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Chapter 1 - Variational solution for parabolic equation

1 Introduction (September 25th, 2013)

In this first lesson we will focus on the question of existence (and uniqueness) of a solution f =
f(t,x) to the evolution PDE of “parabolic type”

(1.1) of=Af on (0,00) xRY,

where A is the following integro-differential operator

(1.2) (Af)(x) = Af(x) + a(x) - Vf(z) + c(z) f(x) + / by, x) f(y) dy,

Rd

that we complement by an initial condition
(1.3) f(0,2) = fo(x) in RZ

Here t > 0 stands for the “time” variable, z € R?, d € N*, stands for the “position” variable.

In order to develop the variational approach for the equation (L.1)-(1.2]), we make the strong
assumption that
foeL? (Rd) =: H, which is an Hilbert space,

and that the coefficients satisfy
a € WHe(R?Y), ce L®RY), be L*(R?x RY).

The main result we will present in this chapter is the existence of a weak (variational) solution
(which sense will be specified bellow)

feXr:=C(o,T);L*)NnL*0,T;H YN H'(0,T; H '), VT,

to the evolution equation , . We mean variational solution because the space of “test
functions” is the same as the space in which the solution lives. It also refers to the associated
stationary problem which is of “variational type” (see Chapter VIII & IX in the book “Functional
Analysis” by H. Brézis).

The existence of solutions issue is tackled by following a scheme of proof that we will repeat for all
the other evolution equations that we will consider in the next chapters.

(1) We look for a priori estimates by performing (formal) differential and integral calculus.

(2) We deduce a possible natural functional space in which lives a solution and we propose
a definition of a solution, that it a (weak) sense in which we may understand the evolution
equation.

(3) We state and prove the associated existence theorem. For the existence proof we typically
argue as follows : we introduce a “regularized problem” for which we are able to construct a solution
and we are allowed to rigorously perform the calculus leading to the “a priori estimates” and then
we pass to the limit in the sequence of regularized solutions.



2 A priori estimates

Define V = H'(R?). We first observe that for any f € V

wrn) = = [vies favils [eps [ [ s

1, ..
< —lFIE + (14 5 I(diva)elie + lles iz + b4l ) I1£1-

A

We also observe that for any f,g € V

[(Af, 9)] IVFllz2 [IVgllz> + llallzee [V £llz2 lgllz> + Clelloo + [101l22) ([ 122 Nl 22

<
< (Ut llallso + llellos + l1ollz2) 11 llgllv-

We easily deduce from the two preceding estimates that our parabolic operator falls in the following
abstract variational framework.

Abstract variational framework. We consider an Hilbert space H endowed with the scalar
product (-, -) and the norm |-|. We identify H with its dual H' = H. We consider another Hilbert
space V endowed with a norm || - ||y and we denote (.,.) the duality product on V. We assume
V C H with dense and bounded embedding so that V C H C V.

We consider a linear operator A : V' — V'’ which is bounded (or continuous), which means

(i) 3M > 0 such that
[{(Ag, W)l < M |jgl[l[nll Vg, h e V;

and which is “(strongly/variationally) dissipative” in the sense
(ii) 3o > 0, b € R such that

(Ag,9) < —allgl®*+blgl?  VgeV;

and we consider the abstract evolution equation

(2.1) %:Ag in (0,7),

for a solution ¢ : [0,T) — H, with prescribed initial value

(22) g(O) =g € H.

A priori bound in the abstract variational framework.  With the above assumptions and
notations, any solution g to the abstract evolution equation (2.1)) (formally) satisfies the following
estimate

T
(23) 9T+ 20 [ (o) ds <7 lgolyy YT,
0

We (formally) prove ([2.3). Using just the dissipativity assumption (ii), we have

d g%

SO — (7g,g) < ~allg@®)I +blo)l,

and we conclude thanks to the Gronwall lemma, that we recall now.
Lemma 2.1 (Gronwall) Consider 0 <u € C'([0,T]), 0 <v € C([0,T]) and a,b > 0 such that

(2.4) u 4+ 2av < 2bu  in a point wise sense on (0,T),



or more generally 0 < u € C([0,T]) and 0 <wv € L*(0,T) which satisfies ([2.4)) in the distributional
sense, namely

(2.5) u(t)+2a/ ds<2b/ s)ds +u(0) Vte (0,T).
Then, the following estimate holds true
t
(2.6) u(t) + Qa/ v(s)ds < et u(0) Vte (0,T).
0

Proof of Lemma Since (2.4) clearly implies (2.5)), we just have to prove that (2.5) implies
[2.6). We introduce the C! function

w(t) = 2b/0 u(s) ds + u(0).

Differentiate w, we get thanks to (2.5
w'(t) = 2bu(t) < 2bw(t)

so that
w(t) < e w(0) = e2* u(0).
We conclude by coming back to (2.5)). [

From the formal/natural/physics estimate (2.3) together with equation (2.1) and the continuity
estimate (i) on A, we deduce

= [Agllv: < Mgllv € L*(0,T),

and we conclude with

(2.7) g€ L>(0,T; H)NnL*(0,T;V)n H (0, T; V).

3 Variational solutions
Definition 3.1 For any given go € H, T' > 0, we say that
g=g(t) € Xr = C(0,T;; H)N L*(0,T; V) N H(0, T3 V")

is a variational solution to the Cauchy problem (2.1)), (2.2) on the time interval [0,T] if it is a
solution in the following weak sense

(3.1) (90, 2(t) i = (90, 2(0)) 1z + /{Ag vy + (& (5), 9(s))vr v} ds

for any o € X and any 0 <ty <ty <T.
We say that g is a global solution if it is a solution on [0,T] for any T > 0.

Theorem 3.2 (J.L. Lions) With the above notations and assumptions for any go € H, there
exists a unique global variational solution to the Cauchy problem (2.1)), (2.2).

As a consequence, any solution satisfies (2.3)) and the application go — g(t) defines a Co-semigroup
on H.

We start with some remarks and we postpone the proof of the existence part of Theorem to
the next section.



3.1 Parabolic equation.
As a consequence of Theorem for any fo € L2(RY) there exists a unique function
f=f@t)yec(o,T;L*) N L*(0,T;H )N H'(0,T;H™ "), VT >0,

which is a solution to the parabolic equation (1.1)-(1.2]) in the variational sense.

3.2 About the functional space.

The space obtained thanks to the a priori estimates established on ¢ is nothing but X7 as conse-
quence of the following result.

Lemma 3.3 The following inclusion
L*(0,T; V)N H'Y(0,T; V') c C([0,T); H)
holds true. Moreover, for any g € L?(0,T; V)N H'(0,T; V') there holds
t [g(t)[z € WH(0,T)
and

g0l =200, 90y ac on O.7)

Proof of Lemma[3.3 Step 1. We define g.(t) := g % p. for a mollifier (p.) with compact support
included in (0, 00) so that g. € C1([0,T — 4]; V) for any 6 € (0,T) and for any £ > 0 small enough.
We fix ¢,¢’ > 0 and we compute

d
&‘gE(t) - g€/(t)|%1 =2 <g; - g::’»ge - g€’>V’,V7

so that for any t1,t, € [0,7)

ta
(3:2) |9=(t2) — ger (t2)[Fr = 9=(t1) — ger (t1) [Ty + 2/ (9L — gLr, ge — g=r)ds.

t1
Since g. — ¢ in L*(0,T;V) and in V a.e. on [0,T), we may fix ¢; € [0,7) such that
(3-3) ge(t1) = g(t1) in H.
As a consequence of (3.2), (3.3)) as well as g. — g in L?(0,T;V) and g. — ¢’ in L?(0,T;V"), we
have

T
limsup sup |g.(t) — g (t)[7 < lim / gz = gt llve lge — gerllv ds = 0,
e,e’=0 [0,T) g,e'=0 Jo

so that (g.) is a Cauchy sequence in C([0,T); H), and then g. converges in C([0,T); H) to a limit
g € C([0,T); H). That proves g =g a.e. and g € C([0,T); H).

Step 2. Similarly as for (3.2]), we have
to
9ett2) i = o=t +2 [ (gL,
t1
and passing to the limit ¢ — 0 we get
to
otta)lir = lo(tn)fi +2 (')
ty

Using again that (¢’,g) € L'(0,T), we easily deduce from the above identity the two remaining
claims of the Lemma. ]



3.3 A posteriori estimate, uniqueness and Cj-semigroup.

Taking ¢ = g € X7 as a test function in (3.1)), we deduce from Lemma

1 1
§|9(t)|12r{ - §|go|%1

()2 — lgol? - / (' (), 9(s)) ds

/ ' (Ag.g) ds

IN

t
/O (—allgllZ +blgl%) ds,

and we then obtain (2.3) as an a posteriori estimate thanks to the Gronwall lemma

Let us prove now the uniqueness of the variational solution ¢ associated to a given initial
datum gg € H. In order to do so, we consider two variational solutions g and f associated to the
same initial datum. Since the equation , is linear, or more precisely, the variational for-
mulation is linear in the solution, the function g — f satisfies the same variational formulation
but associated to the initial datum gy — fo = 0. The a posteriori estimate then holds
for g — f and implies that g — f = 0.

We finally explain how we may associate a Cy-semigroup to the evolution equation (2.1)), (2.2) as
a mere consequence of the linearity of the equation and of the existence and uniqueness result.

Definition 3.4 Consider X a Banach space, and denote by B(X) the set of linear and bounded
operators on X. We say that S = (St)i>0 is a strongly continuous semigroup of linear operators
on X, or just a Cy-semigroup on X, we also write S(t) = Sy, if

(1) Vt >0, S, € B(X) (one parameter family of operators) ;
(i) Vfe X, t— S feC(0,00),X) (continuous trajectories) ;
(iti) So=1; Vs, t>0 Sps=5:5s (semigroup property).

For any go € H, we define S;g := g(t) where g(t) is the unique variational solution associated to go.

e S satisfies (i). By linearity of the equation and uniqueness of the solution, we clearly have

Si(g0 + Afo) = g(t) + Af(t) = Stgo + ASt fo

for any go, fo € H, A € R and t > 0. Thanks to estimate (2.3) we also have |S;gg| < €’ |go| for any
go € H and t > 0. As a consequence, S; € Z(H) for any ¢t > 0.
e S satisfies (ii). Thanks to lemma [3.3| we have ¢ — Sygo € C(Ry; H) for any go € H.

o S satisfies (iii). For go € H and t1,t2 > 0 denote g(t) = Sigo and g(t) := g(t + t1). Making the
difference of the two equations (3.1]) written for ¢t = ¢; and ¢t = t; + ¢, we see that § satisfies

t1+ta
(9(t2), ¢(t2)) = (g(tl)vw(tl))vL/ {(Ag(s), 9(5)) + (¢'(5), 9(s)) } ds

— (50),5(0)) + / “L(AG(5), $(5)) + (F(), 5(s)) } ds,

for any ¢ € Xy, 44, with the notation ¢(t) := @(t+11) € Xy,. Since the equation on the functions §
and ¢ is nothing but the variational formulation associated to the equation (2.1f), (2.2]), we obtain

Sti+t:90 = g(t1 +t2) = g(t2) = S1,G(0) = St,9(t1) = St, St go-



4 Proof of the existence part of Theorem (3.2]

We first prove thanks to a compactness argument in step 1 to step 3 that there exists a function
g € L*(0,T;V) such that

(4.1) (90, 0(0)) + / [(Ag(s). o()vrv + (2(), g(s))vry b ds = 0

for any ¢ € CL([0,7);V). We then deduce by some “regularization tricks” in step 4 and step 5
that the above weak solution is a variational solution.

Step 1. For a given gg € H and € > 0, we seek g; € V such that
(4.2) g1 —€Ag1 = go-
We introduce the bilinear form a : V x V — R defined by
a(u,v) := (u,v) — € (Au, v).
Thanks to the assumptions made on A, we have
la(u, v)] < Jul o] + & M Jull o],

and
a(u,u) > [ul? +eallul® —eblul* > ealul?,

whenever b < 1, what we assume from now. On the other hand, the mapping v € V — (go,v) is
a linear and continuous form. We may thus apply the Lax-Milgram theorem, and we get

g eV (91,v) — e{Ag1,v) = (go,v) VveW

Step 2. Fix € > 0 as in the preceding step and build by induction the sequence (gx) in V C H
defined by the family of equations

(4.3) vk 9’<+1€7_9’< = A gitr.
Observe that from the identity

(Gr+1, 9kt+1) — € (AGrt15 k1) = (Gk> Grt1),

we deduce
gkt + e llgrsll® —eblgrral?® < lgnllgrsal-
As a consequence, we have
lgk| < ! | | < ! | |<Ak5| | VE>0
k| > 1—¢b Jk—1| > (1 —Eb)k gdo| > go = U,

with A := e2® if ¢b < 1/2, and then

k
a) elgl?
j=1

IN
DN | =

k
(lgi—1* = 1g;1) +b > _elgl?
1 j=1

<
Il

IN

k
ka2 6> e,

J=1
A2(k—1)e A2e(k+1) _q

< 4 gl aebt =

N | =

‘90‘2 vk > 0.
We fix T' > 0, n € N* and we define

e:=T/n, tp=ke, ¢°(t):=gron [tr,tkt1)-



The two precedent estimates write then

T
b
(4.4) sup |g°|% + Oé/ g3, dt < 5 A*THD §A2T~
0,7 0 2 2

Step 3. Consider a test function ¢ € CL([0,T); V) and define ¢y := o(tx). Multiplying the equation
(4.3) by ¢ and summing up from k =0 to k = n, we get

n n
—({0, 90) Z Ok — Pk—1, k) 25 Py A1)
k=1 k=0

Introducing the two functions ¢°, ¢, : [0,T) — V defined by
o — 1 t—t,

©°(t) = pr_1 and @ (t) := ¢k E+ —— Pkt for t € [tg,tkr1),
in such a way that
oL(t) = w for t€ (trstrsn),
the above equation also writes
T T
(45) ~ (o0~ [ tehgtar= [ ag)an

On the one hand, from we know that up to the extraction of a subsequence, there exists
g € Yr such that g — g weakly in L2(0,7;V). On the other hand, from the above construction,
we have ¢! — ¢’ and ¢. — ¢ both strongly in L2(0,T; V). We may then pass to the limit as ¢ — 0
in and we get .
Step 4. We prove that g € Xrp. Taking ¢ = x(t)¢ with x € CL((0,T)) and ¢ € V in equation
, we get

T

</0Tgx'dt,w> = /OT<9,’¢>X/dt /OT<Ag,1/1>xdt <*/0 Agxdt7w>-

This equation holding true for any ¢ € V, it is equivalent to

T T
/ gx'dt = —/ Agxdt in V' forany x € D(0,T),
0 0

or in other words

g = Ag in the sense of distributions in V".
Since g € L?(0,T;V), we get that Ag € L?(0,T;V’) and the above relation precisely means that
g € HY(0,T;V"). We conclude thanks to Lemmathat ge Xr.
Step 5. Assume first p € C.([0,T); H) N L2(0,T;V) N H(0,T;V"). We define ¢, (t) := ¢ *; p for
a mollifier (p.) with compact support included in (0,00) so that ¢. € CL([0,T); V) for any € > 0
small enough and

we =@ in C([0,T]; H)n L*0,T; V)N H*(0,T;V").
Writing the equation (4.1)) for ¢, and passing to the limit € — 0 we get that (4.1)) also holds true
for .

Assume next that ¢ € X7. We fix x € C*(R) such that supp x C (—00,0), X’ <0, ¥’ € C.(]—1,0])

and f 1 X' = —1, and we define x.(t) := X(( T)/e) so that p. := @x. € C.([0,T); H) and
Xe = L., Xt = —0r as ¢ — 0. Equation (4.1)) for the test function p. writes

t T
4%%W—A%@@@=AXMMWH@W”W

and we obtain the variational formulation (3.1)) for t; = 0 and ¢t = T by passing to the limit € — 0
in the above equation. 0



5 Exercises

Exercice 5.1 Prove that f > 0 if fo > 0. (Hint. Show that the sequence (g) defined in step 2 of
the proof of the existence part is such that g > 0 for any k € N).

Exercice 5.2 Prove the existence of a solution g € Xr to the equation

d
(5.1) £2A9+G in (0,T), g(0) = go,

for any initial datum go € H and any source term G € L?(0,T;V").
(Ind. Repeat the same proof as for the Theorem where for the a priori bound one can use

T o T ) 1 T )
| @ra<s [Clo@lk oo [ 6@k
0 0 a Jo

and for the approximation scheme one can define

tht1
e (grt1 — gr) = Agrs1 + Gi, G = / G(s) ds).

tr

Exercice 5.3 Generalize the existence and uniqueness result to the PDE equation

09 = a4 5¢j9+bz‘5i9+09+/k(f,%y)g(tay) dy

where a;j, b;, ¢ and k are times dependent coefficients and where a;; is uniformly elliptic in the
sense that
Vte (0,T), VEERY a&& > alé)?, a>0.

Exercice 5.4 Let Q C R? an open connected set or the torus. We define
H:= {uc L*(RY? divu =0}, V:={uec HRHY divu=0}.

1) - Prove that for any ug € H there existe a unique fonction u € Xp solution of the variationnal
equation

(5.2) /QU(T)-@(T)—/QUO.@(O):/OT/QDU;DW;E Vo€ Xr.

2) (a) - Prove that T € D'(Q), VT =0 implies T = C.
(b) - Prove the Poincaré-Wirtinger inequality

Yoe HY(Q) |lu—al| <C||Vullre, @:= / udz.
Q
(c) - Assume §2 bounded and deduce the following inequality
VI e HN(Q), T LH, 3Fpel?Q), T=Vp, pllz <ClT|g-

3) (a) - Assume that S is the torus and prove that the solution u of (5.2)) satisfies

T
/Qu(T)~cp(T)—/Quo~go(0):/O /QDu:Dgod;U Vo€ L2(0,T; HY) n C([0,T]; L?).

(Ind. Define Il := I + V (—A)~ div the projector on divergence-free vectors and observe that for
any ¢ € HY(Q) and any u € H there holds (u, p) = (u,[1p)).
(b) Deduce that there exists a fonction p € L*((0,T) x Q) such that u satisfies

Ou=Au+Vp in (0,T) x Q.
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