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Sparse representations and image
modeling
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Observation model
The image is viewed as realization(s) of a RV or a random �eld
whose degradation equation is:

Ys = M [F ((BX )s) � � s] (1)

where:

� is any composition of two arguments (e.g. '+', ' �').

s 2 S is the location index.

� s is the noise (random) (generally assumed AWGN but not
necessarily so, e.g. speckle, Poisson, 1

f ).

B is a (possibly non-linear) degradation operator (e.g. convolution
with a PSF).

F is a transformation not necessarily linear nor invertible (e.g.
sensor-speci�c, etc).

M missing data mechanism.

How to recover unobserved X from observed Y
An inverse ill-posed problem WITNIP'07 – p.4/45



Bayesian paradigm

Y = F ((B X )) � �

p(x; z): prior distribution. z some other image features (e.g.

local regularity, texture, etc).

p(yjx; z): likelihood (given x and z). (p(� )).

p(y): marginal distribution =
R

p(yjx; z)p(x; z)dxdz.

p(x; zjy), posterior distribution: p(yjx;z)p(x;z)
p(y)

Bayesian estimation amounts to �nding the operator D s.t.:

x̂ = arg inf
D2O n

R (x; x̂ = Dy) = EY;X [L (x; Dy)] (2)
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What prior ?

Sparse representation prior

Choose a Hilbert space equipped with a basis or frame (Fourier, wavelets, X-lets, etc).

Project the original data in that space where all components (coef�cients) but a few
are zero (concept of sparsity).

Matter of dimensionality reduction.

Expected statistical behavior: unimodal, centered a zero, non-gaussian sharply
peaked distribution with heavy tails.

Many images encountered in practice have a sparse gradient and then fall within this
intuitive model.
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Wavelet coef�cients model. Dark points: ob-
served pdf, dashed: GGD [Mallat 89], dotted:
� -stable [Lévy 24, Achim et al. 01], solid:
Bessel K form [Grenander et al. 01, Fadili et
al. 03].
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Hyper-redundant sparse representations

An
p

n �
p

n image x 2 H can be written as the superposition of elementary functions
� 
 (atoms) parameterized by 
 s.t. (� is denumerable):

x =
P


 2 � � 
 � 
 ; � 
 2 L ; k� k0 � n

�

� �

� � �

� �

� � � �

�

� �

The atoms f � l gl =1 ;:::;L are normalized to a unit `2 norm.

� = [ � 1 : : : � L ] 2 Rn � L ; Card � = L � n (union of incoherent bases, of frames or
tight frames).

Examples of � : frequency (Fourier), scale-translation (wavelets),
scale-translation-frequency (wavelet packets), translation-duration-frequency (cosine
packets), scale-translation-angle (geometrical X-lets, curvelets, bandlets, contourlets,
wedgelets, etc).
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What those atoms look like ?
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Wavelets for isotropic structures
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y(t) =
2J c � 1X

k=0

< y; � J c ;k > ~� J c ;k (t)+
1X

j = J c

2j � 1X

k=0

< y;  j;k > ~ j;k (t) where Jc � 0

(�;  ; ~� ; ~ ) are de�ned by a perfect reconstruction FB (h; g;~h; ~g).

h and g are in most cases power-complementary.

d = Wy: corresponds to a (tight) frame expansion (oversampled) or
an ONB (critically sampled).

Optimally sparse over Besov spaces, images with pointwise
singularities. WITNIP'07 – p.9/45



Curvelets
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2nd generation curvelets [E. Candès, D. Donoho and L. Demanet].

Curvelet atoms are formed by translating, scaling and rotating a
single mother function.

Its Fourier transform is de�ned as (polar coordinates):

'̂ j (r; � ) = 2 3j= 4W (2j r )V
�

b2j= 2c�
2�

�

The support of j'̂ j j is a polar wedge de�ned by those of W (radial
window) and V (angular window). WITNIP'07 – p.10/45



Curvelets for cartoon
Property 1

The curvelet transform provides a multiresolution, directional representation with

basis elements well localized in both space and frequency.

Parabolic scaling law: atoms are highly anisotropic with

(2� j ) � width � length2(2� j= 2).

Oscillating behavior: ' j is a little needle whose envelope is a speci�ed ”ridge” of

effective length 2� j= 2 and width 2� j , and which displays an oscillatory behavior

across the main ”ridge”.

Tight frame.

Optimally sparse representation of piecewise C2 images with C2 edges:

kf � f̂ M k2
` 2

� C (log M )3 M � 2.

Curvelet in spatial domain 
 Scale=2 Wedge=1 Angle=39.38o
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Wave Atoms

! !

! ! ! !

Recent work of [L. Demanet and L. Ying, ACHA 06].

A variant of 2D wavelet packets obeying the parabolic scaling
wavelength = (diameter)2.
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Wave Atoms for oscillating textures
Property 2

Wave Atoms provide a multiresolution, directional representation with basis

elements well localized in both space and frequency.

Oscillating behavior: an oscillatory pattern with support 2� j and frequency 22j .

ONB or tight frame.

Optimally sparse representation of oriented warped oscillatory patterns:

kf � f̂ M k2
` 2

� CM � 1.

Wave atom at j=3, m=(3,2), spatial domain Frequency domain
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Intermediate conclusions

Sparsity to compactly describe signal/image structures.

overcompletness for more �exibility in representation
and effectiveness at many tasks.

Multi-scale and oriented selectivity (invariances).

Morphological diversity to adapt to a large variety of
structures (matched �lter theorem).

Be careful with coherence (see next).
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Sparse representations and some
inverse problems
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Underdetermined linear systems
Consider:

min
�

k� k0 s:t: ky � � � kH � � (3)

Highly non-convex (combinatorial) NP-hard problem.

Convexify and relax replacing the `0 with `1 norm (BPDN
[Chen-Donoho-Saunders 99]).

A well known result [Donoho-Elad-Temlyakov 04, Fuchs 05]:
If

k� k0 < (M � 1 + 1) =2;

s
L � n

n(L � 1)
� M = sup

1� k;l � L;k 6= l
j< � k ; � l > j � 1

then this is the (unique) maximally sparse representation in � , and
stable recovery can be attained in a �nite time.

The result holds in the case of linear inverse problems with a sparsity
prior.
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Linear inverse problems

Consider the following minimization problem:

(P� ) : min 	 ( � ) s:t: ky � H� � kH � � (4)

This problem can also be written in the augmented
Lagrangian form,

(P� ) : min
1
2

ky � H� � k2
H + �

X


 2 �

 (� 
 ) (5)

MAP with iid representation coef�cients prior
/ exp (�  (� 
 )) .

 is commonly assumed non-negative, continuous,
even-symmetric, and non-decreasing on R+ , but is not
necessarily smooth at point zero to produce sparse
solutions. WITNIP'07 – p.17/45



Solving sparse representation-based
inverse problems
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Proximal �xed-point algorithm

For `1 penalty, (P� ) can be stated as a convex quadratic
program and solved using e.g. IRLS, SOCP, IP, AS.

Or using greedy (stepwise) procedures (e.g. MP, OMP)
[Donoho et al. 04, Tropp 04].

But, too slow for large scale problems (images).

The following sequence of iterates solves (P� ):

� (t+1) = prox � t ;�; 

�
� (t) + � t � � H �

�
y � H� � (t)

��
(6)

with appropriate � t , prox� t ;�; is the proximity operator
of  (see also [Combettes and Wajs 05]).
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The proximity operator
The proximity operator can be expressed analytically for a wide class
of sparsity penalties [Fadili et al. 06] (soft thresholding for the `1

penalty).

Theorem 1 Suppose that  satis�es:

H 1.  is even-symmetric, non-negative and non-decreasing on [0; + 1 ), and  (0) = 0 .

H 2.  is twice differentiable on R n f 0g but not necessarily convex.

H 3.  is continuous on R, it is not necessarily smooth at zero and admits a positive right

derivative at zero  0
+ (0) = lim

h! 0+

 (h)
h > 0.

H 4. The function � + � 0(� ) is unimodal on (0; + 1 ).

Then, the proximity operator prox�; 

�
z( t )

�
has exactly one continuous solution decou-

pled in each coordinate zl :

^� l (zl ) =

8
<

:
0 if jzl j � � 0

+ (0)

zl � �� 2 0( ^� l ) if jzl j > � 0
+ (0)

(7)
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Convergence analysis

Theorem 2
Let the dictionary be a �nite union of K frames, each frame with an
upper-bound Bk . Suppose that  is coercive and proper convex (but

not necessarily smooth). Moreover, suppose that 0 < kH k2 � C and
0 < � t < 2=(C

P
k Bk). Then the following holds:

(i) Problem (P� ) has at least one solution.

(ii) Problem (P� ) has exactly one solution if  is strictly convex.

(iii) The instance of coef�cient iterates f � (t) ; t � 0g is asymptotically
regular and converges weakly to a solution of the inverse problem.

(iv) If  (� ) = j� jp ; 1 � p � 2, the sequence of coef�cient iterates
converges strongly to a solution of the inverse problem.
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Cyclic variant of the proximal algorithm

Require: 0 < � k < 2=(CBk ) ; 8 k = 1 ; : : : ; K .
1: repeat
2: Select a transform k 2 f 1; : : : ; K g with a cyclic rule.

3: r k
( t ) = y � H

P K
k=1 ;k 06= k � k � ( t )

k ,
4: for m = 1 to M do
5: Update,

� ( t + m=M )
k = S� k � k

h
� ( t +( m � 1)=M )

k + � k � �
k H �

�
r k

( t ) � H� k � ( t +( m � 1)=M )
k

�i
(8)

6: end for
7: t = t + 1 ,
8: until Convergence.
9: Reconstruct x̂ from �̂ .

S� k � k is the shrinkage operator with parameter � k � k .
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Convergence analysis

Theorem 3 Suppose that  is a coercive proper convex function. Then,

the sequence of coef�cient iterates f � (t) ; t � 0g generated by the cyclic
proximal algorithm is de�ned, bounded, and converges to a solu tion of
the inverse problem.
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Comments
The above result generalizes to multi-frames and beyond
deconvolution the work of [Figuereido and Nowak 03-05, Daubechies
et al. 04, Bioucas-Dias 06].

Bears similarities with an independent work on deconvolution of
[Teshke 06].

Case of a single basis:

The solution in terms of coef�cients is equivalent to the sol ution
in terms of image.

Stopping rule: asymptotically regular (



 � ( t +1) � � ( t )




 < " ).

Additional constraints (closed convex subset of H , e.g. positive
cone) can be easily incorporated and the theory holds.

Case of frames:

It is less straightforward (at least theoretically) to impose some
side constraints on the solution such as positivity.

If the dictionary is a union of ONB or tight frames, the algorithm is
fast involving implicit analysis and synthesis operators. WITNIP'07 – p.24/45



Computational complexity (worst case)

Matrices are never explicitely constructed: use implicit analysis and
synthesis transform operators.

Algorithm CC

Proximal O(2N iter ( V|{z}
Transform

+ T|{z}
H

)

V is the complexity of the transform(s) in the dictionary: typically
O(n) or O(n logn) for most popular transforms.

T is the complexity of operator H : typically O(n) (e.g. inpainting) or
O(n logn) (e.g. deconvolution).
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Proximal algorithm: comments

We can only state (global) convergence results for
convex penalties.

But typically, soft thresholding yields biased estimates.

Choice of � is delicate.

Model complexity (e.g. GCV) or stochastic sampling
approaches (MCMC) are computationally expensive.
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Iterative Thresholding
Considerable attention has focused on the Sparse Solutions Problem
of linear (i) underdetermined systems [Chen et al., Donoho,
Donoho-Elad, Elad-Bruckstein, Gribonval-Nielsen, Fuchs,
Tropp-Gilbert-Strauss, Candès et al., etc], and (ii) overdetermined
systems (statistical community [Tibshirani, Efron et al., Osborne et
al.]).

But, some of the most powerful theoretical results are associated
with some of the most computationally intensive methods (e.g.
greedy such as OMP, or moderately stepwise LARS/Lasso, BPDN).

Recent wave of interest in fast solutions to SSP/CS for large-scale
problems [Starck et al. 05, Bobin et al. 06,
Donoho-Tsaig-Drori-Starck 06, Donoho-Tsaig 06].

They are all variants of stepwise/stagewise forward regression with
slightly different forward progress steps (adaptation of
LARS/Lasso/homotopy).
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Iterative Thresholding
Consider the minimization problem (or its relaxed version):

(Qq) : min ky � A � k2
H s:t: k� k1 � q (9)

A least-squares �t subject to an `1 budget constraint.

In [Tibshirani 96, Efron et al. 04, Osborne et al. 99], the Lasso, LARS
and Homotopy algorithms were proposed to solve (Qq) for all q � 0.

The homotopy method (and also LARS/Lasso) follows a polygonal
solution path for all � 2 [0;




 A T y






1 ].

Starts at � = 0 and � =



 A T y






1 , and successively obtains the
solutions at a special problem-adapted sequence (� t )t � 0.

Computing this sequence is computationally demanding for
large-scale problems.

Here, the same ideas are adapted for a strictly decreasing sequence
(� t )t � 0 [Donoho et al. 06, Starck et al. 04, Bobin et al. 06].

Homotopy because the objective undergoes a homotopy from `2 to `1 as q decreases.
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IT-LARS algorithm

! ! ! ! " ! #$ !

! ! ! " " #! ! ! ! ! " " "#! #"$" $ ! ! #

! ! ! ! ! ! ! !

! ! ! ! ! ! ! " ! "! !

!" !

!" ! !#! " # ! $ "
#!

$ #! "
! ! $ "

#!
%!

This algorithm is a (good) stagewise approximation to
LARS.

It solves (Qq).

It is very fast for bases and tight frames.
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IT-LARS solution path example
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IT-LARS solution path example
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IT-LARS solution path example
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IT-LARS solution path example
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IT-LARS solution path example

-0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

r
0
=y

A Î  Rn x L

n=2, L=5
k-sparsity=2

m=0.5
a

1

a
2

x(1)

x(2)

dx
1
(1)

xhat(1)

r
1

dx
0
(1) = a

1
T r

0

WITNIP'07 – p.30/45



IT-LARS solution path example
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IT-LARS solution path example
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IT-LARS solution path example
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IT-LARS solution path example
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IT-LARS solution path example
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IT-LARS solution path example
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IT-LARS solution path example
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StOMP algorithm
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StOMP solution path example
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StOMP solution path example
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Computational complexity (worst case)

Matrices are never explicitely constructed: use implicit analysis and
synthesis transform operators.

Algorithm CC

IT O (S(l + 2)( V + T))

StOMP O (S(l + 2)( V + T))

l is the number of iterations for the CG solver for LS projection.

S is the number of stages (typically k for k-sparse solutions).

T is the complexity of operator H : typically O(n) (e.g. inpainting) or
O(n logn) (e.g. deconvolution).

V is the complexity of the transform(s) in the dictionary: typically
O(n) or O(n logn) for most popular transforms.

WITNIP'07 – p.33/45



Applications in image processing

Inpainting
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Synthetic results (1)
Masked (80% pixels missing).
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Synthetic results (1)
Solver: MCA. PSNRdeg = 6 :43dB; PSNR res = 19 :7dB .
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Synthetic results (1)
Original
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Synthetic results (2)

Dictionary: curvelets+LDCT. Solver: MCA.

8:25% pixels missing, PSNRdeg = 15 :6dB; PSNR res = 31 :42dB . WITNIP'07 – p.36/45



Free the zebra
Original
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Free the zebra
Inpainted (Dictionary: wavelets+curvelets. Solver: MCA).
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Applications in image processing

Deconvolution
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Simulations with HST PSF
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Results: Barbara (HST PSF)
Noisy blurred image SNR

in
=25dB Estimated IT/LARS PSNR=26.7dB

Estimated StOMP PSNR=25dB Proximal estimate PSNR=25.5dB
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Results: Isotropic sources (HST PSF)
Original image Noisy blurred image PSNR

in
=30 dB Estimated IT-LARS PSNR=54.0531 dB

Estimated StOMP PSNR=50.1543 dB Proximal estimate PSNR=45.336 dB
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Results: Jupiter with Deep Impact
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Conclusion: Take-away messages

What is good for linear inverse problems:

Sparsity.
Overcompleteness.
Morphological diversity.

)
The sparser the better

Blessings of dimensionality.

Grounded theoretical results.

Good and fast algorithmic solutions for large-scale
problems.

Iterative-thresholding bring fast solvers for sparse
solution of underdetermined linear systems.

A wide variety of applications.
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Ongoing and future work

Deeper theoretical understanding of IT solvers.

Beyond the additive white gaussian noise (Poisson
[Bo-Fadili-Starck 04-06]).

Adaptive transforms.

Multichannel extensions

Applications.
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Extended experiments, codes and papers available at
http://www.greyc.ensicaen.fr/~jfadili

http://jstarck.free.fr

Thanks
Any questions ?
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