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Abstract : We study the long time behavior (homogenization) of a diffusion in random
medium with time and space dependent coefficients. In [17], an invariance principle is
proved for the critical rescaling of the diffusion. Here, we generalize this approach to
diffusions whose space-time scaling differs from the critical one. As in [17], the results
extend to some class of degenerate diffusions.

Résumé : Nous étudions le comportement asymptotique (homogénéisation) d’une dif-
fusion en milieu aléatoire avec des coefficients dépendant du temps et de I’espace.
Dans [17], un principe d’invariance est établi pour le changement d’échelle critique
de la diffusion. Ici, une généralisation de cette approche est proposée pour différents
changements d’échelle possibles. Comme dans le précédent article [17], les résultats
restent valides pour certaines diffusions dégénérées.

1 Introduction

We aim at studying the long time behavior, as ¢ — 0, of the diffusion process with random coeffi-
cients (the parameter w below stands for this randomness) defined by

t t
(1) XY =z+ Eﬂ/ b(r/aa,Xf""/sﬁ,w) dr + / a(r/sa,Xf,’“’/aﬁ,w) dB,

S S
and then at identifying the limit of the solutions of the random parabolic differential equations
(PDE)

) Orzew(,t) :%traee la(t/e®, x/eﬁ,w)Amz&w(x,tﬂ + e Pb(t)e /P | w) - Vipze w(z,t)
+ [E*ﬁc—i— d| (t)e% x/e? W)z w(x,t), (x,t) € R X Ry

with initial condition z. ., (z,0) = f(x). «, § are two strictly positive parameters. The coefficients
a,b,0,c,d are stationary ergodic random fields with respect to space and time variables. We shall
see that there are different possible limits depending on o = 23, < 28 or a > 23. More



precisely, we suppose that a = go™ and the generator of the diffusion process could be rewritten in
divergence form as

3) L5 = (1/2)e2V @/ ) div, (e 2V @/ ) [q + H(t/e, 2 /%, w)V, )

Here V and H are also stationary random fields and H is antisymmetric. Assumptions will be
stated rigorously in the next section. We will prove that, in probability with respect to w,

4) lin%) Zew(x,t) = Z(t, x),
E—>
where 7 is the solution of a deterministic equation of the type
) 0iz(z,t) = trace[AA.Z|(x,t) + C - Vi Z(z,t) + UZ(x, t)

with initial condition Z(z,0) = f(x). A, C, U are deterministic coefficients, the so-called effective
coefficients, and depend on the considered case. As in the previous paper [17], we do not assume
any non-degeneracy of the diffusion matrix a (several examples are introduced in [17]).

Roughly speaking, the case @ = 2 corresponds to the critical scaling for the diffusion and
space and time variables have to be homogenized simultaneously . This job was carried out in
[17]. In case a@ < 203, the space variables are moving faster than the time variable so that the
homogenization procedure has to be performed first in space and then in time, and vice versa in the
case a > 2.

Both this paper and [17] follow a series of works on this topic. Let us sum up the methodological
approach of this issue. Briefly, the time dependence of the process brings about a strong time
degeneracy of the underlying Dirichlet form, which satisfies no sector condition, even weak. To
face such a degeneracy, analytical methods, more precisely compactness methods, carried through
the homogenization procedure for a uniformly elliptic diffusion matrix a in periodic media [1,
20] or in random media [4]. In [7], critical scaling is considered (¢« = 2 and § = 1) and an
annealed invariance principle is proved for the diffusion (1) by means of probabilistic tools under
the assumptions V' = 0 and a = Id. This result is extended in [9] to the case when the stream matrix
H satisfies a certain integrability condition of the spatial energy spectrum instead of boundedness of
the coefficients. A quenched version of the invariance principle is stated in [5] for an arbitrary time
and space dependent diffusion coefficient provided that it satisfies a strong uniform non-degeneracy
assumption. The particularity of these works lies in their intensive use of regularity properties of
the heat kernel to deal with the time degeneracy of the Dirichlet form.

In this paper, we additionally consider possibly degenerate diffusion coefficients a. This pre-
vents us from using both compactness methods (the Poincaré inequality is lacking) and regularity
properties of the heat kernel (no uniform ellipticity or even hypo-ellipticity of the matrix a is as-
sumed). The main tools of the proof are the control of the matrix a by a time independent one & and
a commutativity argument of the unbounded operators associated to @ and to the time evolution.

This article is structured as follows. In Section 2, we introduce notations and present our results.
In Section 3, we set out the main properties of the involved stochastic processes. Section 4 is devoted
to constructing the correctors. We explain how to get round the lack of regularity of the correctors
in Section 5 to establish the Itd formula. Then in Section 6, an ergodic theorem is proved, which
allows to carry through the homogenization procedure (Section 7). The tightness of X** is studied
in Section 8 by means of the Garsia-Rodemich-Rumsey inequality. The limit PDE 5 is identified in
Section 9 with the help of the Girsanov transform.



2 Notations, setup and main results

The setup remains the same as in [17]. It is reminded for the reader’s convenience.

Definition 2.1. Let (22, G, 1) be a probability space and {TM; (t,z) € R x Rd} a stochastically
continuous group of measure preserving transformations acting ergodically on §2:

1)VA € G, Y(t,x) € R x RY, pu(r . A) = p(A),

2) If for any (t,z) € R x R%, 7, , A = A then i(A) =0 or 1,

3) For any measurable function g on (Q, G, 1), the function (t,z,w) — g(1; qw) is measurable

on (R xR x QB[R x RY) @ G).

In what follows we will use the bold type to denote a function g from €2 into R (or more
generally into R™, n > 1) and the unbold type g(¢,z,w) to denote the associated representation
mapping (¢, z,w) — g(7 ,w). The space of square integrable functions on ({2, G, 1) is denoted by
L?(2), the usual norm by | - | and the corresponding inner product by ( -, - ). Then, the operators
on L?(Q) defined by T} ,g(w) = g(:,w) form a strongly continuous group of unitary maps in
L?(9). Each function g in L?(Q) defines in this way a stationary ergodic random field on R9*1,
The group possesses d + 1 generators defined for¢ = 1,...,d, by

0 0
D;f = %Tﬂ,x.f’(t,m):()a and Dif = &Tt,Of‘(t,m):Ov

which are closed and densely defined. Denote by C the dense subset of L?((2) defined by
C= Span{f*cp; fe LQ(Q), RS Cfo(RdH)}, with fxp(w) = / f(rezw)e(t, x)dt dz,
Ra+1

where C2°(R¥+1) is the set of smooth functions on R%*! with a compact support. Remark that C C
Dom(D;) and D;(f *x¢) = — f * gTi' This last quantity is also equal to D; f x ¢ if f € Dom(D;).

Consider now measurable functions o, &, H : Q — R>%and V, ¢, d : 2 — R. Assume that
H is antisymmetric. Define a = oo™* and @ = o5 ”. The function V' does not depend on time,
that means Vi € R, T; oV = V.

Assumption 2.2. (Regularity of the coefficients)

o Assume that Vi, j, k,l=1,...,d, a;j, 'dij, V, Hz'j, Dlaij, and Dlaij S Dom(Dk).
ec=¢?Y Z” Di(e_QV&ijfj)for some function f € L>®(;RY).

e Define, fori=1,...,d,

d
bi(w) = (%Djaz’j(w) —a;;D;V(w) + éDsz’j(W))’
(©) )
bi(w) =) (5D5i;(w) — @iz D;V (w)).

and assume that the applications (t,x) — b;(t,z,w), (t,z) — c(t,z,w), (t,x) — o(t,z,w) are
globally Lipschitz (for each fixed w € Q) and the application (t,z) +— d(t,z,w) is continuous.
Moreover, the coefficients o, a, b, o, V, H, ¢, d are bounded by a constant K. (In particular, this
ensures existence and uniqueness of a global solution of SDE (1).)

Here is the main assumption of this paper



Assumption 2.3. (Control of the coefficients)

e o does not depend on time (i.e. YVt € R, Tyo = o). As a consequence, the matrix a does not
depend on time either.

e H.a,c € Dom(D;) and there exist five positive constants m(> 0), M, C’lH , C{I , C§ such that,
1 a.s.,

(7 ma < a < Ma,

(8) |H| < Ci'a, |DiH|<Cya and |Dia|< Cja,
where | A| stands for the symmetric positive square root of A, i.e. |A| =V AA".

For instance, if the matrix a is uniformly elliptic and bounded, o can be chosen as equal to the
identity matrix Id and then (8) & H, D, H and D;a € L*(Q).
Let us now set out the ergodic properties of this framework

Assumption 2.4. (Ergodicity) Let us consider the operator S = (1/2)e2V Zf i1 Di(e*Va;;Dy)
with domain C. From Assu@ption 2.2, we can consider its Friedrich fxtension ( see [6, Ch. 3, Sect.
3]), which is still denoted S. Assume that each function f € Dom(S) satisfying Sf = 0 must be
w almost surely equal to some function that is invariant under space translations.

The reader is referred to [17] for examples in which Assumptions 2.2, 2.3 and 2.4 are satisfied.
Even if it means adding to V' a constant (and this does not change the drift b, see (6)), we
assume that [ e~2V dy = 1. Thus we can define a new probability measure on € by

dr(w) = e 2V du(w).

We now consider a standard d-dimensional Brownian motion defined on a probability space
(€, F,1P) and the diffusion in random medium given by (1). Under Assumptions 2.2, 2.3 and 2.4,
we claim

Theorem 2.5. The law of the process X converges weakly in p-probability in C ([0, T];R?) to
the law of a Brownian motion with a certain covariance matrix (see (50)).

This result puts us in position to describe the long time behavior of PDE (2):

Theorem 2.6. For any bounded continuous function f : R* — R, the solution Ze w(x,t) of PDE
(2) with initial condition z. ,,(x,0) = f(z) converges in p-probability towards Z(z,t), where Z is
the unique viscosity solution of the deterministic PDE (5) with initial condition Z(x,0) = f(x) (see
(49) and (50) for a description of A, C,U). More precisely, for any (z,t) € R x Ry and § > 0

n({ws 2o (@, t) — 2z, 8)] > 5}) = 0

as ¢ tends to 0. Furthermore, the coefficients A,C,U only depend on the case o — 23 < 0,
a—20>0and a—206=0.

The reader can refer to [2] for a description of the viscosity solution theory of PDEs.



Remark 2.7. Let us be more explicit about the last statement of Theorem 2.6. Because of the pos-
sible degeneracies of the diffusion matrix a, the coefficients A, C, U are defined by limits involving
solutions of parameterized PDEs (see Section 9). However, the uniformly elliptic setting provides
us with exact problems (or PDEs) to compute A,C,U. The reader is referred to [1, Chapter 2,
Section 1] or [15, 20] for the periodic case and to [4] for the random case.

To get an idea of the scaling effect, let us focus on the 1-dimensional periodic case. In this
setting, the matrix A is given by (see [20, Prop 2.2])

) A= / / a(t,z)(Dv(t,z)+ 1) dz dt,
tel0,1] Jz€[0,1]

where the function v solves one of the following problems, depending on the values of the parame-
ters o and (.
o case o — 203 < 0: v is the unique solution of the parameter dependent elliptic problem:

—Dy(a(t,z)(Dyv(t,z) + 1)) =0,
v(t, ) is I-periodic, [,y v(t,x) de =0, t € [0,1].
It is readily seen that Dyv(t,x) = C(t)/a(t,z) — 1 where C is a function of t. Since v is x-

D,v(t,x) dz = 0. Consequently, it comes out that C(t) = ( [, — d:v)_l

periodic, | €[0,1] a(t,x)

z€(0,1]
so that, from (9), we obtain explicitly the effective diffusivity

1 ~1
A :/ / dx dt.
te[0,1] ( zcfo,1] a(t, ) )

e case o — 23 > 0: v is the unique solution of the elliptic problem:

{ —D,(a(z)(Dyv(z) +1)) =0,

v is I-periodic, fxe[o 1 v(x)dx =0,

where a(x) = fte[() 1 a(t,z)dt. As in the previous case, solving this problem raises no partic-
ular difficulty and we get D,v(x) = C/a(x) — 1 where C'is a constant, which exactly matches

( fx €0,1] % dx) ! thanks to the periodicity of v again. Then Formula (9) reads

1 ~1
A= / dx .
( z€[0,1] fte[o,l} a’(ta x) dt )

Note that, in comparison with the previous case, the role of time and space variables have been, in
a way, inverted.
e case o — 23 = 0: v is the unique solution of the parabolic problem:

{ Dyw(t,z) — Dy (a(t, z)(Dyv(t,z) + 1)) =0,

v is periodic in time and space, [, v€[0,1] v(t,x) dtdz = 0.

Unfortunately, computations in the critical case o = 23 are more trickier and do not enable us to
give an explicit formula for the effective diffusivity.

From now on, in order to avoid heavy notations, the superscript w of X** is omitted when there
is no possible confusion. So we write X*¢ instead of X*=“. Moreover, except otherwise stated, the
process X ¢ starts at time s = 0 (see (1)).



3 Environment as seen from the particle

Let us denote by X° the process driven by the following It6 equation

t t
(10) X, = /0 b(e? o, X, w) dr + /0 o2, X, ,w) dB,
From law uniqueness for solutions of It6 equations with Lipschitz coefficients, the processes
{eﬁyzezg; t > 0} and {X7;t > 0}, which both start from 0, have the same law.

We now focus on the environment as seen from the particle: this is a process on the probability
space 2 defined for each € > 0 by

(1 Vi (W) = Toap-0y 300,

where the process X° starts from 0 € R?. This section is devoted to proving that it defines a
Q)-valued Markov process, which admits 7 as (not necessarily unique) invariant measure. As a con-
sequence, the associated semigroup (see [3] for a thorough study on semigroups) can be extended
to LP(Q), for 1 < p < oco. Let us additionally mention that, with the help of the Itd formula, the
generator of this process is easily identified on C. It coincides with the operator L + 2%~ Dy,
where L is defined on C by

2V A B
(12) L= > Di(e*V[a+ H|;D;).
ij=1

All these statements are well known in the case of a uniform elliptic diffusion coefficient a
for time independent(see [8, 12, 13, 14]) or time dependent coefficients (see [7, 9] and references
therein). In what follows, we will see that the degenerate case boils down to the uniform elliptic
case by means of vanishing viscosity methods.

Let us consider a d + 1-dimensional Brownian motion B’ independent from B and define the
d 4 1-dimensional process X =" as the solution of the following Itd equation (in what follows, the
notation (x, X) stand for a d + 1-dimensional vector where z € R and X € R%)

(13)  dX;" = (2270 —n 'DV(X;™,w)) dt + (0,0(X;", w) dBy) +n~1/2dB;.

From Lemma ?? below, the R%+!-valued process X" admits transition densities Pen(t,x,y) with
respect to the Lebesgue measure on R%+!1. These transition densities satisfy for any ¢ > 0 and

(14)
1 _ C _
P (—=Cly—2—(27724,0)|2/t) < pen(t,z,y) < o OXP (=ly—z—(e2777¢,0)>/Ct)
2 2

for some constant C' > 0 that only depends on K, d,n. In particular, we can now easily adapt
the proof in [8, Section 2.3] and prove that the (-valued process Y, (w) = Txznw is a Markov
process, whose generator coincides on C with

o2V d
(15) L" === Di(eV]a+H+n 'Id};D;) + (2n)"' D} + ¥ 7Dy,
i,j=0

(with the convention a;o = ag; = H ;o = Hy; = 0) and admits 7 as invariant measure.



It now remains to let the parameter n go to co. For this purpose, define the subspace C(£2) of
L>(Q) as follows: f € L>(2) belongs to C(£?) if and only if it is bounded and for x almost every
w € Q, the function (¢,z) € R x R? +— f(7 ,w) is continuous on R x RY. Let C(£2) denote the
closure of C(£2) in L*°(Q2) with respect to the usual L>°(€2)-norm. For each function f € C(Q),
let us then define

B(f)(w) = Eolf (To28-ay xzw)] = E[f (Y ()]

Obviously, P; is continuous with respect to the L°°({2)-norm. Lemma 3.2 below ensures that
P,(C(Q)) € C(Q). Then, from the Markov property of the R%"!-valued process (2%, X;)
and (18), it is readily seen that Ps(P;f) = Psy¢(f) so that the family (F;);cr, defines a semi-
group on C(2).

Let us now consider a function f € C(Q) and fix w € €. From the Lipschitz property of
the coefficients and the continuity of = — f (7, w), classical arguments of SDE theory imply that
IEo[f (xznw)] converges to IEo[f (7 25-a t,Yiw)] as n goes to oo. This convergence together with
the boundedness of f ensures that m (IEq[f (7xznw)]) converges to 7 (IEo[f (7.25—a; x:w)]) as 7
tends to co. As 7 (IEq [f(Tth,nw)]) = 7(f), it comes out Tr(IEo[f(ngﬁ,atyiw)]) = 7(f). Hence
7 is invariant for the semigroup (P;);cr, » which now clearly extends to a contraction semigroup on
LP(Q,m) for1 < p < oc.

Lemma 3.1. The process X" defined by (13) admits transition densities with respect to the
Lebesgue measure, which satisfy (14).

Proof: Let us define a new d + 1-dimensional process
(16) dX;™ = (0,b—n~'DV(X;", w)) dt + (0,0(X;",w)dBy) +n~/2dB;.
We point out that its generator on C?(R%1) can be rewritten in divergence form as

d
L= (?/2) 3 (e [a+ H + 07150y )

1,7=0

(with the convention a;9 = ag; = H;o = Hp; = 0). From [11], the transition densities with respect
to the Lebesgue measure of the process X" satisfy

1dil exXp ( - C|y - l‘|2/t) < ﬁs,n(ta ‘T7y) <
Ct>2 t
for some constant C' > 0 that only depends on n, K, d.

Let us now suppose that all the involved coefficients in (13) or (16) are smooth. For a C’g (Rd+1)
function f (of class C? with bounded derivatives up to order 2), it is well-known that the mappings
(t,z) € R x R — E,[f(X;™)] and (t,2) € R x R B, [f(X;")] are at least of class
CH2(R x R and are respectively classical solutions of the PDEs dju = L&"u and Qu =
LE™u + £2P~29yu with initial conditions ug = f. Then, it is readily seen that the difference
between these functions (t,z) — Ey[f(X{™)] — By 26-ag, [f(X;")] is a classical solution of
the PDE O,u = Loy + £28-a9yy with initial condition ug = 0. Thus, the functions coincide
on R With density arguments, we establish IE,[f(X;")] = IE, | 26-a,, [f(X;")] for each
continuous bounded function f. The lemma then follows from (17).

If the coefficients in (13) or (16) are not smooth, the situation easily comes down to the previous
case with the help of a regularization procedure. Details are however left to the reader. O

C

17 Y exp(— |y—x|2/Ct)




Lemma 3.2. For each fixedw € Qand (s, z) € RxRY, the processt € Ry +— (e7*(t+s),e Pz+
ET s x W E,T_ s x W
e® B

X, =el ) starting from X, = 0, and the processt € Ry — (s_o‘(t + s),a_ﬁij:;),
starting from X¢* = x, have the same law. As a consequence, for each fixedt € Ry and f € C(9),
the function P,(f) belongs to the space C(f), and

(18) Py(f)(To20-ay ,w) = Ep[f(e277%(t + 5), Xy g w)] -

Proof: For the sake of clarity and without loss of generality, let us drop the parameter € by choosing
e = 1. Fix (s,7) € R x RY. Tt suffices to check that the process (s +t, z + X;**), X/*** starting
from 0 € R? at time ¢ = 0, and the process ( + s, X ), X¢ , starting from - € RY at time t = 0
(that is X = x), satisfy the same It6 equation, and therefore have the same law by virtue of law
uniqueness for solutions of Itd’s equations. As a consequence, for f € C(f), the function

(37 x) = IE[.f(Kﬁ(TS,xW))] = IEa:[f(t + 5, X;jrs’w)]

is continuous from the continuity of f and the Lipschitz properties of the coefficients b and o. [

4 Resolvent equation

Let us now investigate, for each A > 0, the resolvent equation () is the unknown)
(19) Auy — (L+60Dy)uy=h

for a function h € L?(2) and a function § = 6(\) of the parameter \. Note that the operator
L + 0Dy has not been rigorously defined yet but a complete description of all the involved operators
and the meaning of "solution of (19)" are given thereafter. Actually, because of both time and
space degeneracies, the generator of the process Y © does not possess enough regularity to work on
in a quite general way. However, for a suitable right-hand side h, the function w) inherits some
regularity properties that allow to carry through the study of (19). This argument will be the guiding
line of this section.

The following study is carried out for a quite general strictly positive function € of the parameter
A. However, this result will only be used in Section 7 with § = 0(\) = A28, Roughly speaking,
this function measures the difference of speed rates between the time and space variations.

4.1 Setup

In [17], it is proved that the unbounded operators S and D; on L2(Q7 ) (see the definition in
Assumption 2.4) have a common spectral representation. This is due to the time independence of
the coefficients a and b. More precisely, we can find a spectral resolution of the identity £ on the
Borelian subsets of R x R such that

~-S = z E(dz,dy), and —Dt:/ iy E(dz, dy).
R+XR R+XR

For any ¢, € L*((2), denote by E, 4 the measure E, 4 = (E@,1)2. Let S be the Friedrich
extension of the operator defined on C by (1/2)e2V >i;Di (e7*Va;;D;). For any ¢, € C,
define

(0,01 = (0, 8)s = / ¥ B p(da, dy),

R+ xR
<Soa ¢>1,S = _(807 S‘P)Qa



lis = (e, cp)}/ ; the corresponding seminorms, whose kernels both

and o] = (i, o)1’
match the L?(Q)- subspace of functions that are invariant under space translations (see Assumption
2.4). By virtue of Assumption (7), these seminorms are equivalent

(20) mllel} < llelis < Mol

Let IF (respectively IH) be the Hilbert space that is the closure of C in L?(2) with respect to the
inner product ¢ (resp. «) defined on C by

5(907 ¢) = (307'(»[’)2 + <90a 11b>1 + (Dt907 Dt'l/’)Z
(resp. k(p, ) = (p, )2 + (p,¥)1).

Define the space ID as the closure in (L2(), | . |2) of the subspace D = {(—S5)"2¢; ¢ € C}.
For any ¢ € C, define @((—5)1/290) = 0*D,p € (L*(Q))%. Thanks to the description of the
kernel of the semi-norm || - ||1, note that ® is well defined on D. Furthermore |<I>((—§ ) 20|53 =
—2(¢p, S¢)2. From (20), ® can be extended to the whole space ID and this extension is a linear
isomorphism from ID into a closed subset of (L?(£2))%. Hence, for each function u € IH, we define
Vou = (I>((—§ )/ 2u) and this stands, in a way, for the gradient of u along the direction o.

For each f € L?() satisfying fR+XR 1 F¢ ¢(dz, dy) < oo, we define

1
@1 1712, = / L B £(dr, dy).
Ry xR ¥

We point out that || f||—1 < oo if and only if (see [13], for instance, for further details) there exists
C € Rsuch that forany ¢ € C, (f, )2 < Cll¢|1. fl|=1 also matches the
smallest C' satisfying this inequality. Remark that || f||—1 < oo implies 7(f) = 0. Denote by IH_
the closure of L?(€) in IH* (topological dual of IH) with respect to the norm || || _1.

Let us now focus on the antisymmetric part H. We have

(22) |(u, Ho)| < (u, |H|u)'? (v, |H|0)'* < Cf (u, au)'? (v, av) /2.

The second inequality follows from (8) and the first one is a general fact of linear algebra. We
deduce

(23) Vo, €C,  (1/2)(HDgwp, Do)y < Cl 1|l
For any ¢, 1 € C, let us define
(24) (1/2)(H Dy, Datp)2 = T ((—5) %, (—8)/29).

Note that, if ¢, ¢’ € C and (—=5)/2¢p = (—5)1/2¢/, then S(¢ — ¢') = 0 and, from Assumption
2.4, Dy = D,¢’,in such a way that TH((—g)l/Qcp, (—§)1/2d)) =Ty ((—5)1/290’, (—5)1/2¢).
Thus T'f; is a well-defined antisymmetric bilinear operator on D x D. From (23), it extends to an
antisymmetric continuous bilinear form 7"z on ID x ID. Likewise, with the help of Assumption 2.3,
we define the continuous bilinear forms Ty, 3; T4, 0;T'#1, AsTo, AsToonID x ID € L2(Q, ) x
L?(Q, ) as follows: Y, v € C,

(1/2)(aDyp, Dyab) = (( SV, (—S) ),
(1/2)(DiaDyep, D ¢>2 T.((—8)" ¢, (—9)/2y),
(1/2)(DeH Dyp, Do)z = 0, T ((—5) 2, (—5)/24p),
(1/2)(AsaD,p, D w)zz To((—9)" %, (- 5)1/21#),
(1/2)(AsHDyp, Do)y = AT (=) 2, (—§)24p),



where, for any s € R*, A denotes the L2-continuous difference operator (remind of the definition
of T’ o in Section 2):

(25) Ve L*(Q), AJf) = Tsof — F)/s.

From Assumption 2.3, the norms of the forms A;T', and A T g are uniformly bounded with respect
to s € R* and the forms are weakly convergent respectively towards 9;T', and 0;T' ; as s — 0.
Now, denote by H the subspace of IH_; whose elements satisfy the condition:

(26) 3C > 0,Vs >0and Ve € C, (h,Asp)—11 < Clle|-

For any h € H, the smallest C' that satisfies such a condition is denoted ||h||7. Then H is closed
for the norm | 3¢ = | 1 + | |17

Finally, let us now extend the operator L defined on C by (12). For any A > 0, consider the
continuous bilinear form By on IH x IH that coincides on C x C with

Vo, €C, Ba(g, ) = A, )2 + [T + Tul((—5) %, (—5)/29).

Thanks to Assumption 2.3 and the antisymmetry of H, this form is clearly coercive. Thus it defines
a strongly continuous resolvent operator and consequently, a unique generator L associated to this
resolvent operator. More precisely, ¢ € IH belongs to Dom(L) if and only if By (¢, -) is L>-
continuous. In this case, there exists f € L%(Q) such that By(¢,-) = (f,-)2 and Le is equal to
f — Ap. It can be proved that this definition is independent of A > 0 (see [10, Ch. 1, Sect. 2]
for further details). Let us additionally mention that the adjoint operator L* of L in L?(Q, ) can
also be described through By. Indeed, Dom(L*) = {¢ € H; B\ (-, ) is L?(Q2)-continuous.}. If
o € Dom(L*), there exists f € L?(£2) such that By (-, ) = (f,-)2 and L*¢ is equal to f — A\¢p.

Remark 4.2. For each function ¢ € C C H, the application Ly can be viewed as a function of
H_y. Indeed, ¥ap € C, (Lep, )3 = [T+ T (—8) 2, (=S)29p) < [M+CH] o)1 461
Hence, the application ¢ — Ly € IH_; can be extended to the whole space IH so that, for each
functionu € H, we can define Lu as an element of lH_1 even if u ¢ Dom(L). The same properties
hold for p € H — g’cp eH jandp e H— Sp € H_;.

4.3 Ecxistence of a solution :

Let us now investigate the solvability of (19). Let us consider fixed parameters 6,60 > 0 and A > 0
and introduce the bilinear form B?\ s on IF' x I that coincides on C x C with

Q27) B 5(0,%) = M, )2+ (1/2)([a+ H]Dap, Datp)2 — 0(Dyp, 1p)2+ (5/2) (D, Dinp)a.

In what follows, the parameter J is omitted each time that it is equal to 0. So the form Bio is simply

denoted by Bg.

The main result of this section is Proposition 4.4 below, whose proof can be found in [17, Prop
5.4] without modification (except the value of 8, which does not play a part). Let us however sum
up the strategy. As explained in [17], the difficulty lies in the time degeneracy of the Dirichlet form
Bf\, which satisfies no sector condition (even weak). To face this degeneracy, we add a viscosity
parameter § > 0 and consider the form Bi 5> Which satisfies a weak sector condition. Thus, with
the help of the Lax-Milgram theorem, it defines a resolvent operator that permits to solve (u) s is
the unknown)

Ay — (L +0D;)uns — (6/2)Diuns = h.
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It then remains to let the parameter J tend to 0. For this purpose, we have to establish estimates
for the family (| D;u) 5]2)s as d goes to 0. This can be done when the right-hand side h is regular
enough with respect to the time variable by using Assumption 2.3. Thus we state

Proposition 4.4. Suppose that h € L*(Q) N Dom(D,) and d € H. Then, for any fixed § > 0 and
A > 0, there exists a unique solution wy € IF of the equation Auy — Luy — 0Dyuy = h + d, in
the sense that Vo € T, BS(uy, @) = (h, )2 + (d,p)_11. Moreover, Dyuy € H and we are
provided with the following estimates, which only involve the constants m,C§, Céq of Assumption
2.3 (in particular, they depend neither on \ nor on 0),

(28a) M3+ mllunllf < [hI3/A+ (]2, /m,

(28b) A|Dyun[3+ml|Deun|[§ < [Dehf3/A+2|1dlF/m+2(C5+C5)? (|h2/A+|d]12 /m) /m?.

In the case d € L*(Q), then u), € Dom(L).

Finally, wy is the strong limit in IH as 0 goes to 0 of the sequence (uy 5)» s, where wy s is the unique
solution of the equation: Y € TF, Bg’é(u,\vg, p) = (h,p)2+(d, p)_11, and the family (Dyuy 5)s
is bounded in L*(2).

4.5 Control of the solution

We now aim at determining the asymptotic behavior, as A goes to 0, of the solution uf\ (in the sense
of Proposition 4.4) of the equation

(29) b — (L + 0Dy)ul = b;.

Since A is no more fixed, § = 6(\) is not fixed either. More precisely, we are interested in two
specific behaviors of the function § = 6(\). We will focus on both possibilities limy_,o () = 0
and limy_,g #(\) = +oo, which respectively correspond to a small and big time/space evolution
ratio. In both cases, we will show that A|uj |3 — 0 and that (Vou? ), converges in (L?(2))? as A
goes to 0.

Proposition 4.6. Let (by )~ be a family of functions in IH _y N L? () which is strongly convergent
in IH_1 to by and which is bounded in 'H (see definition (26)). Suppose either limy_,o 0(\) = 0 or
limy_,g 0(\) = +00. Then the solution uy € IF of the equation Auy — Luy — 0 Dyuy = by, (in the
sense of Proposition 4.4) satisfies:

o there exists ) € ID such that (—S)'/?uy — 1 as X goes to 0 in D,

e \uy|3 — 0as A goes to 0.
The limit n € ID does not depend on the function 0 but only on its limit as A goes to 0.

The first step of the proof consists in investigating the case when the operator L is replaced by S
in (29). This situation is more convenient because of the common spectral decomposition of S and
D;.

Proposition 4.7. Suppose either )l\in% O(A) =0 or )l\in% O(A) = +oo. Let (by)x>0 be a family of

Jfunctions in H_ that is strongly convergent to by in IH_;. Let (vx)a>0 be a family of functions in
IF that solves the equation (for any A > 0) Avy — Svy — 0Dv) = by in the following sense,

(30) Vo € IF,  Avy, )2 + (va, @)1 — 0(Divy, @)2 = (by, @)2.

Then there exists 1 € 1D such that A|vy|2 — 0 and |(—S)Y/?vy — 1]y — 0 as X goes to 0. The
limit m € D does not depend on the function 0 but only on its limit as X goes to 0.
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Proof of Proposition 4.7: In what follows, the parameter A of O(\) is sometimes omitted when
there is no possible confusion, but keep in mind that 0 does depend on A. From Lemmas 5.10 and
5.11 in [17], we can assume that, for any A > 0, by € L?(Q) N Dom(D;) N H_; and converges
to by € IH_;. From Proposition 4.4, we can suppose that vy € Dom(S). Remind that —S =
Jr, xr @ E(dz,dy) and =Dy = fR+XR iy E(dx, dy). Choosing ¢ = v in (30), we have

G Aoal3 + loallf = (b, v2)2 < Clluall < C%,

where C' = supy ||ba]|=1. Thus we can find 7 € ID and a subsequence, still denoted by (vy)x,
such that ((—S)I/QUA)A converges weakly in L2(Q2) to n.
Now we claim supy [[Avx]|=1 < 00 and supy~ [|#Dvy] -1 < oo.

[Avx, )o| = | A+ 2 +i0y) ™" dBp, o (da, dy)|
R+><R
22 1/2 1/2
< dEy, b, (dz,dy / rdEy, o(dr,dy
(/R+><R z[(A + 2)% + 0%y o )) ( Ry xR el )>
. 1/2
< swp([ a g (drdy) el
A>0 N JR, xR
= sup [baf| -1l
A>0

Since 0D,y = Avy — Svy — by and ||Svy||_1 < ||vall1 (cf. Remark 4.2), then Dyvy € H_; and
SUPysg |[0Drval|—1 < o0. So there exists a bounded family (F'y) x>0 of continuous linear forms
onD C L2(Q) such that YA > 0,V € C, Fx((—S)Y2p) = 6(\) (D5, ¢)2. Moreover, from
(31), (Avy ) converges to 0 in L2(£) so that, V¢ € C

(B2 FA(=8)"2¢) = (W @)+ (=8) vy, (=8)2p)s — (br, @) 1.
— (0, (=8)2p)s — (bo, )11

as A goes to 0. So (F')) x>0 is weakly convergent in ID* (topological dual of ID) to a limit denoted
by F'g as A goes to 0.
We now aim at proving Fo(n) = 0. For A\, u > 0, using the antisymmetry of the operator D
we obtain
33 ~
F)((—8)/?0,) = 0(0)(Dsva, 0,)2 = —0(N) (D, va)2 = —0(N) /0(1) F((—5)"/?0y).

If limy o 0(\) = 0, we pass to the limit as A goes to 0 and we deduce F((—S)"/?v,) = 0.
It just remains to pass to the limit as p goes to 0 and it comes out Fy(n) = 0. Otherwise, if
limy_g () = 400, we first pass to the limit as p goes to 0, then as A goes to 0, and we also obtain

F()(’I’]) =0.
Let us now establish the limit equation, which connects F'y, 7 and by. From (32), for any ¢ € C
(34) (n, (=8)"?@)2 — Fo((=8)"*¢) = (bo, ) 11-

This limit equation permits us to investigate uniqueness of the weak limit and, as a bypass, the
last statement of Proposition 4.7. Indeed, let # and 6’ be two functions having the same limit,
say limy_g6(\) = limy 00’ (\) = 0 (the case limy_o6(\) = limy o0’ (\) = +oo is quite
similar). Consider the two families of associated solutions (v)y and (v/), of equation (30), and
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two possible weak limits h and 7’ of respectively two subsequences of (v)y and (v, ). Define the
corresponding linear forms (F') and (F) ), as well as their limits Fy and F', as described above.
Then (34) provides us with he following equality:

(35) V(—§)1/2¢ eD, (n-1, (—S’)l/Q(p) = [Fo— F6]((_§)1/290)-

As we proceeded for (33), we can establish

FA((=8)"2v),) = =0(N) /0 (1) F},((=8)"?vy).
Now we pass to the limit as A goes to 0 along the first subsequence and then as p goes to 0 along
the second subsequence. We obtain F((n') = 0. Reversing the roles of \ and i, we also establish
F/,(n) = 0. Choose now (—S)'/2¢p = 5 — 1/ in (35), this yields

m—n'l5=[Fo— Fol(n—n') =0.

In particular, the weak convergence holds for the whole family ((—g' )1/ 2v A) ) towards 7. Let us
now tackle the strong convergence of (v))y. Choosing ¢ = v, in (34), passing to the limit a A
goes to 0 and using F(h) = 0, this yields

(36) (R h)y = lim (b, v) 1.1 = lim (by,vx)_11 = lim [Awal2 + [lual2].
A—0 A—0 A—0

In particular, ||y = limy_ |(—S)!/2vy . Thus, the convergence of the norms implies the strong
convergence of the sequence ((—S)/2wvy), to i in L2(Q). As a bypass, (36) also implies the
convergence of ()\\UA@)/\ to 0. O
Outline of the proof of Proposition 4.6: Let us now briefly explain how to deduce Proposition 4.6
from Proposition 4.7. At first, note that uy = (A — L — D;)~!(by). The plan of attack then consists
in defining the operator Py : H — H by Py(b) = (L — §)(A — § — D,)~'(b) and in noting that

1/2

A—L—-D)'=\A=8—-D) 'I— Py ..

If || Py || 7—2 < 1, then the operator [[— P] is invertible and [I— Py] (b)) converges in H_;. Thus
Proposition 4.7 applies. Actually, || Py||7¢—7 < 1 but this norm is finite. An iteration procedure
shows that the general situation boils down to the particular case || Py ||x—# < 1. Rigorous details
can be found in [17, Prop 5.12]. ]

5 1Ito’s formula

Since the generator of the process Y is not regular enough to work on, we introduce regular ap-
proximations through viscosity methods. This allows to get rid of the time degeneracy. Let us
consider a standard 1-dimensional Brownian motion { Bj; ¢ > 0} that is independent of { B;; ¢ > 0}
in such a way that {(Bj}, B;);t > 0} is a standard d + 1-dimensional Brownian motion. Let us then
define then the d 4+ 1-dimensional diffusion process X9, starting from 0, as the solution of the
SDE (we still use the convention that (x, X ) stand for a d 4+ 1-dimensional vector where = € R and
X € R%

t t
(37) X0 = / (€202 b(X>°,w)) dr + (0, / o(X:° w)dB,) + (V3B],0).
0 0
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The associated diffusion in random medium Y= defined by Yf’a(w) = Tygesw is a Q-valued
Markov process, which admits 7 as invariant measure (similar to section 3). So it defines a contrac-
tion semigroup on L?(, 7). The associated (non-symmetric) Dirichlet form is given by (27) (with
0 =28 ~“) with domain IF' X IF' and satisfies a weak sector condition (see [10, Ch. 1, Sect 2.] for the
definition). The generator L% is defined on Dom(L*?) = {u € IF; B?\’ s(u, ) is L*(Q)-continuous}
(see [10, Ch. 1, Sect 2.] for further details). It coincides on C with L + 0D; + (§/2)D?. Since b
and o are globally Lipschitz (Assumption 2.2), classical tools of SDE theory ensure that

(38) / Eo[ sup |(e (e, X)) — Xf’6|2] dm — 0 as ¢ goes to 0,
0<t<T

where both diffusions start from 0. The additional time regularity of this setting enables us to
apply the It6 formula for suitable functions in the domain of L° 9, typically functions u ) ¢ given by
Proposition 4.4. It remains to make the parameter § vanish. Technical details are explained in [17].

Theorem 5.1. Let f € L?(Q) and a family (u))x>o in IF such that:

DY €T, B{(ux,¢) = (f,¢)2
2) for each \ > 0, there exists a sequence (uy s)s>o in IF that converges in I towards wy. More-

over (uy 5)s>0 satisfies BA srs, ) = (f, )2

3) for each fixed \ > 0, (Dt’u/)\,g)g is bounded in L?(2).

4) each function wy s has continuous trajectories, that is, for |, almost every w € ), the function
(t,x) € R s wy 5(73 4w) is continuous.

Then, choosing () = A2 and )\ = e28 1P a.s., the following formula holds

t t
Ug2p (}/ts) = Ug2p (YE)E) + / (82611‘525 - -f)(}/rs) dr + / vau;ﬁ (3/7'6) dB,
0 0

where 1P is the law of the process Y ¢ starting with initial distribution 7 on €.

6 Ergodic theorem

We now focus on the ergodic properties of the family of processes (Y¢).. Basically, the difficulty
lies here in the difference of evolution rates of the time and space variables. The strategy will
consist in establishing an orthogonal decomposition of L?((2) that allows, in a way, to separate the
variables and to exploit separately their ergodic properties. Concerning the space variables, this is
carried through from Assumption 2.4.

Theorem 6.1. Let f € LY(Q). Then

t/e28
]Eﬂ’ew/ fYS)dr —tm(f)| — 0ase goestoO0.
0

Proof :
Decomposition of the space L*(§2). Let us first establish the following orthogonal decomposition
of the space L?(12)

L*(Q) = Inv @ Closure(R),

where R = {S¢; ¢ € Dom(S)} N Dom(D;) and Inv = {f € L2(Q); Vz € R Tof = f}. It
is readily seen that Inv and R are orthogonal and that L?(Q) D Inv @ Closure(R.).
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Conversely, let f € L2(Q) such that VS¢ € R, (f,S¢p)s = 0. Consider h € L*(Q) N

Dom(Dy). Hence Proposition 4.4 provides us with a family (uy)y € IF N Dom(S) such that
BY(ux, ) = (h,¢), for any ¢ € IF. We emphasize that the equality

(39) )\’u)\ — guA =h

also holds in the L2 sense, so that Suy = Auy —h € R. From (28a), (Aw, )y is bounded in L*(£2).
Consider a weak limit h* € L*(Q). Let us prove that Sh* = 0. Let ¢ € Dom(S). Integrate (39)
against o, multiply by ), pass to the limit as A goes to 0 and obtain (h*, Sp)s = 0. Since S is
self-adjoint, h* € Dom(S) and Sh* = 0. From Assumption 2.4, h* € Inv. Let us additionally
mention that h™ is the orthogonal projection of h into Inv. Indeed, integrate (39) against ¢ € Inv,
note that (Swuy, )2 = 0, pass to the limit as A goes to 0 and obtain (h — h*,¢)2 = 0. In
particular, (Tp .h)* = h* for z € R?% Returning to our first objective, observe that (f,h)y =
(f, Auy — Suy)2 = (£, My )2. Passing to the limit as A goes to 0, we obtain (£, h)s = (£, h*)s
for each function h € L?(€2) N Dom(D;). We are now in position to conclude: for each 2 € R¢
and h € L?(Q) N Dom(Dy),

(Touf,h)2 = (F, To,—zh)2 = (f,(To,—zh)")2 = (f,h")2 = (f, h)2.

Since L?(€2) N Dom(Dy) is dense in L%(12), we deduce Tp . f = f. The decomposition follows.

Particular case. Let us first prove Theorem 6.1 in the case f = f* + S, where ¢ € Dom(g' )s
S¢ € Dom(D;) and f* € Inv. For each A\ > 0, Proposition 4.4 provides us with a family (f)x
that satisfy (in the sense of Proposition 4.4)

(40) M= Lfy—0(N)D.f) = Se.

Choose now A = 28 and §(\) = A'723. Theorem 5.1 yields

t/e26

B (foan(V) = Fas) =¥ [ [ fs = Bepl()
t/e28
+ e / VO f26(YE)dB,,
0

in such a way that, using the decomposition f = f* + S @,

t/e2B

t/e28 t/e®
52ﬁ/ FYS)ydr = &° / (T ow) dr + 52ﬁ/ 52/6]"82@ (Y,5)dr
0 0 0
t/e2B

42 (£ (Vo) = Fas@) = [V (47) B

Let us now prove that the above right-hand side behaves as its first term as € goes to 0. From
Proposition 4.6 (note that S € IH_1), we have A2| £ |2 + A|| £, ]|> — 0as A goes to 0. Thanks to
the Jensen inequality, the invariance of the measure 7 and Proposition 4.6 (note that S peH_y),
we deduce

t/e2P
B[ [ @ dn)?] < el — o
0 —>
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Similarly, B [(£%*(f .20 (Y5.20) — feo (w)))Q] < 2e%P| f.25|3 and this latter quantity converges
to 0 as € goes to 0. Concerning the martingale part, we just have to estimate its quadratic variations

t/e28 ) t/28
B[ [ a0 = [# [T9 a() ar] = 2 ol
0 0

to conclude that it also converges to 0. Thus it remains to study the convergence of the first term. The
classical ergodic theory ensures that £* (f /e (T ow) dr converges in L?(£2, ) to a limit function
that is invariant under time translations. Since f* is already invariant under space translations, it
is readily seen that this limit function is also invariant under space translations and consequently
constant (see Definition 2.1). Thus it is equal to 7(f*) = 7 (f).

General case : Consider now a function f € L'(Q2) and denote by |- |; the L' (£2)-norm. Obviously,
we can find a sequence (f,), C L%*(Q) that converges in L'(€2) towards f. Then, using the
invariance of the measure ,

t/e2P t/e28
B [ f0dr ()| <l [T 17 = g0 i
t/e208
S| [T () dr = tn(£)] + () = 7 (£
t/e?P

<UIF — Foli + g2 /0 FulYE) dr —tr(f,)].

It just remains to choose 7 large enough to make the former term in the above right-hand side small
and then to choose € small enough to treat the latter term. This completes the proof. O

7 Invariance principle

Notations: From now on, fix 6(\) = A2, Fori e {1,...,d} and A > 0, Proposition 4.4
provides us with a solution u} € IF N Dom(L) of the equation

b — Lub, — 0(\)Dyuly = by,
and with a solution ¢, € IF N Dom(L) of the equation
Aey — Ley — 0(\)Dyey = c.

An integration by parts proves that b, ¢ fulfill the assumptions of Proposition 4.6 (see [17, Lemma
5.14] for the detailed proof). Thus it makes sense to define §; = limy_, V"uf\ and k = lim)_,o V¢,
where both limits are understood in the L?((2) sense. Moreover, from Proposition 4.6, A|u,|3 +
Alea|3 — 0as A tends to 0.

Consider now a bounded continuous function f € C (Rd) and the solution z. ., of equation (2).
The Feynman-Kac formula gives a probabilistic representation of z , (cf. [16, Theorem 3.2 and
Remark 3.3])

41 Zew(t, ) = B [f(X7) exp(QF)]
where Q = fot [e7Pc+ d](r/e%, X5 /P, w) dr. As guessed by the reader, the strategy consists

in studying the convergence in law of the couple of processes (X¢, Q%) and then in establishing a

16



uniform integrability argument.

Let us first tackle the convergence in law of the couple (X¢, Q¢). Define Q; = fot [c+e8d)(Y,F) dr
and remind, from Section ??, that (X¢, Q°) and (65Y?/525,65@?/525) have same law, where both
processes X° and X° start from 0.

Applying Theorem 5.1 to the functions w25 and c.2s yields

- t/e28
Xy = Hi +° [ (o4 Vulu) (V) dB,
0

. t/e2P t/e28
Qe =Gia e [ ayar e [T vre (v db,,
0 0
where

t/e2P
Hf = 53ﬁ/0 w25 (Y,)dr — sﬁuezg(Yf/Ew) + ePuzp (w)

. t/e2P
Gi = Edﬁ/ 25 (YE) dr — ePe.2s (Ye20) + ePc.ap(w).
0

For the sake of clarity, it is worth recalling that IP,. denotes the law of the process Y¢ starting with
7 as initial distribution and that the measure 7 is invariant for the process Y ©. Let us now establish
that the finite dimensional distributions of both processes H¢ and G* converge in IP .-probability to
0. Using the Cauchy-Schwarz inequality and the invariance of the measure 7, we obtain

E. [(Hf)?] <32+ %) Jugs 3,

and this latter quantity converges to 0 as € goes to 0. Likewise, IE, [(G§ )2] converges to 0 as £ goes

28
to 0. Then, from Theorem 6.1, the process £2° fo'/ =" d(Y,f) dr converges, at least in probability, to
the deterministic process ¢ — tm(d). Finally, we tackle the convergence of the martingale part of
the process (55Y“_€/€2@ ) 55@362[3), which matches

t/e28
[ Lo+ V), V() dB;.
0

Clearly, under IP,, the difference between this latter process and &” fot /<% (0 + &%), k*|(Y,)dB,

vanishes as ¢ goes to 0 in IP;-quadratic mean. The quadratic variations are easily computed
268 * ®\ *
2 [T [ (04 €0 +E) (@+E)R ] 4
€ * ) * (Y7 dr.
0 K*(o + &%) K*K

Using Theorem 6.1 again, these quadratic variations converge, at least in IP -probability, towards
the deterministic process ¢t — At, where the nonnegative symmetric matrix A is given by

Ao ([N HErw@ @reme ],
Q k(o + &) (w) )
To sum up, the finite dimensional distributions of the process (¢°X.20,e°Q); /.25) converge in

law to the process (0, D)t + aY 2B£, where D = 7(d) and B’ is a d 4+ 1-dimensional Brownian
motion. Actually, this convergence holds in the sense of weak convergence of processes in the space
C([0, T); R%1) for each fixed T > 0. Section 8 is devoted to the proof of this fact.
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8 Tightness

We keep the notations of Section 5. To prove the tightness of the underlying stochastic processes,
we use Garsia, Rodemich and Rumsey inequality (GRR’s inequality) (cf. [19]). More precisely,
we follow [13, Sect. 3]. Nevertheless, the required condition (43) is stronger than the one stated in
[17, Sect. 9], that is g € IH_;. But this methods provides us with a uniform integrability criterion
needed in section 9. Once again, we work on the viscosity approximations Y% to avoid facing the
time degeneracy of the generator of Y°.

From [13, Theorem 3.2], for a given function g € L>°(£2), the function

P(g)(t,w) = [ exp( /0 g(YE9) dr)]

belongs to Dom(L%%) and satisfies 3,I'(g) = L*°T'(g)+gT(g) with initial condition I'(g)(0, w) =
1. Then [13, Proposition 3.3] ensures that

(42) IT(g)(t, )3 < exp(2tSp(L*’ + g)),

where Sp(L*° +g) = SUP||,=1 (%> [L5° + g]¢p)2 and the sup is taken over ¢ € Dom(L*?) C TF.
Thus, for any a > 0, by the invariance of the measure 7, we have

t/e2P

E,| exp(ae” /

[, 9070 = [ racla) (e e~ ). dn

Q
< |F(ae’g) (e720(t = 5),-) 2
<exp ((t — 5)Sp(e 2PL* + acPg)).

It just remains to give a bound for Sp (=27 LY 4 e P g) and we want it to be independent of &
and e. Suppose now that

(43) Vo eC, lpla=1= (9,92 < Cuselh
for some constant C43y > 0. For any ¢ € IF with |p|2 = 1,
(e*PL* + as Pglp, ), < —e Pmllo|} + ac (g, )2 — (6/2)|Diepl3

< — Pmlle||f + ac Cuz el
< a2C'(243)/(4m).

Let us additionally assume that, for each fixed w, the mapping (t,z) — ¢g(t,z,w) is globally
Lipschitz. From (38), we can then pass to the limit as § goes to 0 in the inequality

t/e20

E, [exp(aeﬂ // y g(Y=9) dr)] <exp ((t— s)a20(243)/(4m))
and get the bound
t/e2P
44) E, [explas” [ 90218 < exp (= 90" Cly(4m).

Let us now state GRR’s inequality, whose proof can be found in [19] or [13, Prop. 3.1]
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Proposition 8.1. (Garsia-Rodemich-Rumsey’s inequality)

Let p and U be strictly increasing continuous functions on [0, +oo| satisfying p(0) = ¥(0) = 0 and
limy—.o ¥(t) = +oc. For given T > 0 and f € C([0,T]; R?), suppose that there exists a finite B
such that;

45) / / ‘g(t) ()|>dsdt<B<oo

p([t = s)

Then, forall0 < s <t < T,

(46) 9(t) — g(s)] <8 /0 U 4B dplu).

Choose now U(t) = et — 1, U=1(¢) = In(1 +t) and p(t) = v/t. As explained in [13, Sect. 3], (46)
provides us with the following estimate of the continuity modulus:

@7 sup  |g(t) —g(s)] <8V In(6 ln //exp |g ()|)dsdt>+6}

jt—s|<o VIE—s|
0<s<t<T

Choosing g(t) = &° f t/e? g(Y?) dr, taking the expectation IE, and using Jensen’s inequality, we
obtain

t/e2P
] s [0 g0 i

[t—s|<§ s/e2B
0<s<i<T

<o [ (s [ [ (RSN ) ],

Gathering (44) with the above estimate, we finally obtain the desired continuity modulus estimate

t/e28
(48) IEW[ sup ‘6_/6/ Q(Kﬂa)dr”SCT\/gln(d_l)
[t—s|<d s/e2P
0<s<t<T

for some positive constant C'r. Note that both functions b and c satisfy (43). Indeed, for any ¢ € C,
(the case g = b is similar)

(e.@®)2 =D (V' Di(e™Vaiif;). %), = = D (31 ;. Dile?)),
.3 i,J
= 23" (eF;,5Di9), < 4 fl = |2 ol
ihj
In particular, (48) holds for g = b and g = c¢. Note that, from the boundedness of d = and o, the
2
Burkholder—Davis -Gundy and the Kolmogorov criterion, the tightness of the processes £2° f /e d(YrF)dr

and £° fo/ " o (Y,?) dB, raises no particular difficulty. As a consequence, the tightness of the pro-
cesses eﬂX,/Egg and eﬂQ,/Em is proved.
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9 Girsanov’s transform and limit equation

To determine the limit of z. (¢, x) (see (41)), we now aim at applying the convergence in law
of the couple (5BY§/625,6ﬁ@;€z@) to the function g(x1,...,z441) = f(21,...,2q9)e"+1 for
some continuous bounded function f € Cy(R? R). This requires a uniform integrability argu-
ment, which is derived from (44), applied with g = c¢. Since d is bounded, the random variable
exp (29 [} /% d(Y;) dr) is bounded too. So the random variable f(e7X7 .25) exp (€°Q;.25)
is uniformly integrable and thus converges in mw-probability (cf. Section 7) to IEg [g((O, D)t +
T/

decomposition in blocs of A and A

- ( An | Arg > Zl/2 N ( (21/2)11 ‘ (21/2)12 )
—\ A A ) = —1/2 —1/2 :
21 22 (A7) ‘ (A7 )90

By the Girsanov transform, we can define a new probability IP on C ([0, T]; R4*1) as follows

B;)] We now aim at finding a PDE that characterizes this limit. Let us consider the R% x R-
—1/2

1/2

vt < T, = exp ((Ay) Al/Q) B; — ZQZ%)

dIp
dIP |]—}
where F; denotes the natural filtration of the Brownian motion. Under IP, B, = (A%Q, Al/ 2)

is a Brownian motion. Lets us now rewrite IEq [g((0, D)t + ZUQBI{)} in terms of B

Eo[g((0, D)t + A" BY)]

_B{(AL A exp (D1 + (AY2, AL B)]

= B[ (A}, A1) B+ (01 + T2 exp (Dt + )

:IE[ ( 1/2 1/2 Bt+0t>]

where

(49) C’:/(a—i—ﬁ*)ndw, and U:/ (“*” ) dr.
Q

a2

We point out that the quadratic variations of (Al/ 2 Al/ )Bt are equal to
(50) A=y :/(a+£*)(a+£*)*d7r
Q

Hence there exists a standard d-dimensional Brownian motion B; such that
o [g((0, D)t + A"*B})] = By [f(Ct + AV?B,)e].
To sum up, we identified the limit in 7 probability of

Zew (07 t) = IEg [f(XtE) exp(Qi)] = IEy [f(sﬁyi/aw) exp (56@;52%*)}
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as By [f(Ct + AY2B,)el.
Let us now to determine this limit when the starting point is not 0 but 2 € R%:

B, [f(X7)exp(@)] MR [f(e 4 X000 exp(@ )]

in law with respect to p

fla+ X7) exp(Q™)]

m prob, E, [f(x +Ct+ Al/g?t)ew)} :

e—0

To complete the proof of Theorem 2.6, it just remains to explain why the coefficients A, C, U
only depend on the 3 cases « — 203 < 0, « — 23 > 0 or & — 23 = 0. Since £ and  only depend on
the case « — 20 < 0, « — 2 > 0 and a — 23 = 0 (see Proposition 4.6 for the first two cases and
[17] for the last one), the same property holds for A, C' and U, which can be expressed in terms of
£ and k (see (49) and (50)). As a consequence, this completes the proof of Theorem 2.6.
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