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B VeC*RMR), V-£ |-|? convex for some p > 0 (p-convex)
M Diffusion process (X;);, on R”

dX; = -V V(Xy)dt + vV2dB:, Xo= o
M Convergence to invariant probability measure

pt = Law(Xy) —— foo =€ V(z)4z
t— o0

B Infinitesimal generator and spectral gap in L?(eo)
L=A-VV.-V and spec(—L)C {0} U\ )
B Ornstein—Uhlenbeck case
V=21, peo=N(01L), A=p

B Lichnerowicz, Bakry — Emery, Klartag : A > p
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Theorem (C.-Fathi 2024)

If \=p andlim, , A > 0, then for all € € (0,1)

lim sup dist(pt | poo) =

n—oo

max ft<(l—¢)T
0 ift>(1+eT

where S ={z € R" : |z — m| < ¢y/n} and T_log( )

B max = maximum value of dist
B dist = Wasserstein, Entropy, Fisher, total variation
B works for Ornstein—Uhlenbeck : A =p

B m = mean of s, ¢ > 0 arbitrary constant
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Cutoff for OU in total variation distance
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V:§H2—|—W, p>0

B W :R"™ — R convex, constant on z + R(1,...,1), z € R”
B Example : f-Dyson (Lo is f-Ensemble)

{—,Blog(:c) if z >0

W(a) =) h(m—g) he)=q, if £ <0

i<j
B Gaussian factorization using 7(z) = projg,..1)(z)

—V(z) _ o= §Im(@)P o —(W(rt(2))+EIm(2)?)
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B Spectral gapof L=A-VV -V is A =p, free of W!
B z; + -+ z, is an eigenfunction of — L associated to A
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Dyson : numerical experiments
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672 t

n _
Tyemm — 5 los(1-e7)) —1

X° (Wts poo) = exp (plﬂcOI2
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B Fisher and Wasserstein : involve also convexity of V'
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B Regularization in short-time (or short-time blowup control)

—2pt
pe s 2
WWasserstem (o, o)

Entropy (ki | ko) < 7
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B All eigenfunction f of —L associated to A is affine
B Rigidity on manifolds : Obata, Bakry —Qian, Cheng—Zhou

M If f is such an eigenfunction then (f(X})),so is 1D OU !

B Allows cutoff lower bound by contraction (OU comparison)
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If A= pthen forall S C R™:
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e > sup (k+ sup 3 Ifi(w)l?)
Z0ES Fraefe =1

B (fi,...,fx) is ONB of eigenspace of —L for A

B Upper bound from curvature
B Lower bound from rigidity

B Rest of proof of theorem with functional inequalities [
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o) = e B(E52), B ~(evatza)

B m < 1: Student, m = 1: Gaussian, m > 1: Beta/Riesz
B Fokker — Planck version of the evolution equation

Otvy = A(v™) + div(zv).

B Barenblatt, Pattle, Vazquez, Demange, Dolbeault, ...
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Nonlinear diffusion : cutoff and critical time
Theorem (C.—Fathi-Simonov 2025)

For all e € (0,1)

nh_}ngo msolé% dist(v: | ve0) =

+oo ft<(1—¢€)T
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where S ={z € R": |z| < cy/n} and T = (a V 1)ﬂﬁl

Ba>0m="224+1 ¢>0isarbitrary

neo?
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Nonlinear diffusion : cutoff and critical time
Theorem (C.—Fathi-Simonov 2025)

For all e € (0,1)

Moy omg (e, | ) =

+oo ft<(1—¢€)T
0 ift>(1+6e)T

where S ={z € R": |z| < cy/n} and T = (a V 1)ﬂEl

Ba>0m="224+1 ¢>0isarbitrary
B dist = Wasserstein, Entropy,,, Fisher,,
B 9.Entropy,,(v: | Veo) = —Fisher,,(v: | voo)

M OU : linear (Gaussian) case a = 3, m =1

B Alternative fixed m > 1 regime: cutoff at 1°g( )
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Cutoff people (among others)

Persi Diaconis David Aldous Laurent Saloff-Coste Justin Salez

From cards shuffling to Brownian motion and beyond!
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General setting

B Family of ergodic Markov processes
(Xt(n))t>0 on state space E(™
B Law and invariant law
i = Law(Xy) —— feo
t—oo

B Subset of initial conditions

Po C P(E)
B Markov semigroup

pP:(f) = pe(f) = E(f(Xt)), Xo~p
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Cutoff phenomenon

There exists a critical time 7" such that for all € € (0, 1)

lim sup dist(u: | feo) =

N0 L0EPo

max ft<(l—¢€)T
0 ift>(1+e)T

B If dist = total variation, then max =1

B Example : random walk on hypercube {0,1}", T = nlogn

B Counter example : random walk on circle Z/nZ, CLT
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Threshold phenomenon
dist
to]
0.8
06}

0.4/

0.2

2 4 6 8

Analogy with concentration of measure
High-dimensional phenomenon
Critical value not necessarily known
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More examples

B Random walks on the symmetric group %,

B Exclusion processes : n particles on a finite set

B Brownian motion on S”, T", P"

B Ornstein—Uhlenbeck/Dyson/Langevin processes on R"

B Nonlinear diffusions on R"”, beyond probabilistic setting

B Worst initial condition versus trend to equilibrium
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Mixing time and relaxation

B Mixing time : for Py, dist, n < max

Thix = inf{t > 0: sup dist(u: | peo) < 1}
Ho€Po
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Mixing time and relaxation

B Mixing time : for Py, dist, n < max

Tmix = inf{t > 0: sup dist(p: | o) < 1}
ko€Po

B Relaxation : largest A > 0s.t. forall t > 0, f € L?(too),

IP(f) = poo(Fllz < e IIf Il

B When P; = et£ is reversible then

A = spectral gap of infinitesimal generator £
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Peres product condition = cutoftf at mixing time

Theorem (Chen —Saloff-Coste 2008)

{max if t < (1 —€)Tmix

lim su — =
Jjim - sup |t — poollp 0 if t > (1 + ) Tmix

HoEPo
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Peres product condition = cutoftf at mixing time

Theorem (Chen — Saloff-Coste 2008, Salez 2025)

If)\meixmoo then for all 1 < p < o0 and € € (0,1)

lim  sup [|u: — phoollp =

{max if t < (l_E)Tmix
HoEPo

0 if t > (14 €) Tix
Still works for p = 1 for non-negatively curved diffusions.
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Peres product condition = cutoftf at mixing time

Theorem (Chen — Saloff-Coste 2008, Salez 2025)

If)\meixmoo then for all 1 < p < o0 and € € (0,1)

lim  sup [|u: — phoollp =

{max if t < (l_E)Tmix
HoEPo

0 if t > (14 €) Tix

Still works for p = 1 for non-negatively curved diffusions.
B Simple, via dy(s + t) < dp(s)dp(t) and dp(t) \ < Che~ M
B p=1(TV) : counter examples by Aldous and by Pak

B p=1(TV): fix by Salez via reverse Pinsker and varent
B Critical time Tiix not provided by this approach
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Curvature product condition = cutoff at mixing time

Theorem (C.—Fathi 2025 — Beyond rigidity, for diffusions)

For a diffusion L=A —VV -V with HessV > p, if

then for all € € (0,1) and dist € {Entropy, Fisher, Wass., TV},

lim sup dist(gs | poo) =

n—roo ©o€Po

max if t < (1 — €) Tmix
0 ift>(1+e€) T

B Proof : [Chen—Saloff-Coste] + [Salez] + [C.—Fathi]
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Thank you for your attention!
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