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Abstract. In this short note we show that delay equations can be reformu-
lated as abstract weak-"-integral equations (AIE) involving dual semigroups,
even in the case of infinite delay and/or when the solution takes values in a
non-reflexive Banach space. The advantage is that for such (AIE) the stan-
dard local stability and bifurcation results are already available, see [7]. Our
motivation derives from models of physiologically structured populations, as
explained in more detail in [11].
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1. Introduction

The perturbation theory for dual semigroups, as developed in the series [2, 3, 4, 5, 6]
of papers, turned out to be a very powerful tool in the local stability and bifurcation
theory of delay differential equations (DDE) [7]. The key step is the reformulation
of the initial value problem for the DDE as an abstract integral equation

) = To(tip-+57" ([ 157t )6t ). (ATE)

Here Tj is a strongly continuous semigroup of bounded linear operators on a Ba-
nach space X with sun-dual space X© (the subspace of the dual space X* on
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which the adjoint (or dual) semigroup 7} is strongly continuous), 7;>* is the ad-
joint semigroup of Ty := (T )‘X »» G is a nonlinear mapping from X into X O

and j is the natural injection of X into X©* defined by

(09,50) = (0, ¥%), peX, ¢°eXC. (1.1)

We refer to [1, 2, 7, 16] for more background information about dual semigroups.

Recently, it has been shown [11] that the sun-star-calculus based on (AIE)
is equally efficient for treating delay equations (DE) which are functional equa-
tions of Volterra type prescribing the value of the function itself in the right end
point, rather than the value of its derivative. The only real difference between the
treatment of (DDE) and of (DE) is the choice of the underlying function space.

In order for (AIE) to make sense, the convolution integral (which by definition
is a weak*-Riemann integral on X ®*) should take values in j(X). It is known [2]
that it takes values in X®©. So whenever X is sun-reflexive, that is, whenever
j(X) = X©9 this is automatically guaranteed.

The theory developed in [2, 3, 4, 7] concentrates on the sun-reflexive case.
As a consequence, the application to delay equations requires a finite delay and
that the functions take values in a reflexive space. The aim of the present note is
to show that delay equations with infinite delay and involving functions that take
values in arbitrary Banach spaces can still be written in the form of an abstract
integral equation of the form (AIE). Because in the non-sun-reflexive case the
convolution integral in (AIE) need not belong to j(X), we have instead to impose
a range condition that for functions f taking values in an appropriate subspace of
X©* which contains the range of the function G, it is true that

/0 T (t — s)f(s)ds € §(X). (1.2)

It turns out that for delay equations it is easy to verify by direct computation
that (1.2) holds. Once (AIE) is justified, the methods and results of [7, 11] become
available and one obtains the principle of linearized stability, the centre manifold
theorem and the Hopf bifurcation theorem essentially for free (‘essentially’, because
the spectral analysis of T'(t) is a bit more complicated in the case of infinite delay).

It was already noted in [2, 4, 7] that (AIE) also covers age-dependent popu-
lation models. More recently, Hans Metz and the present authors found a way to
formulate population models that incorporate more general physiological structure
(e.g. size structure) as abstract integral equations of type (AIE). This formulation
employs delay equations (DE) which do not involve any derivative. In a recent joint
work with Philipp Getto [11] we elaborated the details of the reformulation as an
(AIE) and its analysis in an L!-setting, assuming sun-reflexivity. In the present
paper we consider the same setting, but we neither impose an upper bound on
the delay (i.e., on the maximal attainable age), nor assume that the number of
possible states-at-birth is finite. Our results also allow the so-called interaction
variables [8, 9, 10] to take values in an infinite dimensional space.
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As a general reference concerning (DDE) with infinite delay we mention [14],
while for (DDE) in infinite dimensional spaces we refer to [19].

2. The abstract setting

Let Y be a Banach space and let o > 0. As the state space we choose the space
X = LY(R_;Y) of all measurable functions ¢ : R_ = (—00,0] — Y such that the
weighted Bochner integral

ol = [R e [lp(0)]| db (2.1)

is finite. On X we consider the strongly continuous semigroup 7y defined by trans-
lation and extension by zero:

(To(t)p) (6) = {""(t +0), —co<f<—t,

€X, t>0 2.2
0, t<0<o0, ° = (22)

The reason that we chose X = L'(R_;Y) and not a space of continuous functions
as state space is that in applications to delay equations the semigroup Tj occurs
and it does not leave the continuous functions invariant. It is also the right choice
for our biological applications, which is not the case of LP, 1 < p < oo, which from
a purely mathematical point of view could have been used.

It does not seem possible to give the dual space X* a representation in terms
of familiar functions or measures unless Y* has the Radon-Nikodym property, in
which case X* is isometrically isomorphic to L>®(R4;Y™*) [12, Theorem 1, p.98].
And for the function spaces Y that most frequently occur in our applications,
viz. C and L', the dual space Y* does not possess the Radon-Nikodym property.
However, this is no problem because Greiner and van Neerven [13] (see also [16,
Theorem 7.3.11, p.135]) have characterized the sun-dual X© = L'(R_;Y)® with
respect to the translation semigroup (2.2).

Proposition 2.1. Let Y be a Banach space and let the semigroup Ty be defined on
X = LY R_;Y) by (2.2). Then X© is isometrically isomorphic to the space of
all functions ©© : Ry — Y™ such that 0 — e%¢®(0) is bounded and uniformly
continuous with the norm

9]l = sup e 0@ (O)]| < o0 (2.3)
0€R+

and the pairing
(%) = [ (e(=0).5°0)) ab. (24)
The sun-dual semigroup T® is given Zy
(T t)®) (0) = ®(t+0), 0<0<oo0, ¢¥e€X® t>0. (2.5)

Note that on the right hand side of (2.4) we have the duality pairing between
the spaces Y and Y*.
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Proof. In [13] and [16] it was proven (without weights, o = 0) that L}(R;Y)® =
BUC(R; Y*) with respect to the translation semigroup on the whole real line. The
proof for the half line case is identical. Because we work on weighted spaces, the
exponential weight enters in the characterization of X©. (|

Because by Proposition 2.1 the elements of X © are represented by continuous
functions, we can unambiguously talk about the value p®(6), 8 € R,, of any
element ©® € X©. In particular, the evaluation-in-zero map § : X© — Y* is
well-defined through

3@ = ¢9(0), ¢ e X®. (2.6)

The adjoint §* of § maps Y** into X ©*. By restricting §* to Y (using the canonical
embedding of a Banach space into its second dual) we obtain a linear mapping
0:Y — X©* Explicitly, it is defined via

<<p®,€y> = <y, ¢6(0)> ., yeY, e X, (2.7)
Obviously, £ is an isometric isomorphism of ¥ onto a closed subspace of X ©*.
Lemma 2.2. For everyy € Y and ¢® € X© one has
(T5™ (t)ly, ©7) = (y,°(t)), t>0.
Proof.

(T )y, ) = by, TS ()% ) = (y, (T (£)¢®) (0)) = (y,°(t)) .
O

Lemma 2.3. Let h: Ry — Y be a continuous function. Then, for every o© € X©
one has

</Ot T5*(t — 7)eh(T) dT, (p@> - /Ot <h(t _ 7.)7()0@(7» dr. t>0.

Proof. Using Lemma 2.2 one gets

</Ot TS*(t — 7)eh(r) dT, <p®> _ /Ot (TE*(t — 7)eh(r), o°) dr =
/Ot (Eh(7), TP (t — 7)@®) dr = /Ot (h(7), 0 (t — 7)) dr

/0 <h(t —7), % (T)> dr.
O

As a corollary, we get the result alluded to in the introduction: the convolu-
tion integral fg T9*(t — 1) f(7) d7 belongs to j(X), whenever f : Ry — X©* is
continuous with values in ¢(Y").
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Corollary 2.4. Let h : Ry — Y be a continuous function and define ¢ € X =
LY(R_;Y) by

h(t4+0) —t<6<0,
0) = 2.8
() {0, —00 < 0 < —t. (28)
Then
t
/ TY*(t — 7)eh(T) dT = jo. (2.9)
0

In particular, fot T (t — 7)eh(T)dr € §(X) and

Hj—l (/Ot TE*(t — 7)eh(T) dr)

(If 0 = 0, the factor (1 —e=9) /o has to be interpreted as the limiting value t.)

1
<-(1—e%) sup [|n(7)], t=0. (2.10)
1 0 0<r<t

Proof. For each ¢©® € X© we have by the definition of ¢ and Lemma 2.3:
0

0
(0, 0%) = / (0(6), 0% (—6)) db = / (h(t+6), % (~6)) do

— 00 —t

/Ot (h(t —0),¢%(0)) db = </Ot T9*(t — 7)eh(T) dT, <p®> .

The definition (1.1) of the embedding j : X — X®* now yields (2.9). The estimate
(2.10) follows readily:

Hjl (/Ot TE*(t — 7)eh(T) dT>
1

0 t
[ e inte s ol o= [ e (o] ar <5 (1) sup [h)]).

—t 0 0 0<r<t

0
— el = [ e ot} a0 =
1 —00

O

Theorem 2.5. Let F': X — Y be Lipschitz continuous. Then the abstract integral
equation

t
) =T 457 [ 7570~ 6tutenas) . (A1E)
0
with Ty defined by (2.2) and G = Lo F, has a unique solution on [0, 00).

Proof. With Corollary 2.4 at hand, the proof is identical to the proof of the cor-
responding result in the sun-reflexive case [4, 7]. (I

Next we consider steady states of the dynamical system X(¢) induced by
(AIE) by declaring ()¢ to be the solution u(t) of (AIE). We now realize why we
have to use weighted L'-spaces: Without a weight, nonzero constant functions on
an infinite interval do not belong to L. Linearization around a steady state works
exactly as in the sun-reflexive case [4]:
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Theorem 2.6. Let X(t)p =  and assume that the nonlinear operator F : X —'Y
is continuously Fréchet differentiable. Then for every t > 0 the nonlinear operator
Y (t) is Fréchet differentiable at . Its Fréchet derivative

(t) = (DX())(®) (2.11)
defines a strongly continuous semigroup of bounded linear operators with generator
A given by

D(A) = {peX:jpeDAF"), AT jp + LF'(@)p € j(X)},
Ap = JTUAG o+ LF (D))

Moreover, for every ¢ € X, T(t)p is the unique solution of the linear abstract
integral equation

T =Tt +57 ([ 157 - P @T()ps) (LATE)

The proofs of the principle of linearized stability, the centre manifold theorem
and the Hopf bifurcation theorem depend essentially on the linearization described
in Theorem 2.6.

3. Delay equations as abstract integral equations
We consider the initial value problem
2(t) = Flz;), t>0 (DE)

1'0(9) - 90(0)7 RS (7007 0]7 (IC)
comnsisting of a delay equation (DE) specifying the rule for extending the unknown
function z from the history given by (IC). Here the unknown function x takes
values in a Banach space Y and z; denotes for each ¢ > 0 the translated function
defined by

2:(0) = x(t+6), —oco<t<O0. (3.1)
As state space (history space) we choose the space X = L'(R_;Y) of Bochner
integrable (with respect to the weight function 6 + e?) functions on R_, see
Section 2. We therefore assume that F' maps X into Y and that the initial value ¢
belongs to X. In this section we show that the problem (DE) & (IC) is equivalent
to (AIE) with G = ¢ o F' and Tp defined by (2.2). We shall always assume that Tj
and G are chosen in this way.
An application of Corollary 2.4 to the function h = F o u for a continuous
function v : R4 — X immediately gives the following result:

Lemma 3.1.

(j—l/ T()Q*(t — S)fF(u(s))dS) (9) _ {F(u(t+ 9))7 —t<0<0,
0

0, —00 < 0 < —t.
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We are now ready to state and prove the equivalence of (DE) & (IC) and
(AIE).
Theorem 3.2. Let ¢ € X = L' (R_;Y) be given.
(a) Suppose that x € Li _((—00,);Y) satisfies (DE) & (IC). Then the function

loc
u: [0,00) — X defined by u(t) := x; is continuous and satisfies (AIE).
(b) Ifu : [0,00) — X is continuous and satisfies (AIE), then the function x defined

by

o(t) = {(p(t) for —oo <t <0, (3.2)

u(t)(0) fort>0
is an element of Ll . ((—00,00);Y) and satisfies (DE) & (IC).
Proof. (a) The continuity of u(t) = x; follows from the continuity of translation
in L'. Fix t > 0. By the definition of Ty one has for —t < § < 0
u(®)(0) = (To())p)(0) = x(t +0) = 0 = F (zs16) = F(u(t +0))
and for —oo < 0§ < —t
u(t)(0) — (To(t)p)(0) = w(t +0) — p(t +0) = p(t +0) —p(t+0) =0
Lemma 3.1 shows that in both cases u(t)(0) — (To(t)¢)(6) equals
(j’l fot TO*(t — s)fF(u(s))ds) (9) and thus u satisfies (AIE).
(b) Lemma 3.1 shows that for ¢ > 0,
¢
u)0) = @R + (57 [ 190 eFutsas) 0
0
= F(u(t)). (3.3)
It thus remains to be shown that u(t) = z;. For —t < 6 < 0, (3.3) gives
2 (0) =2(t+0) =u(t +0)(0) = F(u(t + 0)) = u(t)(9)
and for —oo < 6 < —t, Lemma 3.1 gives
21(0) = x(t +0) = p(t +0) = (To(t)p)(0) = u(t)(0)
so indeed u(t) = ;. O

x(t)

4. A model involving cannibalistic behaviour

Consider a population structured by the size of individuals. We assume that in-
dividuals eat their conspecifics and that this cannibalistic behaviour is modelled
through the attack rate a(§,n), which is the rate at which individuals of size n kill
and eat individuals of size ¢. Usually the victim of cannibalism is smaller than the
attacker, so a(&,n) should be zero for £ > 7, but we will make no explicit use of
this assumption in what follows. We assume that all individuals are born with the
same size &p.
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Cannibalism leads to an extra mortality in the population. If n(t,-) denotes
the density of the size-distribution of the population at time ¢, then the extra
size-specific mortality rate due to cannibalism at time ¢ is

M9 = [ alémn(tndn (1)
&b

Let ¢(n) be the energetic value of an individual of size 7. Then the extra energy

intake due to cannibalism per unit of time of an individual of size £ is

B8 = [ ctnoln Ontt. . (42)
b

We assume that E is channelled into growth and affects “ordinary” mortality, that

is, mortality not due to cannibalism but due e.g. to starvation. The traditional PDE

formulation then takes the form of the boundary value problem

O n(t,€) + o (9l€, Bt )n(t,€)

—n — n =

at ) a&» g ) ) )

9(60 B(t,6)n(t, &) = /f B(E)nt, €)de,

where (&) is the size-specific fecundity. If some of the extra energy intake is also
channeled into reproduction, then 8 depends also on E(t,¢). Nothing essential
would change in the sequel, only the notation would be more cumbersome.

Next we want to write the model as a delay equation (DE) for the unknown

o= (1))

where b(t) is the population birth rate and I(t) is some conveniently chosen inter-
action variable. To this end, let I'(#,a) be the total per capita death rate and let
I%(t,a) be the individual growth rate of an individual of age a at time ¢:

I'(t,a) = u(& E(t€) + M(t,¢), (4.4)
P(t,a) = g(&B(t¢)). (4.5)

Note that we use superscripts as indices because subscripts are reserved for trans-
lation, cf. (3.1).

We emphasize that age does not occur in the original model formulation and
that Eqgs. (4.4) and (4.5) are meaningless as they stand. So for the time being
we assume that I'(t,a) and I?(t,a) are given. More precisely, we consider the
mappings ¢t +— I'(t,-) and ¢t — I%(t,-) as mappings from R_ to C(R;), the
Banach space of bounded continuous scalar valued functions on R . Later, when
we close the feedback loop, we shall see how the original ingredients, given in terms
of size, transform into quantities defined in terms of age.
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Consider an individual of age a at time ¢. It was born at time ¢ — a. By
definition, it has grown according to

% = IPtt—a+r,71), 0<7<a, (4.6)
£€0) = &. (4.7)

The solution evaluated at 7 = a gives the size of the individual at time ¢:

f(a):£b+/0a12(t—a+7,7)d7:£b+/0alt2(r—a,r)dr =: X2 (If) (a). (4.8)

Notice that the size of an individual of age a at time ¢ is an affine (that is, constant
plus linear) mapping X2 of L'(R_; C(R)) into C(R).

The probability that an individual that was born at time t — a survives to
age a, given the history of I, is

— o' (t—a+t7,7)dr _ —X*(1}
e fo (t—a TT)Tie (t)(a),

where, in analogy with the definition of X2, we have defined the linear mapping
X1: L(R_;C(R4)) — C(Ry) by

X' (1)) (a) = / IN7 —a,T)dr.
0
Therefore the birth rate
b(t) = g(&, E(t,&))n(t, &)
satisfies the renewal equation

b= [ 806 () @) e oy 49

Alternatively and equivalently, the renewal equation (4.9) could have been ob-
tained from the boundary condition in (4.3) by the change £ = X? (1?) (a) of
variables. Similarly, we get from (4.1) and (4.2), respectively:

M(t,€) = /O T (&, X2 (12) (@) e X ()@, (—q)da (4.10)
and

B(1.€) = /Ooo ¢ (X2 (12) (@) o (X2 (12) (@), §) e Dby (~a)da.  (4.11)
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We now substitute (4.8), (4.10) and (4.11) into (4.4) and (4.5) and obtain
I'(t,a) =

" <X2 (12) (a), /0 T (X2 (12) (7)) a (X2 (12) (7), X2 (12) (a)) e X () Dy, (—

’ /O°° o (X2 (12) (a), X2 (1) (7)) e~ 1) Oy (—7)dr

I*(t,a) =

g (x? (12) (a), /O Yo (X2 (12) (1) @ (X2 (12) (7), X2 (12) (a)) e~ X (1)

Equations (4.9), (4.12) and (4.13) form a delay equation (DE) for the unknown

b(t)
at)=| ') |,
I*(t)
with F: LY(R_;Y) — Y and Y = R x C(Ry) x C(Ry). The function F is of
course defined by declaring
by
Fl @
If
to be the vector with the right hand sides of (4.9), (4.12) and (4.13) as components.
The formulation of the principle of linearized stability, the centre manifold
theorem and the Hopf bifurcation theorem involves the linearization described
in Theorem 2.6 as well as the location of the spectrum of the generator of the
linearized semigroup. Linearization is possible only if F' is continuously Fréchet
differentiable. It is a pleasant fact that F' is indeed continuously differentiable
under very natural conditions.

Theorem 4.1. Let g, 3, u,  and ¢ have continuous partial derivatives with respect
to all variables. Then the mapping F : L*(R_;Y) — Y is continuously Fréchet
differentiable.

Proof. F is linear in b; and hence continuously differentiable in b;. As noted above,
X' and X? are affine mappings, and hence continuously differentiable with values
in the continuous functions. X*(I}) and X?(I?) appear everywhere as arguments
of continuously differentiable mappings. Because the Nemytskii operator N : f +—
g o f is continuously differentiable from C to C' if g is continuously differentiable,
the conclusion follows. O

5. Conclusions

The reformulation of delay differential equations [7] and delay equations [11] as
abstract integral equations has proven to be useful because standard results from

)

(4.12)

)

(4.13)



Abstract Delay Equations 11

the theory of ordinary differential equations such as linearized (in)stability and
Hopf bifurcation can easily be extended to this class of problems using the so-called
sun-star calculus of adjoint semigroups. In the references mentioned above, the
analysis was restricted to the case of delay (differential) equations with finite delay
and unknowns taking values in finite dimensional spaces. The reason is that in this
case the state space is sun-reflexive with respect to the unperturbed semigroup and
standard results concerning adjoint semigroups show that the abstract integral
equation makes sense and has a unique solution. In this paper we have shown
that the assumption of sun-reflexivity can be relaxed. Indeed, we have shown that
the abstract integral equation (AIE) is well-posed if the nonlinear operator G is
restricted to take on values in a certain subspace of X©*. This is a very natural
approach because when the delay is infinite, one cannot give an easy representation
of X©* so one is anyhow forced to define the operator G as taking values in a
subspace that can be given a representation.

The natural state space is the space X = L'(R_;Y) of suitably weighted
Bochner integrable functions. One cannot work with continuous functions because
they are not invariant under the unperturbed semigroup, which is translation and
extension by zero. A weight is needed to have nonzero steady states in the state
space. In applications to population problems, the components of the unknown are
typically rates, which integrated over a finite time interval yield finite numbers.
So L' (and not e.g. LP) is the right state space.

From certain points of view the space L' is not particularly nice. One com-
plication is that the Nemytskii (or substitution) operator Ny : f +— g o f is differ-
entiable in L' if and only if g is affine, that is, a constant plus a linear map [15].
This appears to be a severe restriction, at least when the space Y is chosen in what
at first thought seems the most natural way. For instance, in [11] the principle of
linearized stability for the well-known Gurtin-MacCamy model

bt) = / Bla, N(t)e™ Jo N =m0y (1 — a)da, (5.1)
0

NG = / e~ 5 N (=atmn)dry (o) da (5.2)
0

with one dimensional interaction variable IV, could be established only if the per
capita death rate u was affine: u(a, N) = po(a) + p1(N). This is somewhat un-
satisfactory because the principle of linearized stability has been proven in much
greater generality in [17, 18].

But in the present paper we allow for infinite dimensional ¥ and hence the
Gurtin-MacCamy model (5.1) & (5.2) can be rewritten using the infinite dimen-
sional interaction variable

I(t, a) = p(a, N(t))



12 Odo Diekmann and Mats Gyllenberg

as

b(t) / ﬁ(a, / e_fogI"(T_”’T)dTbt(—a)do) e~ I le(r=amdTy (_4)da,
0 0

(5.3)
I(t,a) = u< /Oooefo"ft“mﬂdfbt(a)do,a). (5.4)

If B and p are continuously differentiable, then the right hand sides of (5.3) and
(5.4) are continuously differentiable in I; as compositions of continuously differ-
entiable mappings on C' and affine mappings L' — C. For the Gurtin-MacCamy
model the shift from one-dimensional to infinite-dimensional interaction variable,
just to make the abstract framework functioning, may seem artificial because the
problem can be, and has been, solved by other means. But for the cannibalism
model treated in Section 4, in which the more obvious candidates for interaction
variables, viz. M (t,z) and E(t,x), already are infinite-dimensional, the choice of
I'(t,a) and I%(t,a) as interaction variables is very natural.

The setting of this paper with an infinite-dimensional Y also allows for in-
finitely many states at birth in contrast to the assumption of only finitely many
states at birth made in [11].
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