Mixing times of Markov chains

Justin Salez

Abstract

How many times should one shuffle a deck of 52 cards? This course is a self-
contained introduction to the modern theory of mixing for Markov chains. It consists
of a guided tour through the various methods for estimating mixing times, including
couplings, spectral analysis, discrete geometry, and functional inequalities. Each of
those tools is illustrated on a variety of examples from different contexts: interacting
particle systems, card shufflings, random walks on graphs and networks, etc. A partic-
ular attention is devoted to the cutoff phenomenon, a remarkable but still mysterious

phase transition in the convergence to equilibrium of certain chains.
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1 Framework

This first chapter sets the stage on which we are going to perform. We start with a brief
but self-contained remainder on finite Markov chains and their large-time behavior. We then
introduce the total-variation distance to equilibrium, collect some of its basic properties, and
use them to define three fundamental notions that will lie at the center of our attention: the
relaxation time, the mixing time, and the cutoff phenomenon. Finally, we briefly present two
rich classes of Markov chains which are important from both a theoretical and a practical

viewpoint: random walks on graphs, and random walks on groups.

1.1 Markov chains
A Markov chain is specified by a triple (27, P, v) consisting of the following ingredients:

(i) A state space 27, which in our case will just be a finite, non-empty set.

(ii) A transition kernel P: 2" x 2" — |0, 1], which satisfies

~—

Vee 2, Y Py = L (1
yex

(i) An initial law v: 2" — [0, 1], which satisfies
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Figure 1: A particular transition kernel on 2" = {a, b, c}, represented by its diagram.

Remark 2 (Existence and uniqueness). By Dynkin’s theorem, the finite-dimensional
marginals (@ determine the law of X as a stochastic process, i.e. a random variable
taking values in the product space (X, P (X ))®N. Conwversely, Kolmogorov extension’s

theorem (or a direct construction) always ensures the existence of X ~ MC(Z", P, v).

Let X ~ MC(Z, P,v), and let u; denote the law of the random variable X;. Then it
follows from the above definition that py = v and that for every ¢t > 1,

VeZ, wly) = 3 mal@)Play). (4)

It will be convenient to view a probability distribution p € P(Z") as a row vector, a function
f: 2 — R as a column vector, and a transition kernel P: 2" x 2~ — [0, 1] as a matrix. In

particular, we may rewrite the above identity in the following compact way:

pe = -1 P. ()

We shall be interested in the large-time distribution of our Markov chain, i.e., the asymptotic
behavior of p; as t — oo. If the sequence (1i;);>0 converges to some distribution 7 € P(Z7),

then passing to the limit in the above recursion shows that = must be stationary, i.e.

T = 7P (6)



We are thus naturally led to investigate the question of existence and uniqueness of stationary

distributions. In that respect, the following definition will be useful.

Proof. Consider the empirical mean of the first ¢ > 1 instantaneous laws of the chain:

o= %ius e PX). (8)

By compactness, we can extract from the sequence (m;);>1 a subsequence that admits a limit

m € P(Z). The latter is necessarily stationary, because for each z € 2~
(rP)a) - miz) = L8O

t t—o00

This shows existence. Note that the stationary equation 7P = 7 implies that the support of =
is closed under the accessibility relation  — y defining the diagram G'p. In particular, if P is
irreducible, then any stationary law 7 has full support. Finally, suppose for a contradiction
that an irreducible kernel P admits two distinct stationary distributions m; and 7y, and
consider the function m: [0,1] — [—1, 1] defined as follows:

m(f) = f,%g} (m1(x) — Oma(x)) .



It is clear that m is continuous, with m(0) > 0 (because m; has full support) and m(1) <0
(because m; # my). Thus, there is 6, € (0,1) such that m(6,) = 0. But then, the vector

. 7'('1(.’17) — 9*7'('2(1’)
TiT e T (9)

satisfies 7P = 7 (because so do 7y, m2), has minimal entry equal to zero (by definition of

0,) and has entry sum equal to 1 (because so do 7, m). Thus, 7 is a non-fully supported

stationary distribution for the irreducible kernel P, a contradiction. U

Let us note that the more natural conclusion P(X; = y) — m(y), which is stronger than (0],

requires extra assumptions, as the following counter-example shows.

In order to preclude the type of pathological periodicity displayed by Example [I, we need

to strengthen the irreducibility assumption (7)) by exchanging the order of quantifiers.



The following fundamental result constitutes the starting point of our study. It asserts that
any ergodic Markov chain mixes: as the number of iterations grows, the chain approaches

the stationary distribution, regardless of the initial condition.

We will later see many proofs of this result, and numerous refinements. Here is a nice practical

application: in order to approximately sample from a sophisticated target distribution 7, all
we have to do is to design an ergodic Markov chain whose stationary law is 7, and let it run
for sufficiently long. This observation is at the basis of a number of technological revolutions,
such as Monte Carlo Markov Chain methods or Google’s Pagerank algorithm. It motivates

the following question, to which the present course is entirely devoted.

To answer this question, we first need to agree on a way to measure the distance to equilib-

rium, i.e., the discrepancy between the law u, at time ¢, and the stationary law 7.

7



1.2 Distance to equilibrium

There are many natural ways to measure the distance between two probability measures pu
and v on a finite set 2": Hellinger distance for statisticians, Hilbert/L? norms for analysts,
relative entropy for physicists and information theorists, etc. Each has its own flavor and its
specific list of advantages and drawbacks, making it more relevant to the study of certain
chains than others. Rather than competing with each other, these distances are complemen-
tary: they are related one to another by an array of inequalities, and combining different

viewpoints is often the best way to analyze a given Markov chain. We will here mainly focus

on the total-variation distance, which is more natural for probabilists.

This is clearly a distance on the set P(Z2") of all probability measures on 2", and we have
dry(p,v) < 1, with equality if and only if 4 and v have disjoint supports. Let us start by

collecting a list of useful alternative expressions.

Proof. The first identity follows from the observation that changing the set A to its comple-



ment changes the value p(A) — v(A) to its opposite. For the second, note that

n(A) —v(4) = Y (ulx) — v())

€A
< Y (ula) - vla)),
< 3 (ule) - v()),
xeX

for all A C 27, and that those become equalities for A = {x € 2": u(x) > v(x)}. The third

and fourth claims are obtained by taking a = u(x) and b = v(x) in the two identities

(a—b)y = a—aANbd
1
= §(|a—b|+a—b).

Finally, for the last inequality, simply note that for any f: 2" — [—1, 1],

nf—vfl = Y (ux) - v(x)) f(z)

zeZ

Y ln(z) = v(x)]

e
= 2dTV(N, V),

IN

and that there is equality in the case f(z) = sign(u(z) — v(z)), with sign = 1p, —1g_. O

Let us now record a couple of basic but important properties of total variation distance.

Proof. The first claim follows from the observation that (u,v) — u(A) — v(A) is trivially
convex for each A C 2, and that any maximum of convex functions is convex. The second

follows from the last expression in Lemma [2 because if f € [~1,1]7, then so does Pf. [

We are now ready to introduce the main object of our study.



1.3 Relaxation time and mixing time

We initiate our study of Zp by establishing a fundamental sub-multiplicativity property,
which shows that mixing can not slow down once it has started: if s iterations suffice to

reduce the distance to equilibrium to 1/4, then ks iterations suffice to reduce it to 27*.

Proof. Let II denote the “idealized” transition kernel which mixes exactly in one step, i.e.

(z,y) = w(y) (15)
Then, it is immediate to check that I1? = PII = IIP = II, so that for all t € N,

t

(P-1) = Y C) (=1)°I°P* = P' —1L.

s=0

10



Thus, writing ||A]| := max,cz Zye o |A(z,y)|, we arrive at the important representation
29p(t) = [[(P-10)|, (16)
for all £ > 1. The desired claim now follows from the sub-multiplicativity property
IAB|| < [[AlIBI, (17)
which is easily checked to hold for all matrices A, B € R* %% . O

Lemma 4] asserts that the non-negative sequence (u;)ien defined by u; := 29(t) is sub-

multiplicative, i.e. u; s < wpug for all ¢, s € N. By Fekete’s Lemma, this implies

ut —— inf {ui/s: s>1}. (18)

t—o00

Note that the infimum is less than 1 if P is ergodic, because we then have Zp(t) < 1/2 for
t large enough. This establishes the following notable refinement of Theorem [I]

At first sight, Corollary [I] seems to bring a definitive answer to Question [I; the distance to
equilibrium Zp(t) decays essentially like (A, (P))" as t — co. It is tempting to deduce that

the chain is well mixed when the number of iterations is larger than the relaxation time

1
1 )
log (—/\*( P)>

defined so that A\, (P) = exp(—ﬁ) (our definition differs slightly from the classical one,

PreL (P) (20)

which we find less natural in discrete time). In fact, this intuition is wrong, and one often

11
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Figure 2: The “sliding window” chain with n = 6.

needs to wait much longer than the relaxation time before the chain even starts to mix. The

reason is that the approximation

Iolt) ~ O(P) = exp (—ﬁ) (21)

promised by Corollary [1] is only valid asymptotically, in a regime where ¢ is so large that
the chain is already infinitesimally close to equilibrium. Thus, the relaxation time does not
answer the real question: how long do we need to wait before the distance to equilibrium

becomes small? This naturally leads to the following definition, illustrated on Figure [3]

Definition 6 (Mixing time). The mizing time of P with precision ¢ € (0,1) is
& (P) = min{t € N: Dp(t) < £}.

The default precision is € = 1/4, in which case we write tyx(P) instead of tl%f)(P).

The value ¢ = 1/4 is standard, and sufficient in practice: any smaller precision can be

achieved by just increasing ty;x(P) by a universal factor. Indeed, Lemma [18| implies
- 1
Ve € (0,1/4),  tux(P) < tSA(P) < tux(P) [bgz J . (22)

Thus, the fundamental quantity tyx(P) provides a rigorous formalization of Question .
Understanding its dependency on the underlying kernel P is a fascinating task, to which the

present course is devoted. By , the relaxation time always provides the lower-bound

1
tlE/fI)X(P) > tREL(P) log (2_€> ) (23>

but the latter can be terribly poor, as we shall see. Let us illustrate these concepts on a toy

example which is not exciting, but is simple enough to allow for explicit computations.

12
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Figure 3: Distance to equilibrium and mixing times.
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1.4 The cutoff phenomenon

From a practical point-of-view, estimating mixing times is particularly meaningful when
the number of states becomes large. Rather than studying a fixed Markov chain, we will
thus consider a sequence of transition kernels (P,),>1 whose dimensions grow with n, and
investigate the order of magnitude of tyx(P,) as n — co. Recall that the particular choice

e = 1/4 in the definition of ty is irrelevant: for any fixed ¢ € (0,1/4),

tix(P) = O (tux(Pr)), (24)

where the notation a, = ©(b,) means that the sequence (a,/by),,, is bounded from above
and below by strictly positive constants. For many chains, we will see that an even stronger

insensitivity holds: the dependency in e disappears completely, in the following sense.

Definition 7 (Cutoff). The sequence (P,),>1 exhibits a cutoff phenomenon if

Ve € (0, 1), §f1)><(Pn) ~ tMIX(Pn)7 (25)

where the notation a, ~ b, means that a, /b, — 1 as n — oo.

In words, the number of iterations required to even slightly mix (say, ¢ = 0.99) is asymp-
totically the same as that needed to completely mix (say, € = 0.01), at least to first order.
Equivalently, the associated distance to equilibrium Zp, undergoes a sharp phase transition,

dropping abruptly from 1 to 0 around some appropriate time-scale (t,),>1, i.e.

1 ifa<l1
Ya € |0, 00), Dp, (lat,]) —— 26
0.0 T, (lata)) — {le_ 20
Note that this means that tl(vfll((Pn) ~ t, for all ¢ € (0,1), hence the equivalence with

Definition [7] For example, our computations for the sliding window of length n give
Ex(P) ~ (27)

for any fixed € € (0,1), providing our first instance of cutoff. Discovered in the 80’s in the
context of card shuffling, this remarkable phase transition has since then been established
for a broad variety of chains, from random walks on certain groups to various interacting
particle systems. However, the proofs of cutoff remain chain-specific, and finding a general

explanation constitutes the most important open problem in the field.

14



Question 2. What is the exact mechanism underlying the cutoff phenomenon?

The following simple criterion was proposed as a possible answer in 2004.

Definition 8 (Product condition). (P,),>1 satisfies the product condition if
tMIX(Pn) > tREL(Pn)7

where the notation a, > b, means that b,/a, — 0 as n — co.

This condition is easy to verify in practice, because it only involves a comparison of order
of magnitudes, whereas Definition [7| requires determining the precise prefactor in front of

mixing times. It is easy to see that the product condition is necessary for cutoff:

Lemma 5 (No cutoff without the product condition). Any sequence of transition kernels

(Py)n>1 which exhibits cutoff must satisfy the product condition.

Proof. Suppose that (P,),>1 exhibits cutoff, and fix ¢ € (0, %) We then have tyx(F,) ~

tl(\f&(Pn), as n — 0o. On the other hand, the lower bound 1} implies
P > P)log [~

tMIX( ) = tREL( ) 0og 5 .
€

Combining those two estimates, we see that
. tREL(Pn> } 1
lim sup { —_— < —,

n—o00 tMIX(PTL) In (2_15)

and the right-hand side can be made arbitrarily small by choosing € small. O

Unfortunately, the converse statement — which is the one that would have been useful in
practice — does not hold in general. Even worse, any sequence (P,),>1 exhibiting cutoff can
be perturbed so as to produce a counter-example, as we now explain. Given an ergodic

transition kernel P with stationary law 7 on a finite state space 2, define
Q = (1-0)P+ 011, (28)

where II is the rank-one transition kernel defined at ([15]), and 6 € (0,1) a parameter to be
adjusted later. Note that () is ergodic, with stationary law w. The interpretation of @) is
simple: at each step, a biased coin with parameter 6 is tossed: if it lands on tails, the next

state is chosen according to P; otherwise, it is chosen according to the stationary law .

15



Proof. The impact of the rank-one perturbation (28) on the distance to equilibrium is easy
to determine: we have @ — Il = (1 — 6)(P — II), so that yields

vt >0, Dot) = (1-0)"Dp(t).

Recalling Corollary (I, we deduce that A\(Q) = (1 — §) A\ (P), i.e.

tre (P)

tren(Q) = 1 — tge(P)log (1 —6)

Specializing these general identities to P = P, and 6 = 0,, easily leads to the claim. O

Note that when n is large, the entries of the perturbed matrix @, are extremely close to
those of P,. Yet, (P,),>1 satisfies cutoff, whereas (Q,),>1 does not: cutoff is a delicate and
sensitive phenomenon, which can not be captured by a basic criterion such as the product
condition. Nevertheless, chains that satisfy the product condition without exhibiting cutoff
are regarded as pathological by the community, and an informal conjecture states that the
product condition should correctly predict cutoff for all reasonable chains. Giving an honest
mathematical content to this vague claim constitutes a natural open problem, which can be

seen as a first step towards Question [2|

Known answers include birth and death chains and random walks on trees. However, the
above construction shows that the product condition will incorrectly predict cutoff for many

chains, including certain random walks on groups as defined next.

16



1.5 Random walks on graphs and groups

Among the various chains that will be considered in this course, a particular attention is
devoted to random walks on groups and graphs, which play an important role in many mod-
ern applications, from card shuffling to page-rank algorithms or the exploration of complex

networks. Let us here briefly recall how these random walks are defined.

Definition 9 (Group). A group is a pair (2, %), where Z is a set and * a binary

operation on Z satisfying the following axioms:

(i) There is an identity element id € Z satisfying x xid =idxxz = x for allx € Z .

(ii) Every element x € X admits an inverse z=' € X such that xxz™' = 7 xx = id.

(iii) The operation  is associative, i.e. (xxy)*z =z % (y*z) for all (x,y,2) € X°3.

Here are three classical examples of finite groups to which we shall come back later:
e The cyclic group (Z,, +) of integers modulo n, equipped with addition modulo n.
e The hypercube (Z%,+) of binary vectors of length n, equipped with addition mod 2.

e The symmetric group (&, o) of permutations of [n], equipped with composition.

Given a finite group (£, ) and a probability distribution p € P(Z"), let (Z;);>1 be i.i.d.

random variables with law yu, and consider the process X = (X;);>1 defined by
Xt = Zt‘k"“kZl, (29)

with the usual convention that an empty product is the identity. Then X is a Markov chain

on 2, called the random walk on (£, x) with increment law p. Its transition kernel is
Ve,ye 2, Pla,y) = plyxa™t).

This matrix is bi-stochastic, meaning that its transpose is also stochastic. In other words,
the uniform distribution 7 = Unif(.2") is stationary for P. Note that P is irreducible if
and only if the incremental support supp(p) = {z € 2" u(x) > 0} generates (2, %), in
the sense that any group element z can be written as © = x; x - - - x 1 for some t € N and
some 1, ...,x; € supp(u). A pleasant feature of random walks on groups is their intrinsic

symmetry. In particular, the choice of the initial state is irrelevant.

17



Proof. By induction over ¢ € N, we have P!(z,y) = P!(id, 27! xy) for all z,y € 2. Thus,

1 . _ 1
dTV (Pt(aj, -),7‘(’) = 5 Z Pt(ld,y*x 1) — m’
yex
B 1 ‘o 1
yed

= du (P'(id, ), 7).

O

where the second equality uses the bijective change of variables y — y % x.

If a graph G = (27, F) has degrees at least 1, we may define a transition kernel on 2" by

1 .
Ployy) = | dw TTWFEE
0 else.

The corresponding Markov chain is called simple random walk on G. It describes the evo-
lution of a walker which, at each step, jumps from the current vertex to a uniformly chosen
neighbor. P is irreducible if and only if G is connected, meaning that one can go from any
vertex to any other by traversing a sequence of edges. Note that the formula
deg(z)

21E|

defines a probability vector on 2", which satisfies the detailed balance equation

Ve e X, 7(x)

V(z,y) € 22, w(z)P(z,y) = 7(y)P(y,x). (30)
By summation over all x € 27, this implies that 7 is stationary for P.

18



2 Probabilistic techniques

In this chapter, we introduce two simple but powerful probabilistic tools to estimate mixing
times: distinguishing statistics (to obtain lower bounds), and couplings (to obtain upper
bounds). These important techniques are then applied to obtain sharp estimates for the

random walk on the cycle and the Ehrenfest Urn model.

2.1 Distinguishing statistics

In practice, it is often easier to obtain lower bounds on mixing times than upper bounds.

The reason is that the distance to equilibrium is defined as a (double) maximum:

Dp(t) = max max |P'(z, A) — m(A)].

It readily follows from this definition that any choice of an initial state z € 2" and a target

event A C 2 provides a lower bound on the distance to equilibrium. This trivial observation

will be used so often that it deserves a lemma for better visibility.

To get a good bound, the pair (z, A) should of course be chosen so that P'(x, A) is abnormally
large or small compared to the equilibrium value w(A). In practice, good candidates for
(x, A) are easily guessed, but estimating P'(x, A)—7(A) can be difficult. A simple alternative
consists in computing the first and second moment of an observable f: 2~ — R that behaves

very abnormally when the chain is far from equilibrium. This formalizes as follows.




Proof. Since the right-hand side is invariant under translating f by a constant, we may
assume that pf + vf = 0, so that (uf)? = (vf)* = §*/4. By Cauchy-Schwartz, we have

5 = (mem—v@»ﬂm>

zeX
IR (1(x) — v(x))
< (w;%(u( ) +v(x)) f( )) (wezg{ @) T (@) )

The first sum is exactly equal to (o + §%)/2, while the second is at most 2dyy (i, v) by the

crude bound |u(x) — v(z)| < p(x) + v(x). Rearranging yields the claim. O

We will illustrate the strength of those generic lower bounds on various concrete Markov

chains once we have a complementary technique to obtain matching upper bounds.

2.2 Couplings

In probability theory, coupling is a very general technique which allows one to compare two
given distributions p and v by constructing a pair of random variables (X, Y") whose marginal
distributions are p and v. Every such pair provides a particular relation between p and v,

and the whole idea is to choose a relation that sheds useful light on p and v.




Of course, we can always take X and Y to be independent with respective marginals p and
v, but this is usually not the most interesting choice: the above definition allows for X and
Y to be entangled in an arbitrary way, and this degree of freedom can often be exploited to
obtain non-trivial information about the pair (u,r). The following lemma is a simple but

fruitful illustration of this general philosophy.

Lemma 10 (Estimating total variation distance by coupling). Fiz u,v € P(Z"). Then,

dn(i,v) < P(X £Y),

for any coupling (X,Y") of n and v. Moreover, there is a coupling which achieves equality.

Proof. 1f (X,Y) is a coupling of p and v, then for any set A C 2" we can write

u(A) —v(A) = P(X e A —PY € A)
< PXeAd)-PXeAYecA
= P(Xe€AY ¢A)
< P(X #Y).

Taking a maximum over all A C 2 establishes the first claim. Conversely, let us construct a
coupling (X,Y) which achieves equality. The extreme cases dy(p,v) = 0 and dyy(p,v) =1

are trivial, so we leave them aside. By Lemma , we have dyy (i, v) =1 — p, where

p = Z,u(:v)/\l/(x).

zeX
We thus want to construct a coupling (X, Y’) such that P(X =Y) = p. To do so, we define
Z,7) itB=1
xy) = &4
(X,Y) iB=0,
where B, Z, X , Y are independent, with B ~ Bernoulli(p) and for all x € 2",
P(Z=1) = puz) Av(x)
p
L=p
PP =) — (v(z) — pl@)),
L=p

It is immediate to check that (X,Y) is a coupling of p and v such that P(X =Y) =p. O

21



In order to use Lemma [10] to estimate the mixing time of an ergodic kernel P, we need to
construct, for an appropriate time ¢ € N and for every initial state z € 2", a coupling between
P'(x,-) and m which puts as much mass as possible on the diagonal set {(y,y): y € 2}.
This strategy may seem difficult to implement at first sight, but we will now make a couple

of important observations that will considerably facilitate our task.

2.3 Coalescence times

A first useful observation is that we do not need to compare P'(x,-) directly with the
equilibrium distribution 7 (which is sometimes very far from being explicit): it is enough to

compare P(z,-) with the more similar measure P!(y, ), for all (z,y) € 272

Proof. By stationarity, we have 7 = 7P = 7P? = ... = 7P' =" _, w(y)P"(y,-). Thus, 7

is a convex combination of the measures {P'(y,-): y € 2"}. Since dyy(, ) is convex (Lemma
3), we deduce that for any u € P(Z°),

e () < e (1, PY(y,))

22



Choosing i = P'(z,-) and then maximizing over all x € 2 leads to the claimed upper

bound. For the lower bound, we simply invoke the triangle inequality
dry (Pt(~r> ')a Pt(ya )) < diy (Pt(xa '),7T) + dyy (Pt(ya '),7T) )
and then take a maximum over all initial conditions (z,y) € 272 O

We are thus naturally led to the problem of coupling P'(z,-) and P'(y,-), for arbitrary
v,y € Z and t € N. Recall that the instantaneous measures P'(x,-) and P'(y,-) were
actually constructed sequentially, by iterating ¢ times the map p — puP, starting from the
initial measures 0, and d,, respectively. In light of this sequential structure, the most natural
way to couple P'(x,-) and P'(y,-) is to actually couple the entire chains, i.e. to produce a
random pair (X,Y) such that X ~ MC(Z", P,J,) and Y ~ MC(Z", P,0,). For each t € N,
the random pair (X;,Y;) is then a coupling of P'(x,-) and P'(y,-), so we have

dry (P'(2,7), P'(y,") < P(X¢# i) (31)

Now, a very simple way to produce such a trajectorial coupling, simultaneously for all initial

pairs (z,y) € 272, is to use what is known as a coupling kernel.

With this terminology at hands, we can now state and prove the main result of this sec-
tion, which asserts that the convergence to equilibrium of a Markov chain is fast if trajectories

from different starting states can be coupled so as to meet quickly.

23



Theorem 2 (Coalescence and mixing). Consider an arbitrary coupling kernel Q for P,

and let T denote the associated coalescence time. Then,

vt >0, Dp(t) < Py (T > 1),
> plt) < max Py (T>1)

where the notation P,y indicates that the initial state is (x,y).

Proof. Let (X,Y) denote a Markov chain on 2"2 with transition kernel Q). The fact that Q
is a coupling kernel ensures that for each ¢ > 1, the conditional laws of X; and Y; given the
past (Xo, ..., Xy-1,Y0,...,Y; 1) are P(Xy,-) and P(Y,, ), respectively. In particular, X and
Y are Markov chains on 2~ with transition kernel P. Consequently, Lemma [10] yields

dry (Pt(m, ')’pt(ya )) < ]P)(Ivy)(Xt 7é Kﬁ)» (32)

for every t € N and every (z,y) € 272. Now, let us make the additional assumption that the
diagonal set A := {(z,2): z € 2"} is absorbing for the coupling kernel @, in the sense that

Vee 2, Y Q) (yy) = 1 (33)

yex

Then almost-surely, the trajectories X and Y coincide forever after coalescing, hence
P(xyy) (Xt 75 Y;g) = P(Iyy) (T > t).

Inserting this into and then taking the maximum over all pairs (z,y) € 2 establishes
the claim (recall Lemma [11]). Finally, note that if @ fails to satisfy the condition (33)), then

we can always replace it with the new coupling kernel

N Q((z,y), («",y) fxy
Q((x,y), (@',y)) = P(z,2) if =y and 2’ =
0 ifx=yand 2’ #y.

Since @ is a coupling kernel for P which satisfies , we obtain

vt >0, Pp(t) <  max P, <f > t) :
(zy)e2?

where T denotes the coalescence time under @ But 7 has the same law as T, because @

and @) differ only on transitions that start from the diagonal set A. m
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Figure 4: The n—cycle with n = 15.

2.4 Application: random walk on the cycle

As a first pedagogic illustration, let us consider the lazy random walk on the n cycle. The

state space is 2" = Z/nZ, and the transition kernel is

% ify==x
P(z,y) = Toifyefr—1,2+1}
0 else.

This is the transition kernel of the lazy random walk on the n—cycle graph. It is also a

random walk on the cyclic group (Z/nZ,+), with increment law p = 16, + 16, + 16_1. We
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will show that the mixing time of this random walk grows quadratically with n.

Proposition 1 (Mixing time of the n—cycle). For lazy random walk on the n—cycle,

2

n
3_2 < tMIX(P) < nQ-

Upper bound: first attempt. The most natural way to construct a chain X with tran-

sition kernel P starting from a given state z € 2 is to set Xy := x and for all t > 1,
Xy = Xy 1+ & mod n.

where (&)1 are ii.d. with P(§ =0) = 5 and P(§ = 1) = P(§; = —1) = 1. In light of this,
a naive way to couple X with a chain Y starting from another state y € 2 consists in using

the same increments for both chains, i.e. setting Yy := y and for all ¢ > 1,
Y, = Y,_i+& modn. (34)
It is then clear that (X,Y) is a Markovian coupling for P, with coupling kernel

if (2, y) = (z,y)
if (/,y) e{(z+1,y+1),(z—-1y—1)}

else.

Q((x,y),(@,y)) =

O Bl N

Unfortunately, this coupling is not smart at all: the difference X; — Y; is preserved at each

step, so the coalescence time T is a.-s. infinite, and Theorem [2| only yields Zp(t) < 1!

Upper bound: second attempt. In order to “favor encounter”, one could try to let the

two trajectories move in opposite directions, i.e. replace with
Y, = Y1 —& mod n.

Note that this remains a valid coupling, because the increment sequence (—&):>1 has the
same law as (&)¢>1. The corresponding coupling kernel is then

if (2, y) = (z,y)

if (,y)e{(z+1,y—1),(z—1,y+1)}

else.

Q((z,y), (@ y)) =

O = =

Unfortunately, this choice is also problematic: when n is even and z —y is odd, the difference

X; — Y, remains odd at each iteration, so that T" = oo a.-s. again!
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Upper bound: third attempt. A solution to this parity issue consists in letting only

one of the two coordinates jump at each step, as dictated by the following coupling kernel:

Q((z,y), (@",y)) =

oAl =+ y -y =1
0 else.

The sequence of differences (X; — Y;)¢>0 is then a simple random walk on Z/nZ starting
from x — y, and the coalescence time 7' is precisely the time it takes for this walk to hit 0.
Equivalently, 7" is the hitting time of the set {0,n} by a simple random walk (W;);>o on Z
starting from Wy = |z — y|. The expectation of T' is easily computed, for example by Doob’s

optional stopping theorem applied to the martingales (W;);>0 and (W72 — t)i>o:

EWr] = E[Wo = |z —yl:
E[W2-T] = EW -0 = |o—yf"

Since the random variable Wy is {0, n}—valued, we have W2 = nWy and it follows that

nQ

EIT) = (n—lo—yhle—yl < =

Applying Theorem [2{and Markov’s inequality, we conclude that Zp(t) < Z—j, or equivalently,
n2
tix(P) < L—J .

This proves the upper bound in Proposition [I We now turn to the lower bound.

Lower bound. Intuitively, when the number ¢ of iterations is too small, the random walk
X, is confined in a small interval around its starting point, and hence can not be mixed. To
formalize this, we use Lemma [§] with the starting state x = 0 and the distinguishing event
A=[2,2] NN. We have 7(A) = 141 > 1 and by Chebychev inequality,

404 BREI
n 8t
Pz, A) < IP( > —> < =
(l‘7 ) = |§1 + +§t| =4 = ’I’Lz’
where we have used the fact that &;,...,& are i.i.d. with mean 0 and variance 1/2. For

t < n?/32 the right-hand side is less than 1/4, and Lemma [§ yields Zp(t) > 1/4, as desired.
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2.5 Application: Ehrenfest model

Introduced by Tatiana and Paul Ehrenfest to explain the second law of thermodynamics, the
Ehrenfest urns is a very simple model for the diffusion of gas molecules. Consider n labelled
particles evolving among two neighboring containers as follows: at each time step, a particle
is chosen uniformly at random and jumps from its current container to the other one. If one
start with, say, all particles in one container, how long will it take for the gas to equilibriate?
We can describe the state of the system by a binary vector z = (z1,...,x,), where the
variable z; € {0, 1} indicates the container in which the i—th particle currently lies. The

above diffusion is then a Markov chain with state space 2" := {0,1}" and transition kernel

P(z,y) =

~ % if x,y differ by exactly one coordinate
0 else.

This is the transition kernel of simple random walk on a well-known graph, namely the
n—dimensional hypercube. Alternatively, P is the transition kernel of the random walk on
the binary group 4 with increments being uniform on the set of vectors having exactly one

non-zero coordinate. To avoid periodicity issues, we consider the lazy kernel P = ([ +ﬁ) /2.

Proposition 2 (Mixing time of the lazy Ehrenfest urns). For any ¢ € (0,1), we have

(1—o(1))

5 nlogn < tl(\f&(Pn) < (14 o(1))nlogn

Proof. Given an initial state © € 2", a convenient sequential construction of the trajectory
X ~ MC(Z, P,6,) consists in setting Xy = x and then, for all ¢t > 1,

Xt = F<Xt—17-[taBt)7

where F(x) := (x1,...,2-1,b,Tis1,...,%,), and where the random variables I;, B;,t > 1
are independent with B; ~ Bernoulli(1/2) and I; ~ Unif({1,...,n}). Given another initial
state y € 27, one can then naturally couple Y ~ MC(Z", P, d,) with X by using the same
update variables (I;, B;):;>1 for both trajectories, i.e. by setting Yy = y and for ¢ > 1,

Y, = F(Yi1,1,B).

The pair (X,Y) is then a Markovian coupling for P. By construction, at any time t > 0,

the two random vectors X; and Y; agree on the set of coordinates {1, ..., I;}. Consequently,
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the coalescence time 7' is at most the time it takes for all coordinates to have been hit:
T < inf{t>0:{L,....L} ={1,...,n}}.

(In fact, there is even equality when x and y are antipodal.) Consequently, we have

Doty < P(L,.. L} £{1L,....n})
< Y P(i¢{hL,....L})
i=1
1\
o)
n
S ne—t/n
where we have successively used the union bound, the fact that I,...,I; are independent
and uniform on {1,...,n}, and the convexity inequality 1 + u < e*, valid for all u € R.

The upper bound readily follows from this. For the lower bound, we apply the method of
distinguishing statistics (Lemma @[) to the observable

frx = x4+ x,,

which counts the number of coordinates equal to 1. Under the equilibrium law 7, the

coordinates are independent Bernoulli variables with parameter 1/2, so we have

n
7Tf = 5
n
Var, = —.
() = -
On the other hand, after ¢ iterations starting from x = (0,...,0), the coordinates are easily

seen to be negatively correlated Bernoulli variables with parameter (1 — (1 —1)") /2, so
1 t
n

Varu(f) <

=S o3

where 1 = P*(0,-). Thus, Lemma [J] yields

Dp(t) > 1—

from which the lower bound readily follows. m
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Figure 5: Eigenvalues (in red) and spectral radius (in blue) of a typical transition kernel.

3 Spectral techniques

This chapter investigates the eigenvalues and eigenvectors of transition kernels, and their
relation to mixing times. This relation is particularly deep for reversible chains, to which we
devote a central attention. To illustrate the strength of spectral techniques, we revisit two
models that were introduced in the previous chapter and obtain considerably refined results
on their convergence to equilibrium: we establish a limiting profile for random walk on the

cycle, and we prove the cutoff phenomenon for random walk on the hypercube.
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3.1 Spectral radius

We have seen earlier (Corollary [1) that the convergence to equilibrium of Markov chains

occurs exponentially fast: more precisely, for any ergodic kernel P, the limit

|

M(P) = lim (Zp(t)

exists and is strictly less than 1. We will now see that this quantity admits a remarkable
spectral characterization. Let us first recall some terminology. An eigenvalue of P is a root

of the characteristic polynomial A — det(P —\l), i.e. a number A € C such that the equation
Pf = Xf (35)

admits a non-trivial solution f: 2~ — C. Any such solution f is called an eigenfunction as-
sociated with the eigenvalue A, and the pair (A, f) an eigenpair of P. Since the characteristic
polynomial has degree N := | 2|, P has precisely N eigenvalues, counted with algebraic
multiplicities. The set of eigenvalues is called the spectrum of P, and denoted by Sp(P).
For concreteness, Figure [5[ shows a plot of the spectrum of a typical transition kernel. Here

are a few elementary properties of the spectrum of any transition kernel.

Lemma 12 (Eigenvalues). Let P be any transition kernel on 2 . Then,
(i) 1 € Sp(P).
(i) Sp(P) C{A e C: |\ < 1}.

(i1i) If P is ergodic, then 1 is the only eigenvalue on the unit circle.

Proof. The constant function f = 1 solves the harmonic equation Pf = f, proving the first

claim. The second follows from the fact that P contracts the ||-||o norm: for any f: 2" — R,

1Pfll = Il

Finally, consider an eigenpair (A, f) with |A| = 1. If P is ergodic, we can choose t € N so
that the number « := min,e - P'(z, ) is strictly positive. But then, the matrix
Pt —al

-«

Q =

is a transition kernel, of which f is an eigenfunction with eigenvalue Alt__a. Thus, (ii) yields
(e

|IAX' —a| <1 —a. Since |\f| =1, this forces \' = 1. Replacing ¢t with ¢t + 1 gives A\ =1. [
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We now turn our attention to eigenfunctions.

Lemma 13 (Eigenfunctions). Let (X, f) be an eigenpair of P. Then,
(i) If N\ # 1, then wf = 0.

(i) If X =1 and P is irreducible, then f is constant.

Proof. Multiplying both sides of the identity Pf = Af by « yields 7 f = Anf, proving the
first claim. Now, assuming that f = Pf, let us prove that f is constant. Upon replacing f
by its real and imaginary parts if necessary, we may assume that f is real-valued. Denoting
by A := argminf the set of minimizers of f, we wish to prove that A = 2. Fix an arbitrary
x € A, and suppose for a contradiction that there is y € 2"\ A. By irreducibility, we can
find ¢ > 0 such that P'(z,y) > 0. Evaluating the relation P'f = f at x yields

Y Pla2) (f(z) - f@) = 0.

zeZ
Since x € A, each term in this sum is non-negative, so all terms must actually be zero. This

is a contradiction, because P'(z,y) > 0 and f(y) > f(z). O

We are now ready to provide a spectral characterization of the asymptotic decay rate A, (P).

Theorem 3 (Spectral radius). We have A(P) = max {|A|: A € Sp(P) \ {1}}.

Proof. Recall the key representation (16): writing [|All := maxzes Y- c 5 [A(2, )|, We have

vi>1,  22p(t) = ||[(P—-1D).
Since || - || is a matrix norm, Gelfand’s formula asserts that for any A € C* <%

1

[ A —— p(A) = max {|A]: A € Sp(A)}.
Thus, the claim boils down to the identity p(P — II) = A\, (P). We will actually show that
Sp(P —1II) = {0} USp(P)\ {1},

which is more than enough. Let us first prove the inclusion D. Clearly, (0,1) is an eigenpair
of P—1I, s0 0 € Sp(P —II). On the other hand, if (A, f) is an eigenpair of P with A # 1,
then Lemma forces mf = 0, i.e. IIf = 0. Thus, (A, f) is also an eigenpair of P — II.
Conversely, if (A, f) is an eigenpair of P —1II with A # 0, then the identity (P —1II)f = Af can

be left-multiplied by II to obtain IIf = 0, so that (), f) is also an eigenpair of P. Moreover,
we have A # 1, as otherwise Lemma (13| would imply that f is constant equal to 7f =0. O
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3.2 Diagonalization of reversible kernels

Let P be an irreducible transition kernel on 2", with stationary law 7. Consider the (com-
plex) Hilbert space H = L4(2, ) of all functions f: 2  — C, with scalar product

(frg9) = ) mla)f(x)g(x).

zeX

As any operator on H, P admits an adjoint P*, characterized by the duality relation

Vf,geH, (P f,9) = (f,Pg).

Choosing f = ¢, and g = J, yields the following explicit expression.

Definition 13 (Adjoint). The adjoint of P is defined by

Y(z,y) € 272, P*(z,y) = —W(ygja(})/’ x)

Note that P* is again a transition kernel on 2", which is irreducible and with stationary
law 7. Note also that P** = P. The duality P <> P* can be interpreted as time reversal: if
X ~MC(Z', P,m) and X* ~ MC(Z", P*, ), then it is easy to check that for all ¢ > 0,

(X5, X L (X,,...,Xo).

Definition 14 (Reversibility). P is reversible if P* = P, or equivalently,

V(z,y) € %  w(x)P(z,y) = =(y)P(y, ).

The above equation, called detailed balance, is satisfied by all random walks on undirected
graphs, as well as many other interesting Markov chains. It is much stronger than the
stationarity property P = 7 (which can be recovered by summing over all x € Z7), and has
remarkable consequences on the mixing properties of the associated Markov chain. Indeed,

the spectral theorem for self-adjoint operators can then be applied to guarantee the following.

(i) P admits N = | 27| real eigenvalues, which can thus be ordered as follows:
1 = XM 2 X > -0 > Ay > —1,
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(ii) There is an orthonormal basis (¢1, . . ., ¢n) of eigenfunctions of P: forall 1 <i # j < N,
Po; = \igy, il = 1, (i, 95) = 0.

Note that, with these notations, we have A\,(P) = max{Ay, —An}. We will always choose

¢1 = 1 (this is indeed a unit eigenfunction associated with the eigenvalue A; = 1). Such a

spectral decomposition provides an explicit expression for the distribution of the chain.

Proof. Any function f: 2" — C can be decomposed over the orthonormal basis (¢1, ..., ¢n):

N
=1

Since ¢1, ... ¢n are eigenfunctions of P, we deduce that for all t € N,

N

Pf o= > (f, e\

i=1

O

Choosing f = 6, /7(y) and evaluating at x € 27, yields exactly the result.

In order to use the exact expression given in Lemma [14] we need to have explicit access

to the eigenvalues and eigenfunctions of P, which is not often the case. Fortunately, the
expression can be bounded by a function of A\,(P) only, yielding the following simple and

general estimate on the mixing time of a reversible chain.
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Proof. Fixt € Nand z € Z". By Lemma the function y — % — 1 has squared norm

2 N

= > Mgix)

=2

A(P) Y [oi(o)

-0 (1)
A (P)
()

where the third line is obtained by setting ¢ = 0 and y = = in Lemma [I4 On the other

—1

=

IN

<

hand, for any probability measure p € P(Z"), the Cauchy-Schwarz inequality gives

%—1’<%‘——1H. (36)

dry (p,m) = % Z m(z)
xeZ

Choosing p = P'(z,-) and combining this with the previous estimate, we conclude that

O

from which the claim readily follows.
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3.3 Wilson’s method

The method of distinguishing statistics (Lemma E[) provides a lower bound on the distance
to equilibrium based on the first and second moments of an observable f: 2 — C that is
expected to behave very abnormally when the chain is far from equilibrium. In a celebrated
paper, Wilson obtained remarkably sharp lower bounds for several concrete examples of
Markov chains by taking f to be an eigenfunction of P. This fruitful idea is now known as
Wilson’s method, and summarized in the following lemma. We emphasize that reversibility

is not required here. In particular, (A, f) can be complex.

Proof. We may assume that |A| < 1, since otherwise the bound is trivial. Upon dividing f

by || fll if necessary, we may further assume that || f|l = 1. Now, fix x € 2 and ¢t € N.
Following Wilson’s idea, we estimate dy(P*(z,-),7) by applying (the complex version of)
Lemma [J] to the eigenfunction f. Letting X ~ MC(.2", P,§,), we have

Elf(Xep)[Xo, .., K] = (PFX) = Af(Xa), (37)

36



where we have first used the Markov property and then the fact that (A, f) is an eigenpair
of P. Taking expectations, we find that E[f(X;)] = A'f(z). On the other hand, Lemma
(or sending ¢ — oc) gives mf = 0. With the notation of Lemma[9] we thus have

0% = FIf(@)*
Let us now estimate the variance parameter o2. By , we have
E [|f(Xer) = f(XDI [ Xo o Xe] = E[f(Xe)[* [ Xo, o, Xe] 4+ (1= 2R(N) [F(XDI
But the left-hand side is at most V' by definition, so taking expectations gives

E[I/(Xen)] < @RO)=DE /(X)) +V
< APE[fA(X)] + V.

because 2R(\) < 1+ |A|?. Subtracting [E[f(X:y1)][> = [M*T2|f(z)|?, we obtain
Var (f(Xe1)) < [APVar (f(X0)) +V,

from which it follows inductively that

L PR
L= 7 1A

Var (f(X1)) <

Taking ¢ — oo shows that the same is true under the equilibrium measure 7. Thus,

9 4V
<
L= [AP

g

Consequently, the complex version of Lemma [J] guarantees that

el = (”%) - (H(l—!A\z?]‘A/!?t\f(x)P)1’

and taking a maximum over x € 2~ concludes the proof (recall that || f||. = 1). O

Remark 16 (Spectral radius). Choosing \ so that |\| = A\(P), we obtain

: 1 (1 —]AP) (1 —¢)
tl(\/II)X(P) > §tREL(P) log{ 4V }7

which constitutes a considerable improvement over when V < 1 — |\
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3.4 Application: limit profile for the cycle

Let us illustrate our spectral techniques by applying them to the lazy random walk on the
cycle " = Z/nZ, whose transition kernel P, acts on functions f: 2" — C as follows:

fa)  Ja+l)  fa-1)

Ve e 2, (P.f)(x) = 5 1 1

In particular, for any 1 < k < n, the function ¢;: x — exp (ZZ”kI) is an eigenfunction of P,

1+cos( 27k )

5 . Moreover, for 1 < k,/ < n, we have

1 2im(k—0)x { 1 1f k — E
Ly o
n

oy 0 else,

with eigenvalue \, =

1+cos( %)
2

Using 1 — cos(h) ~ %2 and In(1 4 h) ~ h for h < 1, we obtain the asymptotic estimate

showing that (¢, ..., ¢,) is an orthonormal basis of C# . In particular, \.(P,) =

n?

tren(Pn)  ~ = (38)
Using only this information, Remark already gives tﬁfI)X(Pn) = Q(n?) and tﬁf&(Pn) =
O(n*Inn). Of course, we already know from Chapter [2 that the lower bound is sharp.
Moreover, cutoff can not occur, because the product condition is not satisfied. This is
confirmed by the following refined result, which uses the entire spectral decomposition of
P to conclude that the rescaled distance to equilibrium converges to a smoothly decreasing

function (hence, not a step function) displayed on Figure .

Theorem 5 (Limit profile for random walk on the cycle). For any a > 0, we have

e}

Z * cos (2mku)| du.

k=1

.@pn(om2) — Y(a /

n— o0

In other words, t$x(P,) ~ U1 (e)n? as n — oo, for any fived € € (0,1).

Proof. By symmetry (Lemma @, we can choose the initial state to be 0. Our starting point

is the following integral representation, which follows from the definition:
Dp, (t) / |1 = nPL(0, [un])| du. (39)
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Figure 6: Plot of the limit profile ¥: (0,00) — (0,1) appearing in Theorem |5} the conver-

gence to equilibrium of random walk on the cycle occurs very gradually (no cutoff).

To estimate the integrand, we use the spectral decomposition given in Lemma |14}
[n/2]-1 2rk )\ ¢
1+ cos (2£%) 2rk(z — y)
Pt = ____\n/ v 9V
nP'(x,y) E ( 5 ) cos ( "
k=—|n/2]

We choose =0, y = |un] and t = t,, = [an?®]. As n — oo, we have for all k € Z,

tn
1+ cos (22F 2k
(M) cos( T [unj) e R cos (2mku) |
n—oo

2 n

On the other hand, since H%S(‘”) <l1-a?<e@forallac [—1, 1], we have the domination

tn
‘<1+0028(%)> cos <27rk;[unj)‘ < otk
n

Since the right-hand side is summable in k, we can safely conclude that

nPr (0, [un]) —— > e ™ cos (2rku) . (40)
n—oo
keZ
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Moreover, the above domination shows that the left-hand side is bounded uniformly in n et

u, so we can pass to the limit in the integral representation to obtain

1 1
Dp, (tn) e 3 i 1-— Ze““”zk? cos (2mku)| du.
kEZ
We conclude by noting that the £ = 0 term is 1, and that the other are even in k. O

3.5 Application: cutoff for the hypercube

As a second illustration, let us come back to the random walk on the hypercube 2" = {0, 1}"

(also known as the Ehrenfest model). For any f: 2" — C and = = (x1,...,2,) € Z,

1 n
(Pof)(x) = o (f(x1, . 2io1,0, 200, o ) + floeg, ooy, L, o, 2)
i=1

In particular, for any fixed set I C {1,...,n}, the observable ¢;: x ++ (—1)%icr® is an
7]

eigenfunction of P, with eigenvalue A\; =1 — “*. Since 105 = dray, we have
1 — 1 iflI=J
— x)ps(xr) =
|27 ;%%( )91(2) { 0 else,

so that the 2" eigenfunctions (f);cf, form an orthonormal basis of C#. In particular, the

spectral radius is A\, (P,) =1 — %, which yields the asymptotic estimate
tREL(Pn) ~ n.
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Thus, Remark gives tﬁ,fl)x(Pn) = Q(n) and tgf%((Pn) = O(n?). However, both estimates can

be considerably refined if we use the entire spectral decomposition of P,:

Proof. Since the eigenfunctions (¢;)cp, take values in {—1,1}, the L2 bound yields

P(z,- ?
s, (P < [P
= ) M)
0#IC[n]

ABICH)

IA
ol
Il 3
—_
VRS
> 3
N————
@D
[
e}
|
[\
E
~+
N——

IA
S
—_
+
CB|

3w
N—
3
|
—_

< ettt .

This suffices to establish the second half of the theorem (case a > 1). For the first half, we
apply Wilson’s method (Lemma to the eigenpair (A, f), where A=1— 1 and

n

flx) = Z¢{i} = Z(I—Qxi).

i=1

Since modifying a coordinate of x changes f(x) by 2, we have (taking lazyness into account),

VeeZ, > Paylfy) - f@)f = 2

yex

and || fx|| = n. Thus, Lemma [15] applies with A = 1 — 1/n and V = 2/n?, yielding

4V - 1 -
an(tn) = (1 + (1 _ |)\|2)|)\|2tn) - <1 + n1—2a+o(1)) ’

when ¢, ~ anlogn with fixed a € (0, 00). In particular, Zp, (t,) — 1 when o < 1/2. O
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4 Geometric techniques

We have seen that a transition kernel P is irreducible if and only if its associated diagram
Gp is connected, in the sense that it contains a path from any vertex to any other. In light
of this, it is natural to suspect an intimate relation between the mixing behavior of P and

the geometry of Gp. Formalizing this intuition is precisely the purpose of this chapter.

4.1 Volume, degree, diameter

Any transition kernel P on a finite state space 2 naturally induces a directed graph Gp,

called the diagram of the chain: its vertex set is 2 and its edge set is
E = {(z,y) e 2% 2#y & P(z,y) >0} .

In this graph, a path of length ¢t € N is a sequence of ¢ 4+ 1 vertices (zo,...,z;) such that
(xs—1,xs) is an edge for each 1 < s < ¢. The distance from a vertex x to a vertex y is defined

as the minimum length of a path that start at x and ends at y. More concisely,
dist(z,y) := min{t>0: P'(z,y) > 0}. (41)

The function dist: 2" x 2~ — [0, 0] is not necessarily symmetric, but it always satisfies the

two other axioms that define a distance, namely:
(i) Separation: dist(z,y) =0 <=z =y for all x,y € 2,
(ii) Triangle inequality: dist(zx, z) < dist(z,y) + dist(y, z) for all z,y,z € 2.
We may then consider the (forward) ball of radius ¢ € N centered at x € 2"
B(r,t) = {ye Z: dist(z,y) <t}

Understanding how the volume of these balls grows with ¢ is a natural geometric question.
We therefore introduce a function volp: N — [0, 1], called the volume growth of the chain:
volp(t) := minn (A(x,1)).

X

A basic observation is that volp(t) has to be large for the chain to be mixed at time ¢.
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Proof. Simply apply the distinguishing event method (Lemma [8) to the pair (x, A), where

x is any state that realizes the minimum in the definition of volp(t), and A = ZA(x,t). O

We now present two useful consequences of this result, which are easy to apply in practice.

Recall that the degree of a vertex x € 2 is the number of vertices at distance 1 from z:

deg(z) = #{ye 2 : dist(x,y) = 1}.

Of particular interest is the maximum degree deg(P) := max,cy deg(z).

Proof. For any x € 2" and t € N, we have w(#(z,t)) < (max7) x [%A(z,t)| and
|B(x,t)] < 1+deg(P)+---+ (deg(P))".
When deg(P) > 2, this geometric sum is less than (deg(P))"™, hence
volp(t) < (maxm) x (deg(P))"*".
On the other hand, when deg(P) = 1, the geometric sum is ¢ + 1, so we obtain
volp(t) < (maxm) x (t+1).

To conclude, take t := tﬁ,fl)X(P) and note that volp(t) > 1 — ¢, by Lemma

O




Our second application of Lemma [I6 involves the radius of the chain, defined as the smallest

integer ¢ € N such that any two balls of radius ¢ intersect:

rad(P) := min{t >0:V(z,y) € 272, B(z,t)NBy,t) #0}.

Proof. For t = tﬁ,fl)X(P) with € < 1/2, Lemma [16] yields volp(t) > 1. Since two events of

probability more than 1/2 must intersect, the result follows. O
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Note that when the edge set E is symmetric, we have

i) - [0

where diam(P) := max, , dist(z,y) denotes the diameter. In general however, the radius

may be significantly smaller than the diameter, as shown in the following example.

The elementary bounds presented in the previous section can not be expected to be sharp

in all situations, because the parameters deg(P) and rad(P) only depend on the structure of
the graph Gp, and not on the precise transition probabilities. We will now introduce a more
sophisticated parameter called the conductance, which provides more accurate lower bounds

on mixing times by taking the precise transition probabilities into account.

45



4.2 Conductance

We turn Gp into a weighted graph by defining the weight of a pair (z,y) € E as follows:
7(z,y) = w(x)P(x,y). (42)

By the Ergodic Theorem, this quantity represents the asymptotic proportion of time that
the edge (z,y) is traversed by the chain. Note that the formula extends to a probability

measure on 22 whose first and second marginals are equal to 7
Ve e 2, E T(z,y) = Z 7(y,z) = 7(z).
yez yeX

We will measure the surface of a set A C 2" by the quantity 7(A x A¢), and compare it with

the volume m(A). The ratio of those two quantities is called the conductance.

The conductance of a set measures the facility for the walk to escape from it. Indeed, letting
X ~ MC(Z, P, m) denote a stationary chain with transition kernel P, we have for any ¢ € N,

P(X, € A, X1 ¢ A)

P(Xt+1 ¢ A|Xt S A) - P(Xt c A)

= B(A).

Thus, a set A with small conductance constitutes a “bottleneck” in which the walk is likely to
remain “trapped” for a long time. In particular, if that set misses a significant portion of the

state space (m(A4) < 1/2), then mixing should take long. Here is a rigorous confirmation.

Proof. Consider a stationary chain X ~ MC(2", P, ). Then for any A C 2" and t € N,

{XO S A,Xt ¢ A} - O{Xs_l S A,Xs ¢ A}

s=1
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Taking probabilities, we deduce that

> w(a)Pl(x, A < tR(A x A°).

z€A

On the other hand, we have P'(x, A°) > 7(A°) — Zp(t) by Lemma[9] Thus,
T(A°) — Dp(t) < tP(A).

To conclude, choose a set A realizing the definition of ®(P) and set ¢ = tyux(P). O

Figure 7: The binary tree of height n = 3.
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In order to identify the worst bottleneck of a chain, the following remark may be helpful.




4.3 Curvature

The geometric methods described so far only provide lower bounds. In the present section, we
introduce a fundamental geometric notion that will provide powerful upper bounds on mixing
times. Our starting point is the observation that the total-variation distance is “blind” to
the geometry of the state space: we have dy(d,,d,) = 1 for any z # y € 27, regardless of

how close z is to y. A simple but far-reaching idea consists in replacing total-variation with

the following geometric quantity.

Let us make a couple of important comments before proceeding further.

The function W is not symmetric in general, because dist is not. However, this is the only

obstruction for W to be a nice distance on P(Z), as the next lemma shows.
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Lemma 18 (Properties). The Wasserstein distance W is convex and satisfies the sep-

aration azxiom and the triangle inequality. It is symmetric if and only if dist is.

Proof of converity. Fix p, /v, € P(Z") and 0 € [0,1]. Let p be the law of an optimal
coupling form p to p/, and let ¢ be the law of an optimal coupling from v to /. Then

r:=60p+ (1 —0)qis the law of a coupling from Oy + (1 — 8)v to O/ + (1 — 0)1/, so

WO+ (1=0)w, 0 +(1—0)/) < > r(z,y)dist(z,y)
(z,y)eX

= Z (Op(x,y) + (1 — 0)q(x,y)) dist(z, y)

(1‘7:[/)6'%

= HW(IJ/?/“’L,)—'—(]' _Q)W(Va]/)'
This proves that W is convex on P(Z") x P(Z"). O

Proof of the separation aziom. Let p,v € P(Z) be such that W(u,v) = 0. By Remark
22] we can find a coupling (X,Y) of y and v such that E[dist(X,Y)] = 0. This forces
dist(X,Y) = 0 a.-s., because dist(-,) is non-negative. Since dist(+,-) moreover satisfies the

separation axiom, we deduce that X =Y a.-s., hence in distribution. Thus, yu = v. O

Proof of the triangle inequality. Fix A\, u,v € P(Z"). Write p (resp. q) for the law of an
optimal coupling from A to p (resp. p to v). Consider a random triple (XY, Z) with law

p(x,y)q(y, 2)

V(r,y,2) e 23, PX=uzY=yZ=2) =
(2,9, 2) ( y ) )

Y

this ratio being interpreted as 0 if the denominator (hence also the numerator) is zero.
Summing over all z € 2" shows that (X,Y') has law p, and summing over all x € 2~ shows

that (Y, Z) has law ¢. In particular, (X, Z) is a coupling of A and v, so we have

WA, v) < E[dist(X,Z)]
< Eldist(X,Y) + dist(Y, Z)]

= WA w) +Wn,v),
where we have used the triangle inequality for dist(-,-), and the optimality of p and q. O

Proof of symmetry. It is clear from the Definition that W(:,-) is symmetric whenever
dist(-, ) is. The converse readily follows from Remark [21] O
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We now show that the Wasserstein distance controls the total variation distance.

Proof. The inequality 1,, < dist(z,y) trivially holds for all (z,y) € 2. Integrating this

against the law of an optimal coupling from p to v concludes the proof. O

Thus, any upper bound on the Wasserstein distance is also an upper bound on the total-
variation distance. The interest of the Wasserstein distance is that it can be efficiently
controlled by exploiting the geometry of the state space, as we will now see. The curvature

of a Markov chain measures the amount by which Wasserstein distances are contracted under

the action of the underlying transition kernel P.

This global definition seems far too delicate for practical use. Fortunately, a pleasant feature

of curvature is that it admits a simple, local characterization.

Proof. Setting p := max(yep W (P(z,-), P(y,-)), we will establish the inequality

Vu,v € P(Z),  W(uP,vP) < pW(u,v). (43)
Fix z,y € 2, and let (0y,...,0;) be a shortest path from x to y, i.e.
t =dist(z,y), oo=xz, o=y, and (0s1,05) € Eforl<s<t.
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Using the triangle inequality for YW (Lemma and the definition of p, we have

W (P(z,-), P ZW (xs-1,+), P(zs,-)) < pt = pdist(z,y). (44)

This establishes in the special case (u,v) = (d5,9,). For the general case, let p be the

law of an optimal coupling from p to v, and observe that

(uP,vP) = Y play) (Px,), Py.-)).

(z,y)e22

Since W is convex (Lemma [1§), we immediately deduce that

(z,y)eX?

< p Z (z,y)dist(z,y)
(z,y)e2?

= pW(u,v),

where the second line uses and the third the optimality of p. Thus, is established.
Conversely, note that is an equality when (u,v) = (d,,9,) with (z,y) € E achieving
the maximum in the definition of p. Thus, p is in fact the smallest constant for which
holds. Comparing this with Definition , we conclude that p = e *(F), O]

The interest of curvature is contained in the following result.

Theorem 7 (Curvature bound). If x(P) > 0, then

tnlP) < oo
E 1 diam(P)
tl(\/II)X(P) < mbg (T) .

Proof. Using the definition of x(P) and an immediate induction over ¢t € N, we have
Vu,v e P(Z), W(uPt, vPt) < W(u,v)e "
Combining this with the crude bound W(-, ) < diam(P) and Lemma [19} we obtain
dpv (pP',vP") < e " Pl diam(P).
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Finally, choosing v = 7, u = §, and maximizing over x € 2 yields
Pp(t) < diam(P)e "D,

for all ¢ € N. The first claim is obtained by sending ¢ — oo (recall that 75" (t) — e~1/ts(P)),
diam( P)-| ]

and the second by choosing t = [-A log

K(P)

4.4 Application: phase transition in the Curie-Weiss model

In this section, we demonstrate the strength of the above methods by establishing a dynami-
cal phase transition for one of the most fundamental statistical physics models: the mean-field
Ising ferromagnet. The latter describes the evolution of n particles (called “spins”), each
being in one of two possible states (“plus” or “minus”). Each particle has a tendency to align
its state with those of the other particles, and the strength of this interaction is controlled
by a parameter 5 > 0 (the “inverse temperature”). The precise model is as follows.

The system can be represented by a vector z = (z1,...,z,) € {—1,+1}", where x; = +1
(resp. z; = —1) indicates that the i—th particle is in the “plus” (resp. “minus”) state.
At each step, the vector z is randomly modified as follows: a coordinate i € [n] is selected

uniformly at random, and its current value x; is replaced by +1 or —1 with respective
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probabilities ¥ (+s) and ¥ (—s), where

_B .
8= Z xz; and Y(s):=
jeln\{i}

Note that 1(s) + ¥ (—s) = 1 for any s € R, as required. Note also that (s) increases from

68

es+e s

0 to 1 as s ranges from —oo to +00. Thus, the new state of the i—th particle is likely to be
“plus” if s is a large positive number, and “minus” if s is a large negative number. Formally,

we have defined a Markov chain on 2" = {—1,+1}" with transition kernel

w2ic ¥ (5%‘ 2 jel\is} f’f’f') ify=ux
Pn(xay) = %¢ <_§$z Z]E[n]\{z} Ij) 1fy = (:L‘l,...,l’i_17—$i,$i+1,...,$n)

0 else.

The fact that ¢ > 0 ensures that this transition kernel is ergodic. Moreover, it is easily

checked to be reversible with respect to the measure

o (Y
w(x) = mexp %<sz> ,

=1

where Z(3) denotes the appropriate normalizing constant. How does the mixing time of this
chain depend on the interaction parameter 57 In the easy case § = 0 (no interaction), we
recover the random walk on the hypercube, which has mixing time tyx(F,) = ©(nlogn).
On the other hand, in the limit where § — +o0o (strong interaction), the selected particle
will systematically adopt the majority state, so the chain will need an infinite amount of
time to move from (—1,...,—1) to (+1,...,+1). For “intermediate” values of 3, it is then
tempting to believe that the mixing time will simply interpolate between those two extreme
situations, in a gradual way. In fact, the mixing time changes dramatically from O(nlogn)

(fast-mixing regime) to exp(2(n)) (slow-mixing regime) as 3 passes the critical value 1.

Theorem 8 (Dynamic phase transition for the mean-field Ising model).

1. For any fized B < 1, we have tyx(P,) < (1 + 0(1))"113@;5” as n — oo (fast mizing).

2. For any fized B > 1, we have tyx(P,) = exp (2(n)) (exponentially slow mizing).

Proof of fast mizing when 5 < 1. In light of Theorem [7] it suffices to prove that

1-5
K(P,) > —
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which we now do. Let I and U be independent with I ~ Unif({1,...,n}) and U ~
Unif([0, 1]). Starting from a fixed state x = (z1,...,z,) € £, one can construct a ran-
dom state X = (X7,...,X,) with law P(z,-) by setting for each i € [n],

~1 ifI=iand U > (23

jelm\{iy i

Now, consider a state y € 2~ which differs from x by a single coordinate, say x, = —1 and
yr = +1. Then, the coupling (X,Y’) of P(z,-), P(y,-) that uses the same pair (U, I) gives

0 ifI =k
dist(X,Y) = 2 it I'#kand ¢ <§ PPN 953’) SU<9 (g 2 jelm\iny yj)
1 else.

But 95— Yy < 2 and [ < 350w (£ i %) =¥ (£ i @) < 2
Thus, the second case occurs with probability at most §/n, and we deduce that

E[dist(X,Y)] < (1 - 1) (1+§> < e

n
This shows that k(F,) > 1;—’8, as desired. O

Proof of slow mixing when 3 > 1. Let us consider the event of negative magnetization:

A = {xeﬁi’: zn:xi<0}.
i=1

The symmetry property m(z) = m(—x) ensures that 7(A) < %, so that ®(P) < ®(A). By

the conductance bound (Lemma [17)), we only have to show that ®(A4) = exp(—Q(n)). For

0 <k <n,let Ay consist of all configurations with k£ “plus” and n — k “minus” states:

A, = {IE%: Zmi:%@—n}.
i=1

Since at most one coordinate is modified at each step, the only way for the chain to jump

from A to A is to actually jump from Ap, 91 to Ap,/27. Thus,
T(AXAY) = ®(Am-1 X Apyz) < 7(Amy2),
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where the inequality follows from the fact that the second marginal of 7 is w. On the other
hand, we have 7(A) > maxy<p, 21 7(Ax) and for 0 < k < n, 7(Ax) = ar/Z(5), where

a = (Z) exp {%(%-W]

%[n/2]
ag

Consequently, ¢(A) < mingp, /o] . To see that this ratio is exponentially small in n, fix

0 € (0,1) and observe that when k = k(n) ~ 6n as n — oo, we have

B

= 5(20 - 1)* — Olog — (1 — 0)log(1 — 0).

1
ﬁlOg Ak(n) 7 f0):
Thus, our task boils down to showing the existence of # < 3 so that f(0) > f(1/2). But

f'(0) = 28(20 —1)+1log(l —06) —logh

F16) = 4= g

Thus, f'(1/2) = 0and f”(1/2) = 4(8—1), so f(3) is a strict local minimum when § > 1. [

4.5 Carne-Varopoulos bound

The volume bound (Lemma and its useful consequences (Corollaries [2] and [3]) relied on
a crude observation: after t steps, the chain is necessarily at distance at most ¢ from its
starting point. In many cases however, this best-case scenario is rather optimistic, compared
to the typical displacement of the chain. For example, a simple random walk X = (X}):>0
on Z has asymptotic speed zero by the strong law of large number, and it is the statistical

fluctuations that really drive the motion, as quantified by the Central Limit Theorem:

dist(Xo, X;) 4
\/% t—o0

Consequently, after ¢ steps, the walk typically lies at distance ©(v/) from its starting point,

|Z|, where Z ~ N(0,1).

rather than ¢ as we used in our volume bound. In light of this, it is natural to hope for a
quadratic improvement over the diameter lower bound (Corollary [3) for “diffusive” chains.
Note that this intuition is correct for the random walk on the n—cycle, for which we have
seen that ty(P,) < n? < diam(P,)%. With those preliminary observations in mind, let us
now state a remarkable inequality which compares the transition kernel of any reversible

chain to that of the simple random walk on Z.
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Proof. The proof uses the Chebychev polynomials (g )x>0, which are defined by the recursion

Gr+1(z) = 22qi(2) —qea(2) (k2 1),
with initial conditions ¢o(z) = 1 and ¢i(z) = z. The trigonometric identity
2cos(kb) cos(d) = cos((k+1)8)+ cos((k—1)0),
shows that gx(cos @) = cos(kf) for all # € R and k € N. Now, observe that for all ¢ € N,

et 4+ e—w) t

(cos )’ = ( 5 = E "] = Elcos(0X))] = Y P(|X| = k) qu(cos).

k=0
Since this is true for all § € R, we must have the polynomial identity

t

o= Y P(IX] = k) au(2).

k=0
Let us apply this polynomial identity to the matrix P, and evaluate the (z,y)—entry:

t

Pl(z,y) = Y P(Xi|=k) q(P)(x.y)

k=0
t
k=dist(z,y)
where we have observed that I(z,y) = P(z,y) = -+ = P¥(z,y) = 0 for k < dist(z,y), so

that ¢ (P)(z,y) = 0 (since g has degree k). To conclude, it remains to show that
P < — 45
qk( )(.’E,y) = 71'(.1'), ( )
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for all £ > 0, and this is where we use reversibility: gx(P) is a self-adjoint operator with
spectrum {gx(A): A € Sp(P)} C qx([—1,1]) € [—1, 1], where the last inclusion follows from
the identity gx(cos @) = cos(kf). Thus, gx(P) is a contraction, which means that

[ae(P).f, o) < [ fllllgll, (46)
for all observables f,g: Z — C. Taking f = J, and g = ¢, yields exactly . The second
claim follows from a classical application of Markov’s inequality: for d, A > 0,

AX Ad A [LAX € e ' 422t
P(thd):P<€ t2€)§€ E[@ t}:e T < e 2,

2
The right-hand side is minimized for A = %, in which case it is equal to e~ % . This of course

also applies to —X;, and combining the two estimates concludes the proof. O]

Corollary 4 (Diffusive bound). For lazy simple random walk on any N—vertex graph,

(diam(P))Q.

Gu(P) > I

for all e € (0, %), provided N is large enough.

Proof. Set d = [diam(P)/2], so that diam(P) > 2(d — 1): this means that we can find two
disjoint balls of radius d — 1. Thus, there is © € 2" such that A = Z(x,d — 1) satisfies

m(A) <

N —

But the elements of A® are at distance d > diam(P)/2 from , so Theorem [J] ensures that

_ diam? (P)

Pt([E,AC) < 2N%e st

where we have used the crude estimates |A°| < N and % = Ssigg < N. We conclude that

1 1am2
Dp(t) > 5 Inde=
iamP)? .
Thus, as long as t < (dwTI;\?, we have Zp(t) > % — \/iﬁ, concluding the proof. O
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5 Variational techniques

For an ergodic transition kernel P with stationary law 7 on a state space 2, the convergence

to equilibrium Zp(t) — 0 as t — oo can be equivalently formulated as follows:

Vee 2, (Pf)(z) — xf,

t—o00

for all f: 2" — R. In words, observables become constant under the repeated action of P.

Equivalently, the variance Var(f) = m(f?) — 7%(f) decays under the repeated action of P:

Var(P'f) - 0. (47)
—00
This naturally raises the following two questions:
1. At what speed does the convergence (7)) take place?

2. What are the consequences in terms of mixing times?

To answer those questions, we introduce a fundamental object: the Dirichlet form.

5.1 Dirichlet form and Poincaré constant

The Dirichlet form is a quadratic form on the Hilbert space L*(2,m) that measures the

expected quadratic variation of observables under a transition of the stationary chain.
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A natural way to quantify the variational behavior of P consists in comparing its Dirichlet

form with that of the ideal chain II. This leads to the following fundamental definition.

The Poincaré constant happens to enjoy a simple spectral interpretation.




Proof. First consider the case where P is reversible. By decomposing the observable f in

our orthonormal basis (¢1, ..., ¢y) of eigenfunctions, one finds
N
(=P f) = Y (=) [{f.on)l
k=2

On the other hand, since ¢; = 1, we have (f, ¢1) = 7f, so that

Var(f) = o0l

It readily follows that &p(f) > (1 — A\a(P))Var(f), with equality when f = ¢5. Thus,
1P) = 1-=X(P),

which establishes the claim when P is reversible. The general case is obtained by replacing

P with (P4 P*)/2, which is always reversible and has the same Poincaré constant (Remark

25). Finally, when P is lazy and reversible, we have Sp(P) C [0,1], so A\(P) = Xa(P). O

We can now answer the first question raised at the beginning of this chapter.

Proof. Using the equality 7f = wPf, and the definition of the adjoint P,, we have

Var(f) — Var(Pf) = (f,f) —(Pf,Pf)
= (L ={f.P"Pf)
= (I =PP)f,[)
= &pp(f)
> (P P)Var(f),



and the first claim readily follows. Now, if P is lazy, then for all z,y € %2, we have

m(2)P*P(z,y) = w(z) ) Pelw.2)P(zy)

z€S

(z) (P(x,2)P(x,y) + P(z,y)P(y,y))
(m(x)P(x,y) + 7(y) Py, x)).

v

>

o= 3

Multiplying by % (f(z) — f(y))* and then summing over all 2,y € 2", we obtain

Epp(f) = Ep(f)
Since this is true for all f: 2 — R, we can safely conclude that v(P*P) > ~(P). O

The above lemma shows that the variance of any observable decays exponentially fast under
the repeated action of P, with rate 1/~(P*P). This answers the first question raised at the
beginning of the chapter. The following result answers the second question, by showing that

1/~(P) plays the role of a relaxation time, without requiring reversibility.

Theorem 10 (Poincaré bound). If P is lazy, then for all e € (0,1),

2 an &) 2 o !
tREL(P) < ’Y( ) d tMIX(P) < ['}’(P)l g28\/7r_*-‘ .

Proof. Our starting point is the Cauchy-Schwarz bound, which we recall here:

dry (Pt(x,-),w) < 5

()

In the reversible case, the existence of an orthonormal basis of eigenfunctions of P had

|

allowed us to prove exponential decay of the right-hand side. Without reversibility, we no

longer have an orthonormal basis of eigenfunctions at our disposal, but we can write

Plx,y) _ P*(y,x)
(y) ()

= P*tfm<y)a

where we have introduced the observable f,: y — ‘if((j)). Since TP* f, = wf, = 1, we see that

2

Hw_1 = Var (P*"f,),

()
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and the right-hand side can be estimated using Lemma 22] and Remark [25}

Var (P*f,) < Var(f,)(1—~(P"))
1 t
_ (@—1) (1-(P))

eiﬂ/(P)t
<

Y
Tk

Puttings things together leads to the following conclusion, which implies the two claims:

_ (Pt
e 2

2./

VieN, Zp(t) <

Remark 27 (Comparison with Theorem E[) A careful inspection reveals that the above
argument actually holds with v(PP*) instead of v(P), without the need for lazyness.
When P is reversible, we have 1 — y(PP*) = A\2(P), and we recover Theorem [/}

5.2 Cheeger inequalities

In a previous chapter, we have used the geometric notion of conductance to provide a good
lower bound on mixing times. As we will now see, this quantity also gives a two-sided control
on the Poincaré constant. This result is fundamental, because it creates a bridge between a

geometric notion (conductance) and a spectral one (the Poincaré constant).

Theorem 11 (Cheeger’s inequalities). For any transition kernel P, we have

®*(P)
2

< y(P) < 29(P).

Proof. In view of Remarks and [19, we may suppose that P is reversible. Fix A C 2.
The observable f = 14 satisfies Var(f) = m(A)7(A°) and &p(f) = 7(A x A°). Consequently,

&p(f)
Var(f)

The claimed upper bound follows immediately. For the lower bound, we can assume that
Ao(P) > 0, because ®(P) € [0,1]. Consider a non-negative observable f: 2" — R, with

D(A) = m(A°)

63



7 (f =0) > i. For each t € Ry, we may choose A = {f >t} in the definition of ®(P) to get

O(P)r(f>1t) < Y R@,y)lw<ics@)-

TYyeX
Integrating w.r.t. ¢ and interchanging the sum and integral, we obtain
< 5 Z 7(z,y) |f(y) - f(2)].
zyed
We now replace f by f2, and apply the Cauchy-Schwarz inequality:
1 S S
(P < 3 ( > #wy) (fly) - f(w))2> ( > #wy) (fy) +f(90))2> :
T yeX z,yeX

Expanding the squares, we see that the right-hand side simplifies to || f||* — (f, P f)?, so that

e (P)IfIT < AT ={f P (48)

To conclude, we would like to take f = ¢o, but our initial assumption 7(f = 0) > % has no
reason to be satisfied. Let us instead choose f = max(¢9,0), which verifies the assumption
upon changing ¢s to -¢o if necessary. Since f > 0 and f > ¢o, we have Pf > 0 and
Pf > Xotpa, so Pf > Nof. Thus, (f, Pf) > \o|f||?, and easily implies the claim. O

By combining Theorems [10] and [T1], we obtain the following important upper bound.
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5.3 Comparison principle

The Poincaré constant v(P) was defined by comparing the Dirichlet form of P to that of
the idealized kernel II. Replacing the latter by an arbitrary kernel @ is the starting point of
a very powerful comparison theory for Markov chains: suppose P is a sophisticated chain,
whose mixing time is delicate to estimate directly, and consider a much simpler chain @)
which has the same stationary law 7. Then, one can transfer quantitative results from @) to

P, by paying a “price” v(P: @) that depends on how close @ is to P.




Note in particular that (P : II) = ~(P), by Remark The motivation behind this

definition is contained in the following elementary but fruitful observation.

Proof. For any non-constant observable f: 2~ — R, we have by definition

Ep(f)  ép(f) _ &u(f) , Xé"Q(f)
Var(f) ~ dotf) < Var(y) = "X Gy

Taking an infimum over all possible choices for f concludes the proof.

O

5.4 Distinguished paths

We now present a very robust technique to establish a lower bound on the comparison

constant y(P: Q) between two irreducible chains P and @) on the same state space 2.



Proof. Fix an observable f: 2" — R. Writing Vf(z,y) := f(y) — f(x), we have

Salf) = 5 3 Folwy) V)l

(z,y)€EqQ

Now for each (z,y) € Eq, we may use the fact that T, , is a path from z to y to write

2

Vi@y)l? = | ) Vi)

6ETa:,y

< Taul Do IVFEI,

eeTz,y

by the Cauchy-Schwarz inequality. Inserting above and re-arranging, we obtain

Eolf) < 23 #(e) V() ele)

< &p(f) maxc(e).

Since this inequality holds for all observables f: 2 — R, the result follows. O

The simplest and most natural choice for () is the ideal matrix IT that mixes in one step:
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The two inequalities appearing in Remarkshow that our distinguished paths (Y4 ) (2.y)cr,
should not only be as short as possible, but also as spread-out as possible across the graph,
so that the congestion is fairly balanced among the edges. A simple but powerful idea for

reducing the imbalance consists in letting the paths (T, ,)@y)er, be random.

Proof. The argument is exactly the same as in the case of deterministic paths, except that

we take expectations just before the very last inequality. O

Here is an example that illustrates the advantage of random paths over deterministic ones.

We conclude with an application to chains with a high amount of symmetry.




automorphism of P that takes x to x'. It is called arc-transitive if for any two edges

(x,y), (2", y) € E, there is an automorphism that takes x to x' and y to y'.

Intuitively, a chain is transitive if “all states play the same role”. Examples include all
random walks on groups (take ¢(z) = zxx~'xa’). Arc-transitivity is the stronger requirement
that “all edges play the same role”. Examples include the lazy simple random walk on the

hypercube, the cycle, and more generally discrete tori of the form Z2 for any d,n € N.

Corollary 7 (Poincaré inequality for symmetric chains).

(i) If P is transitive, then 7(113) < diar;f(P), where p, = ming yep P(,y).

, where « = minge o P(x,x).

(it) If P is arc-transitive, then 7(11)) < dialm “(P)

Proof. We use the methods of random paths to compare P with the rank-one matrix ) = II.
For each z,y € 2", we take T, , to be a uniformly chosen shortest path between = and y.

In view of Remark [29) we know that the resulting congestion satisfies
D #e)ele) = Y w(a)w(y)dist’(z,y) < diam*(P).
eclF TYyeX

When P is arc-transitive, the quantities 7(e) and ¢(e) do not depend on e € E. Consequently,
the left-hand side equals ©(E) X max.cg c¢(e), and the second bound follows because 7(E) =

1= com(r,x) =1—a. If Pis only transitive, then we can write

> #e)ele) = Y w(x)> Px,y)e(r,y) > P maxc(e),

eck zeX y#T

because the quantity m(z) >, ., P(z,y)c(z,y) does not depend on x. O
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