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Ray-Knight approach to FLL

A class of self-interacting random walks

Weight function w : Z+ → (0,∞)

▶ Transition probabilities proportional to the weight function of the
number of edge crossings.
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w(0)+w(0)

w(0)
w(0)+w(0)

Assume w(·) is monotone.
▶ Decreasing w(·): self-repelling random walk
▶ Increasing w(·): self-attracting random walk
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Ray-Knight approach to FLL

Examples

▶ Linear ERRW: w(n) = a + n
▶ Xn converges in distribution without scaling (Pemantle ’88).

▶ “True” self-avoiding walk: w(n) = e−βn, for some β > 0.

▶ Polynomially self-repelling: w(n) = n−α
(

1 + C
n +O(n−2)

)
for

some α > 0.
▶ Asymptotically free random walk: w(n) = 1 + C

n +O(n−2)

Jonathon Peterson May 18, 2026 4 / 27



Ray-Knight approach to FLL

Markovian structure of local times

Directed edge local times:

E(n, x) =
n∑

i=1

1{Xi−1 = x ,Xi = x + 1}

Stopping times: τx ,m is the time of the (m + 1)-st visit to x .

{E(τx ,m, y)}y∈Z is a gluing together of Markov chains.
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Ray-Knight approach to FLL

Markovian structure of local times

0

Generate steps of the walk up until time τ0,5.
▶ {E(τ0,5, i)}i≥0 is a Markov chain.
▶ {E(τ0,5,−j)}j≥1 is a Markov chain.
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Markovian structure of local times
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Markovian structure of local times
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Markovian structure of local times
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Markovian structure of local times

0 3 3 1 0
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Markovian structure of local times
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Markovian structure of local times
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Generate steps of the walk up until time τ0,5.
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Ray-Knight approach to FLL

Ray-Knight Theorems for the TSAW

TSAW: w(n) = e−βn, and let σ2 =
∑

x∈Z x2e−βx2∑
x∈Z e−βx2 .

Theorem (Tóth ’95)
For any x ∈ R and h ≥ 0, let

Λ
n
x ,h(y) =

E(τ⌊xn⌋,⌊2σh
√

n⌋, ⌊yn⌋)
σ
√

n
, y ∈ R.

Then Λ
n
x ,h(·) =⇒ Λx ,h(·), where Λx ,h(·) is a two-sided,

reflected/absorbed Brownian motion started at Λx ,h(x) = h.

h

x

absorbed BMabsorbed BM reflected BM
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Ray-Knight approach to FLL

TSAW: Consequences of the Ray-Knight Theorem

h

x

absorbed BMabsorbed BM reflected BM

▶
τ⌊xn⌋,⌊2σh

√
n⌋

2σn3/2 =⇒
∫
R Λx ,h(y) dy .

▶ Xn
n2/3 is tight.

▶ If θ ∼ Exp(λ) then X⌊θn⌋
n2/3 converges in distribution.

This is enough to identify the limiting distribution of Xn
n2/3 if it exists.
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Ray-Knight approach to FLL

TSAW limiting density

Semi-explicit formula for limiting distribution of Xn
n2/3 given by Dumaz

and Tóth (’13).
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Ray-Knight approach to FLL

Limiting Distributions from Ray-Knight Theorems

Remaining questions:
▶ Can you use the Ray-Knight Theorems to prove a limiting

distribution for the walk?
▶ What about functional limit laws for (X⌊nt⌋

n2/3 )t≥0?

▶ “True” self-repelling motion (TSRM) - candidate limiting
process (Tóth and Werner ’98)
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Ray-Knight approach to FLL

“True” self-repelling motion

Constructed by Tóth and Werner (’98)
Brownian web: {Λx ,h(·)}x∈R, h≥0

x

Forward paths are independent, reflected/absorbed BM.
Backward paths are dual in the web.
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Ray-Knight approach to FLL

“True” self-repelling motion

Brownian web: {Λx ,h(·)}x∈R, h≥0
Area under curves

Tx ,h =

∫
R
Λx ,h(y) dy .

The mapping T : R× (0,∞) → (0,∞)

▶ is one-to-one
▶ has dense image in (0,∞).

Inverse of T gives a random space filling curve

t 7→ (Xt ,Ht).

Xt is the “true” self-repelling motion.
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Ray-Knight approach to FLL

“True” self-repelling motion

Properties of the “true” self-repelling motion
▶ Continuous, recurrent.
▶ Not an SDE nor a semi-martingale (finite variation of order 3/2).

▶ Scaling: {Xat}t≥0
Law
= {a2/3Xt}t≥0.

▶ Local times L(t , x) exist.

Inverse local times Tx ,h = inf{t ≥ 0 : L(t , x) > h}
Joint Ray-Knight Theorems Λx ,h(y) = L(Tx ,h, y)

▶ Formal dynamics

dXt “=” − ∂

∂x
L(t , x) + (boundary effects)
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Ray-Knight approach to FLL

Ray-Knight theorems for PSR random walk

Polynomially self-repelling RW: w(n) = n−α
(

1 + C
n + O(n−2)

)
Generalized Ray-Knight Theorem (Tóth ’96)

Λn
x ,h(y) =

2E
(
τ⌊xn⌋,⌊hβn⌋, ⌊yn⌋

)
βn

=⇒
n→∞

Λx ,h(y), β =
1

1 + 2α

h

x

BESQ(1)

BESQ(1)

BESQ(1)
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Ray-Knight approach to FLL

Brownian motion perturbed at its extrema

(α, β)-BMPE:

α, β < 1
Yα,β(t) = B(t) + α(sup

s≤t
Yα,β(s)) + β(inf

s≤t
Yα,β(s))

Ray-Knight Theorem for (α, β)-BMPE (Carmona, Petit, Yor ’98)

h

x

BESQ(2α)

BESQ(2β)

BESQ(2−2α)

Suggests PSRW converge to (1
2 ,

1
2)-BMPE.
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Ray-Knight approach to FLL

Scaling limit for PSR random walk

Xn(t) =
X⌊nt⌋√

n
, t ≥ 0.

Theorem (Kosygina, Mountford, P. ’23)

For a PSR random walk with w(n) ≈ n−α,
Xn(·) does NOT converge to a BMPE.

Tóth proved,

Xn(t) =⇒
√

2α+ 1Y
1
2 ,

1
2 (t) for fixed t > 0,

if the limit exists.
▶ Does Xn(t) converge in distribution for t > 0 fixed?
▶ Does Xn(·) converge in distribution?
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Ray-Knight approach to FLL

PSR walks don’t converge to BMPE

Idea of argument in (Kosygina, Mountford, P. ’23)
Fix 0 < h1 < h2.

(Λn
0,h1

(t),Λn
0,h2

(t)) =⇒ (X (t),Y (t)), t ≥ 0.
dX (t) = dt + 2

√
X (t) dB1(t)

dY (t) = dt + 2
√

X (t) dB1(t) + 2
√

Y (t)

√
1 −

(
X(t)
Y (t)

)2α+1
dB2(t)

x

BUT limit for (1/2, 1/2)-BMPE should be dX (t) = dt + 2
√

X (t) dB1(t)

dY (t) = dt + 2
√

X (t) dB1(t) + 2
√

Y (t)
√

1 − X(t)
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Ray-Knight approach to FLL

Joint Ray-Knight Theorems

Λn
x ,h(y) =

L(τ⌊xn⌋,⌊hanγ⌋, ⌊yn⌋)
anγ

Joint Ray-Knight: For any (x1, h1), . . . , (xN , hN) ∈ R× [0,∞), joint
convergence of the paths

{Λn
xi ,hi

(·)}i≤N =⇒ {Λxi ,hi (·)}i≤N .

x

Augmented Joint Ray-Knight: Joint convergence of paths together
with merge points and endpoints.
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Ray-Knight approach to FLL

Scaling limits from Joint Ray-Knight

Random walk Xn. Local time L(n, x) =
∑n

k=0 1{Xk=x}.

Rescaled path: Xn(t) =
X⌊tn1+γ⌋

n
, t > 0

Rescaled local time: Ln(t , x) =
L(⌊tn1+γ⌋, ⌊xn⌋)

nγ
, t > 0, x ∈ R

Theorem (Kosygina, Marêché, Mountford, P. ’26+)
If the walk satisfies an augmented Joint Ray-Knight theorem (+ certain
technical conditions), then there is a continuous process X(·) with local
time L(·, ·) such that
▶ (Xn(·),Ln(·, ·)) =⇒ (X(·),L(·, ·))
▶ X(·) is the unique continuous process with the same joint

Ray-Knight theorems as the walk.
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Ray-Knight approach to FLL

Applications

1 TSAW converges to TSRM
▶ Joint RK proved in (Kosygina, P. ’26)

2 PSR walk converges to a new process Xα(·)
▶ New proces: α-polynomially self-repelling motion
▶ Joint RK proved in (Yu ’26+)
▶ Augmented joint RK proved in (Kosygina, Marêché, Mountford, P.

’26+)
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Ray-Knight approach to FLL

The α-polynomially self-repelling motion

Similarities with (1
2 ,

1
2)-BMPE

(Tóth ’96, Carmona, Petit, Yor ’98, Brémont, Bénichou, Voituriez ’24)
1 Xα(·) has the same Ray-Knight theorems as Y

1
2 ,

1
2 (·)

2 For any α > 0 and t > 0, Xα(t)
Law
= Y

1
2 ,

1
2 (t).

3 For any α > 0 and t > 0,

1
t

∫ t

0
1{Xα(s)≥0} ds Law

=
1
t

∫ t

0
1
{Y

1
2 , 1

2 (s)≥0}
ds ∼ Beta

(
1
4
,
1
4

)
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Simulations of PSR walk with α = 4 for 10,000 steps
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Ray-Knight approach to FLL

The α-polynomially self-repelling motion

Differences with (1
2 ,

1
2)-BMPE

1 Xα(·) and Y
1
2 ,

1
2 (·) have different joint Ray-Knight theorems.

2 For any 0 < s < t

Xα(t)− Xα(s)
Law
̸= Y

1
2 ,

1
2 (t)− Y

1
2 ,

1
2 (s)
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Simulations for n = 10,000 steps with s = 0.9, t = 1.
PSR walk with α = 4 (left) and AF walk with γ = 1/2 (right).
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Ray-Knight approach to FLL

The α-polynomially self-repelling motion

Heuristic driving mechanism

Xα(t) “=” B(t)− α

2

∫ t

0

∂

∂x
log (Lα(s, x))

∣∣∣∣
x=Xα(s)

ds

+ (perturbations at boundary)

Compare with BMPE

Yα,β(t) = B(t) + α

(
sup
s≤t

Yα,β(s)
)
+ β

(
inf
s≤t

Yα,β(s)
)

Compare with “true” self-repelling motion (Tóth, Werner ’98)

X (t) “=” −
∫ t

0

∂

∂x
Lα(s, x)

∣∣∣∣
x=X (s)

ds + (perturbations at boundary)
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Ray-Knight approach to FLL

Technical Conditions for Main Theorem

Limiting curves {Λxi ,hi (·)}i≤N must have the following properties:
▶ Joint Markov structure for forward/backward curves

▶ Λx ,h(·) is a gluing together of Bessel processes raised to power 2γ.
Scaling relation:(

Λcx ,cγh(cy)
)

y∈R
Law
=
(
cγΛx ,h(y)

)
y∈R

▶ Non-degeneracy condition

max
k∈Z, ℓ∈Z+

P
(
Λk ,ℓ(k ± 1) < Λk ,ℓ+1(k ± 1)

)
≤ 1 − c0
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Ray-Knight approach to FLL

Tightness from joint Ray-Knight theorems

Need: for any ε, η > 0 there exists δ′ > 0 such that

lim sup
n→∞

P

 max
k ,ℓ≤n1+γ

|k−ℓ|≤δ′n1+γ

|Xk − Xℓ| > εn

 < η.

δγnγ

δn

n1+γk `

τ τ ′ τ ′′

Walk moves distance εn/4 between τ and τ ′ or between τ ′ and τ ′′.
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Ray-Knight approach to FLL

Identification of finite dimensional distributions

Use stopping times τ⌊xn⌋,⌊hanγ⌋ for (x , h) on δ-grid (δZ)× (δγZ+).
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Ray-Knight approach to FLL

Identification of finite dimensional distributions

▶ Xδ,n(·) is rescaled walk at δ-grid stopping times.
▶ µδ,n is distribution of Xδ,n(·).
▶ Joint RK: µδ,n =⇒ µδ as n → ∞

▶ Tightness argument implies supt≤1 |Xδ,n(t)−Xn(t)| < ε with high
probability.

P

(
sup
t≤T

|Xδ,n(t)−Xn(t)| > ε

)
< ε.

▶ µn is distribution of Xn(·).

d(µn, µm) ≤ d(µn, µδ,n) + d(µδ,n, µδ) + d(µδ, µδ,m) + d(µδ,m, µm)

▶ Sequence {µn}n≥1 is Cauchy.
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