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min
x∈RN

1
2

||y −Ax||2 + ! J(x)

y = Ax 0 + w

A : RN → RP

min
Ax =y

J (x)

min
||y−Ax ||! ε

J (x)

Lagrangian formulation:

Constrained formulation:

Noiseless problem:

Recovering x0 from P noisy measurements:

A
y

Denoising: A = Id.

Inverse Problem Regularization

(P! )

(P0)

(Q! )
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Examples: Inpainting, super-resolution, compressed-sensing
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J(x) =
�

i! I

! i(Bix) = Φ(Bx)

B i : RN ! RNi

Bx = (Bix)i∈I ! Ω =
�

i∈I

RNi

∀u = ( ui)i ∈ ! , " (u) =
�

i∈I

! i(ui).

Blocking operator:

Regularization functional:

Bi

Bi �

Requirements: ! i convex + “simple”
must be
easy to
compute

Block Regularization

Proxγϕi (v) = argmin
w∈RN i

1
2

||v ! w||2 + !" i (w)
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! i (v) =

�
N i−1�

k=0

|v(k)|p
�1/p

Bi x = ( bi (t)x(t)) t ! Si

Si = {t \ bi(t) �= 0}
|Si | = Ni

Block-sparsity: �p norm, p � 1

Partition functions:

Partition operator:

t

Overlap: ∃ i �= j, S i ∩ Sj �= ∅

=⇒ J is not simple.

bi +1 (t)bi(t)

Spatial Block Sparsity



min
x ! RN

! (Ax ) + ! " (Bx )

Proxγϕi (v) = argmin
w∈RN i

1
2

||v ! w||2 + !" i (w)

Proxγ||·||1 (v) =
!

max
!

0, 1 !
γ

v(k)

"
v(k)

"

k

Prox! ||·||2 (v) = max
�

0, 1 !
!

||v||2

�
v

Proxγ! (u) = (Proxγϕi(ui ))i ! I

General formulation:
1
2!

||y ! g||2 (P! )

!y=·(g) (P0)

! ||y! ·||! ! (g) (Q! )! (g) =

!
""#

""$
Proximal mapping:

Examples (! p norms):

Convex Optimization



C= { (x, u) \ u = Bx}

Prox! H(x, u) = (Prox! ! ! A(x), Prox!" " (u))

Prox! ! ◦A(x) =
! "

IdN + !
" A∗A

#−1 "
x + !

" A∗y
#
,

x + A∗(AA∗)−1(y −Ax),

x̃ = (IdN + B ! B )" 1(B ! u + x)

B ∗B = diag
! "

t∈Si

bi (t)2#
t

Equivalent formulation:

Proximal computation:

Projection computation:

Special case (blocks):

min
z=( x,u) ! RN " Ω

H (z) + ιC(z)

ProxιC (x, u) = Proj C(x, u) =
!
÷x, B ÷x

"
(�)

Primal Method - Formulation

H (x, u) = ! (A(x)) + λ" (u)

(P! )
(P0)



µ ∈]0, 2[ γ > 0

z̃(0) = (x(0), u(0))
Douglas-Rachford algorithm:

z̃(n+1) =
!
1− µ

2

"
z̃(n ) +

µ

2
rPoxιC (rProxγH (z̃(n )))

Convergence:

z(n) n→+∞!" (x�, u�) x! a solution of

!
"

#

Primal Method - Algorithm

z(n+1) = Prox γH (÷z(n+1) )

rProx ! H (z) = 2Prox ! H (z) − z

(P! )

(P0)

(Q! )



min
x∈RN

F (Kx )

F (g, u) = ! (g) + ! " (u)

Kx = ( Ax,Bx) ! RP " Ω

Prox! F (g, u) = (÷g,Prox! ! (u))

g̃ =

!
"#

"$

g+ λγy
1+ λγ ,

y + ε u−y
max( ε,||u−y ||) ,

y.

Equivalent formulation:

Proximal computation:

Primal-Dual - Method

(P! )

(P0)

(Q! )



x(n) n! + "!"

Relaxed Arrow-Hurwicz algorithm: [Chambolle-Pock 2011]

Primal-Dual - Algorithm

x(0) = x̄(0) ! RN ! (0) ∈ RP × Ω

! (n+1) = Prox σF∗

!
! (n) + " K øx(n)

"

x(n+1) = x(n) − ! K ! " (n+1)

x̄(n +1) = x(n +1) + ! (x(n +1) − x(n ) )

0 < ! � 1, ! " ||K ||2 < 1

x! a solution of

!
"

#

(P! )

(P0)

(Q! )

Convergence:



Smooth Simple

min
z=( x,u) ! RN " !

F (z) + G1(z) + G2(z)

∇F (z) = ( A! ∇! (A(x)) , 0) ∈ RN × "

G1(z) = !C(z)

F (z) = F (x, u) = Ψ(Ax )

ProxιC (x, u) → (�)

Constraint:

Smooth part:

Equivalent formulation of :

G2(z) = ! (u)

ProxγG2(x, u) = (x, Proxγ! (u))

Sparsity:

Generalized FB - Method #1

C= { (x, u) \ u = Bx}

(P! )



!

k

! k = 1

0 < γ < 2β

Hypothesis: ! F is 1/! Lipschitz.

Generalized Forward-Backward:
[Raguet, Fadili, Peyr«e, 2011]

0 < µ ! 1

α(n+1)
k = α(n)

k + µ
!

Prox !
" i

Gk
(2z(n) ! α(n)

k ! γ" F (z(n))) ! z(n)
"

z(n+1) =
�

k

! k" (n)
k

z(n) n→+∞!" (x�, u�),

Generalized FB - Algorithm

x! a solution of (P! )

Convergence:



min
x∈RN

F (x) +
�

k

Gk (x)

Smooth Simple

F (x) = ! (Ax)

∇F (x) = A! ∇Ψ(A(x))

Gk(x) =
�

i! Ik

ϕi(B ix)Non overlapping splitting:

bj(t)

Si Sj

∀ (i, j ) ∈ I k × I k,

i �= j ⇒ Si ∩ Sj = ∅

Proximal computation:

∀ t ∈ Si , ProxγGk(x)t = Proxγ|| biá||(x)t

!" Newton descent on the dual (sub-iterations).

Generalized FB - Method #2

bi(t)

t

Equivalent formulation of :(P! )



P
S

N
R

!

s: partition function
scale.

w: patch size
(no overlap)

(overlap)

PSNR=27.5dB

Numerical Results - Denoising
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Original x0



PSNR=23.25dB PSNR=23.7dB

s

A ! RN×P random

P = N/8

Noiseless:y = Ax0.

w = 4

Numerical Results - CS
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