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| JInverse Problem Regularization

Recovering zg from P noisy measurements: Yy = AXg+ W

Denoising: A = 1d. A:RN - RP
X0
A — Y
R
Lagrangian formulation: IélIIR{INl i“y — Ax “2 + 1 J(x) (Pr)
Constrained formulation: ||y_HAl\)i(r|l|l J(X) (Q)
Noiseless problem: min J(X) (P,)

AX =y



“FInverse Problem Regularization

Recovering zg from P noisy measurements: Yy = AXg+ W
Denoising: A = 1d. A:RN - RP

Examples: Inpainting, super-resolution, compressed-sensir

— Y
R
Lagrangian formulation: IélIIR{INl 5“3/ — Ax “2 + 1 J(x) (Pr)
xr
Constrained formulation: ||y_HAl\)i(r|l|l J(X) (Q)
Noiseless problem: min J(X) (P,)

AX =Yy



Blocking operator:
B,:RY I R

Bx = (BZ'LE)Z'E[ | () = HRNi
el

Regularization functional:

J(z) =) 1i(Bjz) = ®(Bux)

il T
vus(u); €, "(u)= ) 1i(uy).
il
Requirements: ! ; convex + “simple”
1 must be

Prox.., (v) =argmin =|v! w|*+ " {(w) ——> €8sy IC
weRNi 2 compute
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X -ﬁ'- Spatial Block Sparsity n'i

Block-sparsity: /P norm, p > 1

N —1 1/p
Li(v) = (Z ‘V(k)‘p)

b; (t> bi +1 (t)

m )

Partition operator:. S, = {t\ b(t) 70}
Biz = (bi(t)z(®))u s, Sif = N;

Overlap: 31 #J, S;NS,; #0

== J IS not simple



Seneral formulation: i ) Hy q| (P )

Join A+ (BX) 1 (g) =y @) (@)
. . ly=(9) (Po)
Proximal mapping:
Prox, (u) = (Prox,e, (Ui));,
Prox.,,, (v) = argmin %Hv! wl|®+ 1" i (w)
weERN
Examples (\P norms):
Prox. ., (v) = max 0,1! ﬁ v(k)
k

|
Prox; ., (V) = max (O, 1! —> \Y;



Primal Method - Formulation

Equivalent formulation: H(x,u)="! (A(X))+ \" (u)

z=( x,g)l!irlg'\' " Q i (Z) T LC(Z) C= {(ZB,U) \u = Bx}

Proximal computation:
Prox) g(X,U) = (Proxi 1 4(X), Prox;» » (U))
My +ATA 4 RAYy (P
v+ A (AAY) "Ny — Az),  (Py)
Projection computation:
Prox,.(X,u) = Proj -(X,u) = » Bx
X =(Idy +B'B) *(B'u+x)

mT—1

Proxii ca(x) =

Special case (blocks): B*B = diag b (1),
teS;



Primal Method - Algorithm

Douglas-Rachford algorithm:
3(0) (x(o),u(o))

2

I__)g(nJrl) L grPOXLC (rProx,y (™))
Z(’n,+1) = Prox fyH(z'(n-l_l) )

rProx, g(z) = 2Prox g(z) — z

Convergence: uelo2f >0 . (P)

5(n) NT oo (X™, u™) x' a solution of " (D)
(Po)



Primal-Dual - Method

Equivalent formulation: min F (KX )
X €RN

F(g,u="1(g+!" (u)
Kr=(Axz,Bx)! R"" Q

Proximal computation:

Prox, (g, u) = (4g,Prox; (u))

i 91++>\>:)3/’ (P1)

~ u_y
9=y Yt emaceun ()

Y (Po)




Primal-Dual - Algorithm

Relaxed Arrow-Hurwicz algorithm: [Chambolle-Pock 2011

20 — 70 N 1O cRP % Q
| (041 = Prox o 1 (M) 4 K g™
(D) _ (1) _ | ¢t (nD)

P () g (e ()

Convergence: 0<! <1, " K[ < 1
o (Pr)

' a solution of ) (Q1)
(Po)

MOEC TR



Generalized FB - Method #1

Equivalent formulation of (Pr)
min F(z) + G1(z) + G2(2)

z=( z,u)! RN "I

L ]
Smooth Simple

Smooth part: F(z)= F(x,u)= V(AX)
VFE(2)=(A'V! (A(X)),0) e RN x"

Constraint: Gi(z) =!¢c(2) C={(x,u)\ u= Bz}

Prox,.(X,U) — (%)

Sparsity: Gsy(z) = ! (u)

Prox~g,(X,U) = (X, Prox,i (u))



Generalized FB - Algorithm

seneralized Forward-Backward:
[Raguet, Fadili, Peyre, 2011

Oélgfb—l-l) — al({;n) + u PFOX,}_‘G,{(ZZ(”) | Oégn) ! ,y" F(Z(n))) | Z(n)

5 (n+1) _ Z! . lin) o =1
k K

Hypothesis: ! F is 1/! Lipschitz.

Convergence: 0< v< 20 O<u! 1

z(M) " (x* u*), ' a solution of (P )



Generalized FB - Method #2

Equivalent formulation of (P )
min F(z) + » Gi(x) F(z)="! (Axz)
S I I E .
Smooth Simple VF(z)= A VY(A(2))
Non overlapping splitting: Gi(X) = Z ;i (B;X)
.. AN
V(,])€lpxly, bi(t) b;(1)

i #Z] = S NS =0 M
v

: : D E— D S—
Proximal computation: Si S;

Vt € 5i, Proxyg, ()t = Prox,p,a()

' Newton descent on the dual (sub-iterations).



m;gumerical Results - Denoising =
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