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Introduction

General framework (1/3)

Langevin dynamics + nongradient drift term

dge = 2 de,
m

(a,p) €&,
= (-VU(q:) +7F)dt - €™ de + «/%gdwt,

o
3
|

— £ =D x R phase space, D = (27T) compact position space
U : D — R smooth periodic potential,
F €RY |F| =1, 7 € R, external non-gradient force
W, s.t. Wips — We ~ N(0, s) standard brownian motion
m, &, B > 0, physical parameters

2
— Hamiltonian H(q, p) = 2pim + U(q) (internal energy)
— Limiting regimes

£ —0 = Hamiltonian limit

£ — 00 = overdamped limit
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Introduction

General framework (2/3)

Langevin dynamics + nongradient drift term

dge = 2 de,
m

(a,p) €&,
= (~VU(q) +7F)dt — €2 de + J ogaws,

o
3
|

— U =0 : invariant equilibrium measure

(p—pr)?

pou(dqdp) = Z, ) e™? 2 dqdp, B = TmF /¢

the variable p is an Ornstein-Uhlenbeck process

— 7 =20 : invariant equilibrium measure

wdqdp) = Z, e ?@P dqdp

— U # 0,7 # 0 : 3! invariant nonequilibrium measure
whose explicit form is generally unknown
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Introduction

General framework (3/3)

@ Hypoelliptic generator of the dynamics L¢ r = Lham + ELrp + T Lpert, With

ﬁham:%‘quvu(q)'vp, £FD:7%'VP+‘{7IAP7 [zpert:F‘vP

o Semigroup T; = etf&r

(Tee)() = B[] = [ o) Pely). 0 = x

defined as (setting x = (q, p))

o Kolmogorov backward equation for observables u(x, t) = e*“¢7p(x)
Deu(x, 1) = Lero(x),  to(x) = u(x,0) = (x)

Asymptotic convergence to the average

o) = (@) 2 [ v Ve e ).

@ Stationarity condition : {1, stationary measure} < {f:(ﬁ )i, = 0}

Convergence? How fast?
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1. The stationary state



Stationary state

Existence and uniqueness Qualitative properties Perturbation expansion in T

Existence and uniqueness of the stationary state (arbitrary 7 € R)

Hypotheses : (i) P¢(x,dy) is irreducible and regular
(i) IW: € —[1,400) and a > 0, b > 0 such that
(Le, W) (x) < —aW(x) + b, Vx €€

Define Ly (£) = {cp measurable

4
lellge = HWn < +00}, then

Loo

Existence and uniqueness of the invariant measure 1, (!)

Given 74 > 0 and £ > 0, for all T € [—74, 7], (a) 3! ¢+ € C°°(E) stationary measure
and (b) for any n > 2 there exist Cn(7), An(7%) > 0 such that

vex0, leero— [ope] < Get o [ou)
£ i, € L
for any ¢ € Ly (€), with W, =1+ |p|" Lyapunov functions.
Convergence rates not quantitative! Consider 1), = h,u and work in L?(1). J

(M Rey-Bellet (2006), Hairer & Mattingly (2011), Lelievre & Stoltz (2016), .. ..
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Stationary state

Existence and uniqueness Qualitative properties

Properties of the stationary state

1. Non-zero average velocity

v, =E, (%) = %(ﬂr ~E-(VU))

Perturbation expansion in T

[stationarity condition with ¢ = p]

2. Energy conservation of the global system  [stationarity condition with ¢ = H]

TF - v :2£ (IET |:p—2:| - i)
m 2m 2B

3. Positive entropy production rate

S L
T /B & hr ’

4. Bound on the degenerate Fisher information (from 1. and 3.)

2 2
[Vphr| dp < (ﬁ:) (1+ HVUHoo>’
£ hr 3 T

5. Bound on the energy flow (from 2. and 3.)
2 2
E, L < m(r 1+ %
2m 28 7 2d \ & T
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Stationary state

Existence and uniqueness Qualitative properties Perturbation expansion in 7

Implication of the generic convergence result

Consider the space %(E) of bounded operators on a generic space E, endowed
with the operator norm

|Ad| e
HA”QBE = sup .
B = cevoy elle

The generic exponential convergence result in E implies

le““olle < Ce™llele = [ )@ < Ce™

This allows the definition of £~ and an estimation of its upper bound

If e[|y < Ce™ ™ holds, then the operator £L~' = — [ e'“dtis a
well-defined operator on E and admits the following upper bound:
_ C
12 ey < 5 -
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Stationary state
Perturbation expansion in T

Qualitative properties

Existence and uniqueness

Perturbation expansion of the invariant measure

Define L2(pu) = {¢ € L2(n) | [oddp=0}. Since V€ >0and |F| =1

K
1 _
I1£¢ oll (12 () < min(€ €1 and (| Lperpll 72,y < BET (00 Le02) 12,0 »

considering ¢ = Egéqﬁ we have that
- B p-1 VBK
VE>O0 Loert L] & <.\ [Zlc < Y22
£€>0, H pert g’OH.@(LS(p,)) =\ e H 570”@(%(“)) ~ min(1,¢)
Expansion of h; in powers of 7 (2)

VK
Given the spectral radius r > L of (Epertﬁ_é)*, then, for |7| < r—1,
min(L, &) &

tr = hru, where hy € L?(u) admits the following expansion in powers of T:

he = (147 (Lpertﬁg,;)*)_l 1= <1 + +f(—f)" [(cpertzgj)*]"> 1. Q)
n=1

y

In particular, 7 can be chosen O(1) for large &.

@ | elivre & Stoltz (2016).
Paris, March 12, 2018
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2. Exponential convergence

of the law of the process



Exponential convergence

Standard hypocoercive approach Direct L2(11) estimates

Evolution of the law of the process [notation: x = (g, p), xt = (qt, pt)]

@ Take xo ~ 9o = fou, fo > 0 and fg fou = 1 the (all adjoints on L?(11))

Eyolo(xe)] = /E (Te) (x)o(x) dx = /E ST ) () ()

@ Law at time t : ¥(t) = f(t) p with f(t) = et£E.r fy where

* * * B
£§,T = —Lham +££FD+TF-VP, VP = *Ver;p.

@ Fokker-Planck equation

orf = [~ (2 Vg - VU(@) V) - 57939, + 7V} ¢

-

@ Stationary solution hy = — such that Lg +hr=0
u ;

@ Asymptotically it is expected that

f(t) = e Cerfy L20 h vy € L2(p).
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Exponential convergence

Direct L= (1) estimates

Standard hypocoercive approach

Exponential convergence: standard hypocoercive approach

Consider
B0 = {re . [[rdu=1} = {f € L. (Vp+To)f € ()

(f.8), =182y +al(Vp + Va)f, (Vo + Vq)&) 2, » with a>0.

Theorem (Exponential convergence in H N L2(1) 28 12(,,))

There exist 7. > 0 and a(§) ~ min(&, €71) such that, for all f € H(x) N L23(p), all
€>0and all 7 € [T« min(&,£71), 7 min(€, £71)]

< e—X—r min(&,g—l)tHf _ h‘r”a(g)v R = N 4k o(r).

vVt >0, Hewz’T f—hr

a(¢)
In addition, by hypoelliptic regularisation, ¥ f € L3(u)

Vvt >0, Hef%:f —h, < Ce™ A MEETE £ ol 0.

L2(p) —

@ Equilibrium convergence rate X\g min(&, £~ 1) recovered for 7 = 0.
@ Suboptimal result for large £ : 7 ~ O(£71), while it should be T ~ O(1)
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Exponential convergence

Standard hypocoercive approach Direct L2( 1) estimates

Elements of proof (std hypocoercive approach, 1/2)

1. Poincaré inequality for u(dq,dp) = v(dq)x(dp)
1 1
Vg € H' () NL5(k),  llgllizg < @quglﬁz(u) + @vaglﬁz(w

with K, = \/B/m and K, < 2 (2r)%ef(Vmax=Unin)
2. Define the domain D(Lf ) = {f € L*(n), Le¢-f € L*(n)} and

f(t)=eerf—h,, = /f(t)u:0, vVt >0
£

3. Formally 5 (311F(t)l13¢)) = (F(t), L& (1)) ae) thus we need to prove

vg € D(‘Cg,‘r) n L(2)(:u)7 <g7 £27"'g>a(§) S _)‘(57 7)||g‘|§(g)a

A. lacobucci NESS of rotor and oscillator chains Paris, March 12, 2018 10 / 15



Exponential convergence

Standard hypocoercive approach

Elements of proof (std hypocoercive approach, 2/2)

4. Introduce X7 = (”VPEHB(M ||ng||L2(#)) then
_ % T _ T 2
(g -tir8), > XT (S = FIT©)X 2 M&NXTPEOX 2 M&7) el

where

qu(g) SQQ(g) qu(é’) TQQ(&)

_ (a(&) + Ki? a(¢)
P*( a(6) a@+Kf)

s- (29 0), T- (Y ).

5. Choose A(§, T) as the smallest non-zero eigenvalue of
(s - I17I1T(©)P©)

6. Find explicit behavior in £ in the two limiting regimes by appropriately imposing
the condition of positive definiteness of matrix.
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Exponential convergence

Standard hypocoercive approach Direct Lz(y) estimates

Exponential convergence: direct L?(y) estimates

Direct approach to hypocoercivity in L3(1) &

Theorem (Exponential convergence in L?(1))

There exist C, 7« > 0 such that, for all 7 € [-7" min(§, 1), 7" min(§, 1)] and all
& € (0, +00)

vf c L%(,LL), Vt 2 0’ etﬂzﬁf _ h'r 2( ) S Ce*X-r min(fvf_l)t”f _ h7—||L2(H)~
L2 (p

Moreover, A = Ao + O(7).

Optimal behavior for large & :

7 ~ O(1) consistently with the well-definiteness of h; perturbation expansion.

4

O Dolbeault, Mouhot and Schmeiser, C. R. Math. Acad. Sci. Paris (2009) and Trans. AMS,
367, 3807-3828 (2015).
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Exponential convergence

Standard hypocoercive approach Direct Lz(y) estimates

Sketch of the proof

1. Projector M : L?(u) — L?(v) such as (Ng)(q) = Jznd &(q, p) x(dp)
2. Modified squared norm with A = — (1 — I'IEﬁamI'I)7 MLham
&(g) = ||g|| W Ta6)(Ag,8) 12

3. (=L ) is coercive in L3(p) wrt the scalar product (-, ) induced by &
(—C:re.8) > Mgl &€ C®nLi(n)
(ingredients: Poincaré inequality, LnamA* and LpertA* bounded in L2(u))
4. Given &(f(t)) = A(t) with £(t) = e'“6.7f — h, it holds

2 Gronwall
I
1+ a(€) ©

5. Conclude by norm equivalence between &'(g) and ||gl|;2(,, (uniform in ).

H(t) < — () < e THE L (0)
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3. Numerical estimation



Numerical estimation

Galerkin discretization (d=1)

Computation of the spectral gap of L¢ -

v(€,7) = min {Re(2), z € o(—Le,-)\{0}}, ¥(€,7) > Ar min(,671).

@ Equilibrium measure is a product measure ;1 = v X k with

g o\,

W(dq) = Z;1e U dg,  k(dp) = (*> [Tem=" doi

2Tm paley

@ Discretization basis: Hermite polynomials in p and weighted Fourier modes
,(pnk(qvp):Gk(q)Hn(pL I‘IE{O,...,N}, ke{iszK}

{¢nk(a, P)} nejo, N, ke[ K, k] Orthonormal basis in L2(11), complete for N, K — oo.

@ Matrix representation of L¢ . as [igﬂ.] = <1/’n’k’7££7‘rwnk>L2(u)

n’k’ ,nk
0 A o . .. 6
é1 —61 AQ . R
6 é é - : {Af}nXm
L=1" 2 > C | {Biexn, n=2K+1.

{éi}nxm
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umerical est

Numerical results [B=1 m=1, U(g) = Up(1 — cosq)]

Up =0, A =min(&, 6" 1) Up = 0.1

o o
& 5
T T

o
=
T

spectral gap (1)
spectral gap (1)

o o
[
T

02 -

°
o =

friction (£)

Up = 10

®
T

)
L —

spectral gap (1)
spectral gap (1)
T

friction (£) friction (£)

#) Kozlov, S. M., Math. Notes 45, 360-368 (1989) and I., PhD Thesis, (2017).
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