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A class of self-interacting random walks

Weight function w : Z, — (0, c0)

» Transition probabilities proportional to the weight function of the
number of edge crossings.
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L ReyknighteppromchtsFLL
A class of self-interacting random walks

Weight function w : Z, — (0, c0)

» Transition probabilities proportional to the weight function of the
number of edge crossings.
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w(0)+w(3) w(0)+w(3)

0 0
Assume w(-) is monotone.

» Decreasing w(-): self-repelling random walk
> Increasing w(-): self-attracting random walk



Examples

» Linear ERRW: w(n) =a-+n
> X, converges in distribution without scaling (Pemantle ’88).

> “True” self-avoiding walk: w(n) = e=?", for some 3 > 0.

» Polynomially self-repelling: w(n) = n—* (1 +&4 O(n—2)> for
some a > 0.

» Asymptotically free random walk: w(n) =1+ £ + O(n2)
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Markovian structure of local times

Directed edge local times:

n
E(nx) =Y X1 =xX=x+1}

i=1

Stopping times: 7, is the time of the (m + 1)-st visit to x.
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Markovian structure of local times

Directed edge local times:

&(n, x) = 21{)( 1=XX=x+1}
i=1

Stopping times: 7, is the time of the (m + 1)-st visit to x.

{€(mx,m, ¥)}, ¢z is a gluing together of Markov chains.
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Generate steps of the walk up until time 7q 5.
» {&(105,1)}i>0 is @ Markov chain.
» {&(10,5, /) }j>1 is a Markov chain.



Ray-Knight approach to FLL

_8x2
TSAW: w(n) — e ", and let o2 — xezX® "7

ZXEZ 97BX2 '
Theorem (To6th °95)
Forany x e R and h > 0, let
- E(r , Lyn])
A" _ |xn],|2chy/n| cR.
X,h(y) O'ﬁ 9 y

Then A, () = Axn(-), where Ay n(-) is a two-sided,
reflected/absorbed Brownian motion started at Ay p(x) = h.

- absorbed BM < reflected BM absorbed BM

L

PURDUE Jonathon Peterson May 18, 2026
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TSAW: Consequences of the Ray-Knight Theorem

absorbed BM reflected BM absorbed BM

T X! o
b LI — [ Aa(y) dy.

> o is tight.

> If 6 ~ Exp()\) then );L;/’Q converges in distribution.
X

This is enough to identify the limiting distribution of 375 if it exists.




L ReyknighteppromchtsFLL
TSAW limiting density

Semi-explicit formula for limiting distribution of X ~275 given by Dumaz
and Toth ('13).




©BaykmightepprachtoFLL
Limiting Distributions from Ray-Knight Theorems

Remaining questions:

» Can you use the Ray-Knight Theorems to prove a limiting

distribution for the walk?
Xint)

» What about functional limit laws for (57 )>07?
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Limiting Distributions from Ray-Knight Theorems

Remaining questions:

» Can you use the Ray-Knight Theorems to prove a limiting
distribution for the walk?

» What about functional limit laws for (XL"‘J )i>0?

n2/3
> “True” self-repelling motion (TSRM) - candidate limiting
process (Téth and Werner '98)
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“True” self-repelling motion

Constructed by T6th and Werner ('98)
Brownian web: {A, y(-)}xer, n>0

- QL .

Forward paths are independent, reflected/absorbed BM.
Backward paths are dual in the web.
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Constructed by T6th and Werner ('98)
Brownian web: {A, y(-)}xer, n>0

Forward paths are independent, reflected/absorbed BM.
Backward paths are dual in the web.
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The mapping T : R x (0,00) — (0, 00)
> is one-to-one
» has dense image in (0, o).




L ReyknighteppromchtsFLL
“True” self-repelling motion

Brownian web: {A, »(*)}xer, h>0
Area under curves

Top = /R Axn(y) dy.

The mapping T : R x (0,00) — (0, c0)
> is one-to-one
» has dense image in (0, o).
Inverse of T gives a random space filling curve

t— (xbﬁt)‘

X is the “true” self-repelling motion.



L ReyknighteppromchtsFLL
“True” self-repelling motion

Properties of the “true” self-repelling motion
» Continuous, recurrent.
» Not an SDE nor a semi-martingale (finite variation of order 3/2).

» Scaling: {Xat}>0 Haw {@%3%}1>0.
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“True” self-repelling motion

Properties of the “true” self-repelling motion
» Continuous, recurrent.
Not an SDE nor a semi-martingale (finite variation of order 3/2).

>
> Scaling: {:{at}tzo L%W {32/33€t}t20.
> Local times £(t, x) exist.

Inverse local times Tyn=inf{t >0: £(t,x) > h}
Joint Ray-Knight Theorems A, ,(y) = £(Txp,y)
» Formal dynamics

dx; =" — %S(t, x) + (boundary effects)



©BaykmightepprachtoFLL
Ray-Knight theorems for PSR random walk

Polynomially self-repelling RW: w(n) = n=« (1 + % + O(n—2)>
Generalized Ray-Knight Theorem (To6th '96)

 2&(T\xn),\hgn)s Lyn]) T
= s = Menly); g = 120

Az n(y)
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Brownian motion perturbed at its extrema

(o, 3)-BMPE:

YoB(t) = B(t) + a(sup Y*P(s)) + B(inf Y*F(s))
a,f <1 s<t sst
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(c, 3)-BMPE: YoB(1) = B(t) + a(sup Y*P(s)) + B(inf Y*B(s))
a, B < 1 o=t =

Ray-Knight Theorem for (a, 5)-BMPE (Carmona, Petit, Yor '98)
A
BESQ®~%¥
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BESQ®?? - BESQ -
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Brownian motion perturbed at its extrema

(c, 3)-BMPE: YoB(1) = B(t) + a(sup Y*P(s)) + B(inf Y*B(s))
a, B < 1 o=t =

Ray-Knight Theorem for (a, 5)-BMPE (Carmona, Petit, Yor '98)
A
BESQ®~%¥

(2a)
BESQ®?? - BESQ -

A
v

Suggests PSRW converge to (3, +)-BMPE.
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Scaling limit for PSR random walk

Xint)

Xn(t) = \/Fl )

t>0.

For a PSR random walk with w(n) ~ n~,
Xn(+) does NOT converge to a BMPE.
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Xn(t) = \/Fl )

t>0.
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Xn(+) does NOT converge to a BMPE.

Téth proved,
Xo(t) = V2a + 1Yz2(t) forfixed t > 0,

if the limit exists.
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Scaling limit for PSR random walk

Xint)
\/F, )

For a PSR random walk with w(n) ~ n~,
Xn(+) does NOT converge to a BMPE.

Téth proved,
Xo(t) = V2a + 1Yz2(t) forfixed t > 0,

if the limit exists.
» Does Xj(t) converge in distribution for t > 0 fixed?
» Does Xj(-) converge in distribution?



PSR walks don’t converge to BMPE

Idea of argument in (Kosygina, Mountford, P. ’23)
Fix 0 < hy < ho.

(Ao, (1, A, (1) = (X(1), Y(1)),  t=0.

dX (1) = dt + 2,/X(T) dB; (1)
dY(t) = dt + 2/X(1) dBi (1) + 2/Y(Dy/1 — (é(%)zw dBa(t)




PSR walks don’t converge to BMPE

Idea of argument in (Kosygina, Mountford, P. ’23)
Fix 0 < hy < ho.

(Mg (DA () = (X(0), V(D). >0,

dX(t) = dt + 2,/X(1) dBy (t
av(t dt+2\/_dB1(t)+2«/_ 1—(%) " By (1)

BUT limit for (1/2, 1/2)-BMPE should be

dX(t dt +2,/X(t) dB (t
dY(t) = dt + 2/X(t) dB; t)+2\/ /1 - Y(gdB2
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Joint Ray-Knight Theorems

L(risn. e Y1)
Nonly) = =2

Joint Ray-Knight: For any (x1, hy), ..., (xn, hy) € R x [0, 00), joint
convergence of the paths

(A% Yien = {An () Yicn:
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Joint Ray-Knight Theorems

L(71xn), | har > LYN])
N aty) = b

Joint Ray-Knight: For any (x1, hy), ..., (xn, hy) € R x [0, 00), joint
convergence of the paths

(A% Yien = {An () Yicn:

Augmented Joint Ray-Knight: Joint convergence of paths together
with merge points and endpoints.



Ray-Knight approach to FLL

Random walk X,. Local time L(n, x) = >"¢_o 1{x,=x}-
XLthVJ
Rescaled path: Xn(t) = — t>0
L(Ltn™*7], [xn])

Rescaled local time: L;(t,x) = , t>0,xeR

ny

Theorem (Kosygina, Maréché, Mountford, P. '26+)

If the walk satisfies an augmented Joint Ray-Knight theorem (+ certain
technical conditions), then there is a continuous process X(-) with local
time £(-,-) such that

(Xn(-), Ln(:, ) = (X(), £(-,-))

X(-) is the unique continuous process with the same joint

Ray-Knight theorems as the walk.

PURDUE Jonathon Peterson May 18,2026  19/27
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> Joint RK proved in (Kosygina, P.’26)
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Applications

@ TSAW converges to TSRM
> Joint RK proved in (Kosygina, P.’26)

O PSR walk converges to a new process X,(-)
> New proces: a-polynomially self-repelling motion
> Joint RK proved in (Yu ’26+)
> Augmented joint RK proved in (Kosygina, Maréché, Mountford, P.
'26+)
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The a-polynomially self-repelling motion

Similarities with (3, 7)-BMPE
(Toth '96, Carmona, Petit, Yor '98, Brémont, Bénichou, Voituriez '24)
@ X.() has the same Ray-Knight theorems as Y%’%(-)
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The a-polynomially self-repelling motion

Similarities with (3, 7)-BMPE
(Toth '96, Carmona, Petit, Yor '98, Brémont, Bénichou, Voituriez '24)

Q@ X.(-) has the same Ray-Knight theorems as Y2'z(.)

Q Foranya>0andt> 0, Xa(t) 2 Y22 (1).
©Q Foranya>0andt >0,

LA ds v ! . ds~Beta [ 1.1
T )y Xa(920} ST o {Y22(s)>0} °lalz2

Slmulatlons of PSR walk with o = 4 for 10 000 steps
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The a-polynomially self-repelling motion

Differences with (3, 3)-BMPE

Q x,()and Y%’%(-) have different joint Ray-Knight theorems.
Q Forany0O<s<t

Simulations for n = 10,000 steps with s = 0.9, t = 1.
PSR walk with o = 4 (left) and AF walk with v = 1/2 (right).
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The a-polynomially self-repelling motion

Heuristic driving mechanism

13 ” a t 8
Xo(t) =" B(1) - 5 | ax 108 (La(8:X)) . )ds
X=XalS

+ (perturbations at boundary)
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The a-polynomially self-repelling motion

Heuristic driving mechanism
a (1o
%) =" B(0) - 5 | 5 log(£a(s.%)) ds
2 Jo Ox X=Za(s)

+ (perturbations at boundary)

Compare with BMPE

YR (1) = B(t) + a (sup yaﬁ(s)) + (L%ft YO‘"B(S))

s<t
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The a-polynomially self-repelling motion

Heuristic driving mechanism
a (1o
Xo(t) "= B(f) - & / 9 log (£a(s, X)) ds
(1) 2 Jo Ox X=Za(s)

+ (perturbations at boundary)

Compare with BMPE

YR (1) = B(t) + a (sup yaﬁ(s)) + (Lg wﬁ(s))

s<t

Compare with “true” self-repelling motion (Téth, Werner '98)

ds + (perturbations at boundary)
x=X(s)

t
X(1) "= — /0 %Ea(s,x)
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Technical Conditions for Main Theorem

Limiting curves {Ay p.(-)}i<ny must have the following properties:
» Joint Markov structure for forward/backward curves
> Ax.n(-) is a gluing together of Bessel processes raised to power 2.
Scaling relation:

Law (

(Acx,cﬁh(c}/))yeR = C’y/\x,h(}/))yeR

> Non-degeneracy condition

P (Axs(k£1 A k£t1)) <1-
kegj?ém (Nl ) < Mgl ) < @
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Tightness from joint Ray-Knight theorems

Need: for any ¢, > 0 there exists 4’ > 0 such that

limsup P max | Xk — X¢| >en| <n.
n—oo k<n'ty
k—e|<8'nt+
I L
< = -
T 7T -
kot ity -

Walk moves distance en/4 between r and 7’ or between 7’ and 7”.



Tightness from joint Ray-Knight theorems

Need: for any ¢, > 0 there exists 4’ > 0 such that

limsup P max | Xk — X¢| >en| <n.
n—oo k<n'ty
k—e|<8'nt+

Walk moves distance en/4 between r and 7’ or between 7’ and 7”.




L ReyknighteppromchtsFLL
Tightness from joint Ray-Knight theorems

Need: for any ¢, > 0 there exists 4’ > 0 such that

limsup P max | Xk — X¢| >en| <n.
n—oo k<n'ty
k—e|<8'nt+

>
on

en/4

Walk moves distance en/4 between r and 7’ or between 7’ and 7”.
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> Xsn(-) is rescaled walk at §-grid stopping times.
> 1i5.n is distribution of X5 ().
> Joint RK: ys5, = psas n— oo

» Tightness argument implies sup;<+ | X5 (1) — Xn(t)| < € with high
probability.

P (sup | X5 n(t) — Xn(t)] > 8) <e.

t<T
> up is distribution of Xj(+).

d(en, tm) < d(pn, po,n) + d(ps,n, ps) + d(is, ts,m) + d(es,ms fim)



~ RayKnightapproachtoFLL
|dentification of finite dimensional distributions

> Xsn(-) is rescaled walk at §-grid stopping times.
> 1i5.n is distribution of X5 ().
> Joint RK: ys5, = psas n— oo

» Tightness argument implies sup;<+ | X5 (1) — Xn(t)| < € with high
probability.

P <sup | X5 n(t) — Xn(t)] > 8) <e.

t<T
> up is distribution of Xj(+).

d(tn, pm) < d(pn, psn) + d(psn, ) + d(1s, tio,m) + A(tts,m, pim)

» Sequence {1n}n>1 is Cauchy.






