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BOSE-EINSTEIN CONDENSATES



Dilute Bose-Einstein condensates
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Mean-field approximation (dilute limit ρa3<<1) : all bosons occupy the same
quantum state.
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Gross-Pitaevskii Equation (Non-Linear Shrödinger equation)

I. Danaila, PRA 2005 MIT, Science 2001 



Hydrodynamic Approximation
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( ) gµ ρ ρ= = chemical potential

• Ground state (Thomas-Fermi profile): ρ=(µ-V(r))/g
• Low-lying excitations (phonons, center-of-mass oscillations, breathing

mode, quadrupole mode…)

Long wavelength excitation 
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Analytic solutions (polynomial in harmonic trap)

Does NOT apply to vortex or solitons (core size~healing length) 



Scaling solution
Assumption: harmonic potential with time varying trapping frequencies ωx,y,z(t)
Scaling Ansatz (Castin-Dum)
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2ω ω⊥=Example transverse breathing mode in an elongated trap (ENS 2001):  



Scaling solutions (2D)
Saint-Jalm et al. arXiv:1903.04528

2D breathers

SO(2,1) dynamical symmetry (Pitaevski 1997)

https://arxiv.org/abs/1903.04528


FERMIONIC SUPERFLUIDS



The zero range model

For «resonant» fermions, scattering length
>> range of the potential
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Universality hypothesis: the effect of interactions on macroscospic properties is fully
encapsulated in 𝑎𝑎
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Magnetic field [kG]

Physical assumptions:

Spin ½ fermions
No spin polarization
No interaction between same-spin fermions



The two-body problem
Bound state (E<0) when 𝑎𝑎 is positive 
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In a harmonic trap (T. Busch et al. Found. Phys. 28, 
549–559 (1998))

‘Mean-field’ point of view
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The many-body ground state: scaling
approach
What is the zero-temperature equation of State µ(ρ)? 

Equation of state with zero-range interactions
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Dimensional analysis

Ideal Fermi gas



The BEC-BCS crossover
(Nozière-Legget-Schmitt-Rink)
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(0) (unitary Fermi g  as)FEµ ξ≈

FEµ ≈ (ideal Fermi  gas)
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(MIT 2005)

Dynamics of fermionic superfluids



Dynamics in the mean-field regime
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Long wavelength excitations: superfluid hydrodynamics, valid for any
interaction regime (see Tonini et al., EPJD ‘06 for derivation in mean-field
regime)

Weakly attractive limit: BCS theory

Bogoliubov-de Gennes-Anderson equations

h0: single particle Hamiltonian



Formation of a vortex lattice
(Tonini et al, EPJD 2006)



Breathing mode of a fermionic
superfluid (Innsbruck 2006)

10 / 3

BCS theory

Fixed-Node Monte-Carlo 
(Giorgini 2004)



CONCLUSION



Interaction strength
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Hydrodynamics

Beyond mean-field, 
microscopic dynamics: Hard, 
new ideas required!
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