Controlled MCMC for Optimal Sampling

Christophe ANDRIEU & C.P. ROBERT Maths. Department, University of Bristol, UK Ceremade - Université Paris-Dauphine, France.

1. “Repetition is the mother of knowledge.” 2. Outline of the problem addressed. 3. Statistical properties of MCMC based estimators.

4. Existing approaches. 5. General framework.

6. Truncated efficiency maximisation 7. Numerical simulations.

8. A word on the theoretical properties of the approach.

9. Conclusions/Perspectives?

1.1– Problem and Principle of MCMC algorithms.

• (Typical) Problem: efficiently estimate

I (f) = ∫ X f (x) π (x) dx.

• Solution: build an ergodic Markov chain (MC) x_i (i = 0, 1, . . .) with invariant distribution π and compute the estimator

^I_N (f) = 1 N + 1 N∑ i=0 f (x_i) .

1.2– Metropolis-Hastings is the main building block of MCMC.

• Most, if not all MCMC algorithms, rely on the Metropolis-Hastings (MH) algorithm.

• It requires the definition of a proposal distribution q.

• Given that the MC is at x, y is proposed from the conditional distribution q (x, y). Then, the chain 1. goes to y with probability

α (x, y) = min { 1, π (y) q (y, x) π (x) q (x, y) } .

2. Otherwise stays at x.

1.2– Metropolis-Hastings is the main building block of MCMC.

• As pointed out in Gareth’s talk, the choice of q is key to the success of the MCMC approach.

• Examples with Laird’s applets (www.lbreyer.com). • Question: does anyone know where Laird is?

2.1– Choice of the proposal distribution.

• Typically q depends on a parameter, say θ. We introduce the notation q_θ

to point out this dependence.

• Example: a symetric Gaussian random walk

q_θ (x, y) = 1 √ 2πθ^2 exp ( −1 2θ^2

(y − x)^2 ) .

2.2– Problem addressed.

• We want to choose θ in an “optimal” manner.

• We want this choice to be automatic, i.e. minimise human intervention. • We want to use a single run of the algorithm, i.e. the algorithm will learn from its past history.

2.3– A more general problem.

• The Truth: real MCMC algorithms consist of mixtures of MH algorithms:

K (x, dy) = n∑ i=1 ω_iK_i (x, dy) ,

where ∑_n i=1 ω_i = 1, ω_i ≥ 0 and the K_i’s are “simple” MH kernels.

• In practice the weights from the mixture and the proposal distribution depend on some parameters θ_i, i.e. ω_{i,θi} , q_{i,θi} , and from now on θ = {θ_i; i = 1, . . . , n}.

2.4– Examples of mixtures.

7.1– Coerced acceptance probability: MH algorithm.

Figure 5: 3D rende6ing of the mixture target dis6ibution and the proposal dis6ibution for the random walk example.

7.1– Coerced acceptance probability: MH algorithm.

Figure 6: Convergence of the empirical acceptance probabilities of chain 1 and 2 for the bimodal di06ibution and the random walk proposal.

7.1– Coerced acceptance probability: MH algorithm.

Figure 7: v ergence of the of the osaldi0ibutionforthebidal target Numerical simP43

7.2– Coacceptanceprobability: Langevin algorithm.e to the random alk olis osal consi0s of the t of the target ran w oforwotargetdi0ibutionsducedthoseusedfortherandomResul0s are presented on Fig. for the Gaussian target Fig. 1042 for the mixture of Gaussians.

•In oth cases the um er of iterations 50, Numerical simulations. P44

7.2– Coacceptanceprobability: Langevin algorithm.

Figure Evolution of parameter θ for the Langevin algorithm and the mixture target di50ibution.

7– Numerical simulations. Page 48

Efficiency maximisation: ernel.

elop our strategy for the case of a Gaussian random wtooptimizethecovariance ma0ix Σ of this propdi50ibution.

The criterion is

(θ) = −∇_θ ‖Σ_{,τ} (θ )‖

2

.

In order to imppeness of Σ, e consider the parameter θ = −1/is a w er triangular ma0ix that Σ

−= θ.

7– Numerical simulations. Page 49

Efficiencymaximisation: ernel.

propdi50ibutionisinthisq

() =

| θ

√2π

| exp −1

(y − x) θθ

(y − x) The acceptance donotdepend upon θα (x, ) = min

1, π ()

(x)

.

Efficiency maximisation: ernel.

Results are ted on 12-18 for w o realizations of 200on a Gaussian target di50ibution en in and The tit y θ initialized at As can bnoticedfromFig. 15 and 18, and despite the truncation of true variance ma0ix, the results obtained agree with the general rules um b and theoretical rates reported in the literature for lodimensions.

7– Numerical simulations. P51

Efficiency maximisation: ernel.

The target Gaussian di50ibution (red ellipse with center (0The propdi50ibutionafter200000 iterations (blue).

Efficiencymaximisation: ernel.

Figure 13: Convergence of parameters a and b of the bivariate Gaussian propdistribution, subsampled (1/50).

Efficiencymaximisation: ernel.

Figure 14: Convergence of parameter α of the bivariate Gaussian propdistribution, subsampled (1/50).

Efficiencymaximisation: ernel.

Figure 15: Convergence of the empirical acceptance probability for the bivariate Gaussian target and proposal di02ibutions.

7.3– Efficiency maximisation: single kernel.

Figure 16: Convergence of parameters a and b of the Gaussian and proposal di60ibutions.

Numerical simPage 56

7.3– Efficiency maximisation: single kernel.

Figure 17: Convergence of α (and its smoothed estimate calculated from 302,000) of the bivariate Gaussian target and proposal di555ibutions.

7.3– Efficiency maximisation: single kernel.

Figure 18: Convergence of the empirical acceptance probability for the bivariate target and proposal di63ibutions.

7.4– Efficiency maximisation: a mixture of kernels. • Here we consider the following transition kernel

K_θ (x, dy) = 1 1 ∑^p

j=2

( θ^2_j + ε ) K_1 (x, dy)+ p∑ i=2 θ^2_i + ε 1 ∑^p

j=2

( θ^2_j + ε )K_i (x, dy) .

• It is a mixture of transition kernel, each a fixed proposal di63ibution q

i

• The parame3ization ensures positiveness of the weights and that they sum to 1.

• e want to optimize the weights of the mixture in order to optimize criterion

h (θ) = −∇_θ ‖Σ_{f,τ} (θ)‖^2

7.4– Efficiency maximisation: a mixture of kernels.

• Our example: the main direction of the target di63ibution is π/4. proposal di63ibutions are normal di63ibutions with orientations α = 0, ±π/4, π/2

and the same scale. • e chose τ = 5.

• Results are presented on Fig. 19 and 20 for 113, 000 iterations.

7– Numerical simulations. Page 63

7.4– Efficiency maximisation: a mixture of kernels.

Figure 19: The target dis3ibution and the four possible proposal densities for the mixture s3ategies example, along with 50 steps of the

corresponding Markov c7– Numerical simulations. Page 61

7.4– Efficiency maximisation: a mixture of kernels.