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@ Bayesian Model Choice
< Introduction

< Bayesian resolution

2 Problems Several models available for the same observation
© Bayes factors

@ Pseudo-Bayes factors M, = x ~ fi(z]6:), ied
< Intrinsic priors

where J can be finite or infinite

2) Compatible priors

3) Symmetrised compatible priors



Prior selection and model choice
Bayesian Model Choice.
Introduction

Example (Galaxy normal mixture)

Set of observations of radial speeds of 82 galaxies possibly
modelled as a mixture of normal distributions

xj~ > pulN (e, 0%)

=1

Prior selection and model choice
Bayesian Model Choice
Bayesian resolution

Formal solutions

Resolution
Compute

/ Fal6y)mi(6:)36
- ZI’A/ £

p(Mi|z)

0;)7;(6;)df;

Take largest p("M;|z) to determine ‘‘best’’ model,

or use averaged predictive

;mwmx) I 10020

Prior selection and model choice
Bayesian Model Choice
Bayesian resolution

Bayesian resolution

B Framework
Probabilises the entire model/parameter space
This means:
< allocating probabilities p; to all models 9t;
o defining priors m;(6;) for each parameter space ©;

Prior selection and model choice
Bayesian Model Choice
Problems

Several types of problems

o Concentrate on selection perspective:
s averaging = estimation = non-parsimonious = no-decision
> how to integrate loss function/decision/consequences
> representation of parsimony/sparcity (Ockham's rule)
> how to fight overfitting for nested models

Which loss ?



o Choice of prior structures
o adequate weights p;: . A .
if 9y = 9y U M, p(A) = p(Mz) + p(Ms) ? o Computation of predictives and marginals
o priors distributions
5 m,(0) defined for every i € J
o mi(6:) proper (Jeffreys)
w mi(6:) coherent (?) for nested models

- infinite dimensional spaces

- integration over parameter spaces
- integration over different spaces

- summation over many models (2*)

[MCMC resolution = another talk]

Parameters common to several models must be treated as separate
entities!

Models 9ty vs. My

B Pr(Myz) /Pr(M) < eliminates choice of Pr(2;)
12 Pr(Malz)/ Pr(Mz)
2 2 < but depends on the choice of m;(6;)
a D < Bayesian/marginal likelihood ratio
_ } f1(el61)m (61)d0y o Jeffreys' scale of evidence
[ aloayma(oz)ete

[Good, 1958 & Jeffreys, 1961]




/61 71(df1) =00 or /;z m2(db) =

then either 71 or m cannot be normalised uniquely but the
normalisation matters in the Bayes factor

> Recall Bayes factor

If 9 is a Z2(N) distribution and 9, is a 4" %(m, p) distribution,
we can take

() /A
mo(mp) = 27 L any(m) Io1y(p)

then

Bz

oo yz—1
/ Az, e A
b al
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I/MZJ/(m—z+1)

< does not make sense because 71(A) = 10/ leads to a
different answer, ten times larger!

< same thing when both priors are improper

Improper priors on common (nuisance) parameters do not matter
(so much)



Vague proper priors are not the solution Vague proper priors are not the solution (cont'd)

Example (Poisson versus Negative binomial (4))

1 yato-1
) ) P . e Mda
Taking a proper prior and take a “very large” variance (e.g., z! .
BUGS) will most often result in an undefined or ill-defined limit B = W if A ~ Ga(a, B)
Example (Lindley’s paradox) M 4em—z+1 ()
If testing }_Io : 0 = 0 when observing = ~ N/(0,1), under a normal _ Ta+a),, /1 -
N(0,a) prior m1(6), —— 0 u Z
m

| —
Bot(e) =0 2! T(a) m—a+1

(z+a—-1)--a, . /1 an
z(z—1)---1 @ /M;W*I‘Fl

depends on choice of a(f3) or B(c) — 0

Pseudo-Bayes factors Motivation

Idea
Use one part z;) of the data a to make the prior proper:

o m; improper but mi(-|z;) proper @ Working principle for improper priors

© e < Gather enough information from data to gain properness
J Fi@pyq|6) mi(0ilpg)d6; % and use this properness to run the test on remaining data
ff]‘(z[n/lllej) mj(0;))do; < does not use x twice as in Aitkin's (1991)

independent of normalizing constant
> Use remaining @, /;) to run test as if...




Details

02) 1 ()
Since m(flagy) = m1(01) fig (2 101)
[ o0 iaalonsasn
then
/f[ln/l](ﬁf[n/i]|91)7f1(91|ﬁ[»])d91
/ T2 @ 02)m2(02]7)d02
[ ataioymenasn [ mao) eion)ioe

[ ftaoma@arits [ w6 (o lon)in
= BY()Ba(wp)

Bua (/i)

‘@ Independent of scaling factor! ‘

More problems

< depends on the choice of zf;
© many ways of combining pseudo-Bayes factors

5 AIBF = B,",’% ; Bij(w1)
o MIBF = BY med[Bj; (/)]
+ GIBF = BY expfg)ogs‘.,(zm)
< not often exact Bayes
[Berger & Pericchi, 1996]

More problems (cont'd)

Example (Mixtures)

There is no sample size that proper-ises improper priors, except if a
training sample is allocated to each component

Reason If

k
w1y~ Y pif (al0)

i=1
and
m(0) = [] mi(6:) with / m;i(0;)d0; = +00,
i
the posterior is never defined, because

Pr(“no observation from f(-|0;)") = (1 — p;)"

Intrinsic priors

There may exist a true prior that provides the same Bayes factor

Example (Normal mean)
Take & ~ N(0,1) with either § =0 (1) or 6 # 0 (My) and
m(0) = 1.
Then
BIPF =By A1V e 2 ~ By for N'(0,2)
2
BMIBF = By, \,% e~med(=f)/2 ~0.93By for N(0,1.2)

[Berger and Pericchi, 1998]

When such a prior exists, it is called an intrinsic prior



Bayesian Model Choice
Take T1y.--yTn g exp(f — )59
and Ho:0 =06y, Hi: 0> 6y ,with m(f) =1
Then

@ Compatible priors
© Principle
© Exponential families
© Linear regression
© Variable selection
o Extension

A Lo -t
Bio = 310(1); E [e = 1]
i=1

is the Bayes factor for

ma(0) = %0 {1 ~log (1 _ e”ﬂ*’)}

Symmetrised compatible priors

Most often, however, the pseudo-Bayes factors do not correspond
to any true Bayes factor

[Joint work with C. Celeux, G. Consonni and J.M. Marin]

For 9, submodel of 9, m> can be derived as the distribution of
05 (61) when 61 ~ m1(61) and 65 (61) is a projection of f1 on M,

eg.
Difficulty of finding simultaneously priors on a collection of models ¢
m; (i <) A(F(-101), £(- 027)) = jinf d(F(- 101). £ 162)).
Easier to start from a single prior on a “big” model and to derive 02602
the others from a coherence principle where d is a divergence measure
[Dawid & Lauritzen, 2000] [McCulloch & Rossi, 1992]

Or we can look instead at the posterior distribution of
A(f (- 101), £(- 10:1))
[Goutis & Robert, 1998]



Among all subsets A of covariates such that
Ay, Ma) = Eu[d(fy (|2, ), fa(-loa, o)) < ¢

select the submodel with the smallest number of variables.

[Dupuis & Robert, 2001]

Alternative

Given a prior 711 on a model 91, and a submodel 91,, a prior m on
I, is compatible with 711 when it achieves the minimum Kullback
divergence between the corresponding marginals:

ma(zim) = Jo, f1(x]0)m1(0)d6 and

ma(x)im2 = [o, f2(x]0)m2(6)d6,

R ma(z;m) .
Ty = arg T,',"/Ioz (mz(z; 7I'z)) my(z; m) dz

© Does not give a working principle when 91, is not a submodel
Ny

o Depends on the choice of 7

& Prohibits the use of improper priors

@ Worse: useless in unconstrained settings...

Models

My : {f1(210),0 € O}

and
My : {fo(x[A), A € A}

sub-model of M,
YAENTO(N) €O, fo(w]A) = fi(w[0(N)
Both M1y and 901, are natural exponential families

fil@lf) = hi(x)exp(0ti(x) — Ma(0))
P@lh) = ha(x)exp(Ata(x) — Ma(N))



Parameterised (conjugate) priors

Q.) Existence and unicity of Kullback-Leibler projection
m(0;s1,n1) = Ci(s1,n1) exp(s}& —n1 M () @)

mo(Nis2.m2) = Ca(s2,m2) exp(sy A —naMa())) (s3,m3) = arg min RL(ma(;s1,n1),ma("; 52.12))

s2,12)

with closed form marginals (i = 1,2) = arg min / log (7’”1(1?51*”1)) my (x; 51, m1)dx
o) ma(w; 52, m2) o
o __ hi@)Cilsims)
e sin) = [ fahuym o) = OGS

s2,12)

My and 9 are two nested Gaussian linear regression models with

Sufficient statistic ¢ = (A, ~Ma(})) Zellner's g-priors and the same variance 02 ~ 7(0?):
@ m;
If, for all (s2,n2), the matrix
Yl 0* ~ N(X1B1,0%),  pilo® ~ N (Sl,ﬂznl(xirxl)fl)

Vi o[Vl — B, [Vizn, ()]

. where X1 is a (n x k1) matrix of rank k; < n
is semi-definite negative, the conjugate compatible prior exists, is @ M,
o

unique and satisfies
Y12, 0* ~ N(Xai o), Balo® ~ N (s2,0%ma(XT X))

EE [N - B, [BZ,;(Ma)] = 0
]EEM;(M2()‘)) — B, :f,n;(M2(>‘)|Z)] = 0 where X5 is a (n x kz) matrix with span(X2) C span(X1)
For a fixed (s1,mn1), we need the projection (s2,m2) = (s1,71)"



Since 02 is a nuisance parameter, we can minimize the
Kullback-Leibler divergence between the two marginal distributions
conditional on 2: m1(y|o?; s1,n1) and ma(y|o?; s2,n2)

Conditional on o2, the conjugate compatible prior of MMy wrt My is

Bl Xa,0? ~ N (53, 7n5(X] Xa) )
with

5 (X X)X Xas
ny = my

Regression setup where y regressed on a set {x1,...,2,} of p
potential explanatory regressors (plus intercept)

Corresponding 27 submodels M., where v € ' = {0, 1} indicates
inclusion/exclusion of variables by a binary representation

For model 9.,
© @y variables are included
o t1(7) = {t1,1(7); - - - 1 t1,4,(7)} are the indices of those
variables and #o() the indices of the variables not included
s For 3 € RPHL,

Buyy = [ﬂoﬁn,l(w e ﬂn,m)]
Broz) = [ﬂtn.l(w By, m]
Koy = (Wbl 0] -
Submodel M, is thus
y18.7,0% ~ N (X4y(3)Bua () 0 In)

Use Zellner's g-prior, i.e. a normal prior for 3 conditional on o2,
Blo® ~ N(F,ea®(XTX))
and a Jeffreys prior for o2,

7(0?) x o2

-1 -~ -1
N ((XZan(w)) Xy XBrco? (X ) X)) )

[Surprise!]




For the hierarchical parameter v, we use

»
=) == -m)t
i=1
where 7; corresponds to the prior probability that variable i is
present in the model.
Typically, when no prior information is available,
T =... =T, =1/2, ie a uniform prior

) =27

Can be obtained in closed form:

1

—n/2
e+l .

. < L2 E
w(ly) o (e 1)~(0r /2 [v‘v - =P+ TRXA - —yTF\Xﬂ]
o1 o

Conditionally on 7, posterior distributions of 3 and o%:

Brgmlo? vy~ 8(0p—gy)

2
N . I A o
Bumletnr ~ N [mtmwu‘m/c), AN ) ] .

T xR
nyTy e FTXTPXG
Py~ 19[ ¥R+

o
Y- - x|
272 T oe+1) 2c+1) e T B]

Use the same compatible informative g-prior distribution with

3= 0,41 and a hierarchical diffuse prior distribution on ¢,

7(e) o ¢ Hine(¢)

The choice of this hierarchical diffuse prior distribution on ¢ is due
to the model posterior sensitivity to large values of ¢:

Taking A= Opy1  and ¢ large does not work

Consider the 10-predictor full model
3 3
ylB,0® ~ N [ Bo+ 3 Biwi + Y Bisaal + Bravas + Bgwiad + fowaws + ﬁmz,z;z;,a*l")
= =

where the ;s are iid %(0, 10)

[Casella & Moreno, 2004]
True model: two predictors 1 and x5, i.e. 7" =(1,1,0,....0),
and (Bo, A1, 32) = (5,1,3), and 02 = 4.



c=10

¢ =100

c=10°

c=10*

c=10°

01,2

02,4

0,1,2,7 | 0.01326
0,1,2,4 | 0.01299

0,1,2,8 | 0.01240

0.04062

0.02927

0.35368
0.06142
0.05310
0.03962
0.03833

0.65858
0.08395
0.05805
0.00409
0.01100

0.85895
0.04434
0.02868
0.00246
0.00126

0.98222
0.00524
0.00336
0.00254
0.00126

In the noninformative setting,

_ c /2
7(yly, 0) o< (e + 1)~ (0 F2 [yTy - fyTPw]

c+1
and
x . —n/2
o) x Y e ) R [Ty - Ty
e=1

which converges for all y's

10° 100
B! S wly. () | D w(ly,)(e)
i=1 i=1
012 0.77969 0.78071
0127| 006229 0.06201
0124 | 004138 0.04119
0128 | 001684 0.01676
0125| 001611 0.01604

When p large, impossible to compute the posterior probabilities of
all of the 27 models.
Use of a simulation approximation of 7(v|y)

o At t =0, draw 7° from the uniform distribution on T;
o Att, fori=1,...,p, draw
S G TR TP e P o)




Prior selection and model choice
Compatible priors.
Variable selection

Gibbs approximation (cont'd)

Example (Simulated data)
Severe multicolinearities among predictors for a 20-predictor full
model
20
ylp.o® ~ N (ﬁo + Zﬂlz“a%n)
i=1
where z; = 2; + 32, the 2;'s and z are iid N,,(0p, I,).
True model with n = 180, o2 = 4 and seven predictor variables

»T5 12, T18, L20,
hs, B20) = (3,4,1,-3,12,-1,5,—6)

1,3,
(Bos B1: B3 Bs; Bs Pr2s [

Prior selection and model choice
Compatible priors.
Variable selection

Gibbs approximation (cont'd)

Example (Simulated data (2))

Results

£ (ly) | 7w 1B )" Me
OI35E LM | 01 o1 18T
0113561620 oose 00598 0059
00223 00230 00335

0020 00193 00248

0216 00222 o012

7121820 | o022 00233 00282
0135610121820 | 00199 00222 00120
013456121850 | 00197 o082 00200
0135612151820 | 0019 0019 00166
013568121800 | 00103 o107 0wz

Gibbs (7' = 100,000 and Tp = lq, 000) and PMC (N = 10, 000,
T =10 and D = 20) results for 3 = 051 and ¢ = 100

Prior selection and model choice
Compatible priors
Variable selection

Gibbs approximation (cont'd)

Correlations between the 20 predictors (white=1, black=0)

Prior selection and model choice
Compatible priors
Extension

Extension

When models 91, and 91, are not embedded, difficult choice of
My versus My in above principle.

Idea of an iterative prior determination by successive replacements
of w1 and m, by their respective compatible priors...

Should get to the two sets of hyperparameters closest to one
another.



D) Bayesian Model Choice

Compatible priors Previous principle requires embedded models (or an encompassing

model) and proper priors, while being hard to implement outside

@ Symmetrised compatible priors exponential families
< Postulate Now we determine prior measures on two models 9, and My, 71
& Properties and m, directly by a compatibility principle.
@ Examples

[Joint work with J.A. Cano and D. Salmerén]

[Perez & Berger, 2000]

_ Eliminates the “imaginary observation” device and proper-isation
through part of the data by integration under the “truth”
Starting from reference priors m{Y and 75, substitute by prior eh p Y (nteg . . )
distributions 7r; and 75 that solve the system of integral equations Assumes that both models are equally valid and equipped with
ideal unknown priors
()= / (6 | 2)ma(e)de W, i=12,
5 that yield “true” marginals balancing each model wrt the other
and . . . .
o For a given 1, m is an expected posterior prior
m(02) = b m (02| x)ma(z)dz, Using both equations introduces symmetry into the game
where z is an imaginary minimal training sample and my, my are
the marginals associated with 71 and 7 respectively.




Prior selection and model choice
Symmetrised compatible priors
Properties

Dual properness

Theorem (Proper distributions)
If 71 is a probability density then 7, solution to

ma(62) = /y 7 (02| x)ma (z)de

is a probability density

(© Both EPPs are either proper or improper.

Prior selection and model choice
Symmetrised compatible priors
Properties.

Existence/Unicity

Theorem (Recurrence condition)

When both the observations and the parameters in both models
are continuous, if the Markov chain with transition

Q(0116:) = /g (01,64, 0. 2,2") dwdz’d0,
where

9 (01,601,050, 2,2') =" (01|2) fo(x|62) 73 (62]2') f1 ('] 61)

is recurrent, then there exists a solution to the integral equations,
unique up to a multiplicative constant.

Prior selection and model choice
Symmetrised compatible priors
Properties

Bayesian coherence

Theorem (True Bayes factor)

If w1 and > are the EPPs and if their marginals are finite, then the
corresponding Bayes factor

B12(x)

is either a (true) Bayes factor or a limit of (true) Bayes factors.

Obviously only interesting when both 71 and 7, are improper.

Prior selection and model choice
Symmetrised compatible priors.
Properties

Consequences

< If the M chain is positive recurrent, there exists a unique pair
of proper EPPS.

o The transition density @ (67 | 61) has a dual transition density
on ©,.

& There exists a parallel M chain on ©, with identical
properties; if one is (Harris) recurrent, so is the other.

° found both in the MCMC literature and in
decision theory

[Diebolt & Robert, 1992; Eaton, 1992]

@ When Harris recurrence holds but the EPPs cannot be found,
the Bayes factor can be approximated by MCMC simulation



Then

[ @15y ma @) de =60 0) [ ma()de = by 6) = 71 0)

Testing Ho : 0 = 0* versus Hy : 0 # 0%, i.e.
My f(x]07),

My = f(z]f),0cO. and

Default pri
etautt prios 0 ) ) [ @mEis= [+ 0127 @0 =2 (0)
7y (0) = g+ (0) and 7wy () == (0

© 71 (0) and 7, () are integral priors

For 2 minimal training sample, consider the proper priors

Uniqueness of the Bayes factor
Integral priors and intrinsic priors coincide

1 (0) = dp- (0) and m2 () = /7rN 0z) f(z]6")dx
[Moreno, Bertolino and Racugno, 1998]

In that case, 71’ (61) and 7}’ (6,) are integral priors when 1 — c:

Two location models
My fi(e]61) = fi(e —61) /w{‘r(ﬂl\z)mé\’ (z)dz = /czfl (z—61)dz=cp

My = fa(x|62) = fa(z—02)
[ @1and @ = [ane-t)e-a

Default priors
N .
m (0) =¢, i=12
(0 =ci ' (© If the associated Markov chain is recurrent,
with minimal training sample size one N N
Marginal densities m (01) =m (02) = ¢

m) () =c, i=12 are the unique integral priors and they are intrinsic priors
[Cano, Kessler & Moreno, 2004]



M N(O.1), =i (0)=c1,
My = DEMNL), (N =ca

Minimal training sample size one and posterior densities

¥ (0]2) = N(z,1) and 7’ (A | 2) = DE (2,1)

Transition § — @' of the Markov chain made of steps :
D 2’ =0+¢e1, e ~N(0,1)
Q@ A=z +e, 62 ~DE(0,1)
Q@ == M e3,e3 ~DE(0,1)
@ 0'=a+e4, 24 ~N(0,1)
ie. 0 =0+e1+ertestes
random walk in 6 with finite second moment, null recurrent

© Resulting Lebesgue measures 71 (/) = 1 = 7, (A) invariant
and unique soll I i

to integ!




