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1. Introduction to the stability
of functional inequalities
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The Sobolev inequality and its stability

The Sobolev inequality for d > 2

Sob
IVullf@ey = S*llullfer ge)

with equality iff u = Q up to symmetries, where Q(x) = (1 + |x\2)—%

Sob’ is u

Question of stability (qualitatively): If |[Vu||3/||ul/3. is almost S

almost equal to @ (up to symmetries)?

Question of stability (quantitatively, Brezis-Lieb 1985) Can we bound the
“distance” of u to the set of optimizers by ||V u||3/||ul|3. — S°°° from above?

Theorem (Bianchi-Egnell (1991))

||V”||%2(Rd)

_gSob > inf (HV(U —AQ((-— a)/r))|L2(Rd)>2
HuHiz*(Rd) ~ar, ||VU||L2(Rd)

Two-step method: global-to-local reduction (compactness!) and local bound
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Non-quadratic stability results

o Degenerate stability: Zero modes of the Hessian that are not induced by
symmetries lead to higher stability exponents
Engelstein-Neumayer-Spolaor (2022), Frank (2022, displayed),
Brigati-Dolbeault-Simonov (2024), Frank-P. (2024), ...

_9\2
IV a2y + 25 022

- 4

—Y(M) >
( )Nd< ||u||W1~2(M)

[l o
with Y(M) Yamabe constant of M = S'((d —2)~1/2) x §9=1(1).
o Stability of the p-Sobolev inequality, 1 < p < d, p* = pd/(d — p):

Cianchi-Fusco-Maggi-Pratelli (2009), Figalli-Neumayer (2018),
Neumayer (2020), Figalli-Zhang (2022, displayed), ...

(HV(U —AQ((- — a)/r))HLP(Rd)>a
[V ull o (mey

”VUHlZP(Rd) _

inf
”U”ip*(Rd) a,rA
with optimizer Qp and o = max{2, p}.

In this talk we are interested in the non-Hilbertian phenomenon!

Jonas Peteranderl (LMU Munich) Quantitative op-curvature inequality Paris, June 5, 2025



2. The o,-curvature inequality and its stability
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An inequality from conformal geometry

Let (M, g) be a Riemannian manifold of dimension d > 2. We are interested in

Elgl = / ofdvol(g)  total ox-curvature.
M

We define
RE

A8 = Ricf ———
d2( T2 1)

g) Schouten tensor,

ox(1, ..y 11d) Z Wiy« o i, k-th elem. sym. polynomial.
<<l

For 1 < k < d and () eigenvalues of a diagonalizable matrix D, we write

k(D) = ok(A1,...,Adq), which are the coefficients of the characteristic
polynomial of D.

Examples:
01(D) = Tr(D), o04(D) =det(D), o2(D)=1/2((Tr(D))?> — Tr(D?))

Then of = o (g 1 A#), in particular of oc RE.
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An inequality from conformal geometry

From now on, we consider k = 2, d > 4, and M = S?. We are interested in the
optimization problem of minimizing the normalized total o,-curvature:

&
S :=inf %:gwgmund,a’f>0 )
vol @ (g)

where g ~ groung Means g = v2gound With v > 0 smooth function on S9.
The o,-curvature inequality is given by

Elg] = Svol T (8), &~ Grounas 7% > 0.
Theorem (Viaclovsky (2000), Ge-Wang (2013), Case (2021))

The infimum S is attained precisely for ®* g.ound, where ® is a Mébius
transformation.

Question of stability: If Eg[g]/vol$(g) is almost S, is g almost groung
(up to Mdbius transformations)?
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Functional formulation

Recall: If we write g = wﬁg,ou,,d, 0 < w € C*>(S9), then
vol(g) =|\W||f:*(sd) ;
d 2
&gl = ||VWHL2(sd) + S lwlizse)-

If we write g = U7 goung, 0 < U € C>=(S?), and define

cM@#—ﬂfA()vW+g< ) _< ) of
e(u) = <d4—4)3 (01( )+ \Vu|2 + d- 5 2 <d > ) IVul?,

vol(g) =llullf.

14% (s9) >

&M=dem+

d(d
D gy = Bl
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Functional formulation

The o,-curvature inequality

d—4
&gl > Svol @ (g), g ~ Bround » 0F >0

becomes a Sobolev-type inequality

E[u] > S||UH1_4*(sd 0<ue C®[S?), o1(u) >0.

The optimizers are u = const (up to Mobius transformation), that is,
u=A1y, W Mobius, A > 0.
A Mobius transformation W acts on a function u via
(w)v =/  uow,

where Jy denotes the Jacobian of V.
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Our main result

Theorem (Frank-P. (2024))

Let d > 4. Then for any u € C>(S?) with u > 0 and o1(u) > 0 we have
EQ[U] . D) 4
- _S> — —
Julf.. o 5 2d ,|\an (||/\(“)‘~V Hlwragey + A (6)w 1||W1v4(Sd)) ;

where the infimum is taken over numbers X > 0 and Mébius transformations V.

@ Both sides of the inequality are conformally invariant.
@ The exponents 2 and 4 are optimal, respectively.
o Resemblance to the 4-Sobolev inequality:

||VU||14(Rd

550b —  inf \v4 u_)\Q —a)/r 44 .
t MV ||L4 o int (I =2Qu((- = a)/ e

+ 19 = AQu((- = 3/ sz, [waau(ixaynan) )

@ One novelty is the treatment of the 'uncontrolled’ second-order term o1 (u).

Tl ey
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3. Key ideas of the proof
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Following the Bianchi-Egnell method

Define
dplu] = inf [IN(@)w — lwesee)-

We consider sequences (u,) C C>(S9) that satisfy vy, o1(u,) > 0.

Part 1 (Global-to-local reduction)
E2[Un]

llun

=S = dyfu,] >0

4
4%

Part 2 (Local bound)

EZ[Un]

TunlE. S Za (dafun]? + da[un]*)(1 + 0po0(1))

d4[u,,] -0 =

4
4*

By a standard contradiction argument, these two lemmas imply the stability
result.
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Part 1 (Global-to-local reduction)
E2[un]

=S = diu,] —0

[[un|[3-

@ Reduce to Sobolev inequality via monotonicity result by Guan-Wang (2004)

1<< ] ><< an )
- §5°bvold%2(g) B Svol$(g)

e Apply compactness property of the Sobolev inequality (Lions)
o Caveat: Parametrization differs as
_4 _8
g = WI“;172 8round for 61 and g = ul‘:74 8round for 82

After Mébius transformation, W'-2-conv. of w, gives (a priori only)
pointwise a.e. conv. of u,

Upgrade to W*-conv. via positivity of e(u,)
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Part 2 (Local bound)

Eg[u,,]
llunll3-

da[un] — 0 — S 2 (da[un]® + dafun]*)(1 + 0n00(1))

o Assume wlog ||u,||3- = |S9| and after a Mébius transformation
up=1+r,, with r, — 0 in W1*,

@ Expanding the o,-curvature inequality gives

Ea[un] — Sllun

= /2[r,,]+/3[rn]+l4[r,,]+/ (o1(un) —01(1))|Vrn|? dw +error
sd

with [;[r] an i-homogeneous functional in r.

Problem: Spectral gap of h[r,] o< |[Vr,||3 — d]|r,|)3 is too small!
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Part 2 (Local bound)

E2[U"] _
[[unl13-

da[ug] =0 = S >4 (daftn]? + dafua]*)(1 + 0nsoo(1))

@ Solution: Split into spherical harmonics of degree £ <1, 1 < ¢ < L, and
£ > L for some large but fixed L € N,

I hi
m=r’+rr+r".

o “Approximate” orthogonality conditions:

lr2llwez < [, Dol + [{ra, w)al S llrallfyna + I ralliys

@ In cubic and quartic terms we have control of r™ via uniform estimates

I lles Ss lrallwrz -

@ h[rM] admits a large spectral gap.
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Thank you for your attention!
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