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Sobolev inequality

Let n>2,1<p<n,p*= n,Tpﬂpl = ﬁ
The Sobolev inequality states

(SObP) ||vu||LP(R") > Sn,pHUHLp*(Rn), YVuce C?o(Rn)

o We refer to S, p, = S(n, p) > 0 as the optimal Sobolev constant.
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Sobolev inequality

letn>21<p<n,p*= n’fp,p’: ﬁ.
The Sobolev inequality states

(Sobp) [ Vullr(gny = Sn,pllull o (mnys ¥ u € C(R").

o We refer to S, , = S(n, p) > 0 as the optimal Sobolev constant.

@ S(n,p) is achieved by the function v(x) = 1
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Sobolev inequality

letn>2,1<p< n,p*:n"fpp,p’:ﬁ.
The Sobolev inequality states

(SObP) HVUHLP(R") > Sn,pHUHLp*(Rn), Yue C?O(Rn).

o We refer to S, p = S(n, p) > 0 as the optimal Sobolev constant.
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Sobolev inequality

Letn2271<p<n’p*: nrfpvplzﬁ'

The Sobolev inequality states

(SObP) ||vu||LP(]R”) > Sn,pHUHLp*(Rn), Vuce C?o(Rn)

o We refer to S, , = S(n, p) > 0 as the optimal Sobolev constant.

@ S(n,p) is achieved by the function v(x) = —21—=.
(1+1x|P") P

a d
Wl a#0,A>0,zeR

@ All of the functions achieving S, , are in an (n+ 2)-dimensional
manifold M.
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Overview of the talk

@ Stability in terms of the Sobolev energy (Minimizers)
If §(u) = 1Vuleen g o0, then dist(u, M) ~ 07

o ”u”Lp* (RM)

@ Stability in terms of the Euler-Lagrange equations (Critical points)
If Apu+ |ulP"~2u =0, then is u close to some v € M?

© Recent result of L.~Zhang.
Sharp stability of p-Sobolev inequality in the absence of bubbling
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Stability problem of Sobolev inequality

@ Stability in terms of the Sobolev energy (Minimizers)
If §(u) = 1Vuleen g o0, then dist(u, M) ~ 07

o ”u”Lp* (RM)
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Stability problem in terms of the Sobolev energy (p = 2)

Stability problem (Brezis-Lieb, 1985, p=2)

IVull,2 .
If §(u) = Wi(w) — Sp2 < 1, is u close to some v € M?
12* (rN)

@ H. Brezis, E. Lieb, Sobolev inequalities with remainder terms. J. Funct. Anal.
62 (1985), 73-86.
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First stability result in terms of the Sobolev energy (p = 2)

Theorem (Bianchi-Egnell, 1991)
It holds

IV ullfany — Saz

””iz*(Rn) > CBEVEL“V(U - V)H%%Rn)‘
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It holds

IV ullfany — Saz
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Remark The gradient type distance and the power 2 are sharp.
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First stability result in terms of the Sobolev energy (p = 2)

Theorem (Bianchi-Egnell, 1991)
It holds

IV ullfany — Saz

2 E 2
6l ey 2 B inf 1900 = )32

Remark The gradient type distance and the power 2 are sharp.
Remark This method gives no information about the size of cgg.

@ G. Bianchi, H. Egnell, A note on the Sobolev inequality. J. Funct. Anal., 100
(1991), 18-24.
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The optimal stability constant estimate

Theorem (Dolbeault—Esteban-Figalli-Frank—-Loss, 2022)

For n > 3, there is an explicit constant 8 > 0, such that

CBE > —.
n

@ J. Dolbeault, M. Esteban, A. Figalli, R. Frank, M. Loss, Sharp stability for
Sobolev and log-Sobolev inequalities, with optimal dimensional dependence.
arXiv preprint arXiv:2209.08651 (2022).
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Main idea of Bianchi—Egnell’s proof

e RHS.:
: 2
Jnf [IV(u = V)l

© Compactness + Hilbert space =u = v + ep, ||[V@l| 2y = 1 and the
orthogonality condition

n

@ Moreover,

. 2 _ 2
it V(= ) By = &
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Main idea of Bianchi—Egnell’s proof

e LHS.:
IVl — S22 o

The Taylor expansion =

/ u? dx = / v dx+/ vP Lo dx +62/ vP 202 dx+4o(€?)
n n n Rn

HVUH%2(Rn) = ||VV||%2(R,,) + E/R" Vv Veodx + €
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/ u? dx = / v dx+/ vP Lo dx +62/ vP 202 dx+4o(€?)
n n n Rn

HVUH%2(Rn) = ||VV||%2(R,,) + 6/R" Vv -Vpdx + €2
o Spectrum analysis of (v> —2A)~%:

/R v 2% dx < NV Fagmydx, A< L.
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Main idea of Bianchi—Egnell’s proof

e LHS.:
IVl — S22 o

The Taylor expansion =

/ u? dx = / v dx+/ vP Lo dx +62/ vP 202 dx+4o(€?)
n n n Rn

HVUH%2(Rn) = ||VV||%2(R,,) + 6/R" Vv Veodx + €
o Spectrum analysis of (v> —2A)~%:
/ V2*_2(p2dX S /\HV(,OHiz(Rn)dX, A< 1.
Rﬂ

@ Then,

IV ulagny — S2allullZer gy > (1= A)E + o(c2).
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Main idea of Bianchi—Egnell’s proof

© The orthogonality.
@ Taylor expansion.
© Spectrum gap inequality.

© Compactness.
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Challenges of generalizing Bianchi-Egnell’s result to p # 2

e For p#£2,

@ How to define the orthogonality condition on a non-Hilbert space?
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Challenges of generalizing Bianchi-Egnell’s result to p # 2

e For p#£2,

@ How to define the orthogonality condition on a non-Hilbert space?

@ A, is non-linear. How to expand [|[Vul|prny and ||ul| o+ (goy-
The standard Taylor expansion can not get the sharp exponent, refer to
[Figalli-Neumayer, 2019]

© Does the corresponding spectrum gap inequality hold?

© Compactness condition and so on.

& A Figalli, R. Neumayer, Gradient stability for the Sobolev inequality: the
case p > 2. Journal of the European Mathematical Society (EMS Publishing)
21 (2019), 319-354.
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Stability in terms of the Sobolev energy (p # 2)

Theorem (Figalli-Zhang, 2022)
It holds

. V(v — V)!ILP(Rn))maX(2’p)
o(u) > Cgz inf .
2 ez of, ( IVl

Remark: Here max{2, p} is sharp.
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Stability in terms of the Sobolev energy (p # 2)

Theorem (Figalli-Zhang, 2022)
It holds

. V(v — V)!ILP(Rn))maX(2’p)
o(u) > Cgz inf .
2 ez of, ( IVl

Remark: Here max{2, p} is sharp.
@ New vectorial inequalities.
@ New compactness condition.
@ New spectrum gap inequalities.

@ A Figalli, Y. Zhang, Sharp gradient stability for the Sobolev inequality. Duke
Math. J, 171 (2022), 2407-2459.
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Stability problem of Sobolev inequality

@ Stability in terms of the Euler-Lagrange equations (Critical points)
If Apu+ |ulP"~2u =0, then is u close to some v € M?
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Stability in terms of the Euler-Lagrange equation

The Euler-Lagrange equation

—Apv = —div(|Vv|P2Vv) = [v[P 2y in R".
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Stability in terms of the Euler-Lagrange equation

The Euler-Lagrange equation

—Apv = —div(|Vv|P2Vv) = [v[P 2y in R".

Fact (Aubin, Talenti, 1976)

All positive critical points (Aubin-Talenti bubbles) are minimizers. (M)

M = {v, Vi = Varz(x), A > 0, 2 € R™, ||V 8, 20y —sgfp}.

@ T. Aubin, Problemes isopérimétriques et espaces de Sobolev. Journal of
differential geometry 11 (1976), 573-598.

[3] G. Talenti, Best constant in Sobolev inequality. Annali di Matematica pura
ed Applicata 110 (1976), 353-372.
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Stability Problem in terms of the Euler—Lagrange equation

IVullr@n
LP® (")
ﬂ Conjecture

div(|Vu[P~*Vu)

+ \u\""zu

?

W-1L4(Rn)

‘ o -
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Stability in terms of the Euler-Lagrange equation (p = 2)

No! Bubbling!

Consider u = v; + v» (v1 and v are supported far away from each other).
Then

* * * *_
—Au:—Avl—Av2:v12 1—|—v22 1%(v1+v2)2 L 21

Remark: Note I'(v; + v») ~ 0 but 6(v1 + w) = S, , > 0.
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Stability in terms of the Euler-Lagrange equations (p = 2)

Refined stability problem

If Apu+ |ulP"~2u =0, then is u close to the sum of some v; € M;?
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First qualitative stability: Struwe decomposition (p = 2)

Theorem (Struwe, 1984)

Assume 1
/ |Vul?dx < (v + 5)5,3,"2.
Then .
IVu = Vvillw-ragn = o(T(w)),

i=1

where
() = A + [0 2uly-s2(a)

and the family of Talenti-bubbles {v;} are supported far away from each
and other.

@ M. Struwe, A global compactness result for elliptic boundary value problems
involving limiting nonlinearities. Math. Z., 187 (1984), 511-517.
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Struwe type decomposition of p-Sobolev inequality

Theorem (Mercuri-Willem, 2010)

Let n>2and 1 < p < n, assume
/n [VulPdx < (v + = )5,',”73,
it holds

< Coo (lapu+ Ul 2ullw-raen )
LP(R™)

Vv (u — V,')
i=1

where w is the module of continuity.

3 C. Mercuri, M. Willem, A global compactness result for the p-Laplacian
involving critical nonlinearities. Discrete Contin. Dyn. Syst., 28 (2010),
469-493.
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Why we need the assumption?

. - - - -ldeal bubbles (R = o)
¥
/ s
/ / Real bubles
1
\ '\ / (R < 00)
\\ \\
\ \
\ \
\ \ [ B BN J
\ \
1 |
/ !
/ /
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What quantitative stability result do we expect?

Local quantitative _ - - - - - Ideal bubbles (R = o)
C stability? _# N
/ / Real bubles
I
\ I\ = (R < o0)
\\ \\
\ \
\ \
\ \ L 3 I )
\ \
I |
! /
/ Vs
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The first quantitative stability result: One bubble (p = 2)

Theorem (Ciraolo—Figalli-Maggi, 2018)
For v =1, it holds

[Vu = Vv| @ < C(n)(u), where v € M.

@ G. Ciraolo, A. Figalli, F. Maggi, A quantitative analysis of metrics on R"
with almost constant positive scalar curvature, with applications to fast
diffusion flows. Int. Math. Res. Notices, 201 (2018), 6780-6797.
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What about more than one bubble?

Local quantitative _ - - - - - Ideal bubbles (R = o)
C stability 4 "
/ / Real bubles
I
\ I\ e (R < o0)
\\ \\
\ \
\ \
\ \ L 3 I )
\ \
I |
! /
/ Vs
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Quantitative stability (p = 2)

Theorem (Figalli-Glaudo, 2020, 3 < n <5.)

For3<n<5andv>1,

IVu =" Vvill zrey < CT(u)".
i=1

Moreover, the power 1 is sharp.

@ A. Figalli, F. Glaudo, On the sharp stability of critical points of the Sobolev
inequality. Arch. Ration. Mech. Anal., 237 (2020), 201-258.
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Quantitative stability (p = 2)

Theorem (Deng-Sun-Wei, 2025, n > 6).

Forn>6and v > 1,

- C(mI (u)|log F(u)]7, n=6
Vu— Z VVI'||L2(Rn) < n+2
— C(mMl(u)22, n>7

1 n+2
Moreover, the power 5 and 3(n_2) are sharp.

@ B. Deng, L. Sun, J. Wei, Sharp quantitative estimates of Struwe's
decomposition. Duke Math. J, 174 (2025), 159-228.
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Why the quantitative result for multi-bubbles depends on

the dimension?

o Multi-bubbles: set u =37, v; + p,a; > 0, then

/nuz _lpdx_/ ZV,) Yo+ p(>_ vy p? dx+ (|| Voo gany)
i=1
(&)

i=1

1) [ (3w R a o ¥gen)
i=1
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Figalli-Glaudo's method (p = 2)

By the Holder inequality, elementary estimates and computing the
interactions between bubbling phenomena, they obtained

/n<(zv,2* : Z 2~ l>pdx
) D / “lyip dx

1<i#j<v
<Cn) 3 I 20l ey gy | TPz
1<i#j<v
(3<n<5
) 3 [y Vel
1<i#j<v

@ A Figalli, F. Glaudo, On the sharp stability of critical points of the Sobolev
inequality. Arch. Ration. Mech. Anal., 237 (2020), 201-258.
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Deng—Sun-Wei's method (p = 2)

Let p = po (main term) + p1. Using the finite-dimensional reduction
method, Deng—Sun—Wei gave more precise point-wise estimates of

/n <(Z i) =) V,-2*1> po dx.

i=1 i=1

@ B. Deng, L. Sun, J. Wei, Sharp quantitative estimates of Struwe’s
decomposition. Duke Math. J, 174 (2025), 159-228.
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Stability p=2 ‘ l<p<n
Minimizers Quantitative (sharp)
Bianchi—Egnell (1991) | Figalli-Zhang (2022)
Qualitative
Struwe (1984) | Mercuri-Willem (2010)
Critical Quantitative (sharp)
points v=1 n=>3:
Ciraolo—Figalli-Maggi
(2018)
vr>1,3<n<5:
Figalli-Glaudo (2020) ?
v>1 n>6:
Deng—Sun-Wei (2025)
Optimal Dolbeault—Esteban—
constant Figalli-Frank—Loss
(2022)
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Stability problem of Sobolev inequality

© Recent result of L.~Zhang.
Sharp stability of p-Sobolev inequality in the absence of bubbling
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Main result

Recall g = -P5 and P(u) = —div(|Vu|P~2Vu) — |ulP"2u.

Theorem (L.—Zhang, 2025)

Forl<p<nandv=1,
max{1l,p—1
IVu = Vvl < ClP(u)llw-sages)-

Moreover, the power max{1, p — 1} is sharp.
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Main result

Recall g = -P5 and P(u) = —div(|Vu|P~2Vu) — |ulP"2u.

Theorem (L.—Zhang, 2025)

Forl<p<nandv=1,
max{1l,p—1
IVu = Vvl < ClP(u)llw-sages)-

Moreover, the power max{1, p — 1} is sharp.

Remark Two explicit examples: Giving a smooth perturbation to v and
setting
ui = v+ (p(X,‘ + '),X,' — 00, pE CCOO(B;[)

3 G.Liu, V. Zhang, Sharp stability for critical points of the Sobolev inequality
in the absence of bubbling. arXiv:2503.02340.
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Alternative proof of Ciraolo and Gatti

Remark Ciraolo and Gatti proved at the same time a similar result but
with a non-sharp exponent. Although their exponent is not sharp, their
method appears to have potential for generalization to other contexts,
such as the anisotropic setting.

@ G. Ciraolo, M. Gatti, On the stability of the critical p-Laplace equation. arXiv
preprint arXiv:2503.01384 (2025).
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Challenges for quantitative stability problem

Denote u = v + ep. Then testing P(u) against ey yields

e/ —]Vu\p_2Vu-V<pdx—e/ lulP" 2 updx
n ]Rn

= (P(u), ep) < e||P(u)lw-ra@n IVl Lowny.-
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Challenges for quantitative stability problem

@ Ap,u is a non-linear operator. How to expand
/ |VulP~2Vu-Vp dx
Rn

and
/ |ulP"~2up dx?
Rn

Standard Taylor expansion works to get sharp result only under strong
restrictions, refer to [Zhou—Zou, 2023].

@ Does the corresponding spectrum gap inequality hold?

@ Y. Zhou, W. Zou, Quantitative stability for the Caffarelli-Kohn-Nirenberg
inequality. arXiv preprint arXiv:2312.15735 (2023).
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Step 1: Establish new vectorial inequalities

Let x,y € R" and & > 0.
e For 1 < p < 2, there exists a constant ¢; = ci(p, k) > 0 such that

Ix+ylP 2 (x+y) y > [x[P 2%y + (1 — w)wily|?
+(p—2)(1 — K)wa (|x| — [x + y[)?
+ camin{]y|?, |x|P2|y|*}).

x+ylP~2 if x| < |x+
w1 =wi(x,x+y) ::{ lx|p_}2/‘ x| < ety

if [x+yl <|x]
and
Ix+ylP~? :
wy = wolx,x+y) = { E Ao DR XIS X F Y]
|x|P if x4yl <|[x|
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Step 1: Establish new vectorial inequalities

@ For p > 2, there exist constants ¢; = cz(p, ) > 0 and c3 = c3(p) > 0

such that

X+ y[P2(x+y) vy > [x[P2x -y + (1 — &)wsly[?

+(p—=2)(1 = w)wa (x| =[x +y)* + calylP.

where
x[P=2if x| < x +y|
ws = wn(xox+y) = { EEE i G < Pty < o
alx|P7? if [x +y| < cg’%l\x|
and

Ix[P=2if x| < [x +y]
ws = wa(X, X +y) =g peypt Ix +yl <Ix| °

Ix]

36 /41
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Step 2: Expand |a + b|P"~2(a + b)b.

Let k > 0,C = Ci(p*,k) >0,i=1,2. Let a,b € R,a # 0.

Q Forl<p< nz[’Q, it holds

(Ial + G |b])”"

b|P" 2 b)b < |alP"~2ab 1
|a+ b] (a+b)b < |a ab+(p + K) 3|2 + |2

|b].

@ For n2+"2 < p < 00, it holds

la-+ blP""2(a+ b)b < |alP" "2ab + (p* — 1+ K)|alP "2|b]> + Co|b|P".
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Step 3: Spectrum gap inequality in three regions

For any 79 > 0 and C; > 0, there exists 6 = d(n, p, Y0, C1) > 0 such that
the following statement holds:

Let ¢ € WLP(R") be orthogonal to T, M in L2(R"; vP"~2) and satisfy

”QDHWI p(RM) = <4,

and define wj = wj(Dv, Dv + Do), j € {1,2,3,4}. Then

@ Forl<p< 2<:2’ it holds

/R wilDl2 + (p — 2)wa(ID(v + )] — | Dv])2dx
o / min{|Dyl?, |Dv[P~? D[} dx
Rn

. _ v+ Cile|)?P”
> (p —14+AS p) /n —( 2 _:":;L) |cp|2dx.
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Step 3: Spectrum gap inequality in three regions

2n

o For )

< p < 2, it holds

/Rn wi1|D|? + (p — 2)wa(|D(v + ¢)| — |Dv|)?dx
+7 /anin{|D90]P, |Dv|P=2|Dy|?}dx
15 [ e
e For p > 2, it holds
/]R" w3|Dp|? + (p — 2)wa(|D(v + )| — |Dv|)?dx

> (p" -1+ )\SP)/ vP 72|o|dx.
R"
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Let x =Vv,y = eV and a = v, b = ep. Combining with the above steps
with

e/ —|Du|P~2Du - Dgodx—e/ lulP " 2updx
n Rn
< €el|P(u) | w-r.amn) DA Lo Ry,

we get the desired result.
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Thank you for your attention!
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