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= Given the agent's microscopic dynamics, modeled by a random walk
(RW), can we understand the macroscopic span dynamics ?
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A first rough answer : span size

This key question in statistical physics and probability has answers of various
levels of accuracy.

A first rough one is given by the span size at a given time n(t); e.g.
n(t) ~ /t for a 1d simple RW. The whole process {n(t)}; has also recently
been studied, although mainly for Markovian (memoryless) RWs.

However, this rough description cannot account for the geometry of the span.
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Fig. 1. Sample random walks in two dimensions of several thousand steps.

Source: The Shapes of Random Walks, Rudnick & Gaspari, Science 1987.



Beyond span size : span geometry

.
¥
Fig. 1. Sample random walks in two dimensions of several thousand steps.

Source: The Shapes of Random Walks, Rudnick & Gaspari, Science 1987.

= Some results about non-sphericity of the span for a simple, Markovian
random walk in dimension d > 2. Not a lot of results since !
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What about 1d span geometry ?

= characterized by both size n and eccentricity z € [0, 1] = fraction of span
to the right of the origin.
In the first example, z = 0.8, while in the second z = 0.2.

To the best of our knowledge, the eccentricity z has not been studied in the
case of non-Markovian random walks. However, it is essential in
understanding how long-range memory shapes exploration.
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Focus of this talk

Q1: What is the distribution of z,, the eccentricity at given span size n 7 =
Does self-interaction drive the walker to always visit a given side, or is it more
well-rounded 7

Q2: Given past eccentricity z,, what can be said of the distribution of future
eccentricity z,y; 7 = how does the memory of the past span, encoded in n
and z,, influence future spans 7

We answer these questions for self-interacting random walks (SIRWs).



1D SIRW: Definition and general idea

e The SIRW (Self-Interacting Random Walk) is a discrete-time,
discrete-space RW on Z.



1D SIRW: Definition and general idea

e The SIRW (Self-Interacting Random Walk) is a discrete-time,
discrete-space RW on Z.

e The transition probability depends on the walker's history through the
edge local time L;(x), i.e. the number of crossings of the edge
{x,x+1}:

P(x+1x, Fi) x w(Le(x)), P(x—1lx, Fi)x w(L(x—1)).



1D SIRW: Definition and general idea

e The SIRW (Self-Interacting Random Walk) is a discrete-time,
discrete-space RW on Z.

e The transition probability depends on the walker's history through the
edge local time L;(x), i.e. the number of crossings of the edge
{x,x+1}:

P(x+1x, Fi) x w(Le(x)), P(x—1lx, Fi)x w(L(x—1)).

e If w(n) decreases, the walk is self-repelled (exploratory); if w(n)
increases, it is self-attracted (timid).
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SIRW: lllustration of the definition
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Three main classes of SIRWs

Two major classes of SIRWs !:

IWe discard non-saturating attractive walks: either trapped or show non-physical behavior
[Pemantle, Diaconis, Davis].
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Three main classes of SIRWs

Two major classes of SIRWs !:
e Saturating SIRWs:

w(n) = wo, + O(1/n). [Attractive or Repulsive]

e Non-saturating SIRWs: w(n) ~ n™7 or w(n) ~ e~ #" [Repulsive]

Key difference: For saturating SIRWs, the span is remembered through its
boundaries. For non-saturating SIRWs, the complete edge local time profile

(L¢(x))x inside the span matters.

1We discard non-saturating attractive walks: either trapped or show non-physical behavior

[Pemantle, Diaconis, Davis].

10
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Belonging to a class depends on the asymptotic behavior of w(n); in a single
class, large-scale span properties are identical (as we proceed to show).
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Universal behavior

Belonging to a class depends on the asymptotic behavior of w(n); in a single
class, large-scale span properties are identical (as we proceed to show).

Large-scale properties of saturating SIRWs are controlled by the single
parameter

¢

w(0) 1+ [w(2) 7t —w(2j —1)7Y]  (Téth '96).

jz1

= self-repelled for ¢ < 1, self-attracted for ¢ > 1, and Brownian-like for ¢ = 1.

Similarly, SIRWs whose self-interaction depends only on the differences of
neighboring edge local times belong to non-saturating SIRWs. A prime
example is TSAW defined by w(n) = e=#".

11



SIRWs are difficult to deal with because they have an infinite number of
hidden degrees of freedom: the edge local times (L:(x))xez-
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SIRWs are difficult to deal with because they have an infinite number of
hidden degrees of freedom: the edge local times (L:(x))xez-

However, Téth extended Ray—Knight theorems = full statistics of (L:(x))x
are explicit when given:

1. the current position y of the walker;

2. how many times the single edge {y — 1, y} has been visited.

12



Generalized Ray—Knight theorems (Téth '96)

We can describe (a scaled version of) (L:(x))x in terms of (powers of) squared
Bessel (BESQ) processes, defined by their dimension § and the SDE

dYs = ddt + 2+/|Ys|dW,.
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Generalized Ray—Knight theorems (Téth '96)

We can describe (a scaled version of) (L:(x))x in terms of (powers of) squared
Bessel (BESQ) processes, defined by their dimension § and the SDE

dYs = ddt + 2+/|Ys|dW,.

For e.g. TSAW, (L¢(x))x can be described using simple Brownian paths !

13



lllustration: Ray—Knight theory for saturating SIRWs
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(Scaled) edge local times for a saturating SIRW with ¢ = log2: the walker is
at site k = 5000 (u = 1 above) for the first time.
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lllustration: Ray—Knight theory for saturating SIRWs

0.87 B/E\S/Qz%
= —— BESQy
\%0‘6*
=
~0.4
X
ke 0.2
0.01 ‘ ‘
0 1
u=uz/k

(Scaled) edge local times for a saturating SIRW with ¢ = log2: the walker is
at site k = 5000 (u = 1 above) for the first time. The processes are running
backwards from k.

= First-passage time density to 0 of the edge local time process =
distribution g (k, m) of the minimum —m of the SIRW when it reaches

its maximum k. "
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(all paths eventually reach site k and span size k + m by recurrence)
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Eccentricity z from g, (k, m)

Using Bayes:
q+(k, m) = P(span size k + m | just visited maximum k)

= P(just visited maximum k | span size k + m)
P(span size k + m)
P(just visited maximum k)

= P(just visited maximum k | span size k + m)

(all paths eventually reach site k and span size k +m by recurrence)
=P = 7/( last ite i the right
Z, , 1ast new site Is on eri o
k+m P g

= q+(k, m) gives access to the distribution of z, !

15
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Eccentricity distribution

Using the Téth—Ray—Knight theorems, we obtain g, (k, m)
= the distribution of z, in the large-n limit:

1 (21-2)"?
nB(§/2) 1-z (1)

P(z, = z, finish on the right) =

where § = 2¢ for saturating SIRWs and 6 = 1 for the non-saturating SIRWs.

L (=21 1] (2 —2)
Pz =2)= =552 [1—z+z]_ nB(/2)

1 n—1

P R

=z, € {0

, 1} converges to a Beta distributed continuous

variable z € [0,1] ! Regardless of whether the SIRW saturates or not.
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Plots for P(z

20+
15+
J— 1
p(z, 2)
10F p(z, 1)
— plz,2)
05-
. ‘ ‘ ‘ 5
0.2 0.4 0.6 0.8 1.0

= Among all n+ 1 possible spans of a given size n with eccentricities
z, € {0, %, ..., 1}, self-repulsion (¢ < 1) favors asymmetric spans,
self-attraction (¢ > 1) favors symmetric spans, while Brownian-like
walks (¢ = 1) are indifferent.

17



What about aging ? Illustration
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What about aging ? Illustration
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The (n+ /)th site visited can be either on the same side (example 1) or on the
opposite side (example 2) of the nth site visited.
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What about aging ? Illustration

it 0 16
{ more / 4 T
* visited sit_e)s Zn_|_l = —

The (n+ /)th site visited can be either on the same side (example 1) or on the
opposite side (example 2) of the nth site visited.

= How does the past eccentricity z,, which conditions the walker’s past
trajectory, impact (by self-interaction) the future eccentricity z,./ ?
This quantifies the " memory of past geometry”.

18



The need for aged Ray—Knight-like results

To describe aging, we would like to have an aged Ray—Knight theorem: given a
past span [—mj, k1], what does the future edge local time look like when
reaching maximum ky ?
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The need for aged Ray—Knight-like results

To describe aging, we would like to have an aged Ray—Knight theorem: given a

past span [—mj, k1], what does the future edge local time look like when
reaching maximum ky ?

It turns out this question has two different answers whether the SIRW is
saturating or not.

Let (I(ka | k1, m1))xecz be the local time increment (= deposited between
first visit of [—my, k1] and first visit of ko).

For saturating SIRWs, we can describe (/x(k2 | k1, m1))xez easily, thanks to
Chaumont & Doney (2000).

19



Case of saturating SIRWs
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Case of saturating SIRWs

Yoz | ¥ Yoy
' Yo | Yoy
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A related result was also used recently by Kosygina, Mountford and Peterson

to establish convergence properties.
20



Result for saturating SIRWs

(ko + m)?~
G e Va0

s (k= ki)(m2 — m)
X oFp (¢+1, 1-9; 2 (k1+m1)(k2+m2)>

/<1Jrf771)(z>

P([_mbﬁ] | [_mlvﬁ]) = (752

(2)

+0(my — my) - <k2—|— -
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Result for saturating SIRWs

Pl ma, ko | [, ka]) = 2 - EM gy

(ko + mp)otl
(ko — ki) (m2 — m1)>
(ki + my1) (k2 + m2)

/(14’[7'!1)(z>
kp+my)

X 2Fy (¢+1, 1-¢; 2, -

+ammy< (2)

The counterpart where the path hits —m; before k, can also be computed.
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The singular Dirac peak

Xe
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isits —m; before k;

Visits|

k, before —-m; —1

visits k, before —m; — 1
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The singular Dirac peak

Xe

R T A e ﬁ—li'j -

isits —m; before k; visits k, before —m; — 1
visits|k; before —m; — 1

t

Weight of the Dirac peak

= P(next £ = ko — ky visited sites are on the same side as k)

—¢
= (|Ldp=—— = Measures persistence in exploration.
ki + mq

22



Nonsingular part

P(z4|z1)

0.8

0.6

Influence

1 I I I 1 1 1 T

0.3 0.4 0.5 0.6 0.7 0.8 0.8 1.0

of the past visited territory of size 1 on the eccentricity z; of the
future visited territory of size 4.

= quantitatively measures how memory shifts future eccentricity zj.
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The case of non-saturating SIRWs

We cannot describe easily the local time increment (/x(kz | k1, m1))xez for e.g.
TSAW or PSRW: memory is now present everywhere in the visited interval
[—my, ki], not just at its boundaries.
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The case of non-saturating SIRWs

We cannot describe easily the local time increment (/x(kz | k1, m1))xez for e.g.
TSAW or PSRW: memory is now present everywhere in the visited interval
[—my, ki], not just at its boundaries.

However, one has a powerful tool : the Brownian Web (and related
Brownian power webs).
They describe the entire local time field (L¢(x))xez r>0 in terms of
coalescing—reflecting (powers of ) Brownian motions ! (Téth & Werner '95)

= We will use them to compute aged properties such as
P([—mo, ko] | [=m1, ki]) for nonsaturating SIRWs.

24



Computation from the Brownian Web (1/3)

Laca( Tome
N

g

L}
—ma —my k1 2 x

Black: initial edge local-time profile when visiting [—my, ki].
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Computation from the Brownian Web (1/3)

Laca( Tome
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L}
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Black: initial edge local-time profile when visiting [-m;, ki]. Red: future
profile when visiting k», while staying above —m; (contributes to the singular
Dirac peak).
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Computation from the Brownian Web (1/3)

Laca( Tome
N

g

L}
—Mm2 —my k1 2 x

Black: initial edge local-time profile when visiting [-m;, ki]. Red: future
profile when visiting k», while staying above —m; (contributes to the singular
Dirac peak). Blue: future profile when visiting k,, after going all the way
to —my (contributes to the nonsingular part).

25



Computation from the Brownian Web (2/3)

{_ocaﬂ Time
N

g

—Ma —my k1 2 T

In essence, the problem is reduced to the probability that a (power of)
Brownian motion “jumps” above another.
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Computation from the Brownian Web (2/3)

{_ocaﬂ Time
N

o

—m2 —my kl 2 T

In essence, the problem is reduced to the probability that a (power of)
Brownian motion “jumps” above another.

Difficulty: the initial profile (black) starts from 0 at “time” kq, is reflected
until time 0, and then stays above O before its absorption at time —mj...
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Computation from the Brownian Web (3/3)

Y3
V &

'
R\

t
t
’
[
'
1

L5

[ N3\

Vv
o<

We view the two one-dimensional Brownian motions as a single
two-dimensional Brownian motion (Y7, Y2), where a is the value of the

future local-time field at k.
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Computation from the Brownian Web (3/3)
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o<

We view the two one-dimensional Brownian motions as a single
two-dimensional Brownian motion (Y7, Y2), where a is the value of the

future local-time field at k.

e Duration ki: motion in an absorbing quadrant.
e Duration my: motion in an absorbing octant.
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Results for non-saturating SIRWs

P([=my, ko] [ [=m1, k)

_ (ke —fki)(my—m) ke
whkomy(ky + my — kg — my) V my

k \/
2 ( 1t m1) k2/k1 sin~! ka + cos™! ko .
ko + my V kg +m V ko +my

+ ; 5(”’72 — ml)
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Results for non-saturating SIRWs

P([=my, ko] [ [=m1, k)

_ (ke —fki)(my—m) ke
ﬂ'k2m2(k2—|—m2—k1 —ml) moy

2 (kl + ml)\/ kz/kl sin71 kl n COS_l k2 .
ko + my V kg +m V ko +my

c5 _
+ (ma — my)
This result holds for all non-saturating SIRWs (TSAW, PSRW, SESRW...)
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gular part for nonsaturating SIRWs

P[discover at least | sites in
a row on the positive side|zq]

10
09 — 2=0.1
0.8
z=1
0.7 2
— 2z=0.8

0.6

05 —— Saturating SIRW result

04

= The less one side of the origin has been explored, the stronger the
tendency to keep expanding this under-explored side.
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04

= The less one side of the origin has been explored, the stronger the
tendency to keep expanding this under-explored side.

This effect is absent for saturating SIRWs ! It is a consequence of the
long-range influence of the full past edge local time.
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