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Extreme value statistics

@ Statement of the problem

X1,X9,--+ , XN : N random variables, Pi.:(X1, X2, -, Xn)

Xmax = max X;, Fn(M) =
1<i<N

@ Fully understood for i.i.d. random variables

Three different universality classes depending
on the pdf of X, : Gumbel, Frechet, Weibull



@ Statement of the problem

X1,Xe2, -+, XN : N random variables, P (X, X2, , Xn)

Xnax = "Max ek (VI BEES < i Q: Nooo ?
1<i<N

@ Very few exact results for

v/ Random walks

v Random matrices

® Xnax IS Interesting BUT concerns a single variable among N



Statistics of Near-Extremes

@ Statistical Physics

’ v Branching Brownian
4 Energy levels see also:

motion

v 1/f noise

T >0 v/ Brownian motion

— Fy Ground state T =0 v

% Natural sciences
(e.g. seismology)

~ Crowding



Statistics of Near-Extremes

@ Look at (higher) order statistics: k™ maximum

Xmax = Ml,N > MZ,N Z MN,N F Xmin

and in particular the spacings (gaps) dx. v = My N — Mi11. N

@ Consider the density of near-extremes Ssabhapandit, Majumdar ‘07
N
1
,ODOS(Ta N) rod NET, Z 5(Xma,x . Xz i T)

1=1,2Aimax




@ Let be a real symmetric (or complex Hermitian) N x N
random matrix

@ The matrix has N real eigenvalues A\, Ao, ..., Ay which are
strongly
@ Largest eigenvalue )\ .. = max{\i, A2, - ,An}
’: N )
o i — X =
Density of near ppos(r, N) N i > 6(Amax — A — 1)
L extreme eigenvalues it )

@ A related quantity is the gap between the two largest

eigenvalues
see also Witte, Bornemann, Forrester ‘13



® Quadratic form on the N-dimensional sphere Sy
N

— 1 —
H[s]:—§z sisj,(s)Q:Zs?:N
i =1 i=1
A1, A2,..., Ay are the eigenvalues of with A\, .« = max \;

1<i<N
@ Minimisation of this quadratic form on the sphere

—=> introduce a Lagrange multiplier z

1 N N
ﬁ[g,Z]:—iz SiSj—FZ(ZS?—N)

=i

~

N A , Tt = At
min H | 5, z| = H| saine e = r;ax with B\

Imax
“max — 9




Application: minimizing a quadratic form on the sphere

1 N N
ﬁ[g,Z]:—§Z SZ'Sj—I—Z(Z ?—N)
=1

N !
| Al AL >\max A gmax 23 )\max gmax
min H[ S, Z] = H[ Smax 5 Zma,x] =—-N with Amax
S,z 2 <max —
2

@ Eigenvalues of the Hessian matrix at the minimum 5,ax, Zmax

02 H
P 58@(;(93 { 9 15 2 ’ N}

q
Smaxj)fmax

N
R 1
Reminding that ppos(r, V) = - Z 0(Amax — Ai — 1)
oo
me& st SRR T, - U —— Suvemetieits. . 23 W sk S NS
'% ppos(r, N) is the mean eigenvalue density of

.
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@ Dynamics of the spherical fully connected spin-glass model

(spherical Sherrington-Kirkpatrick model) Cugliandolo, Dean ‘95
Ben Arous, Dembo, Guionnet ‘06

0si(t) e , (1) 6—temp. T
) SIS0, (0] + () + G0
. N \inﬁni’resimal
where ﬁ][§',z]:—§ Z sisj—kz(Zs?N) mag. field
i,j=1 i=1

and belongs to the GOE ensemble of RMT with variance 2= %
N
@ Random initial condition at timet=0: 5(t=0)= Y 3,

a=1

—

normalized eigenvectors of : 35, | S5, = A4S,

@ Relaxational dynamics characterized by



Application to spherical fully connected spin-glasses

&9@ Z Jiis;(t Vs;(t) + hi(t), T =0

® Relaxational dynamlcs charac’rerlzed by two-time quanftities ¢ > ¢’

Correlation function Response function
N N
1 1 (587;(15)
= — / Lt )= —
N ZZ:T Sz 87, t R( ? ) N Z:Zl 5hz(t/) gr

@ In the quasi-stationary regime, for t,t' > 1, t — t' = 7 fixed

Perret, Fyodoroy, G. S. ‘14

see also Kurchan, Laloux ‘96



Near-extreme eigenvalues of random maftrices

1 B N 2
s | | NS S N
‘P‘jOint(A].?AQ)o-.,AN) — ‘A'L —AJ‘/BG 2 Zf[,:]_ 1
Wi
1<J
4 - i .«
v/ Density of near 1 -
: IV — Gl g S
extreme eigenvalues " pos(r N) = w7 L ( r)
\ iZimax Y

v ],er gClP IOGAP(’I“, N)d’l“ —_— ]P[(Al,N —= AQ,N) - [7“,7“ 4 dT]]



Density of near extreme eigenvalues in GUE

N
1
IODOS(Ta N) . A | Z 5(>\max S a, = T)
1=1

t1F#imax

@ Fluctuations of the largest eigenvalue Amax = max A;
1 <i<

Tracy-Widom

@ Depending on (7, N) one expects two different regimes
vr=0(N")  bulk regime

vr=O(NT3) edge regime



p(A,N) = %25()\—)\7:)

@ Two regimes: bulk and edge regime Bowick & Brézin ‘91, Forrester ‘93
pbulk()\) 9 A= O(NO) & ‘)\’ < \/§
p(A;, N) ~
VEN 73 peqgel(A — V2)V2N?3] | [X = /2| = O(N~%/3)

1 ,
Poulk (T) = —V 2 — x?



A detour by the density of eigenvalues of GUE
random matrices

p(\, N) = % Z S —N\;)

@ Two regimes: bulk and edge regime
,Obulk()\) N — O(NO) & ‘)\’ = \/5
p(A, N) ~

V2N pegge[(A = V2)V2N?F], [A = /2] = O(N=%/%)

@ Matching between the bulk and edge regimes

1/—x, x — —oc matching with Wigner semi-circle
Pedge(x) b
28 ,.3/2

e 3 , * — +0o0o coincides with the right fail of TW



Density of near ex’rreme eigenvalues: results

N maX al
PDOS(T N 1 221 5 )\ ’I“)

i1Z#imax

Ooalel® s, 7= O(NY) & D=l 2\@
ppos(r, N) ~
V2N 73 peage(rV2N?/%) , 7 = O(N~/3)

@ In the bulk r ~ O(N") : 1 e

~ ppos(r, N) is insensitive to the fluctuations of )\ .. ~ V2

N
1
v ppos(r, N) ~ —25 V2 =X =) Zp(\@—T,N)

={>/ pbulk 1\/ 2\/_—:13) shlf’red ngner semi-circle




Density of near ex’rreme eigenvalues: results

N maX al
PDOS(T N 1 221 5 )\ ’I“)

i1Z#imax

Ooalel® s, 7= O(NY) & D=l 2\@
ppos(r, N) ~
V2N 73 peage(rV2N?/%) , 7 = O(N~/3)

@ At the edge 71 ~ O(N_Q/S), a non frivial function

CZQZCB,QZ‘%O

A. Perret, G. S. ‘14



Consequences on the dynamics of the spherical fully
connec’red spin-glass model

632 ZJ,USJ 2(t)si(t) + hi(t) , T =0

@ In the quasi-stationary regime, for t,t' > 1, t—t' =71

R(t,#) ~ / e~ EMER - Yo
0

obuk(r) , T =O(N9) & 0 < r < 2/2
two regimes: ppos(r, V) ~
\/7N t/ 3léedge(f'q\/ﬁj\fz/s) , T = O(N_Q/B)

@ Two temporal regimes for the response function

2/3 Cugliandolo, Dean ‘95
VIR ¢ t t < N / Be?n Arous, Dembo, Guionnet ‘06

(-:/ t, ¢ :O(N2/3)

Perret, Fyodorov, G. S. ‘15




Consequences on the dynamics of the spherical fully
connected spin-glass model

R(tv t/) - / 6—_rr‘(t_t/)IODOS (Ta N) dr
0

oFor 7 = (t—t') ~ O(N?/3)

1 e 1 T
R t) ~ wotn (S ) o In@) = [ & E () o

universal !
@ Asymptotic behaviors

e

fr(x) ~

@ Can one compute the full universal function pogee(x) ?
—=> an exact calculation for GUE Perret, G. S. ‘14



Density of near extreme eigenvalues for GUE
Perret, G. S. ‘14
ae® =20 [ (P ([ awd.om) ) e

— OO

Fafe) =exp |~ [ (- a)P(w)dul | { s

q(x) ~ Ai(x) for z — oo,

O2f(F,z) — [z + 2¢°(2)|f (F,z) = —Ff(F,z) , f(F,z) ~ 275 /mAi(z —F)

&— o8

~

f(7,z) is related to a solution of the Lax pair associated to Painleve XXXIV



Density of near extreme eigenvalues For GUE
1/3 00 - 2
pedge(~>:2_ . (f2( ) - ( / (7 i) )B( )da

s

ad

agf( , ,. ,_ o,

r—r 0O

~

f(7,x) is related to a solution of the Lax pair associated to Painleve XXXIV

5 (e CD ) e~ o

ER L, @) ) )
A= (=) r a_| 4= /
2\ 1 J, @Wdu ¢ (x) ’ e q(z)
\ 2(x) a@) \ a(@) )
Fro) 2o asin (37972 - aVF 4 ) 4 OG3Y

2
G(F, @)~ T WO <§f3/2 agiey Z) L OG-



A = 2;£ - (f2(f, T) — (/;O q(u) f (7, u)du>2> Fo(x) dx

§ OO

@ Asymptotic behaviors

(172 4 a7+ OF) | 7= 0

Y% .

\




@ Exact formulas for ppos(r, N) & paapr(r, N) for finite N

@ Asymptotic analysis for large N

@ Comparison with existing results

@ Conclusion and related open problems






An exact Formula for ppos(r, N)

PDOS(T N N—l L 5 max >\ —T)

1=38
iFimax
: = wall
:(
0 0-00 0—00 . eigenvalues
Amax

oo N/ dy/ dM/ dAQ---/ DF e T,

fwo pom’r correlations for condl’rloned eigenvalues

@ After some manipulations one obtains

_N(N_Q)'/OO T KN(y_Tay_T) KN(y_Tvy)
poos(r,N) = —=7—= | dy kl;[o )| " k(g 1) T
Al 1 32 9% 72
wih the kernel Kxn(\ ) = O\ ) eV, y)e™ 2
hie (y)



An exact Formula for ppos(r, V)

N max 'z
ppos(r, N =T sz O(Amax =X — 1)

iZ#imax

f 3 wall
o 0-00 0—00 > eigenvalues
)\max S
. 9 2 T ]ﬁlh() Kn(y=ry—r) Kn(y—ry)
PDOS\T, - 4. 5] Y kLY KN(y,y ' T) KN(yay)

@ Finally a useful formula is

£:44 g [Pl = 1oy = 1) — Fx () K.y~ )]

pDOS(TaN) y i



An exact formula for the PDF of the first gap
pcap(r,N)dr = P[(A1 v — Aa.n) € [r,r + dr]]

wall

r > 0,
ﬂ:
O 0—00 0—O00 [ Q-»elgenvalues
Ao n=y M n
+00
parn(r,N) = N(N=1) | dy/ dM/ Ao - / AN (1, - , Xy 2,1,y + 1)

Reminding that
o0 (] Yy Yy
pDos(r,N):N/ dy/ dM/ dAQ---/ D ama——

one gets

4 )

pcap(r, N) = (N — 1)ppos(—7, N)

- J
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@ Conclusion and re lm‘é‘g ope ;". e




Orthogonal polynomials

1 T
Pjoint(>\1, >\2, i )\N) e Z_ H()\Z = )\])2 e > L e
N¥_ 8
1<
)\max = 0 X )\Z
1<i<N
@ Cumulative distribution function of A\, .«
Fn(y) = Pr°(1glia§}§v Ni <y)
4 i 1y g dA ’ d\ A )2 e~ Zita A
N(y)—E/_OO 1/ NH(’L_ R e

S e
@ Orthogonal polynomials on the semi-infinite real line
(e, me) = [ A y)me (A y)e™ = S hi(y)

~N

ik (9 4 T J

N

=

N

Fn (y) = _ZN | | hj (y) C. Nadal, S. N. Majumdar ‘13
7=0



Fn(y) = Pr.( max \; <)

1<i<N
1 Y Y I
N e »

@ Coulomb gas with a wall located in y
for a review see S. N. Majumdar, G. S. ‘13

® Moving the wall through the edge: the density p, ()

A

—L(y) V2N V2N V2N  —V2N V2N
y < V2N . h y > V2N
PUSHED PULLED

see also T. Claeys, A. Kuijlaars ‘08, «..whewn the soft edge meety the hard edge»



PDOS (Ta N) 58

@ Edge regime : = O(N0)

1
N—1

@ Analysis of the kernel in the double scaling limit

ppos(r M) =+ | Sy [Pl (1) K M, y — )t K (7 — )]

N—1
1 22

Ky A) = > de(Ay)ve(N,y) where ¥r(Ay) = ey JeT =
k=0 k()

Find a solution of the recurrence in the double scaling limit

AUNALY) = VBN () YN+1 (N Y) + S ()N (A y) + VBN (W) Yn—1 (A, y)



Large N analysis of ppos(NV, )

N
1
poos(r, N) = —— 2_; (0(Ammax = i = 7))
o
AN (A y) = VRN 1 (W) Yn (A y) + S (9)vn (A y) + VRN (9)Yn-1(N, y)
@ In the double scaling limit, one has C. Nadal, S. N. Majumdar ‘13

__gi - _% 2 _~q gy Al 3
Ry 2N(1l N-3¢%(z) + O(N )) Jirndle 203 + 24,
Sn(y) = — 7 qz(aj)—FO(N_%) W(7) ~ Ai(@)Tor z — oo,

r = V2Ns (y—\/ﬁ)

@ In ’rhe double scaling limit the recurrence relation is solved by
4 ' 21/4 a

Uy —1,y) = TN—EG(WNVG r, V2NY5(y F))HQ( )

| _02G(7,5) + o + 22 (@)]G(F, ) = 7 G(F, )

i

A. Perret, G. S. ‘14



Large N analysis of ppos(NV, )

@ After some more computations...

&/

o (y— TN T n-116) o Nusgsel(Fi2)dF @) = F(7,2)3(7 @)
V2 V2 N oo (7 — )

where f(7,z),(7, =) solve the Lax pair for Painlevée XXXIV

-5( S0

~

w(1en ) =2 (403 ) % (62

( _q (=) |+ q¢*(x) \ ( q’ (x) 4 \
A O q(z) r 5 | o alx)
S [, (w)du () s = _4(@)

\ < q*(x) q() ) \
f(f) " e 1/65-1/4 gip) <§f3/2 — VT + Z) - 0(7:_3/4) .

T— 00

2
g(,,l” CU) ~ 2_1/6f1/4 COS (_71'3/2 = LU\/’I—:—F %) LI 0(7:—1/4)

T — 00 3

see T. Claeys, A. Kuijlaars ‘07 for a (rigorous) derivation using RH



Density of near extreme eigenvalues: resulfs
| 1/3 00 - 2
pedge<~>:2_ . (f2< ) - ( / (7 i) )B( )dx

s
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f(7,x) is related to a solution of the Lax pair associated to Painleve XXXIV

5 (e CD ) e~ o
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A= (=) r a_| 4= /
2\ 1 J, @Wdu ¢ (x) ’ e q(z)
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Typical fluctuations of the gap: results

A. Perret, G. S. ‘13

USing PGAP (Ta N) . (N 3 1)IODOS(_T7 N)

we obtain  pcap(r, N) = V2NY05  (rv2N/0)

R

a:%f(_éz7 ,CC) P ['CE s 26]2(55)]];(_7:, 33) ~ %f(_rfa CE) ) f(_rfa Qj) 5 2_1/6\/%A1(£E + 7:)

B—='3O

from which we obtain the asymptotic behaviors
f1~2_|_a,'::4_|_0(~6> a

ﬁtyp(f) =
il ol (_;17:3/2 \@~3/4>~ 21/32 <1 141(?353\6(~ 3/4 4 (’)(f‘3/2)> 5 4 S

\

with A =2"9/48.0  /n
and a4 = —0.393575... complicated integral involving ¢(x)



@ Exact formulas for PDOS (T‘, N) & PGAP (7“, N) for finite N

@ Orthogonal polynomials (OPs) on the semi-infinite real line

@ Conclusion and related open problems



@ Density of near extreme eigenvalues was not studied in RMT
(to my knowledge)

@ Previous studies of the
v an expression in terms of a Fredholm determinant Forrester ‘93

v an expression in terms of Painleve transcendents
Witte, Bornemann, Forrester 13

and a numerical computation of the formula in terms of a
Fredholm determinant



oa(7T) = / Dot (P

a2 4 P 4 5
soft o soft ar o 30 | P Bviaat, 4 1
ottt = 1) = Swt e (<302 e ([ an{Cant —y-n - va- o)
x (U8, V — VO, U)(—21/37; —21/3¢)
with
o d Ai(z)Ai' (y) — Ai(y) Al
p?(i§t(t) i’ KSOft(t,t) exp (_/ dt (O_H(t) A &log KSOft(t,t))) and KSOft(ZC, y) id 1(33) 1 (ya): ~ yl(y) 1 (CU)
: 1
O'H(t) == —21/3H(—23t) with H = —5 (2q3 i F = t) e ZQOA,OC — 3/2
1
athz == 8paH SRee — q(QX ¥ §t ) atpoz = aan =5 2(]04]904 T+
{ 2 )
ORI Y2 Py Lt i G
5 ~(t—Paj2) + sz + —12 qfpt
\ 2 2( 3/2) T g3/ p3/2] 3/2 P32 ]
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U 0 0 0 1 !
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\

(V)

Showing that this formula coincides with ours is still challenging...

/



PDF of the first gap: the numerical evaluation of Witte, Bornemann,
Forrester




Conclusion and related open questions

@ Applications to the relaxational dynamics of mean-field spin glass

@ Exact results for the statistics of near extreme eigenvalues of GUE

@ A new formula for the PDF of the first gap in terms of
Painleve transcendents (precise asymptotics)

~

(172 + ay™ 4+ O(70) | 7 — 0

Pryp(T) = <
1 14052
A exp (—3%3/2 + iﬂﬁ“) T e (1 — \[f—3/4 - (9(7’:—3/2)> , T — 400

1536

N

@ What about GOE and GSE (skew orthogonal polynomials) ?

@ What about Laguerre-Wishart matrices ?
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