketch of Proof

Restricted recovery

A ® 1
X € argmin S|!' X —y]* + ! [x]4

supp( x)! 1
' Prove that & is the unique solution of P, (y).

_|+

Implicit equation: & =!y! (! ;!) 's

Important: s = sign(&) is not equal to sign(x’).



= Sketch of Proof -y

Restricted recovery

A ® 1
X € argmin S|!' X —y]* + ! [x]4

supp( x)! 1
' Prove that & is the unique solution of P, (y).
=3

Implicit equation: & =!y! (! ;!) 's

Important: s = sign(&) is not equal to sign(x’).

First order conditions: I' ('8! Y] <! (C2)

e i) Wl (L F(s)! <0 =1 (Co)



X~ .Sketch of Proof =y

Restricted recovery

A ® 1
X € argmin S|!' X —y]* + ! [x]4

supp( x)! 1
' Prove that & is the unique solution of P, (y).

Implicit equation: & =!y! (! ;!) 's

Important: s = sign(&) is not equal to sign(x’).

First order conditions: I' ('8! Y] <! (C2)
IVt b d) o wlt @Y F(s) <0 = (Cy)
Sinces Is arbitrary: ERC(I)< 1 =l F(s)< 1

Hence, choosind ! |w| implies (C,).



X eak ERC -

For A=(&);,B =(h);, wherea;,b ! RF,
'(AB)=max (& b)l
il
v(A) = max | |!ai, d; "|
J R=N
Weak Ezxact Recovery Criterion: [Gribonval,Dossal
Denoting ! = (! )L, * where!; ! RP

N ETY "
w-ERC(I1) = " 1—1("))
+ 00 otherwise.

(1)< 1

Theorem: F(s)! ERC(1)! w-ERC(l) (for I =supp(s))




[Example: Random Matrix

P =200,N = 1000

0 1IO 2|O 3IO 4IO 5IO
w-ERC < 1 F <1
ERC<1 x = xg



m £Example: Deconvolution =1

Ix= ox! @ ") | d X0

[

i
Increasing! ' |
| reduces correlation e
I reduces precisior




merence Bounds -+

Mutual coherence (! ) = max [
| £

1 1 . .
Theorem: If IXolo< 3 1+ mo) X' IS unique

satisbes supp') ! |, and [xo! x'| = O(|w])




W% &1 Coherence Bounds =

Mutual coherence (! ) = max o, o
| £

- olo< 3 1+ i< x' isun
Theorem: If IXolo< 3 10 X" IS unique
satispes suppt') ! |, and [Xo! X' | = O(Jw])

—or Gaussian matrices p(! ) ! 7

—or convolution matrices: useless criterior



Mutual coherence (! ) = max o, o
1Ej

Coherence Bounds Ej

- olo< 3 1+ i< x' isun
Theorem: If IXolo< 3 10 X" IS unique
satispes suppt') ! |, and [Xo! X' | = O(Jw])

—or Gaussian matrices p(! ) ! 7

—or convolution matrices: useless criterior

) kp(! )
Coh(k) = —; (k! Dp(!)

Theorem:  (for | = supp(s))
F(s) < ERC(l) < w-ERC(I) < Coh(|I|)




Overview
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m_s_with RIP

¢t recovery:
| .
| argmin |z where
|®x?y|! " 2l: Jw] ! !
Restricted Isometry Constants
Uxlo ! ke (@ B)IXIEY I xDP @+ NI



mwth RIP -

¢t recovery:

. =1 xo9+
¢ | argmin |z]. where Y | mlo v
| &x! y|! " Jw] ! !
Restricted Isometry Constants
Uxlo ! ke (@ B)IXIEY I xDP @+ NI
Theorem: If !y ! 2" 1, then [Candes 200¢
{0
HCEo! T H | —E”Qfo! Zlﬁk”l + (]
where X IS the best k-term approximation of Xg.




Me_ments of Proof -

Reference: E. J. Candes, CRAS, 200t

K element\<r_I
{O,..., N | :I.}—-l-()l 1 h= x| X0
Iar es1 Iartges1 Xk = XTq
hre
Optimality conditions: ~ [hrel1 ! [hrol1 +2X7els
Explicit constants: o
| =

ot X 10 F2 1 il + Cie 1" "2

i 1+ ||2k
2! ! | =2
CO — Cl p— 1|| 1

(R e



Singular Values Distributions =
Eigenvalues of®; &, with |I| = k are essentially in g, b
a=(@1! 1)> and b=(@! 1)> where ! = k/P

Whenk=1P ! +" | the eigenvalue distribution tends to

0= 7

()
.l/illlilllilililnhf’ =200,k =10
J““““m“mﬂllmilmw k=30 i

‘—\

Large deviation inequality [Ledoux]

(0! b*(a! 1)*  [Marcenko-Pastur




mmerics with RIP a'i

rheorem: If k| C P |Candes et al, 2004

log(N/P )

then !y ! 2" 1 with high probability.




= Numerics with RIP a'f

C |Candes et al, 2004
It k! P ’
log(N/P )

then !y ! 2" 1 with high probability.

'heorem:

Stability constant of A:
L L (AN AT @+ (AN I

Jpper/lower RIC:

P :m?:l}é"i(! 1)

e =min( i, !E)

Monte-Carlo estimation:

Q! T




