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Are written in blue color some changes (corrections) with respect to what has been taught during
the classes.

1. INTRODUCTION

1.1. The Landau equation. In this chapter, we consider the (space homogeneous) Landau equa-
tion

(L.1) O f(t,v) = Q(f, /)t 0),  f(0,0) = fo(v),

on the density function f = f(¢t,v) > 0,t >0, v € R? d > 2, where the Landau kernel is defined
by the formula

(1.2) Q. 1)) = 5-{ [ aisto - m)(gw*);{;w) - f(v);i(v*)) dv.}.

Here and in the sequel we use Einstein’s convention of sommation of repeated indices. The matrix

a = (a;;) is defined by

I A 2
(1.3) a(z) = [2P(2), TLj(z) = 6ij — 235, 2= 5k
so that IT is the orthogonal projection on the hyperplan z* := {y € R% y - z = 0}, in particular
II? = II. Most of the time, we will restrict ourself to the more interesting and only physically
meaningful case

d:=3, ~v:=-3

In that case, the Landau equation (1.1) models in a space homogeneous regime the evolution of a
plasma where gas particles interact through the Coulomb force in a binary collisions regime.
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1.2. Physical properties.
Let us start explaining some simple but fundamental features about the equation.
On the one hand, we observe that I1(2)¢ = & — 2(2 - €) for any z,& € RY, so that

()5 =0 and TI(=)EE = (1 — (- €)) > 0,
and thus
(1.4) a(z)6€>0 and (a(2)€€=0iff £ x 2).

t,

Here and below, we use the bilinear form notation auv = wau = v-au. In particular, the symmetric

matrix a is positive but not strictly positive.

On the other hand, for any nice functions f, : R — R, f > 0, we have

/Q(f,f)(pdv = //a(v—v*)(fo*—f*Vf)Vgpdvdv*

= —//a(va*)(fo* —f*Vf)V*cp* dvduv,,

where we use the shorthands f = f(v), Vi = (V) (v), f« = f(vs), Vb = (V1))(vs), where the
first formula comes from (1.2) and an integrating by part and where the second formula comes by
just interchanging the variables v and v, and observing that a(—z) = a(z). Summing up the two
formulas gives the more symmetric formula

1
(1.5) /Q(f, Hedv = 3 // a(v — v*)(fo* — f*Vf) (V(p — V*go*) dvdu,.
Observing that a(v — v,)(Vy — Vg,) = 0 for ¢ = 1,v;, [v|? because of (1.4), we deduce that

/Q(f7 Hedv=0, forp=1 v, \U\Q,

that we may rephrase by saying that 1, v and |v|? are collisional invariants of the Landau kernel
and that reflects at this statistical level the fact that each collision leaves invariant the number of
particles involved in a binary collisional system, leaves invariant its momentum and leaves invariant
its energy. As a consequence, a solution f = f(¢,v) to the the Landau equation (1.1) satisfies

1
d
— [ f| v |dv=0,
dt 2
[v]
so that
1 1
/f(t,v) v dv:/fo v | dv, VYt>0,
v[? s

meaning that the total mass, momentum and energy are constant of time through the Landau
evolution. In order to simplify the presentation, we define the set of functions

£= z{feLl(Rd);fZO,/f (ll))dv: (é) /f\v|2dv:d

and we will always restrict ourself to case when fy € £~ and thus, at least formally, f(¢,-) € £ for
any t > 0. It turns out that we may come down to that situation from a mere change of variables
and as a consequence of the Galilean invariance of the model, but we do not discuss further that
issue.

Choosing now ¢ := log f in (2.3), we see that

== [au.possao =3 [ [arr. S-Sy - Eyduan, =0

the nonnegativity coming from the positivity property in (1.4). Defining the entropy functional

~ [ 10z sa,
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we deduce that any solution f = f(t,v) to the the Landau equation (1.1) satisfies

GH(D = [N +iog ) do = ~Du() <0

what is nothing but the famous H-Theorem of Boltzmann which reveals the non-reversibility
property of the Landau dynamic. Integrating in time, we equivalently have

+ / Di(f(s,)) ds = H(fo), ¥t>0.
0

We finally consider the stationary problem and for that purpose we define the normalized gaussian

o]
= Py )

which in particular satisfies .# € £=. It is in fact the only stationary state of the Landau equation
which belongs to £~ as a consequence of the following result.

Lemma 1.1. For f € £ smooth and positive, the three following assertions are equivalent
f=u, Q(f f)=0, Du(f)=0.

Proof of Lemma 1.1. We assume here d = 3. The two first direct implications being straightfor-
ward, we only have to show that

(f€&and Dy(f)=0) imply f=.4.
On the one hand, because Dy (f) =0 and f > 0 imply

a(VNf o= VA FE)VVE e =V /ff) =0

we deduce from (1.4) that

(1.6) VIV = VIV = Mu,0) (0 —v.), You,v, € RY,

for a scalar function (v,v.) — A(v,v.). By permuting v and v, in the equation, we see that
Av,v.) = A(vs,v). For any independent vectors (v1,v2,v3), v; € R3, the equation for different
choices of values of v and v, gives

VEVVA = VAV 2 = Aa(vn — v2)
VIV 2 =V 2V fs = Aas(v2 — v3)
VEVV s = VEVV i = Aai (v — v1),

with A;; := A(v; — v;). Multiplying the first equation by /f3, the second equation by +/fi, the
third equation by /f2 and summing up, we get

0 = \/,]Tg)\lz(vl — ’Uz) + \/fT)\gg(UQ — ’03) + \/f;Agl(Ug — 111).

Taking the scalar product of that last equation with the vector v; A v, we deduce

VFidas =/ fada =0,

FVR=reV o) = [ 2D
By symmetry, we get that A\i; = p(v;)\/f; = p(vj)V/fi, and thus
Aij = /\\/ﬁ\/ﬁ, for some X €R.
Coming back to (1.6), we deduce
V(og f — Av|*/2) = V.(log f. — Mv.|?/2), Vwv,v. € R3,

in particular

As1 =

thus

V(og f — Mv|?/2) =u € R VoveR3,
and finally

log f = MNv|*/24+u-v+logo, VvecR3
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for some p > 0. In other words, f is the gaussian function
m(v) = oexp(=Av|[*/2 —u-v), VoveR3,
from what we immediately conclude because of the moment conditions m € £=. g

1.3. Other representation and notations.

We define the following quantities

(17) bZ(Z) = 8jaij(z), C(Z) = &-jaij(z),
so that in the Coulomb case
(1.8) bi(2) = —212| 2 2, c(z) := —8ndy,

from what we are able to rewrite the Landau operator (1.2) into the shorter forms

Q(g, f) = 0i{ad;0;f — b f}

(1.9) = Oij{af; f} — 20:{0] f}
= afjaijf + 87Tgfa

where we have defined
afj i=a;jxg, bl :=bixg, ¢I:=cxg=—8mg.

The first formulation is nothing but (1.2) after one integration by parts, the second and third
formulations are then obtained by playing with derivative expansions.

2. H-SOLUTION AND THEIR STABILITY

This section is dedicated to the formulation of weak solutions for which we establish the stability.

2.1. A priori estimates, Villani’s inequality and weak formulation. For Hy € R, we define
€, the set of functions

ey = {f e LR S 20, [ f (i) do = (é) [ i<, m) < mo).

From the conservations law and the H-Theorem presented in Section 1.2, any solution to the
Landau equation satisfies

(21) f(tu ) € gHrn Vi > 07
with Hg := H(fo). Let us be a bit more precise. Introducing the notations
Hilg)i= [ glogg)edv. Milg) = [ ghl* v

the integral form of the H-Theorem writes

T
(AT + [ Dul(t))dt = H(fo) + H-(F(T,), 9T >0,
0
As an immediate consequence of the inequality
s(logs)- <VsLoocomior + 801 p oy, Vs>0,
we obtain
H_(9) < 2m)"* + My(g), Vg€ L,

and thus

H_(9) < Co:=(2m)"* +d, Vg€ En,.

We deduce in particular that any solution f to the Landau equation satisfies

(2.2) / " Da(f(t,)dt < Do,

with DO = C() + Ho.
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We are now going to see why the collision kernel Q(f, f) is meaningful for a function f satisfying the
above natural a priori bounds. Starting from (2.3) and recalling (1.3), for a function ¢ € C?(R%),
we write

(2.3) /Q(f, Hedv z/ X - Y dv.dv,

with
X = 2722\ /ff (Vg f — V, log f.)
Y = 272 RTI(Ve - Vi),

where z := v, — v. We observe that

IX[I7: = Du(f),
and
1
VI3 = BUie)i=j [[ aff(Ve - Vep) (Vo - Vo).

Because |V — V.| < [ D?¢|pe [v — v.], we have

a(Ve = Vip.) (Vo — Vipy)

=a(Vy — Vip.) (Vo — v*@*)l\va*lgl +a(Ve = Vi) (Ve — V*%)l\quzl

< D¢l peolo = 0 7Ty, <1 + |0 = 0724 Vel Lo Ly 21,

< Aflpllwz.e (v){vs),

where in the last line we have particularize the discussion to the Coulomb exponent v := 3, so that

B(f;¢) < 2l ellwae< I fl7:-

It thus turns out that when f € £y, and Dy (f) < oo, we have both X,Y € L?(R?%), so that
the RHS term in (2.3) is well defined. In other words, using the Cauchy-Schwarz inequality, the
following Villani’s estimate holds true

(2.4) (QUf £y @) < Du(H)Y2B(f:0)? < V2ol D (£ fll Lt

what gives a meaning to Q(f, f) in the distributional sense.

Thanks to the above discussion, we may introduce the definition of weak solutions we will deal
with. For T' > 0, we define the functional set

Fr = {g € C([0,T); Ly,); g(t) € En,, YVt € (0,T), /0 Dy (g(t))dt < Do}-

Definition 2.1. For Hy € R and fo € €y, N E=, we say that a function f a weak solution (or
H-solution) to the Landau equation with initial datum fo if f € Fp for any T > 0 and (1.1) holds
in the distributional sense, or more precisely

(2.5) - /0 T/ oo~ [ fop(0,") = /0 S QU ot

for any ¢ € C2([0,00) x RY).

It is worth emphasizing that because of (2.4) and f € Fo, we have (Q(f, f),») € L?*(R,) or more
precisely recalling the definition (2.3), we have X € L?(R; x R®) and Y € L*(R; x RS), what
makes the RHS term well defined in (2.5).

2.2. Weak stability.
Theorem 2.2. Assume that (fy,) is a sequence in Fr of solutions to the Landau equation. Then,

up to the extraction of a subsequence, f, — f o(L',L>), where f belongs to Fr and is a weak
solution to the Landau equation.
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Proof. Step 1. From the a priori bound and the Dunford-Pettis Lemma, there exist a subsequence
still denoted by (f,) and a function f € L'((0,T) x R%) such that f, — f in the weak sense
o(L', L®). Because of the equation (2.5), for any ¢ € C?(Ry x R3), we have

which is bounded in L?(0,7T). From the above piece of information, we may deduce that

/fn¢—>/fw a.e. on (0,7), bounded in L*(0,T),

for any ¢ € L°°((0,T) x R3), and next that for any K € L>(R?), we have
(2.6) (fo* K)fn — (f * K)f weakly in L'((0,T) x R3).
The proof of this claim is left as an exercise.

Step 2. We split a := a.+a¢, a. := ate, 1. € D(R?), 1.1<c < We < 1pz<oe, af 1= arpg, Y = 1-1,
¢ € (0,1], and we next write, with obvious notations,

(2.7) QUf, f) = Qe(f, f) + Q. f)-

In order to deal with the first term, we define

Belfip)i= [[ acd 1.0V = V) (Vo = Vo),
and coming back to the proof of (2.4), we first observe that
a:(Vep = Vi) (Ve = Vags) < [D?l| 1o v = 0.7y <20 < 2] D% e,
so that
(Qe(F: 1) )| < Du(£)'2Be(f50)* < |ID*l|2 Dr ()]l ye = 0,
as ¢ — 0 for any fixed p € C?(R, x R®). On the other hand, observing that
QL(f, )(v) = D* : {(ag * f)f} — 2div{(b¢ = f) [},

with b¢(z) = divat(z), and taking advantage of the fact that af,b¢ € L, we deduce from (2.6)
that

- /[(ag # fu)fu — (@ x )] 1 D*p = 2[(b¢ % fa) fr — (WE % f)f] - Vo = 0,

as n — oo, for any fixed € € (0,1] and p € C?(R; x R?). Using the splitting (2.7) and the two
above convergences, we classically deduce

(2.8) Q(fn, fr) = Q(f, f) in D' (R x R3) as n — oo.

We immediately conclude by passing to the limit in the weak formulation (2.5). g

It is worth emphasizing that for proving (2.8), we need to use that Dy (f) € L'(0,T), what is a
consequence of the lsc property

T T
(2.9) /0 Di(f) < limin /0 Dit(f).

We may prove that result using a convexity argument and we refer to the exercises sheet for such
an argument. An alternative way is presented in Lemma 3.6 below.

3. ELLIPTICITY AND ADDITIONAL ESTIMATES

We show that the Landau equation has a parabolic nature, from what we deduce some regularity
properties for the solutions.
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3.1. On the ellipticity of a’.
We start with an elementary estimate about the localization of the positivity of elements of £, .

Lemma 3.1. There exist some constants R, A\, > 0 depending only of Hy such that
|{f2/\}ﬁBR|2777 VfEEHO-
Proof of Lemma 3.1. For any R, A > 0 and A > 1, we write

A{f > AN Bgr| > flacr<a
Br

/f—/ f1f<>\—/ f—/f1f>A-
Br BS,
Observing that we have

1 log, f
1.4 < \B <= 1
LRf f<x > | R|7 /B%f— R2’ /f f>A—/‘f]ogJr logA

Y

we deduce
1 Hf
A{f>XNBgp|>1— — ——- - A|B
[{f = A} N Bg| R Togh |Br|,
and we conclude by choosing first R > 0 large enough, next A > 1 large enough and finally A > 0
small enough. O

We define the truncated diffusion coefficient

(3.1) aij = (|2])(di; — 2:%5),

with ¢ (s) = 3(s)/s, @ € C2(Ry), &(s) = 3 on [0,1/2], F(s) =1 on [1,00) and 0 < F < 2 on R,
so that a > @ as symmetric matrices, and we also define the truncated diffusion matrix af := @ f.
We establish a coercivity estimate on this last one.

Proposition 3.2. There exists a constant ag > 0 depending only on Hy such that
(3.2) al > ap() 31, Vfe&y,.

Proof of Proposition 3.2. For e € S?, ¢ > 0 and with the notations of Lemma 3.1, we introduce
the two sets

B
¢

{z € Br(v) N Byya; f(v—2) = A
{z € Br(v) N By )9 f(v—2) = A

We have
dloee = [ f0-0E)0 - o)

dz
Ae O(z) dz>)\5 / |z |2dz+/
BUE 8|f<7| )

/ |2|2dz > / |z|2dz = Q5/ lul|?du = zQE‘,
% B,(0) B1(0) 3

with ¢ > 0 defined by |B| = B,(0) = 3m0®, we deduce

Y

Observing that

N 2 1
(3.3) a (v)ee > >\5<§|%\ /34 Wrg\).

In order to lower bound the RHS term, we introduce the set
o :={z € Bgr(v);1— (2-¢e)* <e}.
Writing in euclidian coordinates
z=ze+ 7, 21ER, Z Le, v=vie+v, vi €ER, v Le,
we see that z € & implies
vy — 21| <R and 27 > (1—¢)|z]*> = (1 —¢)(z} + |¢)?).
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Both equations together imply
1212 < —5—22 < 2:(R+ |v])2.
1—¢
We deduce the following upper bound on its volume

|| < (2R)m2(R + |v|)%e

Defining
(3.4) e = [Sm(R+ [v)2R] ",
and using Lemma 3.1, we deduce
(3.5) 2max(|D|,|€]) > |BUC| > |{z € Br(v); f(v—2) > A} — || >n/2.
Gathering the three estimates (3.3), (3.4) and (3.5), we have established
al (v)ee > % min(3 (4)5/3 JQ)M Ve e S?
what is nothing but the announced estimate. g

3.2. Weighted Fisher, Sobolev and Lebesgue estimates. We first establish an estimate on
a weighted Firsher information.

Proposition 3.3. For any f € £n,, there holds
IVVFIZ:, , S 1+ Du(f).

Proof of Proposition 3.3. From the very definitions of a and @, we have Dy (f) > ﬁH(f), with
Du(f) = / / @35 (v — ) (fOi f — £20if) (0;log fo — 0;log f) dvdu,
= //a” ) (£:40i\/ fO;/f — 0i f9; f.) dvdv.,
- 4/aijai\/?aj\/7+/ FF0%G:5(v — v,) dvdv,.

From the very definition (3.1), we compute
Oiai; = ¥(|2])(=2:0;2;) = =22 (|2]) /2|
and next

Digis = =20 (|21)/12] = 20 (|2])/|21* = =28 (12]) /|2 = 8.

Using Proposition 3.2, we deduce

£) > dag / VT2 0)% — 8M2,

from what we immediately conclude. 0

Proposition 3.4. For any f € £n,, there holds

(3.6) 1715 <1+ Du(h),

for any p € (1,3] and with k(p) := 75% — 12—1, r(lp) = %(1 — %), in particular (k,r)(3) = (=3,1),
and

(3.7) IVALY S 1+ Du(f),

for any q € [1,3/2] and with k'(q) := 21 -8, T,%q) = 2(4— 3) in particular (K',1')(3/2) = (=3, 1).
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Proof of Proposition 3.4. On the one hand, thanks to the Sobolev embedding H! C L, we have

([ro)" s [wWFwe
s [NV [ AV,

and we deduce estimate (3.6) in the case p = 3 thanks to Proposition 3.3. We deduce the full
range of exponents p € (1,3] in (3.6) by interpolating (just using the Holder inequality) that first
estimate together with the Ll a priori bound.

On the other hand, thanks to the Holder inequality, we have

q
Vf ,
v, = / a/2 yyalk'+3/2)
v 12, 2|
/2 (2—-9)/2
|Vf|2 ! 2(k'+3/2)19/(2—q) — 929 q q/2
< ([55) (Juwese) = 20|V /FlLs, 1,
with p := ¢/(2 — ¢) and k = 2k’ 4+ 3. Because of (3.6) and Proposition 3.3, we deduce

1,1
IV fllzs, < (1+ Dy (f))2 7 ®

when p € [1,3] and k = k(p). The first condition implies ¢ € [1,3/2] and the second condition
implies &' = k(p)/2 — 3/2 = k’(q). We conclude to (3.7) by observing that qu) =+ %@. O

As a consequence of Definition 2.1, we deduce that any H-solution f to the Landau equation also
satisfies
FELN0, T L3, n W2, VT >o0.

That implies that each term involved in the first and second formulations of Qr(f, f) in (1.9) can
be defined separately in a distributional sense. In order to see this, we start establishing some
estimates on the functions af and b/.

Lemma 3.5. For any f € L1 N L3 5, there hold

(3-8) lafllzs < Ifllsnme s
S

(3.9) 167 Ls/s Ifllcsnzs ;-

Proof of Lemma 3.5. On the one hand, the Holder inequality tells us that
2/5 3/5
I fllpsns < 1A I

On the other hand, the Hardy-Littlewood-Sobolev inequality tells us
1 1 A

3.10 My, < 42

(3.10) I 117 Wl 7= 5 +5 -1

for 0 < A< 3,1<p,r<oco. In particular, we have

lafllzs < I1F |21 s < 1fpasas,

by making the choice r =5, A =1, p = 15/13 in (3.10), from what we deduce (3.8). Similarly, we
have

67N prsrs < (1F #1212 pasrs S [ Fllzasss,
by making the choice r = 15/8, A =2, p = 15/13 in (3.10), from what we deduce (3.9). O

As a consequence, we may write

QU = — [[{nvlowe+alo; o) duav,

- // f{a{jaiﬂp + 25{5‘1'90} dvdv,,

where both integrals are well-defined. In the first integral indeed, the first term is well-defined

since f € L35, blop € L%?np C (L3,) and the second term is well-defined since 9;f € L?i/??,
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a{j&wp € Liymp C (L?L/32 ). The new term in the second integral is also well-defined because
a{jaijgo S Liomp C (Lig)/
We end this section by establishing the Isc of Dy and thus completing the proof of Theorem 2.2.

Lemma 3.6. For any sequence (f,) of H-solution to the Landau equation such that f, — f weakly
in L', there holds

(3.11) fn — f strongly in L'
and
T T
3.12 D liminf | Dy (f,).
(3.12) | Datr) < timint [ Di(£)

Proof of Lemma 3.6. Step 1. We know that
Oy / fnipdv bounded in L?(0,T)

and (f,) is bounded in (W' N L1)(U). By the same arguments as in Aubin-Lions Lemma, we
deduce (3.11).

Step 2. We observe that

Diu(f) = / / attdvdv,, € :=VTT — Vo /TT..

Because of step 1, we have \/f,,(t,0)fn(t,vs) = /fa(t,v)fa(t,v.) in L2((0,7) x R24). With
obvious notations, we deduce that &, — & weakly in L?, because the convergence holds in D’ and
the sequence is bounded in L2, We now write a®¢(&, — £)(&, — €) > 0, so that

/O "Df) = /O "pee(f) /0 : /R | [20°%60g — a*eg].

Passing to the limit, we have

liminf/OTD(fn) > lim /OT/RZ(I[ZG&C@K—“&’C&] :/OTDS,C(f)’

n—roo n—oo

for any € > 0. We conclude to (3.12) by observing that a®°€¢ 7 a&€ as € — 0. g
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