Santiago de Chile - PREFALC June 30, 2018
March 26 - April 6, 2018

THE KELLER-SEGEL EQUATION

- STILL A DRAFT -

These notes are devoted to the analysis of the solutions to the Keller-Segel equation.
It is a famous equation modelling physic and biology which is both quite simple in
its formulation and has a rather rich mathematical bahaviour.
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2 THE KELLER-SEGEL EQUATION

1. INTRODUCTION

1.1. The Keller-Segel equation. The Keller-Segel (KS), or Patlak-Keller-Segel,
system for chemotaxis describes the collective motion of cells that are attracted by
a chemical substance that they are able to emit. It writes

(1.1) of = Af—V(fVe) in (0,00) x RY
(1.2) 70c = Ac—ac+f in (0,00) x RY

for some real parameters o, 7 > 0. Here t > 0 is the time variable, z € R? is the space
variable, f = f(t,x) > 0 stands for the mass density of cells while ¢ = ¢(t,xz) € R
is the chemo-attractant concentration.

In the sequel, we will focus on the two dimensional case d = 2 without damping term
(. = 0) and in the quasi-static regime (7 = 0). In other words, the Keller-Segel
system (1.1)-(1.2) is a parabolic-elliptic system in which the equation (1.1) on the
mass density of cells is unchanged and the chemo-attractant concentration ¢ solves
the (elliptic) Poisson equation

(1.3) —Ac=f in (0,00) x R?
The solution ¢ to the Poisson equation is given by the representation formula
1
—c:=R = Kkxf, Kk:=—loglz|
2m
In particular, we have
1 =z

—Ve=K:=Kxf, K:=Vk=

27 |2

and that is our definition of the gradient of chemo-attractant concentration in (1.1).
In other words, the parabolic-elliptic Keller-Segel system (1.1)-(1.3) also writes as
the Keller-Segel equation

(1.4) of =Af+V(Kf) in (0,00) x R%
The evolution equation (1.4) is complemented with an initial condition

(1.5) f(0,)=fo in R

1.2. Remarkable features. We present now several remarkable identities satisfied
(at least formally) by any solution f to the Keller-Segel equation (1.4).

e Conservation of mass. Because the RHS term is in divergence form, we (formally)
have

%/fdx:/RQdivx(Verf/@dx:

so that the mass is conserved

(1.6) ft,z)de= [ fo(z)dx =M, Vt>0.
RQ

RQ

e Center of mass. Similarly, we (formally) have

d
—t/fxda::—/]R2(Vf—i—flC d:c—— /R2 g \x—yP (x) f(y)dx =0,
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because the function (z,y) — ¢(z,y) = K(z—y) f(x)f(y) in the last integral satisfies
o(y,r) = —¢(z,y). Again, the center of mass is conserved

ft,x)xde = | fo(z)xde, Vt>0.
R2

R?

e Energy. We again (formally) compute

it/f|g;|2dx _ /fA|x|2dx—2/ FR-zde

= fda:——

(=) f(x) fy) dx

R? JR2 ‘x - y\2
M2
= AM — — =: C1(M).
2m
We deduce the linear growth of the second moment

(17) MQ / f t LU |I"2 dx = Cl( )t"‘l‘MQO, M20 —/ f(] ’13‘2dl’

for any ¢ > 0.

e Free energy. We write the Keller-Segel equation in a “gradient flow” form
of = div [Vf—i—fV/i*f]
= div [fV(logf + R)],

and we define the entropy functional H and the free energy functional F by

H = H([):= szlogfdx,

F o= F =+ [ [ @80 st - ) dody

Denoting F(t) = F(f(t)), we compute
SFO = [{isogfenest as

= _,D]:(t)7
where Dx(t) = Dx(f(t)) and Dx stands for the dissipation of free energy defined by

Dy = Dr(f) = [ 1 Vlog f+ R de

We deduce the (formal) free energy-dissipation of the free energy identity
t
(1.8) f(t) +/ D]:(S) ds = .F() = JT"(fo), Vit > 0.
0

e Positivity. In order to justify the positivity assumption, we may argue as follows.
We denote [(s) := s_ and we (formally) compute

B(NHAf=AB) = B" NIV
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and

B div(Kf) = ﬂ'(f)fdinCwLﬁ'(f)Vf'/C i
= B(f)divK+VE(f) - K = div [Kﬁ(f)}.
We deduce

G [0 = = [awses [av@s + Lo <o

and finally

[suen< [ot.  t=o

Observing that 3(g) = 0 iff ¢ > 0, we conclude that f(¢,.) > 0 for any ¢ > 0, because
Jo > 0.

Let us make some comments about the Keller-Segel equation and the already for-
mally established properties of its solutions.

The most important feature of the parabolic-elliptic Keller-Segel equation is prob-
ably the fact that the critical mass M, := 8r is a threshold: solutions are global
for subcritical initial mass M < M, but there does not exist global nonnegative
and mass preserving solution when M > 8m. In other words, one can prove the
existence and the uniqueness of (weak) solutions to the Keller-Segel equation on a
time interval (0,7*) with T* = oo if M, < 87 and T* < oo if M, > 8.

On the one hand, one can easily figure out this last property by observing that
identity (1.7) would imply that the second moment becomes negative at least after
the finite time T* := — M, /C1 (M) for a global and mass preserving solution with
mass M > 8m, what is in contradiction with the positivity of that solution after the
same time 7.

On the other hand, the RHS term in (1.3) is a well-defined as the divergence of a
L' function whenever Dz € L'(0,T) because

(1.9 17 (tor 1 +R) < MDY

thanks to the Cauchy-Schwarz, and that information is strong enough in order to
build a solution. It turns out that one can get that bound on Dz for any time
T > 0 when M < M, as a consequence of the logarithmic Hardy-Littlewood Sobolev
inequality. On the contrary, in the critical case M = 87 and the supercritical
case M > 8w, the above argument using the logarithmic Hardy-Littlewood Sobolev
inequality fails.

A next issue is about the time asymptotic of f(t,.) as t ~ T*. The supercritical
case M > 8m and T < oo is still far to be completely understood but very much
can be said about the cases M < 8t and M = 8.

Let us recall that to understand the behavior of the solution f* to the heat equation

(1.10) o, ft = Aft,
a classical trick is to perform the self-similar change of variables
et —1

gtx) = e (= )
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and to observe that ¢* is then a solution to the Fokker-Planck equation
(1.11) 09" = Agh + div(zgh).

We immediately see that G*(z) := (27) ! exp(—|z|?/2) is the unique positive and
with mass one stationary solution to the Fokker-Planck equation. Because mass
is conserved and the Fokker-Planck equation is still dissipative, it is likely that
g*(t) — M(go)G* as t — oo (a convergence result which can be indeed rigorously
established). Such a convergence can be translated as an information about the
self-similar behavior of the solutions to the heat equation, namely

Fitx) ~ R(t)2M(go)GHR(t)'z) ast — oo.

In the subcritical case M < 87, we may obtain a very similar result by performing
the same self-similar change of variables

et —1
g(tv ZL‘) = €2t f(T7 et I) = 62t f(Ta ’LU),
and by analyzing the resulting equation which writes
(1.12) 9g=A0g+V((z+K)g),

with now K := K * g.

2. A PRIORI ESTIMATES IN THE SUBCRITICAL CASE M < 87
We shall assume that
(2.1) 0< fo€ Ly(R?), folog fo € L*(R?),
as well as

:<f0>242f0dx€(0,87r), (fox) =0,

excepted when it is explicitly mentioned the contrary. Here and below, for any
weight function @ : R? — R, , we define the weighted Lebesgue space LP(w) for
1 <p<ooby

LP(@) == { f € Line(R*); || fllzogw) = || fwllze < oo},

as well as L1 (R?) the cone of nonnegative functions of L'(R?). We use the shorthand
LY, k > 0, for the weighted Lebesgue space associated to the polynomial growth
weight function w(z) := (x)*, where (z) := (1 + |z|>)"/2. We also introduce the
notation (with no risk of confusion)

)= [ gdu vger
R2

We recall and accept the following inequality.

Lemma 2.1 (logarithmic Hardy-Littlewood Sobolev inequality). For any function
0 < f e LYR?) with mass M = (f) > 0, there holds
(2.2)

120 [ j@osf@det o [[ @) 5 sl -yl dedy > Ca(00)
R2 R2 xR2

with Co(M) :== M (14 logm —log M).
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Using the logarithmic Hardy-Littlewood Sobolev inequality (2.2) and the subcritical
mass hypothesis M € (0,87), we have

F(f) = +—//f y)logz —y

= (=g + 5 (0 + 5 [ [ ) sogke - o)
> (1 S g@w),

so that

(23) H(f) < Cs(M) F() + Ca(M),

with Cy(M) == 1/(1 = 2), C4(M) = Cy(M) Co(M) M/(87).

Exercise 2.2. Fstablish the convex inequality uv < ulogu—u+e¥, for any u,v > 0,
and deduce

1 1
I L Wy < CH) K M), - Va e (0,2)

Recover (2.3) (possibly, for different constants). (Hint. One can take for instance
a:=1+ M/(8r)).

We also recall the following classical functional inequality

Lemma 2.3 (positive part of the entropy). For any 0 < f € L, there holds

[ o801 < )+ (@),

In particular,

(2.4) HT =HT(f)= f(logf)+dx<7-[+ = My + Cs5(M),

R2
Exercise 2.4. Prove Lemma 2.3. (Hint. One may prove and use the estimate

s(logs)- < Vsl app + salz|F 1, aptbcyeqy Vs20,
with k =2 and a =1/2).

From (2.3) and Lemma 2.3, one concludes that (1.6), (1.7) and (1.8) provide a
convenient family of a priori estimates in order to define weak solutions. More
precisely, we get

(2.5) HHE) + S My(E) + C(M) / D (s) ds

2

< Cy(M) { F(t) + / Dr(s) ds} 4 My(t) + Cu(M) + C(d)
< C3(M) Fo+ Mao+ CL(M)t+ Cy (M) 4+ C(d),

where the RHS term is finite under assumption (2.1) on fy, since

26)  Fo < Ho+ - [ [ ala) folw) Qoo — o), dody

1 1
< Hot g [ [ @) fol) o = of? dedy < Ho+ M M,
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with Ho := H(fy). In other words, we have

@7)  lf) = sup { HU(F(1) + Ma(f(1))} +/ Dr(f(s))ds < C(T),
te[0,7

for any 7" € (0,7*). It is worth emphasizing that in the subcritical case M < 8x

we are considering, we have 7% = 400 and the constant C'(7") only depends on M,

My, Ho and the final time 7.

With the sole information (2.7) it is possible to directly define a notion of weak
solution. We rather present additional and (apparently) stronger a priori estimates
on the solutions that we may deduce from (2.7) and which will make the definition
more classical and will be also useful during the further analysis of the equation
(existence, uniqueness, large time behavior).

We start presenting some elementary functional (Gagliardo-Nirenberg-Sobolev type)
inequalities which will be of main importance in the sequel.

Lemma 2.5. For any 0 < f € L*(R?) with finite mass M and finite Fisher infor-

mation )

r-1g= [ L

re
there hold
(28) Vpelloo), |l < Cp MYPI(F) P,
(2.9) Vael[l,2), [Vfllige < CoMY2I(f)3210,
For any 0 < f € LY(R?) with finite mass M, there holds
(2.10) Vp c [2700) ||f||LP+1(]R2) < Cp Ml/(p-i—l) || V(fp/2)”i/2(p+1)'
Proof of Lemma 2.5. We start with (2.9). Let ¢ € [1,2) and use the Hélder
inequality:
Vf q vf|2 q/2 3 (2—9)/2

||Vf||%q = _f f‘Z/2 S </‘ f /fQ/(2 q) — ](f)q/Q ||f||%/(12/(2_q).

Denoting by ¢* = 2¢q/(2—¢q) € [2,00) the Sobolev exponent associated to ¢ in dimen-
sion 2, thanks to a standard interpolation (Holder) inequality and to the Sobolev
inequality, we have

(2.11) £ llzaria-a :nmmm<nm”@*nmq” =
< Gyl .
Gathering these two inequalities, it comes
IV Sllze < Cy L2 IAIAE P IW £,
from which we deduce (2.9).

We now establish (2.8). For p € (1,00), we may write p = ¢*/2 = ¢/(2 — ¢) with
q:=2p/(1+p)€[1,2) and we may use (2.11) and (2.9) to get

*+* 2(i-1 =23 _1
e < G Hf”Ll Lot 2I(f)q*fl( q)’

from which one easily concludes.
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We verify (2.10). From the Sobolev inequality and the Cauchy-Schwarz inequality,
we have

| w 2/ @z = |l w1+1/p||%2(R2) < V(w1+1/p)||2Ll(R2)
(2.12) < A+l w?)2e || Vollfas
and we conclude to (2.10) by taking w := f?/2. O

We deduce a first key estimate on the solutions to the Keller-Segel equation as a
consequence of (2.7) and Lemma 2.5.

Lemma 2.6. For any solution f to the Keller-Segel equation (1.3)-(1.5)-(2.1) and
any final time T € (0,T%), there exists a constant C := C(M, o/p(f)) such that

1

(2.13) 5 /OT I(f(t))dt < C.

In particular, in the subcritical case M < 8r the constant C' only depends on M,
Ho, Moy and T € (0, 00).

Proof of Lemma 2.6. On the one hand, we write

Dr(f) = [ 11900 f + 0P
> [Viogs e [vrve=10n -2 [

On the other hand, for any A > 1, using the Cauchy-Schwarz inequality and the
inequality (2.8) for p = 3, we have

/f 154 < /f1f>A 1/2 /f3>1/2

< ([r 82ty (esmnep) ™

from what we get for A = A(M,H"(f)) large enough, and more precisely taking A
such that log A = 16 H*(f) C3 M, the bound

1/2
%I(ﬂé =

(2.14) /f2 1ysa < C2 M2 1(f).

Together with the first estimate, we find
1
Dr(f) +2 /f21f<A

51(f)
< Dr(f) +2M exp(16H(f) G M),
and we conclude thanks to (2.7). O

IN

Remark 2.7. As we have already mentioned, we are not able to use the logarith-
mic Hardy-Littlewood-Sobolev inequality (2.2) in the critical and supercritical cases.
However, introducing the Mazwell function A = M (2m)~ ' exp(—|z|?/2) of mass
M and the relative entropy

Hh ) = /Rz(h log(h/.) — h+ ) dz
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one may show that any solution f to the Keller-Segel equation (1.4) formally satisfies

G HGOL) = 16 0)+ [ 107+ 2

+ 1/2

< —I(f(t) + MA+C3 Ml/Q%I(f(t)) 02 (YA 0)

= —I(f(t)) + Mexp(4Cs MHT(f(1))) + C1/2
= —I(f(t)) + Mexp{Cs H(f(t)|#)} + C1/2,

for a constant Cs = Cg(M) and where Cy = Cy(M) is defined in (1.7). In the above

estimates, we have used (2.14), we have made the choice log A := 4C3 M HT(f(t))

and we have used a variant of inequality (2.4). This differential inequality provides

a local a priori estimate on the relative entropy which is the key estimate in order
to get the same estimate as in subcritcal case (but thus only locally in time).

As an immediate consequence of Lemmas 2.5 and 2.6, we have

Lemma 2.8. For any T € (0,T%), any solution f to the Keller-Segel equation (1.3)-
(1.5)-(2.1) satisfies

(2.15) f e P00, T; LF(R?), Vp e (1,00),
(2.16) K e LP/P=D(0, T; L?/CP(R?)), Vpe(1,2),
(2.17) V.K e PP~V T; LP(R?)), Vpe (2,00).

Proof of Lemma 2.8.  The bound (2.15) is a direct consequence of (2.13) and (2.8).
The bound (2.16) then follows from the definition of K, the Hardy-Littlewood-
Sobolev inequality

(2.18) H % *f‘

with 7 = p and (2.15). Finally, from (2.13) and (2.9) we have

<G|l fllormey, Vre(l,2),

2r/(2—7) (R2)

Vfe Lw=(0,T; LI(R?), Vqe (1,2).
Applying the Hardy-Littlewood-Sobolev inequality (2.18) to VK = K (V,.f) with
r =q, we get
V.K € La2(0,T; L74(R?), Vqe (1,2),
which is nothing but (2.17). O
Exercise 2.9. Prove that fK € L4/3((0, T) x R?). (Hint. Use the estimates

f € LP(0,T;LP), K € LY(0,T; L*/(~9) together with the (generalized) Holder
inequality and optimize the values ofpe (1,00), re(1,2)).

3. EXISTENCE THEORY

Definition 3.1. For any initial datum fo satisfying (2.1) and any final time T* > 0,
we say that

(3.1) 0<feC(o,T):;D(R?), VT e0,T),
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which satisfies the bound (2.7), is a weak solution to the Keller-Segel equation on
the time interval (0,T*) associated to the initial condition fy whenever f satisfies
the mass conservation identity (1.6), the relazed second moment (in)equation

(3.2) My(t) < CL (M)t + Myo, Yt (0,T7),

and the relazed free energy-dissipation of energy (in)equation
t
(3.3) F(t) —I—/ Dr(s)ds < Fy, Vte (0,T7),

as well as the Keller-Segel equation (1.4)-(1.5) in the distributional sense, namely

4 do = L1 K) - Voo — 80 b dadt,
g [ p@e0ni= [ [ {00+ B Vo oue) e

for any ¢ € C2([0,T*) x R?).

It is worth emphasizing again that (2.7) is a consequence (the arguments are pre-
sented in Section 2) of (1.6), (1.7) and (3.3) in the subcritical case M € (0,87) and
that the RHS of (3.4) is well defined thanks to (1.9) and (2.7). As we will explain
in Section 3.1 (see also Exercise 2.9), we can prove

Ir>1, f KeL(0,T)x Bg), VR>D0,

so that equation (3.4) may be expressed in the simpler way

(3.5) g fo(z) (0, 2) dx = /oT*/W f { K-V — 0 — A(,p} dxdt

for any ¢ € C?([0,T*) x R?). We rather take this relation as the definition of the
distributional formulation of the Keller-Segel equation (1.4)-(1.5) (instead of (3.4)).

This framework is well adapted for the existence theory.

Theorem 3.2. For any initial datum fo satisfying (2.1), there exists at least one
weak and mazimal solution on a time interval (0,T*) in the sense of Definition 3.1
to the Keller-Segel equation (1.4)-(1.5) with

e T™ = 400, when M < 8r;
o T < +oo and H(f(t)|#)— oo ast — T*, when M > 8.

In the sequel we will only prove the existence result in the case when M € (0, 87)
and we leave as an exercise the case M > 8, for which the proof follows the same
lines.

Exercise 3.3. Use Remark 2.7 in order to prove the existence of at least local in
time solutions to the Keller-Segel equations (1.3)-(1.5)-(2.1) in the critical and su-
percritical cases M > 8.

3.1. A stability result. Before passing to the proof of Theorem 3.2, we present
a stability result which is the key argument in the cornerstone and last step of the
existence result. We consider a sequence of functions (f,,) such that

0 < f. € C([0,00); D'(R?))
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and f, is a weak solution to the Keller-Segel equation in the sense of Definition 3.1.
More precisely, we assume

(3.6) M(fn(t)) = M € (0, 8m),

(3.7) Ma(fa(t)) < Ma(fn(0)) + tC1 (M),

(33 (0)+ [ DA s < U0,
for any t € (0,7") and the Keller-Segel equation

(3'9) Ocfn = Afn_v(fnlén% Kn =K fa,

has to be understood in the distributional sense D’([0, 00) x R?). We finally assume
that f,(0) — fo strongly in L', My(£,(0)) — My(fo) and F(f,.(0)) = F(fo)-

Proposition 3.4. Under the above assumptions, there exists a subsequence still
denoted as (f,) such that f, — f weakly in L* and f is a solution to the Keller-
Segel equation associated to the initial datum fy in the sense of Definition 3.1.

Because of the estimates established in section 2, we know that (f,) satisfies (uni-
formly in n)

[V fnl?

R2 n

T
(3.10) sup [ fo (14 |z|? + (log fn)4) dz + /
0

[0,7] JR2

dzdt < Crp.

We then deduce that (up to the extraction of a subsequence)
(3.11) fn— f weaklyin L*((0,T) x R?),
because the Cauchy-Schwarz inequality and the Sobolev inequality imply
fde < C (/ \an\dx)2 <C / rdex [ NVfE fl” 4 z,
R2 R2 R2 R Jn
so that (f,) is bounded in L?*((0,T) x R?) thanks to the Fisher information bound

(3.10). The above estimate is also a particular case of the first point in Lemma 2.5
(with p = 2).
We aim to explain now why the following strong convergence result holds true, this

one allows then to pass to the limit in the weak formulation of (1.4).

Lemma 3.5. Under the above assumptions, there holds
(3.12) K, —=K:=Kxf stronglyin L*((0,T)x Br) VR > 0.

Proof of Lemma 3.5. In order to get a more elementary and self-contained argu-
ment, we introduce a splitting of the kernel I which make possible to use the more
classical Young inequality instead of the (very subtle) Hardy-Littlewood-Sobolev
inequality (2.18).
Step 1. Using estimate (3.10) and repeating the proof of Lemma 2.8, we have
(fn) is bounded in L (0,T; LP(R?)) Vp € [1, 00),
and in particular
(fn) is bounded in L*(0, T; L¥?(R?)).
Introducing the splitting
IC:’C0+ICOO, Ko ::K131€L3/2, Koo ZZIC]_BfGLS/Q,
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and using twice the Young inequality

1 1 1
Fuxoller < llullee | vllea, = == +-—1,

with (p,q) := (3/2,3/2) and (p, q) := (3/2,5/2), we obtain
ge L3L? = Kxge L3(L3+ 1Y),
or in other words
IC* gllsoryxnry) < Crll 9l 32 YR > 0.
We deduce then

(3.13) (IC % f,) is bounded in L*((0,T) x Bgr), VR >0.
Together with (3.11) and the (generalized) Holder inequality, we get
(3.14) (fo K % f,) is bounded in L%°((0,T) x Bg).

Step 2. We next observe that for any ¢ € D(R?), we have

d _
R2 R2

where the RHS term is bounded in L%°(0, T') thanks to the first step. We deduce
that (f,¢) is bounded in W1%/5(0, T') ¢ C%'/6([0,T]), thanks to Morrey’s inequality,
and

(fa) = (fe) strongly in  L*>(0,T),
thanks to the Ascoli Lemma. We immediately deduce that for any ¢ € D(R?) ®

D(R?), the space of linear combinations of functions of separable variables ¢(z, y)
o' (r) $*(y), we also have

(3.15) 5 falt,y) (z,y) de — Rgf(t,y)so(m,y)dx in  L*((0,T) x Bg),

for any R > 0.

Step 3. We fix now ¢ € L?(Bg x R?) and we recall the (Stone-Weierstrass) density
result: there exists a sequence (¢y,) of functions of D(R?) ® D(R?) such that

or — ¢ in L*(Bp x R?).

We write

/fnso—/fso = /fn(w—wk)+/fn<pk—/fsok+/f(sok—so)-

We observe that by the Cauchy-Schwarz inequality

H /f(SOk:_‘P)‘ ;((OI)XBR < /OT/B ( 6l y) —so(a:,y))dy>2dxdt

< /OT /BR y f2(t,y) dydzdt x /OT /BR /RQ(sok(x,y) — p(x,y))? dydzdt

<TI|Bg| || fII72 1 ox — ell72 =0,

and that we have a similar result (uniformly in n) for the first term. We then
classically deduce that (3.15) also holds for such a function .
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Step 4. We define
905('% y) = K(Z‘ - y) 16<|z—y|<1/a
so that ¢, € L?*(Bg x R?) for any € € (0,1). We write

/ ke =) = plw) + [ fuge— [ gt [ St = b — ).

We note Q := (0,7) x Br and we define Ky, := K1p_, Ko, = ’ClB;/E- For the
last term we have

| [ #teta) k- )

o) < ] ko * f||L2(Q) + || booe * f||L2(Q)

< Ol Roellayz + | Kooellsy2) I| fll oy — 0,
and we conclude to (3.12) in the same way as in the preceding step. 0J

Exercise 3.6. Prove (3.12) without making use of Lemma 2.8 (which is based on
the Hardy-Littlewood-Sobolev inequality) but by only using the Young inequality (and
the splitting of KC) as we have done in the proof above.

As announced, the convergence result of Lemma 3.5 together with (3.14) imply that
(IC# fo) fu — (K% f)f weakly in L%°((0,T) x Bg).

Using that convergence result and (3.11) there is no difficulty to pass to the limit
in the distributional formulation of the Keller-Segel equation (3.5) satisfied by f,.
We deduce that f also satisfied the distributional formulation of the Keller-Segel
equation, namely that (3.5) holds.

In order to conclude the proof of Proposition 3.4, we need a somehow stronger
convergence result, that we present bellow. We split it into two pieces.

Lemma 3.7. Under the above assumptions, there holds
(3.16) fn— [ strongly in LP((0,T) x Bgr), Vp€[l1,2), VR > 0.

Proof of Lemma 3.7. Step 1. We argue similarly as in the proof of Lemma 3.5.
We introduce a sequence of mollifiers (p.), that is p.(x) 1= e ?p(e1x) with 0 < p €
D(R?), (p) = 1. We observe that

5 [ At di= [ 5@~ R0 pdy

where the RHS term is bounded in L%°((0,T) x Bg) uniformly in n for any fixed
e > 0, thanks to the first step in Lemma 3.5. We also clearly have

vx /]1{2 fn(tvy) pz—:(x - y) dr = — /]1%2 fnvype(x - y) dy7

where again the RHS term is bounded in L5/°((0,T) x Bg) uniformly in n for any
fixed & > 0, thanks to (3.11). In other words, f,*p. is bounded in W5/5((0, T) x Bg).
Thanks to the Rellich-Kondrachov Theorem, we get that (up to the extraction of a
subsequence) (f, * p.), is strongly convergent in L°((0,T) x Bg). Thanks to (3.11)
and for any fixed ¢ > 0, we then get

fn * pe = f * po strongly in L'((0,T) x Bg) as n — oo.
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Step 2. Now, we observe that

/ lg — g * pe| dedt = /
(0,T)xR2 (0,T) xR2

1
= / / / V:}:g(ta Zs) : yps(y> dey‘ dfl?dt,
(0,7)xr2!Jr2 Jo

with zs := x + sy. As a consequence, we have

1
1
/ lg— g% pel dudt < / / / Vgt 22 D (L) dsdyzar
(0,T)xR2 (0,7)xRr2JRr2 Jo €

e
< ¢ / Vag(t, 2)|dtdz / 12lp(z) dy
(0,T)xR2 R2

/R‘&? (g<t7 $) o g(t’ T — y))ﬂs(y) dy’ dxdt

T
< &?C’/ M*Y21(g(t,.))"2dt.
0

We conclude that f,, — f in L'((0,T) x Bg) by writing
fo=F=(n—faxps)+(faxp—Ffxp)+(f*p:—[)

and using the previous convergence and estimates. Together with (3.11), we conclude
to (3.16). OJ

Lemma 3.8. Under the above assumptions, there holds f,, f € C([0,T); L'-weak)
in the following sense

(3.17) /g(t)wdx%/g(t)gpdx as t— s,

for g = fu, f and any o € L™, as well as f, — [ for the convergence in C([0,T); Li-weak)
i the following sense

(3.18) /fn(t)gp dr — /f(t)go dr as n — oo
uniformly in t € [0,T] and for any ¢ € L.

Proof of Lemma 3.8. We only prove (3.18) since the proof of (3.17) is similar (and
even simpler). Th eproof is split into three steps.

Step 1. We prove f, — f for the C([0,7T); (Cy)-weak) topology. Coming back to
Step 2 in the proof of Lemma 3.5, we have

fu(t, z)p(z) dz is bounded in C%/6([0, T7)
RQ
for any ¢ € D(R?). Since there exists a countable subset U C D(R?) which is
dense in Cy(R?), the space of continuous and vanish at the infinity functions, the
Ascoli theorem and a Cantor’s diagonalisation argument tell us that there exists a
subsequence ( f,/) such such that ({f,(t)¢)) uniformly converges in C([0,77]) for any
¢ € U and then for any ¢ € Cy(R?). Denoting £,(t) its limit, we have [(,(t)] <
M || ¢|leo for any ¢ € Co(R?), and we may identify it as a Borel measure f(t) €
(Co(R?)Y. In other words, there exists f € C([0,T); (Cy)-weak) such that f,, — f
for the C([0,T); (Cy)'-weak) topology, and thus also in D'((0,7) x R?). Since the
convergence f, — f also holds in D’((0,T) x R?), we have f = f a.e., and from now
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on, we we make the identification with the continuous representent f = f. The all
sequence (f,,) convergences by the standard “uniqueness of the limit” argument.

Step 2. We prove that f satsifies the same mass, moment and entropy bounds as
the sequence (f,). Let us define pr(z) := ¢(z/R), for ¢ € D(R?), 15, < ¢ < 1.
From (3.7), we have

/ Fo(®)a2on dz < Ma(f(0)) + tC (M),

Passing to the limit first as n — oo and next as R — 0o, we deduce that f satisfies
the second moment inequality (3.2).

Denoting ¢% := 1 — ¢r, we compute

[r0-m) = | [=sen+ [ et
< |- ten]+ 1 (GO + leDlel? Lupor,

and the RHS term is as small as we wish by taking R large enough (and using
the second moment estimates) and then n large enough (and using the convergence
fn(t) — f(t) weakly in (Cp)’). We deduce that f satisfies the mass conservation
identity (1.6). With a similar argument, we get

(3.19) /fn(t)|x| — /f(t)]a:| as n — oo,
for any fixed ¢ € [0, 7.

We observe next that
glogg = j(g9/q)q + gloggq,

with ¢ = e71#l and j(s) = slogs — s + 1 = sup,cg(s0 — e’ + 1) for any s > 0. For a
sequence (g,) such that g, — ¢ in (Cp)’, we deduce that

[tosra=e+ 0 = tim [(og./a— e+ 1

< liminf/gn loggn—/gn log g,
for any o € Cy(R?). Taking the supremum over o € Cj, we obtain

/glogg—/glogqSliminf/gnloggn—/gnlogq-

Together with (3.19), we get

/ £(0)log () < liminf / fu(t) og fiuD),

for any ¢ € [0, 7.
Step 3. We establish (3.18). For any fixed ¢ € L, we may introdce a sequence
(¢c) of Co(R?) such that ¢. — ¢ a.e. and |¢.||= < [|¢]lr= . We then split

[ 5000 - 10| < | [ ) = 1upe] + [ (10 + £l —
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and we use the inequality
(320) 0§9§13RA+1339192A +1B%g
in order to control the last term. ]

We leave as an exercise the next convergence result.

Exercise 3.9. Consider a sequence (g,) such that g, — g in the C([0,T); L'-weak)
sense and @ € L™, then

Gnx @ — gx @ in C([0,T); L',), bounded in L>(0,T;L>,)

Consider moreover a sequence (ay) such that a, — a in the C([0,T); L',) sense,
bounded in L*>(0,T; L>), then

(3.21) /gnandx R /gadm in C([0,TY).

(Hint. For (3.21), one may use the Egorov lemma).

We are now ready to prove relaxed free energy-dissipation of energy inequality (3.3)
for the limit function. We define

ke(2) = K(2) 1z<e,  KE(2) i= K(2) Ljzpe, Ve > 0.

On the one hand, we have k¢ € L™, and we easilly deduce

/mmn@w@mﬁ/}@mwmmm vieoT],

by using the two results stated in Exercise 3.9
On the other hand, using the convexity inequality uv < ulogv + e, Vu,v > 0, we

have
/ Wog——dy < [ {— s g)loggl)}
g(y)log ——dy < —= +9(y)logg(y) ¢ dy.
lz—y|<e |ZE—y| |lz—y|<e |ZE—y|)
We deduce
1
/g(g*%a)dw < 2€/g+%/g(y) logg(y)/1|xy|<gg(x) —0

as € — 0, uniformly in g bounded in L} N L'log L', where we may use (3.20) to
estimate the second term. In other words, we have

/fn(t)(fn(t)*fig)dx, /f(t)(f(t)*,ig)dxﬁo

as € — 0, uniformly in n > 1. Together with the above convergence on the term
associated to k¢, we get

[ 80w s~ [ 0000 s vee o1
Using the lsc of H established in Lemma 3.8, we conclude to
F(F(1)) < limind F(fu(1)), Vi€ [0,7].

Finally, we observe that

T
[T PN A
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and that

IV [ — Knfu — 2V/f — K,
as n — oo in the distributional sense D'((0,T) x R?), thanks to (3.12) and (3.16).
From the Isc of the L?((0,7T) x R?) norm, we deduce that

T T
/ Dr(f) dt < lim inf / Dr(f,) dt.
0 0

We summarize some previous result in the following theorem.

Lemma 3.10. The entropy functional H, the free energy functional F and the dis-
sipation of free energy functional Dx are lower semi continuous for the convergence
Gn — g in the weak sense o(L*, L™) together with (H(g,)) and (Ms(g,)) are bounded
sequences.

We conclude to (3.3) by passing to the limit in (3.8) thanks to the above pieces of
information, and more precisely combining (3.18) and Lemma 3.10.

3.2. Strategies of proof. In the rest of the section we will explain how to establish
the existence of a solution to the Keller-Segel equation (1.4). The general idea
consists in introducing a truncated nonlinear problem for which we get the existence
in several quite standard steps. We then remove the truncation and we use the
previous stability /weak compactness argument in order to conclude.

For the truncated nonlinear problem we may proceed along the following strategies:

(1) A semigroup approach taking advantage that the Keller-Segel equation is a
(nonlinear) perturbation of the heat equation. Using a Banach fixed point theorem,
we may obtain a local in time solution f € C([0,T);L?) for any fy € L%, K € L™.
We then need to prove that f > 0, f is mass conservative, T = oo, f is smooth
enough in order to justify the computation of the free energy and that f is a weak
solution to the (truncated) Keller-Segel equation.

(2) A Hille-Yosida approach or almost equivalently a semigroup approach in a func-
tional space with more regularity. The advantage is that all the additional properties
are simpler to established, except the global existence.

(3) A variational approach at the level of an associated linear problem and next to
perform a Banach fixed point theorem for the nonlinear problem. The advantage of
this approach is that we easily prove the global existence but the construction is a
bit more abstract than with the semigroup approach.

In the sequel, we mix these strategies in order to get a rather direct and almost
self-contained proof.

3.3. Linear problem in H,. We consider the linear problem

(3.22) %f—AerV-(Ef) in (0,00) x R?
(3.23) f(0,2) = fo(x) inRY
with

E = E(t,z) € L0, T; WhH>)
and
0< focH ={fecL;,VfecL}, k>3.
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We prove the existence and uniqueness of a solution to (3.22)-(3.23) in several steps.
The precise result will be stated at the end of the section.

e We introduce the heat semigroup

| R Pl
Si0le) = (e )(@) = [ e =)o)y, ule) = 5 e
R2 ™S8
Observing that
C
[l <C, | Vel < 7 Vit >0,
for any ¢ > 0, we deduce that
C
I Sellgg—m; <C s =01 || Sell oy < — VE>0.

Vit

For g € L>(0,T; H}), we define the function

t
ht = Stf() +/ St_sdiV(Esgs) ds.

0
We clearly have

div(E,gs) = (divE,) gs + Es - Vg, € L>=(0,T; L),

and then hy € C([0,T); H}). For two functions ¢',¢* € C([0,T]; H}) and the two
associated h',h? € C([0,T]; H}), we write

t
ht :/ StfsdiV(Esgs) dS,
0
with ¢ = ¢> — ¢* and h = h? — h!. We compute

t
Ihelle < / Olldiv(Euga) |2 ds
0

t
< [ €l Elwis ] gl ds < CT | gl
0

and similarly

t
(GRE
Vil < [ ldiv(Bagnlig ds
< C\/TH QSHLW(O,T;H%)‘

For T, > 0 small enough the mapping g — h is a contraction in C([0,T.]; H}), so
that there exists a unique f € C([0,T.]; H}) satisfying

(3.24) fo=Sufo + / tSt_Sdiv(Esfs)ds, vt e (0,T,).
0

Repeating the same argument, we construct a global solution f € C([0,T]; H}) for
any T' > 0.

e As an equation in L?, it is clear that (3.24) also write

(3.25) fo=Sifo+ / t VSi_s(Esfy)ds, Vte(0,T).
0
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e Moreover, for any ¢; € C?([0,T) x R?) and introducing the notation G, :=
div(FEsfs), we have

(oo i) = i) + [ (Siivpn G ds € C((0,T))

because S} = S, and then

d

7 (frsoe) = (S7(Api + ), fo) + /0 (Si—s(Awi + 1), Gs) ds 4 (G, 1)
= (A + ¢y, fi) + (o1, Gy).

Integrating in time that last identity, we get that f is a weak solution in the following

Sense .
[ e, = [ J{@er ot oaiveso} ds

or equivalently

%f:Af—FV-(Ef) in D'([0,T) x R?).

e On the one hand, performing one integration by part and using a straightforward
density argument, we get that f satisfies the equation in the variational sense

020 [ [re]i= [ [{oed- Voo (vr+ B} s

for any ¢ € C([0,T]; L?) N L*(0,T; HY) N HY(0,T; H'). Tt is worth emphasizing
that for any ¢ € C}((0,T); H'), we have

‘/OT<ft,at<Pt>dt‘ _ ’/OT/VSOt'(Vft‘FEtft)dt’

< N Vf+Efllezorma |l ollzoray < O\ ellreoma,

which exactly means that f € X7 := H'(0,T; H™ '), so that f belongs to the same
space as the test functions.

e Given a mollifier (p.) and introducing the regularized sequence f. = p. * f and
G. := G * p., we have

atfs - Afs + G € L2,
so that f. € H}H2. We fix f : R — R a C? function such that 8”7 € L*> and
3(0) = 0 so that B(f.) € W;"'W2!. From the chain rule, we have
Onfe = _B//<f6)‘vfs|2 + Aﬁ(fs) + 5/<f6)G6-

Passing in the limit as ¢ — 0, we get that f satisfies the equation in the renormalized
sense, namely

08(f) = =B"(NIVII* + AB(f) + B/ (f)div(ES),

in the distributional sense D'([0,T) x R?). In particular, for any ¢ € C?*(R?), we
have

sony g[8 [0V = [ nae+ B (ANEDNe



20 THE KELLER-SEGEL EQUATION

We assume that § is convex, globally Lipschitz and non negative and we take p(z) =
¢or(r) = o(z/R) with 15, < ¢ € D(R?). We obtain

& [8en< [{6118er—B-Tenl +15(1)1 = HONAVEIon)
and then J
5 [ow< [ -suae)

by passing to the limit R — oo and observing that g — 1, Vyg, Apr — 0 as well
as B(f),8'(f)f € L=(0,T; L). Using a density argument, we may take 5(s) = s_
so that #'(s)s — (s) = 0 and then

G <

We conclude that f > 0. We may also choose 3(s) = s and we get the same
conclusion f > 0 (without using an additional density argument). Taking S(f) = f
in (3.27) and arguing similarly, we deduce that f is mass conserving.

As a conclusion, we have established the following result.

Proposition 3.11. Under the above assumptions on E and fy, there exists a unique
global nonnegative and mass conservative solution f € Xp, VT > 0, to the linear
equation (3.22)-(3.23) in the mild sense (3.25), in the variational sense (3.26) and
in the renormalized sense (3.27).

3.4. Linear problem in L?N L}. We consider now the same linear problem (3.22)-
(3.23) but with
E = E(t,z) € L>(0,T x R?)
and assuming
0< fo € L? N Lé
We first observe that

% /f2 = —2/|Vf12+2/Vf'Ef
< - [1vsr Bl [ 1,

by taking 3(s) = s* in equation (3.27). As a consequence, we deduce a first a priori
estimate

T
(3.28) sup/f2+/ /\WF < ell Plegz” /fg’
0,7 0

thanks to the Gronwall Lemma. Similarly, we have

< /f(x>2 - 4/f+/2x-Ef
< @+l [ fe?

and the second a priori estimate

(3.29) Sup/f(a:>2

[0,7]

IN

(4 Bllpo)T /fo<x>2-
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We build the solution to (3.22)-(3.23) thanks to an approximation argument. We
consider a sequence (for) of H{ such that fo, — fo in L) N L* and a sequence
(Ey) of L°W)E> such that By, — FE in LY. We denote by fi the corresponding
solution exhibited in the previous section. For n > m, we define f,,, = fi — fa,
E, = E, — E, and we compute

d

= /fi,m - _g/yvfn,m|2—2/an,m~[En,mfm+fn,mEn)]

IN

/ B fon + o B2

< N EnmlZel fmllize 2 + I EnllZge | frml|Zge 2

We immediately deduce || f,, — finl[zeor2 — 0 thanks to the Gronwall Lemma and the
apriori estimate (3.29). In other words, (f,) is a Cauchy sequence in C([0,T); L?)
and it is bounded in LLY, N L?H}. We deduce that there exists

feYr=0C(0,T); LN L*Ly, N LIH: N H H ",

such that f, — f strongly in C([0,T); L?) and weakly in L°L} N L?H). With
this information, we may pass to the limit in the mild formulation (3.25), in the
variational formulation (3.26) and in the renormalized formulation (3.27).

As a conclusion, we have established the following second well posedness result.
Proposition 3.12. Under the above assumptions on E and fy, there exists a unique
global nonnegative and mass conservative solution f € Ypr, YT > 0, to the linear

equation (3.22)-(3.23) in the mild sense (3.25), in the variational formulation (3.26)
and in the renormalized sense (3.27).

Remark 3.13. It is worth mentioning that (a slightly modified version of) Propo-
sition 3.12 (for fo € L} C L}) can be obtained more directly by using J.-L. Lions
theory of variational solutions.

3.5. Truncated nonlinear problem in L?> N L}. For ¢ € (0,1), we define the
truncated logarithmic function

log.(r) = rfe+loge—1 ifre(0,e);
= logr ifre(eg1/e);
= —loge ifr>1/e,

so that in particular
1 1
(10g€>,(7”) = g A ; 1r<1/a‘

Abusing notations, we define the truncated potential k. on R? by r.(2) = k.(|z])
with X
Ke(r) := —2—10g€r Vr € (0, 00).
7r
The associated force field is finally define by

a(x) := Vk(x) = |i—| kL(|z|) € LN L .

We define the functional set
Zp={feYr; f>0, (f)={fo), Ifllvz <C},
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with
1f by o= max { [ fllzeorzs [ fllzzers, 1Vafllzz, }-
For g € Zr, we observe that
lax gl <l allellgllizers < I allze(fo),
and we then may define h = ®[g] € Yr as the solution to
0

(3.30) ah =Ah+V-((axg)h) in (0,00) x R?

(3.31) f(0,2) = fo(z) in R
exhibited in Section 3.4 for 0 < fy € L} N L% For any T > 0, we choose
C = exp((4+ || allL=M)T)| follsrz2,

so that h € Zp thanks to the two estimates (3.28) and (3.29) and the above bound
on a * g. Next, for two functions ¢;,92» € Zr and the two associated solutions
hi,ho € Zp, we define h := hy — hy, g := g2 — g1, and we compute

% /h2 — —2/]Vh|2—2/Vh~[(a*g)h2+h(a*91)]

< llaxgligll halizr + 11 axgillizl hlliers
< |l allZ2lgligczll hellZeers + I allZellonllZge 2l AllZee 2
<

24|90z 12 + 241 Rl Zee 2,
with A = || a||3,C?/2. Together with the Gronwall lemma, we deduce

| hllzere < (e = Dlglliger2,

so that the mapping ® : Z, — Z,, g — h is a contraction for the L>°(0,7; L?)
norm when 7 > 0 small enough. We deduce that ® admits a unique fixed point
f = ®[f] € Y, which is thus a global nonnegative and mass conservative solution
to the linear equation (3.22)-(3.23) in the mild sense (3.25), in the variational sense
(3.26) and in the renormalized sense (3.27) on the time intervalle (0, 7). We get that
f is a solution on the time intervalle (0,7") by an iterative process and observing
that exactly the same argument makes possible to build a solution on [m7, (m+1)7]
as long as (m + 1)7 < T, because the value of 7 only depends on the constant A
which is finite on any given intervalle of time [0, T]. Because T is arbitrary, we have
proven the existence of a global solution (here without restriction on the mass).

3.6. The compactness argument. For the smooth function §(s) := (s+a«) log(s+
a), a > 0, the renormalized formulation of the equation writes

@/ﬁu>= —/ﬁ%ﬂWﬂ“ﬁWﬂVﬂﬁﬁ,

C[INSE VIR
a+f  Va+ [ Va+f
L [IVfP 1 [K2f
+_/oz+f

- 2 a+f 2

1 |Vf|2 1 2 3
5 [ ars g I Kl ()"
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Passing to the limit @ — 0 in the last inequality and using the dominated conver-
gence and monotonous convergence theorems, we deduce the estimate

soujl%/flogfjL / /Nf’2 /lengo+CT

Using that information, we may then pass to the limit in the second equality in the
previous series of equations, and we get

o [ rross /'Vf'Q ki

- —/|\/?V10gf|2+(\/?V10gf)-Ks\/?-
We observe that k. = k. * f. € Y. On the one hand, we have

it /f/fg = /(atf)nﬁ/fama =2/f8m5

for a smooth function f and thus also for f € Yr. On the other hand, from the
variational formulation (3.26), we have

G [ 1m= [ 0w~ [vrvr ek,

Both together we deduce

35 [1r = = [ VR sk
- [ VIR VIV £ 4 VTR

For the free energy associated to truncated Keller-Segel equation (3.30)-(3.31), we

finally have
d 1 [,
G{ [rosr+s [}

—/|ﬁv10gf|2+2<ﬁv10gf>ﬁeﬁﬂﬁ/@r?
—/|\/7V10gf+\/?l@|2-

We may repeat the proof of the estimates obtained in the case of the (untruncated)
Keller-Segel model in Section 1.2 and Section 2 and then readily adapt the proof
of the stability result Proposition 3.4 in order to get that (f.) converges (up to the
extraction of a subsequence) to a solution f to the Keller-Segel equation associated
to the initial datum fy in the sense of Definition 3.1.

4. UNIQUENESS RESULT
We accept the following regularity result.

Theorem 4.1. For any initial datum fy satisfying (2.1), the associated solution f
is smooth for positive time, namely f € C>®((0,T*) x R?), and satisfies the identity
(1.8) on (0,7™).
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About the proof of Theorem 4.1. We just mention the formal computation which
leads to the L? estimate. Multiplying the Keller-Segel by f and intergarting in the

position variable, we get
d 2 2 / 3
_— e —2
o=z [ s

and we have to explain how we may bound the last term. For any A > 1, we write

[rs [unaps [o-a2
S A [ 1 = Al | VG - Al

Hi(f)
< A’M a
~ + log A

where we have used the Gagliardo-Nirenberg-Sobolev inequality (2.10) (with p = 2)
in the second line. All together, we deduce

R oY

by choosing A large enough. O

I V£IIZ,

We establish that the previous framework (for existence of weak solutions) is also
well adapted for the well-posedness issue.

Theorem 4.2. For any initial datum fy satisfying (2.1), there exists at most one
weak solution in the sense of Definition 3.1 to the Keller-Segel equation (1.4)-(1.5).

We split the proof into two steps. We recall that from Theorem 4.1 we already know
that || f||ze € CY(0,T) and ||f|l» € L>(to,T) for any 0 < to < T < T* and any
p € [1,00].

Step 1. We establish our new main estimate, namely that any weak solution satisfies
(4.1) tY4 (8, )l pas — 0 ast— 0.

First, from (1.4) and the regularity of the solution, we have

d
7 W22+ 20Vafllze = [ flzs on (0,7).
As in the element of proof of Theorem 4.1, we deduce that
d
2 11z + [ Vaflze < AM o (0,7),
for A large enough. Thanks to the Nash inequality
(4.2) 1£lZe < C MV £z,
we thus obtain
d
ST+ eullfe < APMon (0,7),

It is a classical trick of ordinary differential inequality to deduce that there exists a
constant K (which only depends on cy;, A2M and T') so that

(4.3) tIFE )2 < K Ve (0,T).
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We now prove (4.1) from (4.3), the conservation of mass and an interpolation ar-

gument (Holder inequality). On the one hand, introducing the notation loAé =
2 + (log f)+, we use the Holder inequality in order to get

[ = [ og e £ dog )2

(fr18.0)" ([ 7o)

or, in other words, and using a similar estimate as (2.4), we have

IN

(44) 110 < CCHUN M) [ £ 108.0)7)

On the other hand, we observe that for any R € (0, c0)

i / Plog. ) < tf frlog N2+t | g f)

<R f2R
t
(log, R)? Ji<r (log, R)? Ji>r
MR K M+ K
(4.5) < t— +—= < 2t

(log, R)?  (log, R)? ~ (log,1/t)?

where we have used that s — s/ (lofvg +5)? is an increasing function in the second line,
then the mass conservation and estimate (4.3) in the third line, and we have chosen
R :=t"1 in order to get the last inequality. We conclude to (4.1) by gathering (4.4)
and (4.5).

Step 3. Contraction argument. We consider two weak solutions f; and f5 to the
Keller-Segel equation (1.4) with same initial datum fy, that we write in the mild
form

fi(t)zetAfoJr/Ot OSG(K (5) fi(s)) ds. Ki = K % fi

Here e'® stands for the heat semigroup defined in R? by e'2f = v, x f, y(x) =
(27t)~t exp(—|x|?/(2t)). The difference F := f, — f; satisfies

/V =92 (V5 (s ds+/V D2 (s) fi(s))ds = I, + I,

with W := ICy — K;. For any t > 0, we define

Zi(t) := sup s1/4 | fi(s)|| pars, A(t) := sup 31/4HF(3)HL4/3.

0<s<t 0<s<t



26 THE KELLER-SEGEL EQUATION

We then compute
Jl = t1/4 |Il )HL4/3

< 0 [T L) P
C

= t1/4/0 s M) F ()l ds

SRl r—— F d

- o (t—s)3/4 1o (s) |24 [ F'(8) | pass ds

< gl ¢ r p

= ¢ o (t—s)3/4 I f2(8) || ass || F(8)]| pass ds

t Cf t1/4
S /0 m 172 dS Zg(t) A(t)

- [ a0 80,

where we have used the regularizing effect of the heat equation

C
IV ls < N1Vllzare gl < 7 llgllr

at the third line, the Holder inequality at the fourth line and the critical Hardy-
Littlewood-Sobolev inequality (2.18) with r = 4/3 (and thus 2r/(2 —r) = 4) at the
fifth line. Similarly, we have

C du

1
JQ = t1/4 ||]2(t)HL4/3 < /0' ( )3/4 L2 A(t) Zl(t)

Gathering the preceding estimates on J; and J, and using the asymptotic estimate
(4.1), we conclude to

1—u

L0 du 1
At) < /0 A= ap/i il (Z1(8) + Z5(1) At) < SA®),
for t € (0,7), T > 0 small enough. That in turn implies A(t) =0 on [0,7). O
Exercise 4.3. Prove the interpolation inequality || f||z < ||fH1/4 Hf||3/4. Deduce

the Nash inequality (4.2). (Hint. Use the Gag]iardo—N1renberg Sobolev inequality
(2.12) with p =1).

5. SELF-SIMILAR SOLUTIONS

In this section, we consider the long time behavior of solution for subcritical mass
M € (0,8m) issue. For that purpose it is convenient to work with self-similar vari-
ables. We introduce the rescaled functions ¢ and u defined by

(5.1) g(t,z) := R(t)2f(log R(t), R(t)'x), w(t,z):=c(log R(t), R(t) 'z),

with R(t) := (1 + 2t)/2. The function g can be equivalently defined as the solution
to the rescaled parabolic-elliptic KS system

(5.2) og = Ag+V(gr—gVu) in (0,00) x R?
u = —kxg in (0,00) x R?
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associated to the same initial datum ¢(0,.) = fo.

The derivation of the (self-similar) rescaled Keller-Segel equation (5.2) from the
original equation (1.4) and the change of variables (5.1) is a elementary differential
calculus exercise that we briefly draw bellow. We compute successively

g = 22 f(r,w)+e* (0.f)(1,w) + ez - (Vuf)(T,w)
= X(divy(wf))(r,w) + e (0. f)(r,w),
as well as
Arg = e (Ayf)(r,w)
and finally
div,(zg) = 2g9+2-V,g
= 2% f(1,w) + e¥a - Vo f (1, w)
= *(divy(wf)) (T, w).

For the last term, we compute

r—y 2t r—1Y ¢
~ [ L gt y)dy ~ =7 d
Kx*g /|x |29(,y) y~e /|x_y|2f(7'7€ y)dy

r—e v
~ ) dv ~ d
|x—etv|2 (1,v) dv ~ e/|w—v\2 ,v) dv
= '(Kx f)(r,w),
and (div,K) x g = g, so that
div[(K*g)g] = ¢°+ (K*g) Vag

= M w) + (K * f) - Vi f) (T, w)
= ediv,[(K = f)f] (T, w).
We conclude to (5.2) by putting all theses identities together.

For a solution ¢ to the rescaled equation equation (5.2), we may adapt straightfor-
wardly the computations on the evolution of the moments we made for the solutions
of the original equation (1.4). We easily have

/g<t>dx= fodz = M.
R2 R2

/ g(t) xdr = foxdr =0,
R2 R2

%/gaz‘ = —/ng‘i‘/g(V_
— _/gx+%/div(|Vg|2)=—/9$a

M2
R e R A
R2 R2

because

and
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because

d 2 2 (z —y)
o [l = —2/g|x| +2/x9<x)/|x_y|29<y>dydﬂf

_ _2/g|a:y2+//(x—y)g($)

= —2/9\x!2—|—]\/[2.

f:ilg(y) dydz

Observing that the rescaled Keller-Segel equation (5.2) may be written in the fol-
lowing gradient flow form
2
x
Org = div] gV(logg + ‘7 + K g)),

we then naturally introduce the rescaled free energy

z?

&)= [gtosgde— a1+ [ g5 dos 5 [ ntao =)o) gty) dady,

and the dissipation of rescaled free energy

i

De(g) = /gIV(logg+7+%*g)l2dx,

2 2
= —/(logg—k'%—i—/ﬁ*g)div[gV(logg—i—% +r*g)|.

We easily deduce the decay of the rescaled free energy

(5.3) 9 e(g) = ~Deto) <0

Our first mathematical result is about the stationary issues.

Proposition 5.1. For any M € (0,87), let us define the set D := { 0 < g €
L'log L' N LY, (g) = M?}. There exists a unique solution G in D to the three
following equivalent assertions

e G minimises the rescaled free energy: £(G) = min{ E(g), ¢ >0, (g9) = M};
e GG is a zero of the dissipation of rescaled free energy: De(G) = 0;
e (G is a stationary state of the rescaled Keller-Segel equation:

(5.4) AG +V(Gz +GK*G) =0,

Furthermore, G is smooth, radially symmetric, positive and

2
=%

(5.5) G(z) =0e 2 O@ ¢ L1 va e (0,1/2).

Proof of Proposition 5.1. The proof consistes in establishing the existence of
a solution to the first minimizing problem, by establishing several implications and
concluding by explaining why the stationary equation (5.4) has at most one solution.

Step 1. As the limit of a minimizing sequence (g, ), there exists a solution G* € D
to the minimizing problem. We use the logarithmic LHS inequality in order to
get Hy(gn) + Ma(g9,) S E(91) + C(M), the Dunford-Pettis Lemma which implies
that g,, — G* in L'-weak and finally the weak Isc of the functional £ which is a
straightforward consequence of the Isc of the functional F established in Lemma 3.10.
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Step 2. Consider G* a solution to the minimizing problem. We consider the solution
gs to the rescaled KS equation starting from gy = G* and we get

o< | " Delg.)ds = £(G") — Elgr) <0

We deduce that Dg(gs) = 0 for any s > 0 and thus Dg(G*) = 0 (at least when G*
is smooth enough, say Dg(G*) < o0). In that case we deduce I(G*) < oo as well
as G*, KL« G* € L for any ¢ € (1,00). In the general case when we do not assume
a priori Dg(G*) < oo we have however Dg(gs) = 0 for any s > 0 and the following
steps will imply that g, can be identifies as the unique steady state G to rescaled
KS equation. We then also get G* = G by passing to the limit as s — 0.

Step 3. Consider G such that Dg(G) = 0. It then satisfies

2VVG —i—\/alC*G—i-\/ax:O,
and /G € W, for any ¢ € (1,00), in particular G € C°(R?). Defining O := {x €
R?; G(z) > 0}, we have G € W,24(0) and then
V(logG +r+G+|z[*/2) =00n O.

It means that G is given by the expression (5.5) on O. By a continuity argument,
we must have O = R%

Step 4. The above equations also writes
VG+GIK+«G+x)=0,

from what we immediately deduce that G is a stationary state of the rescaled Keller-
Segel equation. By a bootstrap argument, we deduce that G is a smooth function.

Step 5. We accept that using a Schwarz symmetrization argument (or a moving
plane argument), we may deduce of the PDE that G is radially symmetric and next,
writing the associated non local ODE, that G is unique. OJ

Proposition 5.2. We have

SUp ||gtHW2vaLi <C.
>1

Proof of Proposition 5.2. With ®(z) = |z|*, k > 2, we easily compute

E/ﬂxlk _ —k/f|x|k // () f(z) |(;__yy|>2f(y) dydz

< _k/f|x|k+CkMk—2Ma

from what we deduce
sup My (t) < max(Cy,, My (0)).

£>0
Next, we observe that

Sup{H(g1) + Malge)} < € = C(M, E(0)),
thanks to the logarithmic LHS inequality. We may then proceed in the same way as
for the solution f in the original variables, but we get here uniform in time regularity
estimates instead of local in time regularity estimates. U

Proposition 5.3. We have g(t) — G in LP ast — oo, for any p € [1,o0].
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Proof of Proposition 5.3. We use a mix of the La Salle principle and the dissipation
of entropy method. We take t,, — oo and we write the free energy identity (5.3) in
time integrated form

E(gi,+r) + /0 De(g(tn +s))ds = E(gs,,)-

in particular the mapping ¢t — £(g(t)) is decreasing and thus £(g(t,)), E(g1,+1) — &
(a constant which satisfies £ > £(G)). On the other hand, because of Lemma 3.8,
and after extraction of a subsequence, we have ¢(t,, + s) — g(s) in the sense of
C([0,T); LP(R?) — weak). Passing to the limit in the above free energy equation, we

get
/ De(g(s =0,

so that g(s) = G for any s € [0, 7. In particular, ¢g(¢,) — g(0) = G and we conclude
(by the usual contradiction argument) that the all sequence ¢(t,) converges to the
same limit for the strong norm sense LP thanks to Proposition 5.2. 0J

6. LINEAR STABILITY OF THE SELF-SIMILAR PROFILE IN L2
We introduce the linearized operator
Lf =Af+div(fe+fK*xG+GKx*f),
that we want to analyse in the suitable Hilbert space

Ho:={ feLG): (f) =0}

To that purpose, we introduce the bilinear form

(f,9) :I/ng1dx+//f(w)g(y)f€(x—y) dzdy,

as well as the two related quadratic forms

Ql[f] = <f7f>7
Qalf] = (LS ).

Let us comment some basic facts. First, we may observe that for any f € HoND(R?),
we have

(6.1) Qulf) =lim 2 (E(G+2f) — £(C)) >0

e—0 52

and )
Qalf] = limy = (De(G +=f) — De(G)) 2 0,

so that if g is a solution to the rescaled Keller-Segel equation that we write as
g = G + ¢ f with given initial datum fy € Hy, we may pas to the limit € — 0 in the
rescaled free energy equation (5.3), and we get

d
a0 Qilf] = —Q:[f] <0

It explains why these quadratic forms are introduced.
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On the other hand, we may also write the linearized rescaled Keller-Segel operator
in gradient flow form

Lf = Af+div(—fVlegG+ GK x f)
= div[ GV(f/G + k * f)],
the bilinear form as

<f,g>=/f<g/G+mg>,

and then compute directly

(—Lf.f) = - / div] GV(f/G + 5% )] (/G + i % f)
=[GV R P = Q)

We start with a technical Lemma that we will use in the sequel in order to get some
fundamental properties about ()1 and @)».

Lemma 6.1. The function
F = 8MG
15 a solution to the linearized problem
LF=0, (F)=1, F(0)#0.

Proof of Lemma 6.1. We obtain the two first equations by just differentiating the
equation (5.4) and the mass condition (G) = M. On the other hand, we have

0= (—LF, F)=QsF],
so that

V(F/G+kx*F)=0.
Taking the divergence of that equation and recalling that Ax = 4, the function

Z = F/G satisfies
AZ+GZ =0.

Because G and then F' and Z are radially symmetric and smooth, we obtain
1
7'+ -Z+GZ' =0, Z'(0)=0.
r

We now claim that if w € C?*(R,) satisfies

1
(6.2) w'+ -w'+Gw=0, w(0)=w'(0)=0,
T
then w = 0. Indeed, we may introduce the quantity
b e 1 2
U:= 5 (w')* + 5 Gw

which satisfies
1 1 1
U'=vw'(—-w — Gw) + Guww' + 3 G'w? < §(G’)+w2 <CU,
r

because G' = —(r + K« G)G < 0 on [R,00) and (G'); < CG on [0, R]. We deduce
U = 0 from the Gronwall lemma, and thus w = 0.

The mass condition (F') = 1 implies F' # 0, and thus F(0) # 0, from the above
ODE argument. O
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As a first consequence of the proof, we have :

Lemma 6.2. The bilinear form (-,-) is a scalar product on Hy and the associated
norm 1s equivalent to the usual norm.

Proof of Lemma 6.2. It is clear that Qi[f] < || f[|3,.- Once proved that (:,-)
defines a norm, we get the equivalence between the two norms by using the open
map theorem. Since we already know that ()1 > 0, we only have to prove that () is
not degenerated. Assume now that Q1[f] = 0, so that Q1[h] > @Q1[f] for any h € H,.
The associated Euler equation reads

/ (fG '+ fxr)h=0, VYheH,.
R2

Choosing 0 < y € C.(R?) such that (x) = 1 and choosing h := g — {(g)x with
arbitrary g € C.(R?) in the above Euler equation, we deduce that

fG_1+f*/£:C’::/[fG_1+f*m] X-

As a consequence, the function z := f/G satisfies
—Az = z2G.

From the last equation and using symmetrization techniques, we may establish that
z is radially symmetric, and we accept this fact. Recalling that the function F' intro-
duced in the previous Lemma satisfies F'(0) # 0, we may define A := z(0)G(0)/F(0),
in such a way that the function w := z — AF'/G satisfies (6.2). We have seen that
this implies w = 0 and then f = AF'. Together with the mass conditions on f and
F', we have

so that f = 0. 0
Lemma 6.3. The operator L is self-adjoint for the scalar product (-,-), it is dissi-
pative and N (L) = {0}.

Proof of Lemma 6.3. We already know that (Lf, f) < 0 for any f € Hy, namely
that £ is coercive. We easily compute

Lha) = [GGV/G R ] G/0+neg

- _/ GV(f/G+rx[)-V(g/G+kxg)
= (f.Lg)

so that £* = L for this scalar product. Finally, we have seen in the proof of
Lemma 6.1 that £f = 0 for some f € H, implies that the function z = f/G

satisfies
Az +Gz=0.

We conclude that f = 0 exactly in the same way as in the end of the proof of the
preceding Lemma. 0

Let us sum up and emphasizing the elementary structure that we have used several
times in the first results of this section. The following equivalence holds true

Lf=0&Qfl=0&f/G+rxf=C—-Az=2G,



THE KELLER-SEGEL EQUATION 33

where z := f/G, and where for proving the reverse sense in the first equivalence we
use the Cauchy-Schwarz inequality

(—Lf,g) < (—Lf, [)*(~Lg,g)">.

In order to go further, we state a Poincaré inequality.

Lemma 6.4. The stationary state G satisfies the Poincaré inequality, in the sense
that there exists A > 0 such that

(6.3) /\Vh|2G > )\/ |h|*(x)*G, Yh, (hG)=0.
Proof of Lemma 6.4. The proof is a variation around the proof in the gaussian case
and it is only alluded. Put a complete proof ?
e We may check that G satisfies the so-called Lyapunov condition
Lretlt? < —eolel® 4p1p
for any o € (0,1) and for some b, R > 0.

e The following is true but probably not necessary if we use the more recent proof of
the Poncaré inequality. Thanks to the convexity inequality st < slog s+e! Vs, t > 0,
we have

|~ log G +w — [2[2/2] §/| | <—1og|a:—y|>G<y>dy+/ log [ — y| G(y) dy
z—y|<1

|z—y[>1

IA

/Isv—y|<1{ : +G(y)log G(y)} dy

=)
+ [ (log(e) +log(s)) Glu) dy
lz—y[>1
< 27r+/GlogG—|—C(M) log(x),

so that G_ e—@lzl? <G <Gy e=Blzl® for any 5 < 1/2 < a. That implies that the
local Poincaré inequality

2
/ h2G,§/ |Vh|2G+(/ hG), Vh,
Bgr Br Br

e The Lyapunov condition and the local Poincaré inequality together classically
imply the (strong) Poincaré inequality (6.3). O

holds true.

Corollary 6.5. The spectrum of L is discrete and thus
(6.4) I\ <0, (Lf, f) <2MQ1[f], Y[ € Ho.
Finally, we deduce

Qule™ fo] < eMQu[fo], Y fo € Ho,

and thus
| e~ Jolle2(a—1) < Ce)\tHfOHLQ(G’—I)v V fo € Ho.
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Elements of proof. ~ That result is a very classical consequence (and variant) of
Lemma 6.4. The main point is that because of the previous estimate the operator £
has compact resolvent so that there exists a decreasing sequence (\;) of eigenvalues
with finite dimensional associated eigenspace such that

(L) ={ A\, n>1} C] — 00, \],

and A\; < 0 because of Lemma 6.3. By decomposing any function f in the Hilbert
space of eigenvectors we deduce (6.4). The end of the proof is straightforward from
(6.4). O

7. BIBLIOGRAPHIC DISCUSSION

We refer to [5] for the origibal existence proof.

The uniqueness of the weak solution is established in [16].

The smoothness of the solution is proved in [5, 16] as well as the entropy identity.
The uniform estimates on ¢ and the convergence to the stationary profile can be
found in [5, 16].

We refer to [5, 3, 10, 20] for the proof of the uniqueness of G.

The analysis of the linearized operator in L?(G™!) is presented in [11, 12]

The proof of the convergence to G for general initial datum is established in [16].

REFERENCES

[1] BECKNER, W. Sharp Sobolev inequalities on the sphere and the Moser-Trudinger inequality.
Ann. of Math. (2) 138, 1 (1993), 213-242.

[2] BEN-ARTzI, M. Global solutions of two-dimensional Navier-Stokes and Euler equations. Arch.
Rational Mech. Anal. 128, 4 (1994), 329-358.

[3] BILER, P., KARCH, G., LAURENGOT, P., AND NADZzIEJA, T. The 87-problem for radially
symmetric solutions of a chemotaxis model in the plane. Math. Methods Appl. Sci. 29, 13
(2006), 1563-1583.

[4] BLANCHET, A., CARRILLO, J. A., AND MasmouDI, N. Infinite time aggregation for the
critical Patlak-Keller-Segel model in R2. Comm. Pure Appl. Math. 61 (2008), 1449-1481.

[5] BLANCHET, A., DOLBEAULT, J., AND PERTHAME, B. Two-dimensional Keller-Segel model:
optimal critical mass and qualitative properties of the solutions. Electron. J. Differential Fqua-
tions (2006), No. 44, 32 pp. (electronic).

[6] BrEzis, H. Analyse fonctionnelle. Collection Mathématiques Appliquées pour la Maitrise.
[Collection of Applied Mathematics for the Master’s Degree]. Masson, Paris, 1983. Théorie et
applications. [Theory and applications].

[7] BrEzis, H. Remarks on the preceding paper by M. Ben-Artzi: “Global solutions of two-
dimensional Navier-Stokes and Euler equations” [Arch. Rational Mech. Anal. 128 (1994), no.
4, 329-358; MR1308857 (96h:35148)]. Arch. Rational Mech. Anal. 128, 4 (1994), 359-360.

[8] CaarioTI, E., LIONS, P.-L., MARCHIORO, C., AND PULVIRENTI, M. A special class of sta-
tionary flows for two-dimensional Euler equations: a statistical mechanics description. Comm.
Math. Phys. 143, 3 (1992), 501-525.

[9] CagrioTi, E., Lions, P.-L., MARCHIORO, C., AND PULVIRENTI, M. A special class of
stationary flows for two-dimensional Euler equations: a statistical mechanics description. II.
Comm. Math. Phys. 174, 2 (1995), 229-260.

[10] CALVEZ, V., AND CARRILLO, J. A. Refined asymptotics for the subcritical Keller-Segel
system and related functional inequalities. Proc. Amer. Math. Soc. 140, 10 (2012), 3515-3530.

[11] CampoOs, J., AND DOLBEAULT, J. A functional framework for the Keller-Segel system: log-
arithmic Hardy-Littlewood-Sobolev and related spectral gap inequalities. C. R. Math. Acad.
Sci. Paris 350, 21-22 (2012), 949-954.



[12]
[13]
[14]
[15]
[16]

[17]

[18]
[19]

[20]

THE KELLER-SEGEL EQUATION 35

Campos, J. F., AND DOLBEAULT, J. Asymptotic estimates for the parabolic-elliptic Keller-
Segel model in the plane. Comm. Partial Differential Equations 39, 5 (2014), 806-841.
CARLEN, E.; AND Loss, M. Competing symmetries, the logarithmic HLS inequality and
Onofri’s inequality on S™. Geom. Funct. Anal. 2, 1 (1992), 90-104.

CARRILLO, J. A., LisINI, S.; AND MAININI, E. Uniqueness for Keller-Segel-type chemotaxis
models. Discrete Contin. Dyn. Syst. 84, 4 (2014), 1319-1338.

DIPERNA, R. J., AND LiONs, P.-L. Ordinary differential equations, transport theory and
Sobolev spaces. Invent. Math. 98, 3 (1989), 511-547.

EGANA, G. AND MISCHLER, S. Uniqueness and long time asymptotic for the Keller-Segel
equation: the parabolic-elliptic case. Arch. Ration. Mech. Anal., 220 (2016), no. 3, 1159-1194
FOURNIER, N., HAURAY, M., AND MISCHLER, S. Propagation of chaos for the 2d viscous
vortex model. Journal of the European Mathematical Society (JEMS), 16 (2014), no. 7, 1423—
1466

GAJEWSKI, H., AND ZACHARIAS, K. Global behaviour of a reaction-diffusion system mod-
elling chemotaxis. Math. Nachr. 195 (1998), 77-114.

LieB, E. H., AND Loss, M. Analysis, vol. 14 of Graduate Studies in Mathematics. American
Mathematical Society, Providence, RI, 1997.

NAITO, Y. Symmetry results for semilinear elliptic equations in R2. In Proceedings of the Third
World Congress of Nonlinear Analysts, Part 6 (Catania, 2000) (2001), vol. 47, pp. 3661-3670.



	1. Introduction
	1.1. The Keller-Segel equation
	1.2. Remarkable features

	2. A priori estimates in the subcritical case M < 8
	3. Existence theory
	3.1. A stability result
	3.2. Strategies of proof
	3.3. Linear problem in H1k
	3.4. Linear problem in L2 L12
	3.5. Truncated nonlinear problem in L2 L12
	3.6. The compactness argument

	4. Uniqueness result
	5. Self-similar solutions
	6. Linear stability of the self-similar profile in L2
	7. Bibliographic discussion
	References

