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Outline

The stability issue in critical Sobolev and related inequalities

o Sobolev and Hardy-Littlewood-Sobolev inequalities
Joint work with G. Jankowiak

@ Subcritical interpolation inequalities
> On the Euclidean space: joint work with G. Toscani
> On the sphere: joint work with M.J. Esteban and M. Loss

o Reverse HLS inequality
> A quick introduction to a new family of inequalities for
mean-field diffusion equations
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A question by H. Brezis and E. Lieb

(Brezis, Lieb (1985)) Is there a natural way to bound
Sq ”v“HiQ(Rd) - ||UHI%2* (R4)

from below in terms of the“distance” off from the set of optimal
[Aubin-Talenti] functions when d > 3 7

o (Bianchi, Egnell 1990) There is a positive constant « such that

Sa I VullEa ey = Nulter oy = @ 0 (V= VollEaa)

o (Cianchi, Fusco, Maggi, Pratelli 2009) (also a version for
HquiP(Rd)) There are constants « and & such that

SallVulfemey = (1+£A(w)*) [ullf- (ga

0%
<P||L2* ®d) | ‘

) [l
where A\(u) = inf e { RY) = = llell? Lz*(]Rd }

Tl
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Critical Sobolev and HLS inequalities
Subcritical interpolation inequalities
Reverse Hardy-Littewood-Sobolev inequality

Duality
Yamabe flow

Sobolev and Hardy-Littlewood-Sobolev
inequalities

> Stability in a weaker norm but with explicit constants

> From duality to improved estimates based on Yamabe’s flow

J. Dolbeault Sobolev and related inequalities



Critical Sobolev and HLS inequalities ey

Yamabe flow

Sobolev and HLS

As it has been noticed by E. Lieb, Sobolev’s inequality in R?, d > 3,
[ull 2 ray < Sa I Vulfegay ¥V ue DV(RY) (1)

and the Hardy-Littlewood-Sobolev inequality

2 -1 24 md
sd||v|\Ld%(Rd)2/Wv(—A) vdz VueL#FE®RY)  (2)

are dual of each other. Here S, is the Aubin-Talenti constant and

* 2
2_d72
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Critical Sobolev and HLS inequalities Bty

Yamabe flow

Improved Sobolev inequality by duality

(JD, G. Jankowiak) Assume that d > 3 and let ¢ = %. There exists
a positive constant € < 1 such that

S 1w 2 —/ w? (—A) " w? da
L& (Ra) a

< €Sl %7 gy 1701122 oy = Sa 0o gy

for any w € DH2(RY)
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Critical Sobolev and HLS inequalities ey

Yamabe flow

Proof: the completion of a square

Integrations by parts show that

/]Rd IV(—=A) " o2 de = /Rdv(—A)_lvdx

and, if v = u? with ¢ = %,

VU-V(—A)_lvdaz:/ uvdx:/ u? dzx
R4 R R4

Hence the expansion of the square

2
_4
og/ Sullul% oy V= V(=A) 0| da
R4
shows that
0 < Sal[ull 52 gy [SalIVlZaqgey — 1l
— [Salli? gy, = [t -2 ]
Ld+2(]Rd)
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Critical Sobolev and HLS inequalities
Subcritical interpolation inequalitic
Reverse Hardy-Littewood-Sobolev inequality

Duality
Yamabe flow

Using a nonlinear flow to relate Sobolev and HLS

Consider the fast diffusion equation
0
2V Ay t>0, zeR?
ot
If we define H(t) := Hy[v(t, -)], with
Halv] := / v (=AY vdr — Sq||v||* 20
Rd LdF2 (R9)

then we observe that

2
1 @ _
fH’:f/ o™ dr + Sy (/ vt dx) / Vo™ - Vot dy
2 R4 Rd Rd

da—2

a2’ we

where v = v(t, ) is a solution of (3). With the choice m =

ﬁndthathrI:dQ—f2
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Critical Sobolev and HLS inequalities Duality

Yamabe flow

A preliminary observation

Proposition

(JD) Assume that d > 3 and m = dT If v is a solution of (3) with

dT2-
nonnegative initial datum in L2/ (4+2) (R4, then

/v(—A) vdz — Sq ||v||? 2o ]

Rd Ld+2 (R4)

2
: d
- (/Rl ! d;z:) [Sd ||VUHE2(R<{) — ||uHi2*(Rd)} >0

The HLS inequality amounts to H < 0 and appears as a consequence
of Sobolev, that is H > 0 if we show that lim sup,., H(t) = 0
Notice that u = v™ is an optimal function for (1) if v is optimal for (2)
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Critical Sobolev and HLS inequalities Dl

Yamabe flow

Improved Sobolev inequality

By integrating along the flow defined by (3), we can actually obtain
optimal integral remainder terms which improve on the usual Sobolev
inequality (1), but only when d > 5 for integrability reasons

Theorem

(JD) Assume that d > 5 and let g = %, There exists a positive

constant C < (1 + ;2{) (1 — e‘d/2) Sy such that

Sa ||w? || v —/d wq(—A)_lwqu

Ld+2 (R4)
< € lwll 7 gy [Vl ey — St 02 oy |

for any w € DH2(RY)
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Critical Sobolev and HLS inequalities Duality

Yamabe flow

Solutions with separation of variables

Consider the solution of % = Av™ vanishing at t =T

d+2

vr(t,z) =c(T — )" (F(x))e>
where F' is the Aubin-Talenti solution of

_AF=d (d o 2) F(d+2)/(d72)
Let [|v]l« := sup,ega(1 + [z[*) 42 v ()]

Lemma

(M. del Pino, M. Saez), (J. L. Vazquez, J. R. Esteban, A. Rodriguez)
For any solution v with initial datum vy € L2/ (@+2)(R4) vy > 0,
there exists T > 0, X > 0 and xo € R? such that

1
lim (T —t)" ==
L (@ =1)

o(t,)/v(t,-) =1« =0

with T(t, z) = N2 G0(t, (2 — 20)/N)
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Critical Sobolev and HLS inequalities .
; : Duality
Subcritical interpolation inequal

Reverse Hardy-Littewood-Sobolev

Yamabe flow
inequality

Improved inequality: proof (1/2)

The function J(t) := [, v(t, )™t da satisfies

m+1
Y= —(m+1) Vo™ 22y < z

If d > 5, then we also have

J":Qm(m+1)/

v (Av™)?2 dz >0
Rd

Notice that

2

J_’<_m+1
7= <

2d T B
J7i < -k with kT =-—"—F — otd <
S, K Wi K 125, </Rdv0 SC> =

v
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Critical Sobolev and HLS inequalities Duality

Yamabe flow

Improved inequality: proof (2/2)

By the Cauchy-Schwarz inequality, we have

)2 . N 2
m = ||V ”L?(Rd) = </Rd ! )2 Ap™ . o€ )/ dz)
Rd R
—(d—2)/d .
so that Q( ) = ||V’U LZ(]Rd) (f]Rd o™ d ) (d—2)/ is

monotone decreasing, and

! /
H'=2J(S.Q-1), HH:JjH’JrQJSdQ'SJjH’SO

2d 1 —2/d
H" < —kH'" with k= —= — / 116”“ dx
d+2 Sd R4

By writing that —H(0) = H(T) — H(0) < H’(0) (1 — e *T)/k and using
the estimate x T' < d/2, the proof is completed O
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Critical Sobolev and HLS inequalities Dl

Yamabe flow

d = 2: Onofri’s and log HLS inequalities

1
Ha[v] := /R2 (v—p) (=A) (v —p) do — 17 Jos v log (M) dx
With p(z) := £ (1 + |#[?)~2. Assume that v is a positive solution of
ov

5 =Alog(v/p) t>0, z€R?

Proposition

If v = pe? is a solution with nonnegative initial datum vo in LY(R?)

such that fRz vo dz = 1, vy logvg € L*(R?) and vg log p € LY(R?),
then

d u
dtH2[ / |Vu|? dx—/ (e —1)udp
= m f]R2 |Vul? dz + fRz u dy — log (fRZ e d,u) >0
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Critical Sobolev and HLS inequalities Dl

Yamabe flow

Another improvement

slei= [ otde and Haloli= [ o(8)tode-Sa ol
Rd R 2(Rd)

Theorem (J.D., G. Jankowiak)

Assume that d > 3. Then we have

0 < Hafo] + Sa Jalol " # o (Jalol 1 [Sa V0o oy — 1l o))

a+2

VueD, v=udz

where p(x) := V€2 +2Cx —C for any x>0
Proof: H(t) = = Y(J(¢)) Vt € [0,T), Ko := :‘—é’ and consider the
differential inequality

Y’(esdsl+%+v)<diens s Y(0)=0, Y(Jo)=—Ho
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Critical Sobolev and HLS inequalities Duality

Yamabe flow

. but € =1 is not optimal

Theorem

(JD, G. Jankowiak) In the inequality

Sallw? 24 = /d w! (—A) " twd d

L@F2 (R4)

8
< CaSallwlBZ gy |IV012s gty = Sa 022 g |

we have

d
4 <1
drd =<

based on a (painful) linearization

Extensions:
@ fractional Laplacian operator (Jankowiak, Nguyen)
Q@ Moser-Trudinger-Onofri inequality
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Critical Sobolev and HLS inequalities
Subecritical interpolation inequalities
Reverse Hardy-Littewood-Sobolev inequality

Fast diffusion equations and best matching on RS
Improved interpolation inequalities on the sphere

Subcritical interpolation inequalities

> Euclidean space: fast diffusion, entropies and improved asymptotic
expansions

Based on papers with A. Blanchet, M. Bonforte, G. Grillo,

J.L. Vizquez and papers with G. Toscani

> Sphere: explicit remainder terms based on nonlinear diffusions
Joint work with MJ. Esteban and M. Loss
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Fast diffusion equations and best matching on RY

Subecritical interpolation inequalities lons. ;
p a Improved interpolation inequalities on the sphere

Higher order matching asymptotics

(J.D., G. Toscani) For some m € (me, 1) with m. := (d —2)/d, we
consider on R? the fast diffusion equation

ou
- v . v m—1 = 0
or + (uVu )
The strategy is easy to understand using a time-dependent rescaling
and the relative entropy formalism. Define the function v such that

u(ry+z0) = R%o(t,x), R=R(r), t=3%lgR, ZC:%

Then v has to be a solution of

0
37: +V. {v (0%(’”7’”“) Vot — 237)] =0 t>0, zeR?
with (as long as we make no assumption on R)
20_7%(771717%) _ led(lfm.) d£

dr
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Fast diffusion equations and best matching on RY

Subcritical interpolation inequalities ! :
p a Improved interpolation inequalities on the sphere

Refined relative entropy

Consider the family of the Barenblatt profiles
B,(z):=0"% (Cy+ L]z?)™ VazeR? (4)

Note that o is a function of ¢: as long as ‘fi—'; # 0, the Barenblatt profile
B, is not a solution but we may still consider the relative entropy

1
Fylv] := 7/ [v"™ =B —mBI'" ' (v—B,)] dx
m—1 R4
Let us briefly sketch the strategy of our method before giving all
details
The time derivative of this relative entropy is

d do ([ d m 1 1) 9
d N= “ (44 o m-l_ pm
Gl = (50 [v])g_o(;m_l [ =B e

choose it =0
<= Minimize F,[v] wr.t. 0 <= [p.|2]* Bodr = [,

z[?vdx
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Fast diffusion equations and best matching on RY

Subecritical interpolation inequalities lons. ;
p a Improved interpolation inequalities on the sphere

The entropy / entropy production estimate

According to the definition of B,, we know that
20 = U%(m_"%) VB;_n_l
Using the new change of variables, we know that

d mo(t)(m-me) m—1 m—1]|?
0ol == [ofe [t [
Let w := v/ B, and observe that the relative entropy can be written as

Fy[v] = % y [w— 1- %(wm — 1)] B dx

(Repeating) define the relative Fisher information by

ool = [ ]

2
—— V [(w™ ' = 1) Bl ‘ B, w dx
d
so that —t’f,,(,g)[v(t, ) =-—m(1—=m)o(t)Ismlv(t,)] Yt>0

m—1
d

When linearizing, one more mode is killed and o(t) scales out
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Fast diffusion equations and best matching on RY

Subecritical interpolation inequalities lons. ;
p a Improved interpolation inequalities on the sphere

Improved rates of convergence

Theorem (J.D., G. Toscani)

Let m € (mq,1), d > 2, vo € LY (R?) such that v§", |y|* vo € L*(R?)
Elu(t, )] < Ce27Mt yi>0
((d=2) m—(d—4))*

where aomy - #me (ma,my]
Y(m) =9 4(d+2)m—4d ifm € [fg,ms]
4 if m € [ma, 1)
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Critical Sobolev and HLS inequalities
Subecritical interpolation inequalities
Reverse Hardy-Littewood-Sobolev inequality

Fast diffusion equations and best matching on R?
Improved interpolation inequalities on the sphere

Spectral gaps and best constants

d+1

m2 =4

did
d+6

— Case 1
— (ase 2

e Case 3

J. Dolbeault Sobolev and related inequalities



Critical olev and HLS inequalitic
bubcr]t]c al lnt(_rpoldt)on inequalities
Reverse dy-Littewoo ybolev inequality

Best matching Barenblatt profiles

(Repeating) Consider the fast diffusion equation

%+V [ (a%("L*m“>Vum_1—2x>]:0 t>0, zecR?

with a nonlocal, time-dependent diffusion coefficient

o(t) = ——

e lz|? u(z, t)de , Ky :z/ |z|? By () dx
M JR4 Rd

where )

By(z) := A2 (Cyv+ % |z?)™ T VazeR

and define the relative entropy

1 _
Falu] == m/Rd [u™ — By —m By ! (u— B))| dx

J. Dolbeault Sobolev and related inequalities

Fast diffusion equations and best matching on R?
Improved interpolation inequalities on the sphere



Fast diffusion equations and best matching on R?

Subecritical interpolation inequalities lons. ;
p a Improved interpolation inequalities on the sphere

Three ingredients for global improvements

Q infyso Fa[u(z,t)] = Fo[u(z,t)] so that

%fﬂr(t) [u(z, )] = =Fom[u(-,1)]

where the relative Fisher information is

N Ag(m=me) 0 ’Vum ! VBT%’de

1fm

@ In the Bakry-Emery method, there is an additional (good) term

F
414+2Cma 7"(”& u(,t)

MYz

jt (Forlul,)]) = % (30 [u(-,1)])

@ The Csiszdr-Kullback inequality is also improved
m

2 2
o 2 g g Ol Pl

J. Dolbeault Sobolev and related inequalities



Critical Sobolev and HLS inequalitic
Suberitical lnt(_rpoldt)on lnLqudl]tlLs
Reverse Hardy-Littew Jlev inequality

Fast diffusion equations and best matching on R?
Improved interpolation inequalities on the sphere

improved decay for the relative entropy

1.0 o o e e - - - T
v
%
A tes [ e/f (0)
08F W%
5 N
._“" \\\
06 . RN
\,\ ---------
-... ----------------------------
.."'n...
oal ...."""'--------.-...
L —— (a)
021 mmmm——— (b)
............ (c) !
00 02 0% 05 0% 0

Figure: Upper bounds on the decay of the relative entropy:

t— f(t)e*/f£(0) (a): estimate given by the entropy-entropy production
method

(b): exact solution of a simplified equation

(c): numerical solution (found by a shooting method)
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. . . . d
Suberitical interpolation inequalities Fast diffusion equations and best matching on R
Improved interpolation inequalities on the sphere

A Csiszar-Kullback(-Pinsker) inequality

Let m € (my, 1) with my = #2 and consider the relative entropy

Folu] = ! /Rd [u™ — Bl —m B (u— B,)] dx

m—1

Theorem

Let d > 1, m € (mq,1) and assume that u is a nonnegative function in
LY(R?) such that u™ and x + |z|>u are both integrable on RY. If
lullpr ey = M and [gq |2]? uwde = [p, |2]? By dz, then

:Ta[u] m 1 9 2
2 Cllu— B, = — B,|d
o20-m) = 8 [, By da ( wllu = Bollu @) + U/Rd [ [u — By dz

v
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Fast diffusion equations and best matching on RY

Subecritical interpolation inequalities lons. ;
p a Improved interpolation inequalities on the sphere

An improved Gagliardo-Nirenberg inequality: setting

The inequality
||fHL2P(Rd < GG vaHL2 (R%) Hf||LP+1(]Rd)

if d =2, can be rewrltten in a non—scale invariant form, as

:
Lvseass [ itz ko ([ 1520 a0)
R4 R4 R4

with v = y(p,d) := %. Optimal function are given by

_ 2 =1
Iy (2) = (C + v — 4l > VzeR?
0'2 g

where Cyy is determined by [p, fﬁ’yﬁ de =M
My = {fM7y7U : (nyao-) € Jvtd = (0,00) X Rd X (0700)}
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Fast diffusion equations and best matching on RS

Subecritical interpolation inequalities
p a Improved interpolation inequalities on the sphere

An improved Gagliardo-Nirenberg inequality

Relative entropy functional

(p)
gemyp

Theorem

Let d > 2, p>1 and assume that p < d/(d —2) if d > 3. If

Jra |22 [fI2Pde 41y o (p) = (4 d+2—p(d_2)>%
(fod If 2P dz)”  aF2p@-2) 7P =12 (+D)

for any f € LPT1 0 DL2(RY), then we have

¥ RO 1)
\va ik Al 2p &
\/]Rd | f| dx \/]Rd |f| dx Kp7d <~/Rd |f| d$> Z prd (fRd|f|2p dm)"’

By Csiszér-Kullback: control of [[| |27 — ¢27||/,

R)
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Fast diffusion equations and best matching on RY

Subecritical interpolation inequalities lons. ;
p a Improved interpolation inequalities on the sphere

Best matching Barenblatt profiles are delayed

Let u be such that

1

1 nT
o(r,z) = mu (210gR(DT), R(DT))

with 7 — R(7) given as the solution to

1 drR [ p? 9 ~g(m-mo) _
EE— <Kv]w/Rd |x‘ U(T,x)dx 5 R(O)—].

Then 4 )
1 dR ) 1 —E(mome
i ~log R(D
7 {R (r)o (2 og R( T)):|

—d(m—m
that is R(7) = Ro(7) < Ro(7) where & % = (R3(1) 0 (0)) 2 °)
and asymptotically as 7 — 0o, R(7) = Ry(7 — ) for some delay § > 0
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Critical Sobolev and HLS inequalities
Subcritical interpolation inequalities
Reverse Hardy-Littewood-Sobolev inequality
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Fast diffusion equations and best matching on R

Subecritical interpolation inequalities Improved interpolation inequalitics on the sphere

The interpolation inequalities on S?

On the d-dimensional sphere, let us consider the interpolation
inequality
112 d 2 > d 12 . 1 Sd d
IVl sy + b2 l[ullfz sy = = lullingey VueH (8% du)

where the measure dy is the uniform probability measure on
S¢ ¢ R4 corresponding to the measure induced by the Lebesgue
measure on R! and the exposant p > 1, p # 2, is such that

2d
<or = 24
P = d—2

if d > 3. We adopt the convention that 2* = co if d =1 or d = 2. The
case p = 2 corresponds to the logarithmic Sobolev inequality

IVulaey > 5 [ 1l log Y g e m st a0y
TalZen

‘LQ (s4)
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Fast diffusion equations and best matching on R

Subecritical interpolation inequalities Improved interpolation inequalitics on the sphere

The Bakry-Emery method

Entropy functional
A — [ISd p* dp— (Jou p dpr) } if p#2

Ez[p]::fsdplog( £ )du

”pHLl(Sd>

-1

Fisher information functional

1
Tylol i= fus IVo3 |2 dp
Bakry-Emery (carré du champ) method: use the heat flow

dp
P A
or ~ =7
and compute £&,[p] = —I,[p] and £3,[p] < —dJ,[p] to get

— (Tplp] —d&plpl) <0 = T,[p] > d&lp]

. . 2
with p = |ul?, if p < 27 := ?éﬂf)g
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B e e P Fast diffusion equations and best matching on R
& N POt aua N Improved interpolation inequalities on the sphere

The evolution under the fast diffusion flow

To overcome the limitation p < 2%, one can consider a nonlinear
diffusion of fast diffusion / porous medium type
dp
— =Ap". 5
5 = OF ()
(Demange), (JD, Esteban, Kowalczyk, Loss): for any p € [1,2*]
d
Kplp) = = (%lo] = d&,lp]) <0

L L
25 30

(p,m) admissible region, d =5

J. Dolbeault Sobolev and related inequalities



Fast diffusion equations and best matching on R

Subecritical interpolation inequalities Improved interpolation inequalitics on the sphere

Improved interpolation inequalities in the sphere

Let Au)? d
- inf o (A0) dit
v € HY (S, dp) Joa IVV[? v dpe
Jeavdp=1
Ja @ 0[P dpp=0

and consider the inequality
A A
2 2 2
d S >
L Vs v dnt 251018 > 25 1

v f e HY(S dp) s.t. / x|f|P dp =0
Sd

For any p € (2,2%), the inequality holds with

(d—1)°
d(d+2)

J. Dolbeault Sobolev and related inequalities
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Fast diffusion equations and best matching on R

Subecritical interpolation inequalities Improved interpolation inequalitics on the sphere

p = 2: the logarithmic Sobolev case

2(d+2)
2(d+3)++/2(d+3)(2d+3)

N =d+

Proposition

Let d > 2. For any u € HY(S%, du) \ {0} such that [y, x|ul® dp =0,

we have )
[ du g [ og (5 ) d

. 2 4d—1
¢ =d-+ d 2 (d+3)++/2 (d+3) (2d+3)

with

J. Dolbeault Sobolev and related inequalities



Fast diffusion equations and best matching on R

Subecritical interpolation inequalities Improved interpolation inequalitics on the sphere

Stability under antipodal symmetry

With the additional restriction of antipodal symmetry, that is

u(—z) =u(z) VYze$s?

Theorem

Ifp e (1,2) U(2,2%), we have

d (d*—4) (2" —p)
2 > 2 _ 22
/sd IVl dp = p—2 [1 Tidr2 -1 (Hu””(sd) Iz (Sd))

for any u € HY(S?, du) with antipodal symmetry. The limit case p = 2
corresponds to the improved logarithmic Sobolev inequality

2
/ |Vul? du> d(d+3) / lu|? log P du
2 @+ 12 T

J. Dolbeault Sobolev and related inequalities




pieal Sobo P ales Fast diffusion equations and best matching on R
Subcritical interpolation inequalities Improved intorsnlation inoqualitics on the sphere

The optimal constant in the antipodal framework

e. .

ol e

10F ~

15 20 25 30

Numerical computation of the optimal constant when d =5 and
1 <p<10/3 = 3.33. The limiting value of the constant is numerically
found to be equal to \, = 2'72/P d ~ 6.59754 with d =5 and p = 10/3

J. Dolbeault Sobolev and related inequalities



Critical Sobolev and HLS inequalities Basic properties
Subcritical interpolation inequalitie Relaxation
Reverse Hardy-Littewood-Sobolev inequality Free energy

Reverse Hardy-Littewood-Sobolev inequality
Joint work with J. A. Carrillo, M. G. Delgadino, R. Frank,
F. Hoffmann
> A family of inequalities
> Existence of minimizers and relaxation
> No concentration and regularity of measure valued minimizers

> Free Energy

J. Dolbeault Sobolev and related inequalities



Basic properties
Relaxation
Reverse Hardy-Littewood-Sobolev inequality Free energy

The reverse HLS inequality

For any A > 0 and any measurable function p > 0 on R” let

il [[[ o= ole) plo) dody

CAN-—q@2N+))
N(1—q)
Convention: p € LP(RN) if [ [p(2)|P dx for any p > 0

N>1, 0<g<l1l, a:

Theorem

1o 2 ena ([ o) ([ ptaras)” )

holds for any p € L}r NLI(RN) with Cn x4 > 0 if and only if
q> N/(N+X)

If either N =1, 2 or if N > 3 and ¢ > min {1 — 2/N , 2N/(2N + )},
then there is a radial nonnegative optimizer p € L' N LI(RY)

J. Dolbeault Sobolev and related inequalities



Sobolev and HLS inequaliti Basic properties
Subc al interpolation inequalities Relaxation
Reverse Hardy-Littewood-Sobolev inequality Free energy

10
08} DS
06 S
041

0.2+

oo N
0

N =4, region of the parameters (X, q) for which Cy xq >0

o (=] =

J. Dolbeault Sobolev and related inequalities



Basi
Rels
Reverse Hardy-Littewood-Sobolev inequality Free energy

The conformally invariant case ¢ = 2N/(2N + \)

properties
tion

Lp] = //RNxRN |z —y|* p(z) ply) dedy > Cnx g </sz p(x)”dw> B

2N/2N+)) <= a=0
(Dou, Zhu 2015) (Ng6, Nguyen 2017)

The optimizers are given, up to translations, dilations and
multiplications by constants, by

p(z) = (1+ |x|2)7N/q Ve e RY

and the value of the optimal constant is

N
e :LF 2T
N, A q(N) ’]T% F(N+
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N =4, region of the parameters (X,q) for which Cy x4 > 0. The
plain, red curve is the conformally invariant case
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A Carlson type inequality

Lemma

Let A\>0 and N/(N+ X)) <g<1

17N(>\1*Q) N(;*Q) 1
(/ pdw) (/ le*p(fﬂ)dw> > CNAg (/ pqdfﬂ)
RN RN RN
1 N 1=g o . e
CN A :;((N+A)q—zv)q( N (1-q) )* T rE)r()
g = X q (N+X) g—N 272 T(—%)r(4)

Equality is achieved if and only if

p(z) = (1+]a])) ™7

up to translations, dilations and constant multiples)

(Carlson 1934) (Levine 1948)
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An elementary proof of Carlson’s inequality

q q
/ pldr < (/ pda:> |BR|1—q = (/ pdm) RN (-9
{lz|<R} RN RN

and

q ey
/ pldx < (/ |x|’\p(x)da:> (/ |z|”T=a dx)
{lz|=R} RN {lz|zR}
a
=y (/ |z p() dm) R~ a+N (1=a)
RN

and optimize over R > 0
.. existence of a radial monotone non-increasing optimal function;
rearrangement; Euler-Lagrange equations

1—q

J. Dolbeault Sobolev and related inequalities
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Let A\ > 0. If N/(N+ X)) <qg<1, then Cy x4 >0

By rearrangement inequalities: prove the reverse HLS inequality for
symmetric non-increasing p’s so that

/ lz —y| ply) dx > / || p(z) dz for all z e RV
RN RN
implies

Bl = [ el pw)de [ pdo

In the range NL_M <qg<l1

s ([ o) [t

and conclude with Carlson’s inequality

J. Dolbeault Sobolev and related inequalities
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The case ¢ = 2

Corollary

Let A =2 and N/(N +2) < q < 1. Then the optimizers for (6) are
given by translations, dilations and constant multiples of

1
p@) = (L+[af?) 7
and the optimal constant is
_2q
1 N(@O-q)

Cn2qg =73 CN,2,q

y

By rearrangement inequalities it is enough to prove (7) for symmetric
non-increasing p’s, and so [~ zp(z) dz = 0. Therefore

bl =2 [ oo [ o) da

and the optimal function is optimal for Carlson’s inequality

J. Dolbeault Sobolev and related inequalities
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N =4, region of the parameters (X, q) for which Cn x4 > 0.
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The threshold case ¢ = N/(N + A) and below

Let A > 0. If 0 < g < N/(N +)), then Cyrqg =0

Let p>0 be bounded with compact support, ¢ > 0 a smooth function
with [on o(2)dr =1 and

pe(a) = pla) + M o(a/2)
Then [on pe(x) de = [pn p(x) dz + M and, by simple estimates,

/ pe(z)?dx — p(x)?der as e— 04 (7)
RN RN
and

Ipe] — Lip] + 2M/ ||} p(x)dz as e — 0y

RN
If0<q<N/(N+DN),ie,a>1,take p. as a trial function,
L)+ 2M [ lo] p(a) da

( rm N D(:r) dl' + M)a { fm N4 D(I)q dl’) (270‘)/‘1

J. Dolbeault Sobolev and related inequalities
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The threshold case: If @ =1, i.e., ¢ = N/(N + \), by taking the limit
as M — + oo, we obtain

2 [on |zt p(z) do
(Juw pl) do) >~

Cnog <

For any R > 1, we take
pr(@) = |z~ 1 <p(2)

Then
/RN |z|* pr dz = /RN phdr =[SV log R

and, as a consequence,

A
d —
Jew 12 pr(2) doe — (s~ log R) MY 0 as R— oo
(f PAUCER dm) (N+0/N
RV PR

This proves that Cy xq = 0 for ¢ = N/(N + A)
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A relaxed inequality

2-a

[p]42M [on |2 p(x) dz > €y | (fan ol z)dx + M)" (Jan p(x)9dz)
with ¢ > N/(N + \). Let

ey, = inf{Q[p, M] : 0< p e L'NLIYRN), p#£0, M >0}

We know that GK}}A’ S Cn ¢ by restricting the minimization to

M = 0. On the other hand, (‘35\6}})\7(] > Cn,x,q With appropriate test
functions:

rel _
Chnoag = CNg

Let A\ >0 and N/(N +X) < q<1. If p > 0 is an optimal function for
either Cﬁ}/\,q (for an M >0) or Cn x4 (with M =0), then p is radial
(up to a translation), monotone non-increasing and positive almost
everywhere on RN

J. Dolbeault Sobolev and related inequalities
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Regularity of the minimizers

Proposition

Let N >1, A >0 and N/(N 4+ X) < ¢ < 2N/(2N + X\)Let (ps, M) be
a minimizer for (‘35\7‘}”1, Then the following holds:

Q If [onpudx>$§ %, then M, = 0, and p, is bounded

~ |2 pa (@)

1

(0) _ ( (2—a)Ix[p«] f]RN Py dx >1q
P+ (Low rtde) (2 [y |2l* pe(@) do [ pu do—alx[p.])

R

Q If [pnpudz < § %, then p.(0) = oo and
R

allp:]=2 [y |2 pu(@)da [\ puda

M, =
2(1—a) fRN |z|* pu(z) da

>0

J. Dolbeault Sobolev and related inequalities
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Regularity of the measure valued minimizers

Lemma

Let N>1, A>0 and N/(N + X)) <q<1. Let (p, M) be a
minimizer for Gﬁ}A,q if ¢ < 2N/(2N + \) or let p, be a minimizer for
Cnag if ¢ > 2N/(2N + X). Assume that p, is unbounded. If A < 2,
there is a ¢ > 0 such that for all sufficiently small x € RY,

pu(®) 2 cla| V179
and if X > 2, there is a C > 0 such that

pu(z) = C || 72/~ (1+0(1)) as z—0

J. Dolbeault Sobolev and related inequalities
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N =4, region of the parameters (X, q) for which Cn x4 > 0 has a
bounded optimizer
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A mean-field evolution equation and the free energy

Let us consider
Op = Ap?+ V- (pVWy xp)

where kernel W)y (z) := % |z|* and the free energy functional

1 1
Flp] = ——— Qg+ — I
(] T fon P10 53 N

the equation conserves the mass and

2
L VIt =V Wy k p| da

Gt == [ o

J. Dolbeault Sobolev and related inequalities
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Boundedness of the free energy

Theorem

The free energy F is bounded from below on P(RY) if and only if
qg>N/(N+X). If g > N/(N + X), then there exists a global
minimizer ., € P(RN) and, modulo translations, it has the form

o= (1—a) +ap.

for some a € (0,1]. Moreover p, € P(RN)NLI(RYN) is radially
symmetric, non-increasing modulo translations and such that

S po(@) dz =1

If a = 1, then ps is an optimizer of (6). Conversely, if

p € LL NLY(RY) is an optimizer of (6) with mass M > 0, then p/M
is a global minimizer of F on P(RY)

Finally, if either max {N/(N + X),(N —=1)/N} <g<1and A>1, or
N/(N +X) <g<1and?2<\<A4, then the global minimizer ., is
unique up to translation

J. Dolbeault Sobolev and related inequalities
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These slides can be found at
http://www.ceremade.dauphine.fr/~dolbeaul /Lectures/
> Lectures
The papers can be found at
http://www.ceremade.dauphine.fr/~dolbeaul /Preprints/
> Preprints / papers

For final versions, use Dolbeault as login and Jean as password

Thank you for your attention !
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