Invent. math. 155, 363-388 (2004) ,
DOT: 10.1007/500222-003-0323-6 Inventiones

mathematicae

Existence of C! critical subsolutions of the
Hamilton-Jacobi equation

Albert Fathi', Antonio Siconolfi’

I DMI & UMPA, Ecole Normale Supérieure, 26, allée d’Italie, 69364 Lyon cedex 7,
France

2 Departimento di Matematica, Univ. ‘La Sapienza’, Piazzale Aldo Moro 2, 00185 Roma,
Italy

Oblatum 16-X11-2002 & 18-VI-2003
Published online: 6 October 2003 — © Springer-Verlag 2003

1. Introduction

Let M be a C* second countable manifold without boundary. We denote
by TM the tangent bundle and by 7 : TM — M the canonical projection.
A pointin TM will be denoted by (x, v) withx € Mandv € T.M = 7~ (x).
In the same way a point of the cotangent space 7*M will be denoted by
(x, p) withx € M and p € T M, alinear form on the vector space 7, M. We
will suppose that g is a complete Riemannian metric on M. For v € T\ M,
the norm ||v|| is g(v, v)'/2. We will denote by || - || the dual norm on T:M.
We will also use the notations [|v]|,, for v € T.M, and || p||,, forv e T} M.

We will assume in the whole paper that H : T*M — R is a function of
class at least C?, which satisfies the following three conditions

(1) (Uniform superlinearity) for every K > 0, there exists C*(K) € R such
that

(2) (Uniform boundedness in the fibers) for every R > 0, we have
A*(R) = sup{H(x, p) | lIpll < R} < +o0;

(3) (Strict convexity in the fibers) for every (x, p) € T*M, the second
derivative along the fibers 3> H/dp?(x, p) is positive definite.

A locally Lipschitz function u : U — R, where U is an open subset
of M, is said to be a subsolution of H(x, d,u) = ¢, where ¢ € R, if we
have H(x, d.u) < c for almost every x € U. Recall that, by Rademacher’s
theorem, a locally Lipschitz function is differentiable almost everywhere.
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We say that u is a global subsolution of H(x, d,u) = c if u is defined on M
itself and is a subsolution of H(x, d,u) = ¢ on the whole of M.

Theorem 1.1. Under assumptions (1) to (3) above, if there is a global
subsolution u : M — R of H(x,du) = c, then there is a global C'
subsolution v : M — R.

In fact, it is possible to show that there exists ¢[0] € R, such that
H(x, d.u) = ¢ admits no subsolution for ¢ < ¢[0] and has subsolutions for
¢ > ¢[0]. The constant c[0] will be called the critical value, or the Maiié
critical value. We will say that u : M — R is a critical subsolution if it is
a subsolution of H(x, d,u) = c[0].

It can even be shown that the equation H(x, d,u) = c[0] admits a viscos-
ity solution (see below for definition), see for example [12] or [7]. Moreover
it is also well-known that for ¢ > ¢[0], there exists C* global subsolutions
u: M — Rof H(x, d,u) = c, see [6], for the compact case, or the appendix
of [12] for the most general case.

So in fact the new result is the following.

Theorem 1.2. There exists a C' subsolution u : M — R of H(x, du) =
c[0]. In other words, there exists a C' global critical subsolution.

For an introduction to viscosity solutions of the Hamilton-Jacobi equa-
tion, see [2] or [3]. We recall the definitions of viscosity subsolution, super-
solution and solution. We will say that u : U — R, defined and continuous
onthe open subset U C M, is a viscosity subsolution (resp. supersolution) of
H(x, d.u) = c, if for each C' function ¢ : U — R (resp. ¥/ : U — R) satis-
fying ¢ > u (resp. ¥ < u), and each point xy € U satisfying ¢(xo) = u(xo)
(resp. ¥(xo) = u(xop)), we have H(xo, dy,¢) < c (resp. H(xo, dy,¥) = ©).
A function is a viscosity solution if it is both a viscosity subsolution and
a viscosity supersolution. In fact, since H(x, p) is convex and superlinear
in p, it is well-known, see [2] or [3], that a function u : U — R is a vis-
cosity subsolution of H(x, d,u) = c if and only if it is locally Lipschitz,
and a subsolution in the sense given above (i.e. H(x,d,u) < c almost
everywhere).

Even if our statement of Theorems 1.1 and 1.2 do not use viscosity
solutions to give their proofs we will need to understand the viscosity
solutions of the equation H(x, d,u) = c[0].

As for subsolutions, we will say that a function u is a critical viscosity
solution, if it is a viscosity solution of H(x, d,u) = c[0]. A global critical
solution is a function # : M — R defined on the whole M and which is
a viscosity solution of H(x, d,u) = c[0] on M itself.

Since we can prove Theorems 1.1 and 1.2 connected component by con-
nected component, there is no loss of generality in assuming M connected.
Therefore, in the remainder of the paper the manifold M is assumed to be
connected.

We can give better versions of Theorem 1.2. We first need to introduce
some more tools.
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We recall that the Lagrangian L : TM — R is defined by
V(x,v) € TM, L(x,v) = max (p,v) — H(x, p).
peTiM

Since H is of class C? finite everywhere, superlinear, and strictly convex in
each fiber 7'M, it is well known that L is finite everywhere of class C?,
strictly convex and superlinear in each fiber 7, M, and satisfies

V(x’ p) € T*M’ H(x’ p) = Ug};}}/[(p’ U) - L(x’ U)-

The Legendre transform £ : TM — T*M defined by
oL
°C(-x’ U) =1X _(-x’ U)
v

is a diffeomorphism of class C'. Moreover, we have the equality (p, v) =
H(x, p) + L(x, v) if and only if (x, p) = L(x, v).

Asin[12], if ¢ € R, we say that a function # : M — R is dominated by
L + ¢, and we denote this by u < L + c, if for every piecewise C! curve
y : la, b] - M, with a < b we have

b
u(y(0)) — u(y(a)) < / L(y(s), y(s)) ds +c(b — a).

A function u : M — Ris dominated by L + ¢ if and only if it is a (viscosity)
subsolution of H(x, d,u) = c. See [12], for this and other properties of
dominated functions.

The quantity L(y) = fab L(y(s), 7(s)) ds is classically called the action
of the curve y : [a, b] — M.

As done by Mather [17], it is convenient to introduce, for r > 0, and
x,y € M the following quantity

hu(x, y) = inf /O L), 7(s)) ds.

where the infimum is taken over all piecewise C' paths y : [0,¢] — M,
with (0) = x, y(f) = y. It is obvious that u < L + c if and only if for each
x,y € M, and each ¢t > 0, we have u(y) — u(x) < h,(x, y) + ct.
The Maié critical potential ¢ : M x M — R and the Peierls barrier

h: M x M —] — 0o, +00] are defined by

¢(x, y) = inf.oh;(x, y) + c[0]z,

h(x,y) = liminf &,(x, y) + c[0]z.

[—00

We have h(x, y) > ¢(x, y) and ¢(x, x) = 0. It is clear that the functions ¢
and h satisfy

Vx,y,z € M,Vt >0 ¢(x,2) < ox,y) + h(y, z) + c[0]¢
h(x,z) <h(x,y)+ h,(y, 2) + c[0]z.
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In particular, they even satisfy the triangle inequalities

Vx,y,ze€M, ¢x,2) <ox,y) + ¢y, 2),
h(x,z) < h(x,y) + (v, 2),
h(x,z) < h(x,y) +h(y,2).

It follows that the function 4 is either identically 400 or is finite everywhere.
If M is compact £ is finite everywhere. As is well-known (see Sect. 4 below
for proofs) for a given x € M, the function ¢,(-) = ¢(x, y) is a critical
subsolution, and a critical viscosity solution on M \ {x}. On the other hand,
if 4 is finite, then for each x € M, the function %,(-) = h(x, -) is a global
critical viscosity solution.

We recall that the projected Aubry set »4 is defined by

A={xe M| h(,x)=0}.

If u : M — Ris acritical subsolution then u is differentiable at each x € A,
and H(x, d.u) = c[0], for such an x, see [9].
The following theorem improves 1.2

Theorem 1.3. There existsa C' functionu : M — Rsuchthat H(x, dyu) =
c[0], for x € A, and H(x, du) < c[0], for x ¢ A.

We say that a critical subsolution u : M — R is strict at some point x if
there is an open neighborhood U of x, and a constant ¢ < ¢[0] such that the
restriction u|y is a subsolution of H(x, d,u) = c on the open set U.

As a step in the proof of Theorem 1.3, we also obtain the following
characterization of the Aubry set 4.

Theorem 1.4. For a point x € M, the following conditions are equivalent

(i) the point x is in A;

(ii) there does not exist a critical subsolution u : M — R which is strict
at x;

(iii) every critical subsolution is differentiable at x;

(iv) the function ¢ : M — R is a viscosity solution on the whole of M;

(v) the function ¢, : M — R is differentiable at x.

If u : M — Riis a critical subsolution, we define I (u) as the set of points
x € M, for which there exists a piecewise C' curve y :] — oo, +oo[— M
such that p(0) = x, and u(y(t)) — u(y()) = ftt L(y(s), v(s))ds +
c[0](t — 1), for every t,t' € R with ¢ < t. In this case, the curve y is
a minimizer of the action and y(t) € I(u), for all # € R. Moreover, we
always have I(u) D A, and the function u is differentiable at each point
of I(u), the derivative x — d,u is locally Lipschitz on I (u), see [9].
If M is compact, we can improve Theorem 1.3

Theorem 1.5. Suppose that M is compact, and thatu : M — Ris a critical
subsolution. For each € > 0, there exists a C' function it : M — R such
that t(x) = u(x), H(x, dxu) = c[0], for x € A, and |i(x) — u(x)| < e,
H(x, du) < c[0], for x ¢ A.
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We now state two consequences of the main theorem. The first one is
a slight generalization of a theorem of Maiié, see [15]. In the Riemannian
case, this generalization is due to Bangert, see [1].

Theorem 1.6 (Maié). Suppose M compact. Call FH M the set of probabil-
ity measures (. on TM such that fTM vl dw is finite and fTM dyo(v) du(x, v)
=0, for each ¢ : M — R of class C*°. Then —c[0] = inf{fTM Ldu|pe
HM}. Moreover, each measure u € HM such that fTM Ldu = —c[0] is
necessarily invariant under the Euler-Lagrange flow of L, and is therefore
a minimizing measure.

The second application to the stable norm of a Riemannian metric is
new. See [13] for the definition and properties of the stable norm.

Theorem 1.7. Suppose M is a compact Riemannian manifold. Each closed
1-form w on M is cohomologous to a C° closed 1-form & such that ||y <
Ileo]lls, and such that {x € M | ||&«|lx = ||[w]|ls} is the support of a geodesic
lamination.

It is a pleasure to thank the referee for an unusually careful reading of
our manuscript.

2. Extremals and Euler-Lagrange flow

‘We need some facts from the classical calculus of variations, see [4] or [9].
If y : [a, b] — M is a continuous piecewise C' curve, its action L(y) is

b
L(y) = / L(y(s), y(s)) ds.

Such a curve y is called an extremal (for L) (resp. a minimizer) if it
is a critical point (resp. a minimum) of the action on the set of curves
8 : la, b] — M with §(a) = y(a) and §(b) = y(b).

Extremals satisfy (in local coordinates) the Euler-Lagrange equation

d [aL ] oL :
7 [%(V(S), V(S))} = 5, V), 7).

Since ‘;275
order differential equation on M, hence a flow ¢* : TM — TM. A curve
y : la,b] — M is an extremal for L, if and only if its speed curve
s > (y(s), p(s)) is an orbit of ¢F, i.e. if and only if ¢~ (y(s), y(s)) =
(Y, y(1), for s, t € [a, b].

As is well known, the Euler-Lagrange flow ¢ preserves the energy
E : TM — R defined by

is everywhere non-degenerate, this equation defines a second

L oL
E(x,v) =H (x, —(x, v)) = —(x,v)(v) — L(x, v).
ov ov



368 A. Fathi, A. Siconolfi

We have to study the behavior of E(x, v) for ||v|| — +o0.
Replacing the constant C*(K) expressing the superlinearity of H by
a smaller one if necessary we can assume

C*(K) — Sup(x,p)eT*MK”p” - H(xv p) < +OO
A proof of the following is contained in [12].
Lemma 2.1. a) A(R) = sup{L(x,v) | |[v]| < R} = C*(R) < +o0.
b) C(K) = sup(, erm KVl — L(x,v) = A*(R) < +00.
¢) The function 6;(R) = sup{E(x,v) | ||[v|| < R} is non decreasing and
finite everywhere.

d) The function 6,(R) = sup{||v]| | E(x,v) < R} is non decreasing and
finite everywhere.

As a consequence of the last part of this lemma and the conservation
of energy the flow ¢F is complete. Moreover, see [4] or [9], we can apply
Tonelli’s theorem to obtain

Theorem 2.2. For any pair of points x,y € M, and any a,b € R, with
a < b we can find a curve y : [a, b] — M, with y(a) = x, y(b) = y, and
L(y) < L(6) for every curve § : a, b] — M, with 5(a) = x, 6(b) = y. Such
a curve y is called a minimizer, it is necessarily an extremal.

We draw further consequences of the Lemma 2.1.

Proposition 2.3. 1) There exists a non-decreasing function 6 : R — R
such that for each extremal y : [a, b] — M, we have

SUP,era 117 Il < O(infsepamll 7 (9)11)-

2) For every continuous piecewise C' curve y : [a,b] — M, and each
K > 0, we have

L + CK)C —a)

b
length() = / 17(s)ll ds <

K
In particular
. . L(y) C(K)
lnfse[a,b]”y(s)” = K(b _a) + K
3) Ify : la, b] — M is an extremal then
. L(y) C(K)
SUPSE[L,,I,]IIV(S)II <0 |:K(b B + X ] .

Proof. 1) We can take 6 = 6, 06, where 6, and 6, are given by Lemma 2.1
above. In fact ||y (s)|| < G:[E(y(s), y(s))]. Since y is an extremal
E, = E(y(s), y(s)) is constant. Moreover if s¢ is such that ||y (so)|| =
infyeo 17 (), we have E, = E(y(s0). 7(50)) < 61 (17 (s0) ).
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2) For (x,v) € TM, we have K||v|| < L(x,v) + C(K). In particular
Ky )| < L(y(s), y(s)) + C(K).

Integrating between a and b gives
b
K/ 7l ds < L(y) + C(K)(b — a).

It remains to observe that fab Iyl ds = (b — a)infepqplly ()]
3) This is an easy consequence of 1) and 2). m]

3. Dominated functions and calibrated curves

As recalled above, if ¢ € R, we say that a function u : U — R, defined
on some open set U of M is dominated by L + ¢, and we denote this by
u < L + ¢, if for every piecewise C! curve y : [a, b] — M, with a < b,
and y([a, b]) C U, we have

b
u(y(b)) —u(y(a)) < f L(y(s), y(s)) ds + c(b — a).

We need to understand some of the properties of dominated functions. Most
of this is well known by now, see for example [9] or [12].
Parametrizing a curve by arclength, we obtain

Lemma3.1. Ifu : U — R is defined on the open subset U of M, and
u < L + ¢, then for every continuous piecewise C' curve y : [a, b] — U,
we have

b
lu(y(b)) —u(y(a)| = (A(1) +C)/ 7 ()l ds.
a
In particular, if u : M — R is a function such that u < L + ¢, then u is
Lipschitzian with Lipschitz constant < A(1) + c.

Another important result is the characterization of viscosity subsolutions,
see [9].

Lemma 3.2. A function u : U — R, defined on some open set U of M, is
dominated by L+c if and only if it is a viscosity subsolution of H(x, d,u) = ¢
onU.

Suppose u is a real valued function defined on some part U of M, and
c € R. A continuous piecewise Clcurve y : [a,b] — U,a < bis said to
be (u, L, c¢)-calibrated if

b
u(y(b)) — u(y(a) = f L(y(s), y(s))ds + c(b — a).

This notion is interesting only when u < L + c.
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Proposition 3.3. Let u : U — R, with U an open set of M, be such that
u < L + c. Suppose that vy : la, bl — U is (u, L, c)-calibrated, then we
have

1) for each |d',b'] C [a, b], the curve y|[d', b'] is (u, L, ¢)-calibrated;
2) the curve y minimizes action among all curves § : [a,b] — U with
8(a) = y(a) and 5(b) = y(b). Hence y is an extremal.

The proposition above is by now well-known. For a proof, we refer to [9].
Let us prove another property of calibrated curves.

Proposition 3.4. Given c there exists a constant K(c), such that for every
u: U — R with U an open set of M, satisfying u < L + ¢, and every
(u, L, ¢)-calibrated y : [a, b] — U, a < b, we have

Vs € [a, b], Iy ()]l = K(o).
In fact, we can take K(c) = C[A(1) +c+ 1] —c.

Proof. Since y|[t, t'] is also (u, L, ¢)-calibrated foreacht < ¢, ¢, € [a, b]

Vi <ttt €a,bl,u(y(t)) —u(y()) =/ L(y(s), y(s)) ds + c(t' — 1),

By 3.1, we have u(y(¢')) — u(y(¥)) < (A(1) +c¢) ftt/ Il (s))|| ds, therefore

Vi<t tt ela,b],
/ LOAS). () ds + (' — 1) < (A() + ) / 17 ds.

Dividing by ¢’ — ¢ > 0 and letting ' — ¢, we see that

Vi € [a, b], L(y(n), y () + ¢ = (A(D) + O)lly @)l

Since L(x,v) > (A(1) + c + D]v|| — C[A(1) + ¢ + 1]. We conclude that
ly@l = C[A(D) +c+ 1] —c. i

We will use the following well-known characterization of viscosity so-
lutions. For a proof, one can refer to [12].

Proposition 3.5. Suppose that u : U — R is such that u < L + ¢, and for
each y € U, there exists a (u, L, ¢)-calibrated curve y, : [—¢€,,0] — U,
with €, > 0 and y,(0) =y, then u is a viscosity solution of H(x, d,u) = c.

Conversely ifu : M — Ris a global viscosity solution of H(x, du) = c,
then for each 'y € M we can find a (u, L, c)-calibrated curve y, :] — 00, 0]
— M, with y,(0) = y.
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4. Viscosity properties of Maiié potential and the Peierls barrier

The inequalities

Vx,y,z € M,Vt >0 ¢(x,2) < ox,y) + h,(y, z) + c[0]¢
h(x’ Z) E h(x’ y) + ht(y’ Z) + C[O]t

prove that ¢, is always a global critical subsolution, and also, if /4 is finite,
that the function 4, is a global critical subsolution. In particular, they are Lip-
schitzian with Lipschitz constant < A(1)+c[0]. Since ¢, (x) = ¢(x, x) =0,
we obtain ¢(x, y) < [A(1) + c[0]]d(x, y)

We would like to first prove that ¢, is a viscosity solution on M \ {x},
and that £, is a global viscosity solution when # is finite.

Proposition 4.1. Suppose that the Peierls barrier h is finite. For each
X,y € M we can find a curve y :] — oo, 0] such that y(0) =y, and

0
Vi = 0, h(y(0)) — ho(y(—0) = / L(y(s), y(s)) ds + c[O]z.

—t

In particular, when the Peierls barrier is finite, for each x € M, the
function h, is a global critical viscosity solution.

Proof. By Tonelli’s Theorem 2.2, and the definition of the Peierls barrier,
we can pick a sequence of minimizing extremals y,, : [—t,, 0] — M such
that ¢, — 400, y,(—t,) = x, ¥,(0) = y, and

0
/ L (), () ds + {0}ty — h(x, y).

In

Discarding the first terms we can also assume that 7, > 1 and

0
f L(yn(s), () ds + 01t < h(x, y) + 1.

By part 3) of Proposition 2.3, we have the estimate

. h(x,y) 4+ 1 —c[O]t,
SUpser—y, o7 (I < 6 [ Y + cm}

< 0(lh(x, y)| + 1 = c[0] + C(1)).

In particular the sequence (y,(0), 7,(0)) = (¥, 7,(0)) remains in a compact
subset of TM. Since the speed curves s — (y,(s)y,(s)) of the extremals
¥a are orbits of the Euler-Lagrange flow ¢!, extracting a subsequence if
necessary, we can assume that y, converges towards a limit y uniformly
in the C! topology on each compact subinterval of | — oo, 0]. Fix t > 0,
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set 8, = d(y,(—1), y(—1)), we have 5, — 0. We can find a smooth curve
Vo o [—t, —t +6,] > M from y,(—t) to y(—t) whose action is less than
K§,, with K = A(1). If we piece together the restriction of y,, to [—1,, —f]
and y,, we see that

iy —r+s,(x, Y(=1)) + c[01(z, — 1 4 8,) = (K + c[0])§, +

f L), 7a(s) ds + c[01(tn — ).

In

Since y, converges uniformly to y on [—¢, 0] in the C! topology, we obtain

0

hx, y(—0) + /

—t

L(y(s), 7(s)) ds + c[0]t < liminf [(K + c[0]D6, +

/ L (). (s)) ds + c[01(t, — r)} 4

In

0
tim | [ 2049509 a5+ tor|
0

n—o00

= liminf |:(K + c[0Dé, + / L(yu(s), Yu(s)) ds + c[O]tni| = h(x,y).

—ty

So we obtained the inequality & (x, y(—1)) + fi)t L(y(s), y(s)) ds + c[0]t <
h(x, y), but the reverse equality is also true.

The fact that &, is a global critical viscosity solution now follows from
Proposition 3.5. m|

Proposition 4.2. For each x € M, the function ¢, is a global critical
subsolution.

Foreachx,y € M, withx # y, we canfind e > 0and a curve y :]—¢, 0]
such that y(0) =y, and

0

Vi € [0, €], . (¥(0)) — dx(y(1)) = / L(y(s), y(s)) ds + c[O]z.

—t

In particular, for each x € M, the function ¢, is a critical viscosity
solution on M \ {x}.

Proof. We consider first the case where the infimum ¢(x, y) = inf,.oh,(x, )
+ c[0]z is attained for + — oo. In that case h(x, y) = ¢(x, y), hence & is
finite, and we can find a curve y :] — 0o, 0] such that y(0) = y, and

0
Vi =0, h(x, y(0)) — h(x, y(=1) = / L(y(s), y(s)) ds + c[0]r.

—t



Existence of C! critical subsolutions of the Hamilton-Jacobi equation 373

Since we also have the inequalities

0
h(x,y) = h(x, y(=0)) + / L(y(s), y(s)) ds + c[0]z

—t
0

= ¢(x, y(=1)) + f L(y(s), y(s)) ds + c[0]t

—t

> ¢(x, y) = h(x,y)

we obtain

0
Vi = 0, ¢, (y(0)) — ¢ (¥(—1)) = f L(y(s), y(s)) ds + c[0]z.
—t
If ¢(x,y) # h(x,y), then we can find ¢, — f, € [0, +oo[ such that
hy, (x,y) 4+ c[0]t, — ¢(x, y). Discarding the first few terms we will assume
that /1, (x, y) + c[0]t, < ¢(x, y) + 1. By Tonelli’s Theorem 2.2, we can find
a sequence of extremals y, : [—t,, 0] — M with y,,(—t,) = x, 1,(0) =y,
and L(y,) = h,,(x, y). By part 2) of Proposition 2.3, we have

gy +1  CEn
K K

VK > 0,d(x, y) < length(y,) <

Since d(x, y) > 0, we can choose K such that (¢(x, y) + 1)/K < d(x,y)/2.
Letting then n go to +00, we obtain

dix,y) _ C(K)ix
< < .
2 7 K

0

Therefore 7o, > 0, and we can therefore assume 2f,, > 1, > f5/2 by
dropping the first few terms of the sequence y,,. By part 3) of Proposition 2.3,
we get

2(p(x, y) + 1)

o0

17O < 9[ + c<1>].

Since the y, are extremals, by the completeness of the Euler-Lagrange
flow, we can extend them to extremals y,, : R — M. Since the points
v2(0), ,(0)) = (v, 7,(0)) remain in a compact set of TM, by continuity
of the Euler-Lagrange flow, extracting a subsequence if necessary, we can
assume that , converge uniformly on compact intervals in the C! topology
to the extremal y : R — M. It is clear that y(—f,,) = x, ¥(0) = y, and
o(x,y) = fgm L(y(s), 7(s)) ds + c[0]ts. Since ¢(x, x) = 0, this can be
rewritten as

0

¢:(¥(0)) = dx(¥(—te0)) = / L(y(s), (s)) ds + c[0)te.

oo
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Because ¢, < L + c[0], this implies

0

Vi € [0, 1], $:(¥(0)) — b2 (y(—1)) = / L(y(s), y(s)) ds + c[O].

—t

The fact that ¢, is a viscosity solution on M \ {x} follows from Proposi-
tion 3.5. O

Theorem 4.3. The function ¢, is a global viscosity solution if and only if
x € A.

Proof. If x € A then ¢, = h,, and ¢, is therefore a global viscosity
solution. Conversely, by a well-known result, see Proposition 3.5, if ¢, is
a global viscosity solution, then we can find an extremal y :] — 00, 0] - M
with ¢(0) = x, and such that

0

Vi =0, ¢ (¥(0)) — ¢ (y(=1) = f L(y(s), y(s)) ds + c[O].

—t
Since y(0) = x and ¢, (x) = ¢(x, x) = 0, this can be rewritten as

0
Vi =0, ¢ (y(=0) + / L(y(s), y(s)) ds + c[0] = 0.

—t

Fix now T > 0, € > 0, we can find a curve yr. : [0, f7.] — M such that
Y1.e(0) = x, yre(tre) = y(—T), and such that

/O L), Pre(s)) ds + cl0ltre < d(x, Y=T)) + €.

If we piece together the curve yr and y|[—T, 0], we obtain a curve yr :
[0,t7. + T] — M defined by y7.(s) = yr(s), for s € [0, tr], and
Vre(s) = y(s = T — tre), for s € [tre, tr + T]. In particular y7.(0) =
Vreltre +T) = x, and

IT,E+T .
/ L(¥1.e(8), V1,e(8)) ds + c[01(tr,e + T)
0

0

<o, y(=T)) +e€ +f L(y(s), y(s))ds + c[0]T <e.
-7

Since € and T are arbitrary, we conclude A (x, x) = 0, which means
X € A. O
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5. Differentiability properties for critical subsolutions

For a proof of the following proposition, see [9].

Proposition 5.1. Let u : U — R, with U an open set of M, be such that
u < L + c. Suppose that y : la, bl — U is (u, L, c)-calibrated, then we
have

1) if dyqyu exists then it is equal to 0L /ov(y(1), d,yu) and H(y(1), d,yu)
=c;
2) if't €la, bl then d,u exists.

In particular, if u < L + c and I (u) is the set of x € M such that there
exists y : R — M, with y(0) = x, and y is (u, L, ¢)-calibrated, then u is
differentiable at each point of T (u).

In the situation above one can even show that the derivative of u on I (u) is
a locally Lipschitz map.

Proposition 5.2. If x € A, then there exists a curve y : R — M such that
y(0) = x and

Vi= 0, h(AD.x) = — / L(As). 7(s)) ds — cl0s;
0

0
h(x, y(=1) = —/ L(y(s), y(s)) ds — c[O]z.
—t
In particular, for each critical subsolution u, the curve y is (u, L, c[0])-
calibrated. Therefore A C 1 (u), and u is differentiable at each point of A.

Proof. If x € A, we can find a sequence of C' curves y, : [0,1,] — M,
with y,(0) = y,(t,) = x, t, = 00, and

/ n L(yn(s), ¥u(s)) ds + c[0]t, — 0. ()
0

Without loss of generality we can assume that y, is an extremal, and ¢, > 1.
Therefore by Sect. 3) of Proposition 2.3

sup{ll7, ()1 | s € [0, 1,1, n = 0} < +o00.

As the speed curves of the y, are orbits of the Euler-Lagrange flow, ex-
tracting a sequence if necessary, we can assume that y, converges in the C!
topology to a limit y : [0, +00[— M uniformly on each compact interval
contained in [0, +o00[. We fix t € [0, +o0], for n large enough to have ¢ < ¢,,
setting d, = d(y(1), y,(f)), we construct a curve y : [t — d,, t,] — M from
y(t) to x, by piecing together a geodesic from y() to y, (), parametrized by
arc-length, and vy, |[t, t,]. We have

/" LGa(s). 7, (5) ds < A(l)d, +/"L(yn(s>,yn(s))ds,

—d,
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moreover, since t, — (t —d,) > t, —t — +00, and d, — 0, we obtain
In
h(y(1), x) < 1imll£/ L(yu(s), u(s)) ds + c[0](z, — 1).
n— 0

It now follows from (%), and the convergence of y, — y in the C' topology,
that

/ L(y(s), y(s)) ds + c[0]r + h(y(), x) < 0.
0

But we also have i (x, y(¢)) = h(x, y(t))—h(x, x) < fot Ly, (8), Yu(s)) ds+
c[0]¢, and h(x, (1)) + h(y(f), x) > 0. Therefore we must have

/ L(y(s), y(s))ds + c[0]t + h(y(t), x) = O.
0

To construct the curve y on | — 0o, 0], it suffices, in an analogous way, to
extract a converging subsequence of the curves y, : [—t,,0] — M, with
J_/n(t) =yl + tn)-

Suppose now that u < L + ¢, for t > 0, we get

u(y(®) —u(x) < /0 L(y(s), y(5)) ds + c[0],

and

u(x) —u(y(®) = h(y@®),x) = —fo L(y(s), y(s)) ds — c[O].

Hence
u(y®) —u(x) = fo L(y(s), y(s)) ds + c[0]z.

This shows that y is (u, L, c[0])-calibrated on [0, +00[. An analogous
argument shows that is also calibrated on | — oo, 0], and therefore on the
whole of R. m]

Theorem 5.3. The function ¢, is differentiable at x if and only if x € A.

Proof. If x € 4, the function ¢, is differentiable at x by Proposition 5.2.
Conversely, assume that ¢, is differentiable at x. By Theorem 4.3, we have to
prove that ¢, is a viscosity solution on the whole of M. Suppose this is false.
Foreach y € M\ {x}, by Proposition 4.2, we can pick acurve y, :]—t,, 0] —
M\ {x}, with t, > 0, such that y,(0) = y, and yy is (¢, L, c[0])-calibrated.
Since y, is an extremal, we can extend it to an extremal defined for all time,
we will assume that ¢, is the largest 7 such that both y, (] —£,0]) C M\ {x}
and yy || —1,0] is (¢., L, c[0])-calibrated. If #, < 400 then necessarily
vy(—t,) = x.Infact,ifwehad y_ = y,(—t,) # x, we can piece together y,_
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and y, to find a curve p, :]—1, — 1, ,0] — M\ {x} which is calibrated and
satisfies y,|[—ty, 0] = y,|[—t,, O]. Therefore , being also an extremal has
to coincide with y, everywhere, this gives a contradiction since t,+1#, > t,.

We claim that limsup,_, . 7, = 0. In fact if this is not true, we could
find a sequence y, — x and € > 0O such that #;,, > €. Then each ex-
tremal y,, : [—€, 0] — M is (¢,, L, c[0])-calibrated for every n > 0. Since
¥2(0) = y, — x, and sup,,- |y, (0)|| < 400 by Proposition 3.4, extract-
ing a subsequence if necessary, we can assume that y,, : [—€,0] - M
converges uniformly in the C' topology to the extremal y : [—¢, 0] — M.
It is clear that y(0) = x, and that y is (¢, L, c[0])-calibrated; It follows
from Propositions 3.5 and 4.2 that ¢, is a a critical viscosity solution. This
is contrary to our assumption.

We have thus obtained limsup, _, , 7, = 0. We now use the differentia-
bility property at x. First we know that if d,¢, exists then we must have
H(x,d.¢.) < c[0], because ¢, is a global critical subsolution. Moreover, if
t, is finite, we have y,(—t,)) = x, and since y, is (¢, L, c[0])-calibrated
on [—t,, 0], by Proposition 3.3, for § > 0 small enough, we have

—ty+8
d)x(yy(_ty + 8)) - d)x(yy(_ty)) = f L()/);(S), Vy(s)) ds + 0[0]8

If we divide by § and we let § — 0, we obtain

dex(yy(—1y)) = L(x, yy(=ty)) + [0].

Together with the inequality H(x, dy¢.) < c[0], this implies H(x, d.¢,) =
c[0], and d,¢, = JL/0v(x, y,(—t,)). By the bijectivity of the Legendre
transform, this forces v, = y,(—t,) to be independent of the y € M \ {x}
such that ¢, < +oo. If we now call y the extremal with ¥(0) = x and
7(0) = vy, using also that y, is an extremal we must have y,(s) = y(s +1,)
therefore y = y(t,) if 1, < +o0. Since limsup,_, t, = 0, it follows that
for each § > 0, the image y([0, §]) contains a neighborhood of x in M.
Since y is at least C! this is impossible if the dimension of M is > 2. If
the dimension of M is 1 then there exists points on ([0, §]) (locally) to the
right and the left of x, therefore we can find n €]0, §] with y(n) = x = y(0).
Since y is (u, L, c[0])-calibrated, we have

n
/ L(y(s), y(s))ds + c[0]n = 0,
0

going n times through the loop y|[0, n], and letting n — oo, we obtain
h(x,x) =0. O

6. Strict critical subsolutions

As already said a critical subsolution u : M — R is said to be strict at
Xx € M, if there exists an open subset U C M and ¢ < c[0] such that x € U,
and u|U 1is a subsolution of H(x, d,u) = c.
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Proposition 6.1. There exists a global critical subsolution which is strict
at each point of M \ .

Proof. We first show that given x € M \ A, we can find a global critical
subsolution u, : M — R which is strict on an open set U, containing x,
i.e. there exists ¢, < ¢[0] such that the restriction u,|U, is a subsolution of
H(y, dyu,) = c, on the open subset U,.

We start with ¢,. By Proposition 4.2 we know that ¢, is a global critical
subsolution and a viscosity solution on M \ {x}. Since by Theorem 4.3,
the subsolution ¢, is not a viscosity solution, the supersolution viscosity
condition must be violated. But the only point where it can be violated is
x itself this means that we can find a C' function # : V — R defined
on a open neighborhood V of x such that 8(y) < ¢.(y), for y € V \ {x},
0(x) = ¢,(x), and H(x, d,0) < c[0]. We can then find ¢, < c[0] and an
open neighborhood W of x whose closure W is compact and contained in

V of x such that H(y, d,0) < c,, foreach y € W.In particular, 6 is a strict
critical subsolution on W.

We pick € > 0 such that ¢,(y) > 6(y) + €, on the compact boundary
W\ W, and we define u on W by u,(y) = max(¢,(y), (y) + €). By
the choice of ¢, the function u, coincides with ¢, on a neighborhood of
W\ W, hence we can extend u, continuously by ¢, to M. The function u is
obviously locally Lipschitz. Moreover, it is a global critical subsolution. In
fact, if A C W is a compact set outside which ¢, and u, coincide, then u,
is obviously a critical subsolution outside A. Moreover, it is also a critical
subsolution on U, since a max of viscosity subsolutions is itself a viscosity
subsolution.

It remains to observe that 6(x) +¢€ > ¢, (x) = 6(x) to conclude that there
exists an open neighborhood U, of x such that U, C U and u, (y) = 6(y)+e.
Obviously, for y € Uy, we have H(y, dyu,) = H(y, d,0) < ¢, < c[0]. This
of course implies that u, is dominated by L + ¢[0] on M, and the restriction
u,|U, is dominated by L + ¢, on U,.

We now fix some base point y, in M. Since u, is dominated by L + ¢[0],
it is Lipschitz with Lipschitz constant bounded by A(1) + c[0]. Hence, for
any y € M, we have |u,(y) — ux(yo)| = (A(1) + c[0Dd(y, yo). Replacing
u, by u, — u,(yy), we see that we can assume, without loss of generality,
that for each compact subset K C M we have

sup{lux ()| | x € M\ A,y € K} < Fo00. ()

Since the set M\ 4 is covered by the open sets Uy, x € M\ 4, we can extract
a countable subcover U,,,n € N. We define u = Yy uy,/2""". From (%)
this series is uniformly convergent on each compact subset of M. Observe
that ), 1/2""" = 1, hence u is an infinite convex combination of the i, .
Since each u,, is dominated by L+c[0] on M, itis not difficult to see that the
infinite convex combination u is also dominated by L+c[0] on M. Moreover,
since uy, |U,, is dominated by L + ¢, on U, , the same convexity argument
shows that u|U,, is dominated by c,, /2"*' +3_, ., ¢[0]1/2""" < c[0]. O
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Of course the function u being a critical subsolution is differentiable at
each point of 4. We would like to find one with the same property of being
strict at each point of M \ 4 and which has the property that its derivative is
continuous at each point of #. Since any 7,”u with r > 0 is semi-concave,
it suffices to show that it is itself a critical subsolution which is strict at each
point of M \ +. This is proved in the proposition below.

Proposition 6.2. If u is a critical subsolution which is strict at each point
of M\ I(u), then T, u is also a critical subsolution which is strict at each
point of M\ 1 (u)

We start with a lemma.

Lemma 6.3. Ifu is a critical subsolution, then for each t > 0, the function
T, u is also a critical subsolution. Moreover (T, u) = I(u), and u =

T u+tc[0] on I(u) = I(T; u).
Ift > 0,x ¢ IT(u), and y : [0,t] — M are such that x = y(t), and

T u(x) = u((0)) + [y L(/As), 7(5)) ds, then y([0,1]) C M\ T (w).

Proof. We know that u < L + ¢[0] is equivalent to u < T, u + c[O]s, for

all s > 0, and therefore T, ,u + c[0]s > T, u, for all 5,7 > 0, since the

semi-group 7, preserves the order. Hence 7, u is also a critical subsolution.
Ify :] — o0, 4+00[— M isa (u, L, c[0])-calibrated curve, then

u(y(s)) = u(y(s — 1) +/ L(y(o +s—1),y(0 +5 —n)do +1c[0].
0

It follows that 7,”u(y(s)) + tc[0] < u(y(s)). The reverse equality is true,
as said above, since u < L + c[0]. This shows that u = T,”u + tc[0] on
y(] — 00, +00l). Therefore y is also (7, u, L, c[0])-calibrated. This proves
T(u) C I(T;u),and u = T, u + tc[0] on I (u).

Let us now take a curve y :] — oo, +00[— M that is (T, u, L, c[0])-
calibrated. We have T,”u(y(s)) = T, u(y(s —t)) + fot L(y(c+s—1),y(c+
s—1)) do+tc[0]. Since T,”u(y(s—1))+tc[0] > u(y(s—1)),and T, u(y(s)) <
u(y(s—1t)) —i—fot L(y(oc+s—1), y(o+s—1))dc, we conclude that 7, u(y(s —
1) + tc[0] = u(y(s — 1)). Therefore T, u + tc[0] = u on y(] — 0o, +00[),
and y is also (u, L, c[0])-calibrated. This proves T(u) D I (T, u).

Suppose now that t > 0,x ¢ I(u), and y : [0,¢] — M are such
that x = p(¢), and T, u(x) = u(y(0)) + fot L(y(s), y(s)) ds. Suppose that
y(0) € I(u). Then u(y(0)) = T, u(y(0)) + 2[0], and y(0) € I(T, u).
In particular, the curve y is (7, u, L, c[0])-calibrated, and we can pick an
extremal § :] — oo, +-o0[ which is (7, u, L, c[0])-calibrated and satisfies
3(0) = y(0). It follows that the curve obtained by piecing up §|] — oo, 0]
and y, is continuous on | — 00, #] and also (7, u, L, c[0])-calibrated. This
forces this curve to be an extremal therefore y = §|[0, t]. Since x = (),
and the curve § is contained in I (7, u) = I (u), we see that x € I (u). This
is a contradiction. Therefore y(0) ¢ T (u).
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It remains to show that the other points of the curve y are not in I (u).
But, from the semi-group property of 7,~, we know that for ' < ¢, we have

t

Ty u(x) = T, u(y(") +[ L(y(s), y(s)) ds,

r
therefore from what we just obtained y(t') ¢ (T, u) = I (u). |

Proof of Proposition 6.2. Fix t > 0, and a compact set K contained in
M\ T(u). It suffices to show that there exists ¢ < ¢[0] such that for each
y :la, b] — K, we have

b
T u(yb)) — T, u(y(a) < f L(y(s), y(s)) ds + (b —a)c.

Consider the set & of extremals y : [0, ] — M such that y(r) € K, and

T, u(y(n) = u(y(0)) +fo L(y(s), y(5)) ds.

Since the speed y(s) of such a curve is bounded by a constant independent
of y, the set & is compact in the C! topology, therefore K’ = {y(s) | s €
[0, ¢], y € &} is a compact set disjoint from I («). We pick a neighborhood
V of this set K’ whose closure V is compact and disjoint from I («). Since u
is strict at each point not in Z (#), by compactness of V, we can find ¢ < ¢[0]
such that u|V is a subsolution of H(x, d,u) = c on V. In particular, for each
piecewise C' curve § : [a, B] — V, we have

p .
u@(p)) —u(d(e)) < / L(8(s), 8(s)) ds + (B — a)c.

o

Let us now pick a piecewise C' curve y : [a, b] — K, we want to show that

b
T u(y(b)) — T, u(y(a) < / L(y(s), y(s)) ds + (b —a)c.

a

It suffices to prove the inequality for b — a < ¢, since we can break the
interval [a, b] into a finite family of intervals of length < ¢ and then add up
the inequalities obtained.

We pick an extremal y_ : [0, ] — M such that y_(¢) = y(a) and

T, u(y(a)) = u(y-(0)) +/0 L(y—(s), y-(s)) ds.
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Of course, the extremal y_ is in &, and therefore y_ ([0, ]) C V. We define
§:10,t] > Vbydls) =y (s+b—a),for0<s <t—(b—a),and
8(s) = y(s — (t — b)), fors € [t — (b — a), t]. We have

T, u(8(1)) < u(8(0)) +f L(8(s), 5(s)) ds
0

t b
— u(3(0)) + /b L(y_(s). 7-()) ds + / L(s), 7(s)) ds.

We also do have §(0) = y_(b — a) and

b—a
u(y—-(b —a)) <u(y-(0)) + fo L(y-(s), y-(s))ds + (b — a)c.

Since 6(f) = y(b), we obtain
T u(y(D)) < u(y-(0)) +/0 L(y-(s), y-(s)) ds
b
+ f L(y(s), y(s))ds + (b — a)c

b
= T u(y@) + / LOs). 7)) ds + (b — ae.
a m]

Theorem 1.3 is now a consequence of what we just obtained. In fact,
we can find a global critical subsolution # : M — R which is strict at
each point of M \ . Replacing u by 7,”u, which is locally semi-concave
for t+ > 0, we can assume that x — d,u is continuous on the domain of
definition dom(du) of the derivative. We have A C dom(du). Since u is
a strict critical subsolution on U = M \ +, we can find an open cover V,
of U and a sequence ¢, € R, such that ¢, < ¢[0] and H(x,d.u) < c,
at each point of V,, N dom(du). We choose a partition of unity ¢, on U
subordinated to the cover V,,. If we define the continuous function ¥ by
Y(x) =), c,pn(x), wehave Y(x) < c[0], foreachx € U and H(x, d,u) <
¥(x) for x € U Ndom(du). We can now apply Theorem 9.2 of Appendix A
with F = {(x, p) € T*U | H(x, p) < ¥(x)} as the closed set and U =
{(x, p) e T*U | H(x, p) < (¥(x) + c[0])/2} as the open set containing F'
to obtain the required C' subsolution. m|

7. Approximation

In this section, we will suppose that our manifold M is compact, and we
will prove Theorem 1.5.

We start by observing that any critical subsolution u : M — R is
the uniform limit of subsolutions which are strict on M \ «. In fact if
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o : M — R s a critical subsolution which is strict then, for each € > 0,
the function €y + (1 — €)u is also a critical subsolution which is strict on
M \ 4. Obviously, the uniform limit of euy + (1 — €)u as € — 0 is u.

If u : M — R is a critical subsolution, since M is compact we know
from [11] that we can find u_ and u, withu_ = u, = u on A, such that u_
is a viscosity solution of H(x, d,v) = ¢[0], and —u_ is a viscosity solution
of I—vl(x, d.v) = ¢[0], where I—vl(x, p) = Hx,—p).Wehaveu, <u <u_,
and the set I (1) D A is precisely {x € M | u(x) = u_(x)}.

For each x € M \ I(u), we construct a critical subsolution u,, such
that ||u, — tl|lcc < €, uy = u on I (u), the critical subsolution u, is strict
at x. Since x € M \ I(u), we have either u_(x) > u(x) or u, (x) < u(x).
We will treat the first case, the second is similar. We choose § > 0 such
that 36 < u_(x) — u(x), and 36 < €. We choose u; : M — R a critical
subsolution which is strict on M \ 4 > x, and such that |u; — u|ls < 6.
We have u < u + 8 < u; + 28 < u + 36. By the choice of §, it follows
that u;(x) + 26 < u_(x). Moreover since u_ = u on I (), we obtain that
11428 > u_ onaneighborhood of T (u). If we define the critical subsolution
u, by u, = min(u_, u; + 8). We have u, = u; in a neighborhood of x,
and therefore u, is strict at x. Since u, = u_ on a neighborhood of I (u),
we obtain u, = u on I(u). It remains to check that |u, — Ul < €.
Since u_ > u, and u; > u, we have u < u,. Of course we also have
uy < uy+ 28 <u+ 36. this gives |[u, — ullo < 38 < €.

As in the proof of Theorem 1.3, we can form a convex combination i
of the family u,, x € M \ I(u) to obtain a global critical subsolution such
that i is a strict subsolution at each x € M \ T(u), and # = u on I (u).
These last two conditions do imply that I (iz) = I (u). Moreover, by convex

combination || — u]| < €. We can now replace i by = T i, witht >0
small enough to have ||Ii —ul|oo < €.ByProposition 6.2 and Lemma 6.3, the
global critical subsolution it satisfies i = u on I (n)y=1 (L:t), and it is also
a strict critical subsolution at each point of the complement of T (1) = T (L:t).
The derivative of @ is continuous on its domain of definition which contains

T(u) = I(n).
It is not difficult to adapt the arguments of the end of the proof of
Theorem 1.3 to finish the proof of Theorem 1.5. O

8. Applications

We prove first Mafié¢’s Theorem 1.6.

Suppose that M is compact, and that p is a probability measure on
TM with fTM lvllx du(x, v) < +o0o. Remark that since M is compact all
Riemannian norms on 7M are equivalent, therefore the norm used to check
the condition fTM lvllx du(x, v) < +ooisirrelevant. Since the norm ||d, g|| .
is bounded if g : M — R is C!, the integral fTM d,g(v) du(x, v) makes
sense.
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Suppose now that fTM d, fv)du(x,v) = 0, for each C* function
f:M — R. Ifg: M — Ris C!, we can approximate it in the uniform
c! topology by a sequence f, : M — R of C* functions. In particular,
there is a constant K < 400 such that ||d, f,|l. < K, for each x € M, and
each n € N. In particular, we have |d, f,,(v)| < K||v||,. Since the right hand
side of this last inequality is p-integrable and d, f,(v) — d,g(v), by the
dominated convergence theorem we obtain that fTM d.g(w)du(x,v) =0.
Therefore if u : M — R is a C' critical subsolution, integrating the in-
equality d,u(v) < L(x, v) 4 c[0], we obtain —c[0] < fTM L du. Of course
we could have used the easier fact that for each € > 0, there exists a C*
function u. : M — R such that H(x, d,u.) < c[0] + €, for each x € M,
see [6], to obtain a proof of that fact.

Suppose that u does also satisfy fTMLd,u = —c[0]. We first show
that the support of 1 is contained in the Aubry set A C TM. We choose

u : M — R aC! critical subsolution such that H(x, d,u) < c[0], for
X € M\ . If we integrate the inequalities

du(w) < L(x,v) + H(x,du) < L(x,v) + c[0],

we obtain 0 < fTM L(x,v)H(x,d.u)du = 0. Therefore, we must have the
equalities

dyu(v) = L(x,v) + H(x, dyu) = L(x, v) + ¢[0]

for (x, v) in the support of u. The second equality gives H(x, du) = c[0]
therefore x € . The first shows that d,u = 9L /0v(x, v), hence (x, v) is
precisely the point above x € + which is in the Aubry set A C TM.

By Mather’s graph theorem, the projection 7 : TM — M induces a bi-
Lipschitz homeomorphlsm from 4 onto . Hence 4 = {(x, X(x))|x € A},
where X is a Lipschitz vector field defined on . We can extend X to
a Lipschitz vector field defined on M. Since the Aubry set J is invariant
by the Euler-Lagrange flow ¢, it is not difficult to see that 7 induces
a conjugacy between ¢! |4 and y¥ |4, where ¥ is the flow generated by
the Lipschitz vector field X. Hence to check the invariance under ¢* of 1
whose support is contained in 44, it suffices to check that the image measure
. is invariant by ¥X. By Proposition 10.3 of Appendix B, we must see
that [), d, f(X(x)) dmyu(x) = 0, for every f : M — R of class C*. This

follows from u € FH M, in fact, since the support of pu is in A, we have
Juy & (X)) drrpu(x) = [, do f(0) da(x, v). o

It remains to prove Theorem 1.7. If w is a smooth 1-form, we can
consider the Lagrangian L (x, v) = %||v||§ — w,(v). Because w is closed, its
Euler-Lagrange flow ¢! is the geodesic flow, so its projected Aubry set 4
is a geodesic lamination. It is well-known that its associated Hamiltonian
is H(x, p) = 1llp + .. Moreover, we have c[0] = 1||[]]?. It results

from Theorem 1.3 that there exists a C' function u : M — R such that
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H(x, dwu) = 3llduu + oy ]2 < c[0] = 3 [[o]|?, with equality if and only if
x € oA. It suffices to set @ = w + du. ]

9. Appendix A

We will denote by N a smooth metrizable manifold. We will suppose that
N is endowed with some auxiliary Riemannian metric (not necessarily
complete), we will denote by || - || the associated norm on any fiber 7, N or
TYN. We will denote by m, : T*N — N the canonical projection.

If f : N — Risalocally Lipschitz function, we will denote by dom(d f)
the set of x € N where the derivative d, f exists. By Rademacher’s theorem
dom(d f) is of full (Lebesgue) measure in N.

The following theorem was established in the appendix of [12].

Theorem 9.1. Let N be a smooth metrizable manifold, and f : N — R be
a locally Lipschitz function. Suppose that F C O are respectively a closed
and an open subset of T*N, such that each F, = F N TN is convex
with d. f € F, for almost every x in dom(df). If ¢ : N —]0, +o0[ is
a continuous function, then there exists a C*™ function g : N — R such that
(x,d.g) € O and | f(x) — g(x)| < €(x), for each x € N.

We need an improvement.

Theorem 9.2. Let N be a smooth metrizable manifold, and f : N — R be
a locally Lipschitz function. Suppose A C B C N satisfy

(1) Aisclosedin N,

(2) N\ B is of (Lebesgue) measure 0,

(3) B C dom(df) and the restriction of the derivative B — T*N, x >
(x, d, f) is continuous at each point of A.

Given any continuous function € : N \ A —]0, 400, and any subsets
F C O C T*(N\ A), which are respectively a closed and an open subset
of T*(N \ A), such that

(4) for each x € N \ A, the intersection F, = F N T} N is convex,
(5) for almost every x in (N \ A), we have d, f € F,,

then there exists a C' function g : N — R such that (x,d.g) € O,

| f(x) —gx)| < €(x), foreachx € N\ A, and g(x) = f(x),d.g = d. f, for
x € A

Proof. We set U = N\ A. We want to apply Theorem 9.1 with U instead
of N. The problem is to make sure that we can extend the map obtained on
UtoaC' mapon N.

Call d the distance on N obtained from the Riemannian metric. We can
assume €(x) < d(x, A)?, for each x € U. If this was not the case, we could
replace the continuous positive function €, by x +— min(e(x), d(x, A)?),
this function is still continuous > 0 on the open set U = N \ A.
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To simplify the matter, by Tietze-Urysohn theorem, we choose a contin-
uous section s : N — T*N,x — s(x) € TIN, with s(x) = d, f,forx € A,
Foreachn € N, the set U, = {(x,p) e T*N | ||[p —sx)| < 1/(n + 1)}
is open and contains (x, d, f), for each x € A. Since the derivative d f
restricted to B is continuous at each point of A, we can find an open set
V, C N,suchthat A C V,,and foreachx € V,NB,wehave (x,d, f) € U,.
Shrinking V,,, if necessary, we can assume \_/,,+1 C Vy,and A = NyenVi.
We define

Fi=m"(U\Vo) Ul p) [ x € Vi \ Vagr, lp = sl < 1/(n + D)),
neN

O, =n'(U\V)U U(O N, p) [ x € Vi \ Viga, lp — s@0)|| < 1/n).
neN

It is not difficult to check the following properties:

(a) Fi C Oy, furthermore F; and O; are respectively closed and open in
T*U

(b) (x,d.f) € Fi,foreachx e UNB

(c) for each x € U, the intersection F; N TU is convex.

Ifweset F=F,NFand O = 0,N 0, we evidently have:

(d) F C O, furthermore F and O are respectively closed and open in T*U.
Conditions (2), (5), and (b) give:

(e) (x,dyyr) € F, for almost every x € U.
Conditions (4), and (c) give:

(f) for each x € U, the intersection F N T}U is convex.

Applying Theorem 9.1 with U, F, O instead of N, F, O, we find g :
U — R, of class C*, and such that (x, d,g) € 0, | f(x) — g(x)] < e(x), for
eachx € U. Weextend g by f on A. Since | f(x) —g(x)| < e€(x) < d(x, A)?,
it is easy to see that the extension is also differentiable at each point x € A,
withd,g = d, f. Since (x, d,g) € 0, for x € U, we see that ld:g—sx)| <
1/n, for x € V,. This implies the continuity of the derivative at each point
of A, since s(x) = d, f = d,g at such a point. O

10. Appendix B

Suppose that N is a manifold and f : N — Ris a function. If (x, v) € TN,
we will say that f has a derivative at x in the direction of v, if for each C'
curve y : [—n,n] — N, such that n > 0 and (y(0), y(0)) = (x, v), the
function ¢ — f(y(#)) has a derivative at 0 and the derivative % f(y()]r=0 1s
independent of . We will then denote by v f this common value. Moreover,
if X is a vector field on N, and the derivative of f at each x € N in the
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direction of X (x) exists, we will say that f is differentiable in the direction
of X, and we will denote by X f the function x — X (x) f.

The following lemma gives a criterion for verifying directional differ-
entiability when f is Lipschitz (a mild restriction).

Lemma 10.1. Suppose f : N — R is Lipschitz on a neighborhood of
x € N. Ifv € TN, and there exists a curve yy : [—ng, No] — N, with
no > 0, ¥(0) = x, admitting a derivative yy(0) = v, and such that both y
and the function t — f(yy(t)) have a derivative at O, then f has a derivative
at x in the direction of v.

Proof. This is a local statement, hence we can assume that N is an open
subset of R”, and that f : N — R is Lipschitz for the norm || - || on R”,
with Lipschitz constant C. If y : [—n, n] — N is a curve, differentiable at
t =, with (¢(0), 7(0)) = (x, v), then y(¢) — yo(t) = te(t), with e(r) — 0, as
t — 0. Therefore, we can write

Jy®) — f((0) (@) — f()/o(O))‘ _ ‘f()/(t)) — Jn(®
t

t t
C
7||J/(l) — @l
= E(t) 10 0. O
Proposition 10.2. Suppose that N is a metrizable manifold, and that f :
N — R is locally Lipschitz. We can find a sequence g, : N — R of C®
functions converging uniformly to f, and satisfying the following property:
for each continuous vector field X such that X f exists and is continuous,
the sequence of functions Xg, converges pointwise to X f.
Moreover, we can choose the functions g, with the further property that
the subset {(x, d,g,) | x € K, n € N} is relatively compact in TN, for each
compact subset K C N.

Proof. As usual in non-smooth analysis, see [5], we call d f(x) the convex
hull of the set of accumulation of derivatives d, f (at points where they exist)
when y — x. Because f is locally lipschitz and 7, N is finite dimensional,
the set is also compact and non empty.

We first show that if X is a continuous vector field such that X f* ex-
ists and is continuous, then p(X(x)) = X f(x), for each x € N, and
each p € 9f(x). Suppose first that p = lim,_,d,, f, where y, — x,
and y, € dom(df), the set of points where f is differentiable, then since nec-
essarily X f(y,) = d,, f(X(y,)), and by continuity of X we have p(X(x)) =
lim,,_, o dy, f(X(y,)), we do obtain by continuity of X f that X f(x) =
p(X(x)). Since df(x) is the convex envelope of the accumulation points
of dyf as y — x, this gives the same equality p(X(x)) = X f(x), for
p € df(x).

In fact, since N is finite-dimensional, say of dimension d, a theorem
of Carathéodory states that every convex combination of a set of points is
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a convex combination of a subset with at most d + 1 points. It is then not
difficult to show that C = U,yd f(x) is closed in TN. Moreover, for every
compact set K C N, the intersection C N7 '(K) is compact, because the
almost everywhere defined derivative is bounded on every compact subset
of N. Since TN is a metric space, we can write C = ),y Uy, Where U, is

open in TN, we can also assume U,.,; C U,, and Uy N n;l(K ) is compact,
for each compact set K C N, since the same thing is true for C. We can
apply Theorem 9.1, to obtain a sequence g, : N — R of C* functions
converging uniformly to f and such that (x,d.g,) € U,, for x € N, and
n € N. It remains to show that d,g,(X(x)) converges to X f(x). Since
d,g, is contained in the compact subset Uy N T, N, it suffices to show that
dygn, (X(x)) converges to X f(x) if d,g,, converges to p. But this follows
from what we proved above, since necessarily p € TN N (), Un =

3 f(x). O

Proposition 10.3. Suppose that | is a probability measure on the compact
manifold N. If X is a Lipschitz vector field on N such that f v e 8(X(x))dp(x)
= 0, for every C* function g : N — R, then  is invariant by the flow X
generated by X.

Proof. Using Lebesgue’s dominated convergence theorem, it is not difficult
to obtain from Proposition 10.2 above, that | ~ X fdp =0, for every Lip-
schitz function which is continuously differentiable in the direction of X.
Suppose now that g : N — R is a C™ function. For each r € R the
map x > ¥ (x) is locally Lipschitz on N — R, therefore the function
go¥X : N — Ris Lipschitz. Moreover, this function go,X is continuously
differentiable in the direction of X with

S

d
X(go )0 = —[go v @], = (Xg) oy ().

It follows that [, 4[g o ¥X(x)]du(x) = 0, therefore since g o ¥ (x) —
g(x) = [ L[g o yX(x)]ds, by Fubini theorem we obtain

trod
f (gov —g)du = f f Tl Y X (0] du(x)ds = 0.
N 0 JN as

Since C* functions are dense in C°(N, R) for the sup-norm, we do obtain
[y fovXdu= [, fdu,forevery f € CN,R). |
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