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Aspects of the cutoff phenomenon

Langevin diffusions

Langevin process
� V 2 C2(Rn ;R), V � �

2 j�j2 convex for some � > 0 (�-convex)

� Diffusion process (Xt )t�0 on Rn

dXt = �rV (Xt )dt +
p
2dBt ; X0 = x0

� Convergence to invariant probability measure

�t = Law(Xt ) ���!
t!1

�1 = e�V (x )dx

� Infinitesimal generator and spectral gap in L2(�1)

L = ��rV � r and spec(�L) � f0g [ [�;1)

� Ornstein –Uhlenbeck case

V = �
2 j�j2 ; �1 = N (0; 1

�
In); � = �

� Lichnerowicz, Bakry –Émery, Klartag : � � �
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Aspects of the cutoff phenomenon

Langevin diffusions

Rigid Langevin : cutoff and critical time

Theorem (C. –Fathi 2024)

If � = � and limn!1 � > 0, then for all " 2 (0; 1)

lim
n!1

sup
x02S

dist(�t j �1) =

(
max if t � (1� ")T
0 if t � (1+ ")T

where S = fx 2 Rn : jx �m j � c
p
ng and T = log(n)

2� .

� max = maximum value of dist
� dist = Wasserstein, Entropy, Fisher, total variation

� works for Ornstein –Uhlenbeck : � = �

� m = mean of �1, c > 0 arbitrary constant

4/29



Aspects of the cutoff phenomenon

Langevin diffusions

Rigid Langevin : cutoff and critical time

Theorem (C. –Fathi 2024)

If � = � and limn!1 � > 0, then for all " 2 (0; 1)

lim
n!1

sup
x02S

dist(�t j �1) =

(
max if t � (1� ")T
0 if t � (1+ ")T

where S = fx 2 Rn : jx �m j � c
p
ng and T = log(n)

2� .

� max = maximum value of dist
� dist = Wasserstein, Entropy, Fisher, total variation
� works for Ornstein –Uhlenbeck : � = �

� m = mean of �1, c > 0 arbitrary constant

4/29



Aspects of the cutoff phenomenon

Langevin diffusions

Rigid Langevin : cutoff and critical time

Theorem (C. –Fathi 2024)

If � = � and limn!1 � > 0, then for all " 2 (0; 1)

lim
n!1

sup
x02S

dist(�t j �1) =

(
max if t � (1� ")T
0 if t � (1+ ")T

where S = fx 2 Rn : jx �m j � c
p
ng and T = log(n)

2� .

� max = maximum value of dist
� dist = Wasserstein, Entropy, Fisher, total variation
� works for Ornstein –Uhlenbeck : � = �

� m = mean of �1, c > 0 arbitrary constant

4/29



Aspects of the cutoff phenomenon

Langevin diffusions

Cutoff for OU in total variation distance

2 4 6 8 10
t

0.2

0.4

0.6

0.8

1.0

dist

� = 1, n = 50, jx0j
2

n = 1, log(50) � 3:91
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Aspects of the cutoff phenomenon

Langevin diffusions

Example beyond OU : Dyson !

V =
�

2
j�j2 +W ; � > 0

� W : Rn ! R convex, constant on x + R(1; : : : ; 1), x 2 Rn

� Example : �-Dyson (�1 is �-Ensemble)

W (x ) =
X
i<j

h(xi � xj ); h(x ) =

(
�� log(x ) if x > 0
+1 if x � 0

� Gaussian factorization using �(x ) = projR(1;:::;1)(x )

e�V (x ) = e�
�

2 j�(x )j
2
e�(W (�?(x ))+ �

2 j�
?(x )j2)

� Spectral gap of L = ��rV � r is � = �, free of W !
� x1 + � � �+ xn is an eigenfunction of �L associated to �
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Aspects of the cutoff phenomenon

Langevin diffusions

Dyson : numerical experiments

n = 3, � = 0 : confinement and independence (OU)
7/29



Aspects of the cutoff phenomenon

Langevin diffusions

Dyson : numerical experiments

n = 3, � = 2 : confinement and repulsion (DOU)
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Aspects of the cutoff phenomenon

Langevin diffusions

Some distances or divergences

�
2(� j �) = Var�

�d�
d�

�
=
d�
d�

� 1
2

L2(�)

Entropy(� j �) =
Z

log
d�
d�

d� =

Z
d�
d�

log
d�
d�

d�

Fisher(� j �) =
Z ���r log

d�
d�

���2d� = 4
Z ���r

s
d�
d�

���2d�
Wasserstein2(�; �) = inf

(X�;X�)
E( 1

2 jX� �X� j2) = sup
fBL

�Z
Q1(f )d��

Z
f d�

�

k�� �kTV = inf
(X�;X�)

E(1X� 6=X�
) = sup

kf k1� 1
2

�Z
f d��

Z
f d�

�
= sup

A
j�(A)� �(A)j = 1

2k'� � '�kL1(�) =
1
2kh � 1kL1(�)

Hellinger2(�; �) = 1
2k
p
'� �p

'�k2
L2(�)
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Aspects of the cutoff phenomenon

Langevin diffusions

OU : emergence of cutoff phenomenon

If V = �

2 jx j
2 then �t = N (x n

0 e��t ; 1�e
�2�t

�
In) and

�
2(�t ; �1) = exp

�
�jx0j2

e�2�t

1+ e�2�t
�

n
2
log(1� e�4�t )

�
� 1

Entropy(�t ; �1) =
1
2

�
�jx0j2e�2�t � ne�2�t � n log(1� e�2�t )

�
Fisher(�t ; �1) = �

2jx0j2e�2�t + n�
e�4�t

(1� e�2�t )2

Hellinger2(�t ; �1) = 1� exp
�
�

�jx0j2e�2�t

4(2� e�2�t )
+

n
4
log
�
4

1� e�2�t

(2� e�2�t )2

��
Wasserstein2(�t ; �1) = jx0j2e�2�t +

n
�
(1�

p
1� e�2�t )2

If jx0j2 = n then cutoff at t = log(n)
2� for dist(�t j �1) : n versus e�2�t
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Aspects of the cutoff phenomenon

Langevin diffusions

Some universal comparisons

� Functional inequalities à la Pinsker

k�� �k2TV � 2Entropy(� j �)
Entropy(� j �) � 2�(� j �) + �2(� j �)
Hellinger2(�; �) � k�� �kTV

k�� �k2TV � Hellinger2(�; �)(2� Hellinger2(�; �))

� Useful for cutoff upper/lower bounds, but not enough !
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Aspects of the cutoff phenomenon

Langevin diffusions

Contraction from variational formula

� If dist 2 fTV;Entropy; �2g then

dist(� � f �1 j � � f �1) � dist(� j �)

� If f : Rn ! Rk then , denoting kf kLip: = supx 6=y
jf (x )�f (y)j
jx�y j ,

Wasserstein(� � f �1; � � f �1) � kf kLip:Wasserstein(�; �)

� Useful for cutoff lower/upper bounds

dist(�t � f �1 j �1 � f �1) � c dist(�t j �1)

� If f affine eigenfunction of �L then (f (Xt ))t�0 is 1D OU
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Aspects of the cutoff phenomenon

Langevin diffusions

Monotonicity
� Monotonicity and ergodicity

dist(�t j �1) &
t!1

0

� Markovianity and convexity : if � � � then

dist(� j �) =
Z

�( d�d�)d�

�(u) =

8>>>>><
>>>>>:

u2 � 1 if dist = �2

u log(u) if dist = Entropy
1
2 ju � 1j if dist = TV
1
2(1�

p
u) if dist = Hellinger2

� Fisher and Wasserstein : involve also convexity of V
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Aspects of the cutoff phenomenon

Langevin diffusions

Curvature ) Functional inequalities
Thanks to �-convexity of V :
� Log-Sobolev and Talagrand inequalities

Entropy(� j �1) � 1
2�

Fisher(� j �1)

Wasserstein2(�; �1) � 2
�
Entropy(� j �1)

� Monotonicity (à la Boltzmann), convexity (à la Cercignani)

@tEntropy(�t j �1) = �Fisher(�t j �) � 0
@tFisher(�t j �1) � �2�Fisher(�t j �1) � 0

� Bochner formula and curvature [L;r] = Hess(V )r � �r
� Bakry –Émery curvature-dimension criterion CD(�;1)

13/29



Aspects of the cutoff phenomenon

Langevin diffusions

Curvature ) Functional inequalities
Thanks to �-convexity of V :
� Log-Sobolev and Talagrand inequalities

Entropy(� j �1) � 1
2�

Fisher(� j �1)

Wasserstein2(�; �1) � 2
�
Entropy(� j �1)

� Monotonicity (à la Boltzmann), convexity (à la Cercignani)

@tEntropy(�t j �1) = �Fisher(�t j �) � 0
@tFisher(�t j �1) � �2�Fisher(�t j �1) � 0

� Bochner formula and curvature [L;r] = Hess(V )r � �r
� Bakry –Émery curvature-dimension criterion CD(�;1)

13/29



Aspects of the cutoff phenomenon

Langevin diffusions

Curvature ) Functional inequalities
Thanks to �-convexity of V :
� Log-Sobolev and Talagrand inequalities

Entropy(� j �1) � 1
2�

Fisher(� j �1)

Wasserstein2(�; �1) � 2
�
Entropy(� j �1)

� Monotonicity (à la Boltzmann), convexity (à la Cercignani)

@tEntropy(�t j �1) = �Fisher(�t j �) � 0
@tFisher(�t j �1) � �2�Fisher(�t j �1) � 0

� Bochner formula and curvature [L;r] = Hess(V )r � �r

� Bakry –Émery curvature-dimension criterion CD(�;1)

13/29



Aspects of the cutoff phenomenon

Langevin diffusions

Curvature ) Functional inequalities
Thanks to �-convexity of V :
� Log-Sobolev and Talagrand inequalities

Entropy(� j �1) � 1
2�

Fisher(� j �1)

Wasserstein2(�; �1) � 2
�
Entropy(� j �1)

� Monotonicity (à la Boltzmann), convexity (à la Cercignani)

@tEntropy(�t j �1) = �Fisher(�t j �) � 0
@tFisher(�t j �1) � �2�Fisher(�t j �1) � 0

� Bochner formula and curvature [L;r] = Hess(V )r � �r
� Bakry –Émery curvature-dimension criterion CD(�;1)

13/29



Aspects of the cutoff phenomenon

Langevin diffusions

Curvature ) Exponential decays and regularization

Thanks to �-convexity of V :
� Exponential decays via Grönwall

Entropy(�t j �1) � e�2�tEntropy(�0 j �1)

Fisher(�t j �1) � e�2�tFisher(�0 j �1)

Wasserstein2(�t j �1) � e�2�tWasserstein2(�0 j �1)

� Regularization in short-time (or short-time blowup control)

Entropy(�t j �1) � �e�2�t

1� e�2�t
Wasserstein2(�0; �1)
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Aspects of the cutoff phenomenon

Langevin diffusions

Rigidity ) Gaussian factorization

If � = � (rigidity) then :
� Up to rotation and translation

�1 = e�V = N (0; 1
�
)
 factor with curvature �

� All eigenfunction f of �L associated to � is affine
� Rigidity on manifolds : Obata, Bakry –Qian, Cheng –Zhou

� If f is such an eigenfunction then (f (Xt ))t�0 is 1D OU !
� Allows cutoff lower bound by contraction (OU comparison)
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Aspects of the cutoff phenomenon

Langevin diffusions

Rigidity ) Double sided Wasserstein estimate
If � = � then for all S � Rn :

sup
x02S

Wasserstein2(�t ; �1)

8>>>><
>>>>:

� e�2�t sup
x02S

Z
jx � x0j2d�1(x )

� e�2�t

�
sup
x02S

�
k + sup

f1;:::;fk

kX
i=1

jfi (x0)j2
�

� (f1; : : : ; fk ) is ONB of eigenspace of �L for �

� Upper bound from curvature
� Lower bound from rigidity
� Rest of proof of theorem with functional inequalities
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Aspects of the cutoff phenomenon

Nonlinear diffusions

Outline

Langevin diffusions

Nonlinear diffusions

About cutoff at mixing time
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Aspects of the cutoff phenomenon

Nonlinear diffusions

Cutoff for high-dimensional nonlinear diffusions
� Fast diffusion (m < 1) and porous medium (m > 1) in Rn

@tu = �(um) = div(mum�1ru)

� Barenblatt profile, m > n�2
n , with � = 1

2�n(1�m)

ut (x ) =
1
t�n

B
�x � x0

t�
�
; B(x ) =

�
c + �1�m

2m jx j2
� 1

m�1

+

� m < 1 : Student, m = 1 : Gaussian, m > 1: Beta/Riesz
� Fokker –Planck version of the evolution equation

@tvt = �(vm) + div(xv):

� Barenblatt, Pattle, Vázquez, Demange, Dolbeault, . . .
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Aspects of the cutoff phenomenon

Nonlinear diffusions

Nonlinear diffusion : cutoff and critical time
Theorem (C. –Fathi – Simonov 2025)

For all " 2 (0; 1)

lim
n!1

sup
x02S

dist(vt j v1) =

(
+1 if t � (1� ")T
0 if t � (1+ ")T

where S = fx 2 Rn : jx j � c
p
ng and T = (� _ 1) log(n)2 .

� � > 0, m = n�2
n + 1

n� , c > 0 is arbitrary

� dist = Wasserstein, Entropym , Fisherm
� @tEntropym(vt j v1) = �Fisherm(vt j v1)

� OU : linear (Gaussian) case � = 1
2 , m = 1

� Alternative fixed m > 1 regime: cutoff at log(n)
2
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Aspects of the cutoff phenomenon

About cutoff at mixing time

Outline

Langevin diffusions

Nonlinear diffusions

About cutoff at mixing time
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Aspects of the cutoff phenomenon

About cutoff at mixing time

Cutoff people (among others)

Persi Diaconis David Aldous Laurent Saloff-Coste Justin Salez

From cards shuffling to Brownian motion and beyond!
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Aspects of the cutoff phenomenon

About cutoff at mixing time

General setting
� Family of ergodic Markov processes

(X (n)
t )t�0 on state space E (n)

� Law and invariant law

�t = Law(Xt ) ���!
t!1

�1

� Subset of initial conditions

P0 � P(E)

� Markov semigroup

�Pt (f ) = �t (f ) = E(f (Xt )); X0 � �
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Aspects of the cutoff phenomenon

About cutoff at mixing time

Cutoff phenomenon

There exists a critical time T such that for all " 2 (0; 1)

lim
n!1

sup
�02P0

dist(�t j �1) =

(
max if t � (1� ")T
0 if t � (1+ ")T

� If dist = total variation, then max = 1

� Example : random walk on hypercube f0; 1gn , T = n logn
� Counter example : random walk on circle Z=nZ, CLT
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Threshold phenomenon

2 4 6 8 10
t

0.2

0.4

0.6

0.8

1.0

dist

Analogy with concentration of measure
High-dimensional phenomenon

Critical value not necessarily known
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Aspects of the cutoff phenomenon

About cutoff at mixing time

More examples

� Random walks on the symmetric group �n

� Exclusion processes : n particles on a finite set
� Brownian motion on Sn , Tn , Pn

� Ornstein –Uhlenbeck/Dyson/Langevin processes on Rn

� Nonlinear diffusions on Rn , beyond probabilistic setting

� Worst initial condition versus trend to equilibrium
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Aspects of the cutoff phenomenon

About cutoff at mixing time

Mixing time and relaxation

� Mixing time : for P0;dist; � � max

Tmix = infft � 0 : sup
�02P0

dist(�t j �1) � �g

� Relaxation : largest � > 0 s.t. for all t � 0, f 2 L2(�1),

kPt (f )� �1(f )k2 � e��tkf k2
� When Pt = etL is reversible then

� = spectral gap of infinitesimal generator L
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About cutoff at mixing time

Peres product condition ) cutoff at mixing time

Theorem (Chen – Saloff-Coste 2008)

If ��Tmix ����!n!1
1 then for all 1 < p <1 and " 2 (0; 1)

lim
n!1

sup
�02P0

k�t � �1kp =

(
max if t � (1� ")Tmix

0 if t � (1+ ")Tmix

Still works for p = 1 for non-negatively curved diffusions.

� Simple, via dp(s + t) � dp(s)dp(t) and dp(t)&� Cqe�cq�t

� p = 1 (TV) : counter examples by Aldous and by Pak
� p = 1 (TV) : fix by Salez via reverse Pinsker and varent
� Critical time Tmix not provided by this approach
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Peres product condition ) cutoff at mixing time

Theorem (Chen – Saloff-Coste 2008, Salez 2025)
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Curvature product condition ) cutoff at mixing time

Theorem (C. –Fathi 2025 – Beyond rigidity, for diffusions)

For a diffusion L = ��rV � r with HessV � �, if

��TTV
mix ����!n!1

+1

then for all " 2 (0; 1) and dist 2 fEntropy;Fisher;Wass:;TVg,

lim
n!1

sup
�02P0

dist(�t j �1) =

(
max if t � (1� ")Tmix

0 if t � (1+ ")Tmix

� Proof : [Chen – Saloff-Coste] + [Salez] + [C. – Fathi]
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Thank you for your attention!

ulıa
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