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Abstract

These corrections refer to the 3'¢ edition of the book A Wavelet Tour of Signal Processing
— The Sparse Way by Stéphane Mallat, published in December 2008 by Elsevier. If you
find mistakes or imprecisions in these corrections, please send an email to Gabriel Peyré
(gabriel.peyre@ceremade.dauphine.fr). More information about the book, including how
to order it, numerical simulations, and much more, can be find online at wavelet-tour.com.

1 Chapter 2

Exercise 2.2. If [ |h| = +o0, for all A > 0 there exists B > 0 such that ffB |h| > A. Taking
f(x) = 1;_4, aysign(h(—2)) which is integrable and bounded by 1 shows that

B

f=h(0)= / sign(h(t))h(t)dt > A.
-B

This shows that the operator f +— f % h is not bounded on L°°, and thus the filter A is unstable.

Exercise 2.4. One has
fr@®) =Relf()] = [f(t) + f*®)]/2 and f;(t) = Ima[f(¢)] = [f(t) — f"()]/2

so that

frlw) = / Me’wtdt: f(w)/2 + Conj ( / f(t)eiwtdt) /2
= [f(w) + f*(~w)]/2,

where Conj(a) = a* is the complex conjugate. The same computation leads to

filw) = [fw) = f*(=w)/2.

Exercise 2.6. If f = 1;_, ) then one can verify that

;o 2sin(mw)

flw) =

w



It result that

/sin(md) _ %/f(w)dw = f(0) =1.

W

If g = 1j_1,1) then §(w)/2 = sin(w)/w. The inverse Fourier transform of §(w)? is g x g » g(t) so

in® 1 2
/Sm ) g = f/g(w)sdw= gg*g*g(o) -

w3 8 4’

where we used the fact that )

g*g*g(0) = / h(t)dt =3
-1

where h is a piecewise linear hat function with h(0) = 2.
Exercise 2.8. If f is C! with a compact support, with an integration by parts we get

£ 1 i —iwt

= — t)e *tdt

fo) = [ rive

so that c
Fen<S with o= [I7@lt < +oc,

which proves that f(w) — 0 when |w| — +o0.

Let f € LY(R) and € > 0. Since C! functions are dense in L*(R), one can find g such that
J1f =gl <e/2. Since g(w) — 0 when |w| — +o0, there exists A such that |§(w)| < /2 when
|w| > A. Moreover, the Fourier integral definition implies that

@) = gl < [ 170~ gto) e

so for all |w| > A we have |f(w)| < & which proves that f(w) — 0 when |w| — +oc.
Exercise 2.10. For ¢ > 0 and u > 0 and g a Gaussian function, define
fau(t) =gt —u) + e gt +u).
We verify that o, (fq,.) increases proportionally to w. Its Fourier transform is
fau(w) = e g(w —a) + " §(w + a)
80 0y (fa,u) increases proportionally to a. For a and u sufficiently large we get the the result.
Exercise 2.12. a) Denoting u(t) = |sin(¢)|, one has g(t) = a(t)u(wot) so that

1

§(@) = 5-(w) * ilw/w)

where @(w) is a distribution

(w) = Z end(w —n)

and ¢, is the Fourier coefficient

T 0 T
Cn = / | sin(t)|e” "t dt = 7/ sin(t)e”"tdt Jr/ sin(t)e”"tdt.
0

—T —T



The change of variable ¢ — ¢ 4+ 7 in the first integral shows that cox11 = 0 and for n = 2k,

4
1—4k2

Cok = 2/ sin(t)e”2*dt =
0

One thus has ) ) A o)
W) = — il — _ s W T chwo)
(w) = o zn:cna(w nwo) - zk: T
b) If a(w) = 0 for |w| > wp, then h defined by h(w) =
hence a = g x h.

Exercise 2.14. The function ¢(t) = sin(wt)/(nt) is monotone on [—3/2,0] and [0, 3/2] on which
is variation is 14 -=. For each k € N*, it is also monotone on each interval [k +1/2,k + 3/2] on
which the variation is +[(k + 1/2)7! + (k + 3/2)~!]. One thus has

T

51— wo,we) Suarantees that giz = a and

Il =21 + %) + i;[(k +1/2)7  + (k+3/2)7Y = 0.

For ¢ = A[45], |¢'| = Ma 4 Adp and hence @[y = 2.
Exercise 2.16. Let

f(x) = 1pa2(w1,22) = fo(w1) fo(x2) where fo(z1) = 1jo,17(21)-

One has Ny e )
f(w17w2) = fo(wl)fo(wz) = (e 7wzt(j2 — )
Let . ]
fl@)=e""17"2 = fy(x1) fo(x2) where fo(z1) =€ "1.
One has

f(w17w2) = fO(Wl)fo(WQ) = 7.[.67((‘134»0.;5)/4'

Exercise 2.18. We prove that the Gibbs oscillation amplitude is independent of the angle 6 and
is equal to a one-dimensional Gibbs oscillation. Let us decompose f(z) into a continuous part
fo(z) and a discontinuity of constant amplitude A:

f(x) = fo(z) + Au(cos(8)xy + sin(0)x2)

where u(t) = 1[9 40 (t) is the one-dimensional Heaviside function. The filter satisfies he (1, 22) =
ge(x1) ge(x2) with ge(t) = sin(ét)/(nt). The Gibbs phenomena is produced by the discontinuity
corresponding to the Heaviside function so we can consider that fy = 0. Let us suppose that
|6] < 7/4, with no loss of generality. We first prove that

frhe(@) = f*ge() (1)

where g¢(wi,ws2) = 1j_¢ ¢(w2). Indeed f(x) is constant along any line of angle 6, one can thus
verify that its Fourier transform has a support located on the line in the Fourier plane, of angle
6+ m/2 which goes through 0. It results that f(w)he(w) = f(w)ge(w) because the filtering limits
the support of f to |ws| < &. But ge(x1,x2) = 0(x1) sin(€xa)/(mz2). The convolution (1) is thus
a one-dimensional convolution along the zo variable, which is computed in the Gibbs Theorem
2.8. The resulting one-dimensional Gibbs oscillations are of the order of A x 0.045.



2 Chapter 3

Exercise 3.2. If Supp(f) C [—n/s,7/s], then

. 1. .
F@) = f@)lforfsm/a)(w) = —fw)os(w)
and hence using the Fourier convolution theorem and the fact that ¢, is symmetric,

flw) = £ 0u(u) = LU0, Byl —w).

Exercise 3.4. Let A(t) =), f(t —n), then in the sense of distribution
= f(w Z e = f(w) Y d(w—2nm) = f(2nm)d(w — 2nr).

Taking the inverse Fourier transform leads to

Z ft—n)= Z f(2nm)einTe,

Exercise 3.6. The sufficient condition comes from

[Zf oo < [ floclhls-

If [h]oc = +o0, then for any A > 0 it exists B such that 32, g |h[k]| > A. Taking f[k] =
sign(h[—k])1|_p, p)[—k] that satisfies |f]o < 1 shows that

= > |h[k]| > A.

|k|<B

The operator f +— f % h is not bounded on £°°, so that the filter is unbounded.

Exercise 3.8. Let ex[n] = e ¥ " = w*" where w = ¢ . If k # k/, one has a geometrical sum
n —k'n _E'\n 1-— wN(k_k/)
PRI SEFSC 3 e e
n n
because w™ = 1. Since |ex| = V/N, the family {ex/v/ N} is an orthonormal basis of CV.

Exercise 3.10. a) One has f(ns) = f * ¢, where ¢, = 1—s/2,5/2]-

b) Since f(w) = f(w)ps(w), supp(f) C [~7/s,m/s], and hence f is recovered using Shannon
interpolation formula.
¢) One has

2 p . sin(ws/2)

Flo) = fl) =25
and thus /2

5 ) - . ws
f - f*¢s with 1/)3((“)) - Sln(u)S/z) :

d) For w € [—n/s,7/s|, one has

q@s(w) >2/7



and hence || f| < 7/2|f| which shows that the reconstruction is stable.

Exercise 3.12. One has

2im

I =13 finle R <3 [ fn)lle™ %k =S | f[n]).

Exercise 3.14. Since (—1)" = e~ one has
§(w) = h[n]e™e™ = h(w + ).

If h is a low-pass filter, then g is a high-pass filter.

Exercise 3.16. a) Since h(w)h ' (w) = §(w) = 1, one has h~* = 1/h.

b) Up to translation we suppose that h is causal. The filter h~! and h have finite support if and
only if h(w) = P(e~*) where P(z) and z¥/P(z) are polynomial for some k € N. This can only
happens if P(z) is a monomial P(z) = az?, so that h[n] = ad[n — p].

Exercise 3.18. a) For ho[n| = a" 1|y 4 )[n], one has the following geometrical sum
7 —iw\n 1
ho(w) =) (ae™™)" =

1—qe-w’
n

Let hy(w) = (1 — ae~*)~P. Observe that

—paie "

h,(w) = A= eyt = th[n](—in)efi"“’ .

The inverse Fourier transform of Ay, 1(w) = (1 — ae™*)"P~1 thus satisfies

b = 1)ah£ n+1]

Iterating on this relation with hi[n] = a1}y 4oc)[n] gives

hiln+p—1],I[0Z1(n + k)
ar=! (p—1)!

hp[n] =
b) Taking the Fourier transform of the recursion formula shows that

(@)F(w) where h(w) = ka0t
w)f(w) wher w)==2=2 "
ZkM:Obke_ka

o>

g(w) =

c) Let aj, be the roots of the polynomial Z,I:IZO bz~ with multiplicity py. Then

h(w) = P(e™™) H(l — ape” W) TPk,

k

where P is a polynomial. If one has |ay| < 1 for all k, then using question a), each (1—age™*)~P*
is the Fourier transform of a stable causal filter, and so is h.

If there exists [ such that |a;| = 1, then it can be written a; = €' so |h(a)| = 400 and the
filter can therefore not be stable.



If, there exists [ with |a;| > 1 then let hj(w) = (1 — a;e~*)~P1. Observe that
hi(—w) = (1 — @e™) P = a; Ple Pl (q; e ™ — 1)7P1 .

Its inverse Fourier transform is h;[—n] and with question (a) we verify that it is not a causal
filter. To prove that h is then not a causal filter, one can decompose

L —iw
hw) = Z ( e i )

= (1= apew)ne
where each Q) is a polynomial of degree strictly smaller than nj; and observe that the component
for k = [ is not causal so h can not be causal.

Exercise 3.20. a) One has
—iwn —iwn 1 ~ 7
= Y ylMle e = Sy Wil Y = L)

where we have use the convolution result of Exercise 3.7 and where
=> 6n—kM]
k

which satisfies, in the sense of distributions

h(w) = QM” > 6(w — 2mk/M).
k

This shows that

T M-

i‘(w):% y(©) S 8(w/M — € — 2mk/M)d Z (w — 2km)/M).
L

b) If for w € [-m, 7], §(w) =0 for w ¢ [—7/M,w/M], then

J(w) =F(Mw)op(w) where QASM(w) = M1_r/ppm/m) (W)

o
Let (z 1 M)[Mn] = z[n] and (z T M)[k] = 0 if & mod M # 0 be the up-sampled signal. The
Fourier transform of z T M is #(Mw), so that

y= (oMb where guyla] = LELD.

Exercise 3.22. a) One has
5 N
10 = 5 (0[¢ — k] + o[ +E]).

So

faln] =€ Ak

b) One has g[n] = (f[n] + f*[n])/2, and using a change of variable n — —n in the summation

gives
alkl = flEl/2+ > flnje*

n

= fIk]/2 + f1-K]*/2.



¢) The definition of f, shows that g = Re(f,) satisfies

9lk) = (falk] + ful=K]")/2 = fIK],
and hence g = f.
Exercise 3.24. We define the sub-images
VO < ki,ko <L, VO ny,ne <M, fi[n]=fln+kM].
One has
fln) = fuln — kM),
k

so that ~
frhln] =" faln—kM]xhln] = > (fr ® h)[n — kM|
k

k

where we have denoted by fi the image of size (2M — 1) x (2M — 1) obtained by zero-padding
from f,. This allows one to compute f % h using L? circular FFT of size (2M — 1)2, followed by
4N additions to reconstruct the full image. The overall complexity of this overlap add method
is thus approximately 8 KN log(M).

The complexity of a direct evaluation of the convolution is K’ N M?, where K’ ~ 2 (1 addition
and 1 multiplication).

For K = 6 and K’ = 2, using the overlap-add algorithm is better in the range of M such that

48Nlogy(M) < 2NM?* &  M?/logy(M) > 24

which we found numerically to be M > 9.

3 Chapter 4
Exercise 4.2. The formula (2.32) for the Fourier transform of the Gaussian implies

Aglr) = —= / exp (2;2 [(v+7/2) + (v — 7/2)2]) = dy

1 z2 ; 72 202
= e 102 /67“267””dv =exp|—— — 7
7'('0'2 4:0'2 4

Exercise 4.4. One can write the discrete Fourier transform in (4.27)

Sfim,l] = e—i2mim/N fxglm] with gn] = g[-n] e i2mln/N

It is thus computed with N convolutions. Since g; has a support of size L, the fast overlapp-add
convolution algorithm of Section 3.3.4 computes each convolution with O(N log L) operations.
The windowed Fourier transform is thus computed with O(N?log L) operations. —Exercise
4.6. One has 1 peo q
s

b(t) = — * ¥ x 1) () —

=g [ rrvennf

Taking the Fourier transform leads to

b = 12 [/ )P+ Lig, 2]

52 s

1 *
+%f*¢30*¢50.



Using the fact that [¢)(w)[? = s|¢(sw)|? and

- Feo d teo d
bl = [ i) T = [ P

S

leads to the result.

Exercise 4.8. Let
b(t) = = f* t —ds
( ) C 0 1/)8( )53/2 *

Its Fourier transform reads, after a change of variable £ = sw,

. flw) [T . s flw) [T . s .
i) = L2 [ it 55 = T [ 005 = e,

0

Exercise 4.10. For f(t) = cos(f(t)) with 6(t) = acos(bt), the width s of the window is small
enough if
520" (t)| = s2ab?| cos(bt)| < 1

and thus s?ab® < 1.
For 6(t) = cos(01(t)) + cos(f2(t)) with 61(¢) = acos(bt) and 05(t) = acos(bt) + ct, there is
enough frequency resolution if

04(6) — B4(0) = e > ==
and enough spacial resolution if

s2101(t)| = 2|05 ()| = sab® < 1.

/| C

Exercise 4.16. Example 4.20 shows that Py f is a spetrogram with a Gaussian window g,, if

This shows that one needs

0(u, &) = go(u)gs(§) = Pvgu(u,§) = g,,//5(w)9,3,(8),

where we have used (4.125) for the last equality. If 3 = 1/2, then one can take u = /20.
Otherwise, if o8 > 1/2, one decomposes 6 = 0y * 6, where

Oo(w, &) = 9,,5(wg5,€) and 01(w,&) =g, ., 5w 35,&)

where p is chosen so that o — p/v/2 > 0 and 3 — v/2u > 0. This shows that Py is a smoothing
with 6; of Py, which is a spectrogram and hence positive.

Exercise 4.18. One has
AW = [(e-swrroseeis= [nm) ( [ ¢’<t>>2eiffds) ar

where ,
hr) = a(t +7/2)a(t — 7/2)eletH7/2)=0(t=7/2)]



In the sense of distribution, one has the following equality
/(6 — ¢/ (1)%e T dE = 2 [0 (7) + 20 (1)0 (1) + ¢/ (1)°6(7)]
where 6,0, 8" are the Dirac distribution and its first and second derivatives. This shows that
A(t) = 2r[—h"(0) + 2i¢/ (t)W'(0) + ¢’ (£)*h(0)].
After computing the derivatives of h and simplification, one finds
A(t) = —m(a(t)a" (t) — d'(t)?),

which is the result.

4 Chapter 5

Exercise 5.2. A change of variable ¢ — Kt gives

1 _ 1/K _ 1
(f. 6p) = / ()Rt = K / F(E ) = / Fr(ep(t)dt,

where {e,(t) = e~2™}, is an orthonormal basis of L[0,1]. Let us define fx(t) = f(Kt) for
t€10,1/K] and fx(t) = 0 otherwise. For K > 1, we get

Z| £, op)I? Z| fres en)? = Ifx|? = K| f|?

So {#,}, is a tight frame of L2[0, 1] of frame bound K.

Exercise 5.4. One has

tl"(UlUg) = ZUI[Z’]]UQ[ ., Z] = tI’(UQUl).

.3

Exercise 5.6. If one does not constrain |¢,|, one can choose {69/N, Nd1,62...,0n—1}. If one
constrains |¢,| = 1, one can choose ¢,[n] = ¢[n+ p mod NJ so that &f = f * ¢ and thus one
should impose

ST pw]? =N and [lw]| > 0.

w

This can be achieved by setting ¢[w] = 1/N for w # 0 and $[0] = /N — (N —1)/N2. This
implies

A = min |¢[w]> = 1/N? =0

and R
B =max [p[w]]* =N — (N —1)/N? — +oc.

Exercise 5.8. One has

O flp] = (f, bmip) = f® Omlp] — =) &0,



where ®,, is a convolution operator, whose eigenvalues are (;Bm [w], and eigenvectors are the
discrete Fourier vectors. The eigenvalues of ®*® are thus Y, ¢, [w]]?.

2im

Exercise 5.10. a) Since {1/vKe® " }ocr<x is an orthogonal basis of the signal supported in
I=[-K/2,K/2—1]+mM, and g[n — mM]f[n] is supported in I, one has

K-1

1
; lgln — mM]|?|fIn]|* = ;;) I(f; ﬁgmnkﬂz'
b) Summing over m leads to
N/M-1
KY I[P Y lgln—mMIP =Y [, gma)l’,
n m=0 k,m

and hence the result of Theorem 5.18.

Exercise 5.12. For m = 3, one has
h(w)/V2 = cos*(w/2)* = P(z) = (z/2 + 271 /2)*
= (2 +42+6+3271+272)/2¢
and one can choose
§w)/V2 = sin?(/2) = Q(z) = (= — 2+ 2~ 1)/4.
If b = h, then

oy 2 |iz(w)|2 .1 —cost(w/2) B cos2(w _ 5
i) = 2 2 L B 4 o (w/2)] = VEQ(

where Q(z) =1+ (2 + 2+ 271) /4, 50 §/vV2 = [1/4,3/2,1/4].

Exercise 5.14. As n — 27, the frame becomes less orthogonal (A/B — +00), so the dual
vectors become more and more different from the primal ones, and hence the windows g and g
differ more and more.

Exercise 5.16. a) Each {¢,(t — ns — ks/K)},, is an orthogonal basis of Us, the set of signals
with Fourier support included in [—7/s,7/s]. This proves that {¢,_,, ks }n is a tight frame with
frame bound K.

b) One has

Paln] = Za[n']H[n,n’] where H[n,n'] = (¢s(t — n/Ks), %qﬁs(t —n'/Ks)),

n’

and, using Plancherel formula,

1 1/2 —in/Ksw 1/2 —in' /K sw
H[na nq = 2K <5 / 1[—#/5,#/5](“})6 / y S / 1[—77/3,77/8]("‘))6 / >
/s , .
S / e/ Kswqy, — pln —n'] where hn] = M
2K J_n/s ™

10



¢) Since h= l—r/K = /K], One has
Im(P)={a\ hxa=a}={a\ supp(a) C [-7/K,n/K]|}.

d) Theorem 3.5 proves that s~'/2f x ¢4(ns) = f(ns).
e) Let a[n] = f *x ¢s(nsp). For w € [—m, 7], one has

a(w) = %}"(f*gﬁs)(w/so) = supp(a) C [-7/K,n/K]

where F is the Fourier transform. This shows that a € Im(®) and hence Pa = a.
One has

PY|[Kn] = a[Kn] + P(W)[Kn] = |PY[Kn]— s Y2f(ns)]> = |W % h[Kn]|?.

One then has
2 2
7 |h(w)|? = 7.0 when K — +oo.

E(|W % h[Kn]|*) = oY |h[K]]® 7

k 27 J_ .

Exercise 5.18. We prove the right hand side of the inequality

9(27 7 w)Po(2 " w) P

N —
M=

B
S (@) =

Il
Q

J

< (1= a2 w) )62 w)|®

Sy
M

<.
Il
Q

<BY (1627 'w))P — 6(2w)P) = B(1$(2* ') — [$(2°w)[?).

J

=

Since qAS(O) =1 and ¢(w) tends to zero as w increases, letting o and 5 go to —oo and +o0o proves
that >°,[¢(2w)|* < B. A similar proof applies to the left hand side.

Exercise 5.21. We use the change of variables
x = pcos(a) —usin(a) and y = psin(a) + ucos(a).

For k + ¢ < p, one can expand the monomial P(z,y) = x*y’ as a polynomial in u of degree less
than p

P(z,y) =Y Alp)u'.

t<p

This shows that

Py =3 / Alp) ( / utp(pos(a) — usin(a), psin(a) + ucos(a))du) dp =0,

t<p

11



