On Gilles Pisier’s approach to Gaussian
concentration, isoperimetry, and Poincaré

inequalities

Bruno Volzone

Politecnico di Milano

4 June 2025, Paris: Workshop on Functional Inequalities -
Jomt project with S. G. Bobkov



0 Plan of the talk |1

@ Introduction: Gilles Pisier's approach to Poincaré type in-
equalities

@® Generalizations to different measures

© Application with isotropic measures

O Application: spherically invariant measures

POLITECNICO
MILANO 1863



1 Outline |2

@ Introduction: Gilles Pisier's approach to Poincaré type in-
equalities

POLITECNICO
MILANO 1863



1 Gilles Pisier's approach 3

Let v, denote the standard Gaussian measure on R”, thus with density

d¥n n
$:(2ﬂ') 2o M2 xeRn
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Let v, denote the standard Gaussian measure on R”, thus with density

d n
% = (2m) "2 e M2 xeRn

In the mid 1980’s G. Pisier proposed the following inequalities involving 7y,:

@ G. Pisier, Probabilistic methods in the geometry of Banach spaces.
1986.
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1 Gilles Pisier's approach

Let v, denote the standard Gaussian measure on R”, thus with density
1) _ gyt e P2,y e R,

dx
In the mid 1980’s G. Pisier proposed the following inequalities involving 7y,:

[

Let ¥ : R — R be a convex function. For any smooth function f on R”

// )=F0)) dvalx) dvaly // %),y) ) da(x) d70(y)

In particular, if £ has 7y,-mean zero, then

[weran< [ [ w(G 000 ) dntdn).
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1 Gilles Pisier's approach

Let v, denote the standard Gaussian measure on R”, thus with density

d n
% = (2m) "2 e M2 xeRn
In the mid 1980’s G. Pisier proposed the following inequalities involving 7y,:

@ G. Pisier, Probabilistic methods in the geometry of Banach spaces.

1986.
Let ¥ : R — R be a convex function. For any smooth function f on R”

L[ vty antdnt) < [ [ w(5 0760, ) a1 dly)

In particular, if £ has 7y,-mean zero, then

[weran< [ [ w(G 000 ) dntdn).

For generalizations in {—1,1}":
ﬁ P. Ivanisvili, R. van Handel, A. Volberg, Rademacher type and En '\
type coincide. Ann. of Math. (2020) POLITECNICO
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1 A proof of the inequality: a simplification by B. Maurey |4

Given independent random vectors X and Y in R” with distribution 7y, let
X(t) =Xcost+ Ysint

for 0 <t < 7. Then
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1 A proof of the inequality: a simplification by B. Maurey

Given independent random vectors X and Y in R” with distribution 7y, let
X(t) = Xcost+ Ysint
for 0 <t < 7. Then
A=F(Y) - F(X) = /Ow/2 < f(x()dt = /Ow/z (VE(X(1)), X'(2)) dt,

where X'(t) = —Xsint + Y cost. Now Jensen's inequality implies

POLITECNICO
MILANO 1863



1 A proof of the inequality: a simplification by B. Maurey

Given independent random vectors X and Y in R” with distribution 7y, let
X(t) = Xcost+ Ysint
for 0 <t < 7. Then
A=F(Y) - F(X) = /Oﬂ/2 < f(x()dt = /Ow/z (VE(X(1)), X'(2)) dt,
where X'(t) = —Xsint + Y cost. Now Jensen's inequality implies
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1 A proof of the inequality: a simplification by B. Maurey

Given independent random vectors X and Y in R” with distribution 7y, let
X(t) = Xcost+ Ysint
for 0 <t < 7. Then
/2 d /2
A=A -0 = [ LX) de= [ (TAX@),X(O)
0 0
where X'(t) = —Xsint + Y cost. Now Jensen's inequality implies
2 7!'/2
w(B) < f/ v(Z(vAX(0), X/(1)) ) di.
™ Jo 2

Taking the expectation, we get

/2 T
EW(A) < %/0 B (5 (VAX(0), X'(2) ) o
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1 A proof of the inequality: a simplification by B. Maurey

Given independent random vectors X and Y in R” with distribution 7y, let
X(t) = Xcost+ Ysint

for 0 <t < 7. Then

/2 d

/2
A=A =F00 = [ Srxea = [ @A), X(0)

where X'(t) = —Xsint + Y cost. Now Jensen's inequality implies

-m 2

2 7!'/2
w(A) < f/ v( 2 (vAX(0), X' () ) o
0
Taking the expectation, we get

2 (™2 v

EV(A) < f/ (T (VAX(0),X(1) ) ot
™ Jo 2

Since the Gaussian measure 92, = v, ® v, is rotationally invariant on R?",

the couple (X(t), X'(t)) represents an independent copy of (X, Y): hehce

1 POLITECNICO
the second integral does not depend on t. JLITECNIC



1 Some remarks

Choosing W(r) = |r|P with p > 1, we get a Poincaré-type inequality

L[ 10 = F)P ) ) < 6, [ 1977 a,
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1 Some remarks

Choosing W(r) = |r|P with p > 1, we get a Poincaré-type inequality
L[ 10 = F)P ) ) < 6, [ 1977 a,

and, by Jensen's inequality,

/ f—/ fdvy,

o= (3) e = (3)" 2=r(25h),

where £ is a normal random variable with distribution ;.

p
dy, < cp/ |V f|P dvyn, where
Rn
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1 Some remarks
Choosing W(r) = |r|P with p > 1, we get a Poincaré-type inequality
L[ 10 = F)P ) ) < 6, [ 1977 a,

and, by Jensen's inequality,

/ f—/ f dvy,

mT\P T\P 2% p+1
- (5zer-(3) Zr(2),
“p (2) €l 2) Jm \ 2
where £ is a normal random variable with distribution 7;. In particular, for

p = 1 we have that ¢; = 1/m/2 is sharp and is the best constant in the
Gaussian isoperimetric inequality

p
dy, < cp/ |V f|P dvyn, where
Rn

75 (BA) > 2¢; " ya(A)(1 — 1a(A))
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2 Outline

@® Generalizations to different measures
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2 Generalizations to different measures |7

Let us try to follow Pisier's approach to a general positive Borel measure u
on R” x R". Take a smooth function f on R” and compute the
fluctuations of A = f(y) — f(x) under u.
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2 Generalizations to different measures

Let us try to follow Pisier's approach to a general positive Borel measure u
on R” x R". Take a smooth function f on R” and compute the
fluctuations of A = f(y) — f(x) under . Consider the same path

x(t) = xcost+ysint, 0 <t < 7, joining x with y. Then
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/2
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on R” x R". Take a smooth function f on R” and compute the

fluctuations of A = f(y) — f(x) under . Consider the same path
x(t) = xcost+ysint, 0 <t < 7, joining x with y. Then

/2
A= / () _/0 (VF(x(t)), x'(t)) dt.

Hence, for a convex non-negative function W, by Jensen's inequality
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2 Generalizations to different measures
Let us try to follow Pisier's approach to a general positive Borel measure u
on R” x R". Take a smooth function f on R” and compute the

fluctuations of A = f(y) — f(x) under . Consider the same path
x(t) = xcost+ysint, 0 <t < 7, joining x with y. Then

/2
A= / () _/0 (VF(x(t)), x'(t)) dt.

Hence, for a convex non-negative function W, by Jensen's inequality

w(a) < 2 /omw(; (Vf(x(t)),x'(t))) dt,

and after integration, we get

// A)du < = /m /R 5 (VE(x(¢ )),x’(t)>) du dt.
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2 Generalizations to different measures

/n/nw(A du < = /”/2 /Rh 5 (VF(x(1)), x'(t ))) du dt.

Then if we consider the orthogonal linear transformation

Ur(x,y) = (u,v) = (x(t),x'(t)) = (xcost + ysint,—xsint + y cos t),

POLITECNICO
MILANO 1863



2 Generalizations to different measures

/n/n\u(A du < = /”/2 /R% 5 (VF(x(1)), x'(t ))) du dt.

Then if we consider the orthogonal linear transformation

Ur(x,y) = (u,v) = (x(t),x'(t)) = (xcost + ysint,—xsint + y cos t),

fr/om /Rw(g (Vf(x(t)),X'(t»)d#dt: fr/om Rznh(Ut(x,y))d,udt

2 7|'/2
= f/ h(u,v) du(u, v)dt,
™ Jo R2n

where y; is the push-forward measure of y through U;.
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2 Generalizations to different measures

/n/n\II(A du < = /W/Q/R% —(V£( X(t))X()))dpdt.

Then if we consider the orthogonal linear transformation

Ur(x,y) = (u,v) = (x(t),x'(t)) = (xcost + ysint,—xsint + y cos t),

fr/om /Rw(g (Vf(x(t)),X'(t»)d#dt: fr/om Rznh(Ut(x,y))d,udt

2 7|'/2
= 7/ h(u,v) du(u, v)dt,
™ Jo R2n

where y; is the push-forward measure of u through U;. We set

™

2 3
o= 7/ w: dt and inequality (1) becomes
T Jo

/n/"\U(A) duﬁ/RZ"W<g<Vf(u),v>)dﬁ(u, v), pOL.Tg;N.co
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2 Main results [9

Theorem (S.Bobkov, B.V., , Elect. Journ, Prob. 2024)

If u is any positive Borel measure p on R" x R", for any smooth function f
on R" and any convex nonnegative function ¢ we have

L[ vt = reydu< [ (3 or),v)datw ),
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2 Main results

Theorem (S.Bobkov, B.V., , Elect. Journ, Prob. 2024)

If u is any positive Borel measure p on R" x R", for any smooth function f
on R" and any convex nonnegative function ¢ we have

L[ vt = reydu< [ (3 or),v)datw ),

If & has density w(x, y) with respect to the Lebesgue measure, we have for
any bounded measurable function g on R”
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2 Main results

Theorem (S.Bobkov, B.V., , Elect. Journ, Prob. 2024)

If u is any positive Borel measure p on R" x R", for any smooth function f
on R" and any convex nonnegative function ¢ we have

L[ vt = reydu< [ (3 or),v)datw ),

If & has density w(x, y) with respect to the Lebesgue measure, we have for
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2 Main results

Theorem (S.Bobkov, B.V., , Elect. Journ, Prob. 2024)

If u is any positive Borel measure p on R" x R", for any smooth function f
on R" and any convex nonnegative function ¢ we have

L[ vt = reydu< [ (3 or),v)datw ),

If & has density w(x, y) with respect to the Lebesgue measure, we have for
any bounded measurable function g on R”

| [ etwvydustay)

:/ / g(u,v)w(ucost — vsint,usint + vcost)dudv,

then @i = %fog W: dt  has density

~ 2 [? : : :
w(u,v)=— w(ucost — vsint,usint + vcost)dt. POLITECNICO
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2 Main results

Theorem (S.Bobkov, B.V. , 2024)

Let W : R — [0,00) be a convex function. Given a smooth function f on
R", for any non-negative Borel measurable function w(x,y) on R" x R",

/n/nw(f(Y)_ f(x)) w(x, ) dx dy
< [ [ v(E @) o) e
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2 Main results

Theorem (S.Bobkov, B.V. , 2024)

Let W : R — [0,00) be a convex function. Given a smooth function f on
R", for any non-negative Borel measurable function w(x,y) on R" x R",

/n/n"’(f(Y)— F(x)) w(x, y) dx dy

<[ [ v(G @) atey) duds.
In particular, for any p > 1,

/n A = el s ) ey

< (g)p/n L [(V(u),v)|P W(u,v)dudv.
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2 Some examples for [

The measure [ is called the spherical cup of p. Such measure becomes
closer to a class of spherically invariant measures.
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2 Some examples for [

The measure [ is called the spherical cup of p. Such measure becomes
closer to a class of spherically invariant measures.

P If u is rotationally invariant we have & = u, e.g. ¥2n = Yan-

» For the symmetric Bernoulli measure v = %51 + %5_1, consider

1
p=rvev= 2 (5(1,1) +6(1,—1) +6(—1,1) + 5(—1,—1)),

i.e. Bernoulli measure on the discrete square {—1,1} x {—1,1}.
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2 Some examples for [

The measure [ is called the spherical cup of p. Such measure becomes
closer to a class of spherically invariant measures.

P If u is rotationally invariant we have & = u, e.g. ¥2n = Yan-

» For the symmetric Bernoulli measure v = %51 + %5_1, consider

1
p=rvev= 2 (5(1,1) +6(1,—1) +6(—1,1) + 5(—1,—1)),

i.e. Bernoulli measure on the discrete square {—1,1} x {—1,1}. Then
T is the normalized Lebesgue measure on the circle v/2 S' C R? of

radius /2.

v
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2 Some examples for [

The measure [ is called the spherical cup of p. Such measure becomes
closer to a class of spherically invariant measures.

P If u is rotationally invariant we have & = u, e.g. ¥2n = Yan-

» For the symmetric Bernoulli measure v = %51 + %5_1, consider

1
p=rvev= 2 (5(1,1) +6(1,—1) +6(—1,1) + 5(—1,—1)),

i.e. Bernoulli measure on the discrete square {—1,1} x {—1,1}. Then
T is the normalized Lebesgue measure on the circle v/2 S' C R? of
radius /2.

P Let v be the normalized Lebegue measure on [—1,1], let u = v ® v be
the norm. Lebesgue measure on [—1,1] x [—1, 1], thus with density

w(x,y) =1/4.
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2 Some examples for [

The measure [ is called the spherical cup of p. Such measure becomes
closer to a class of spherically invariant measures.

P If u is rotationally invariant we have & = u, e.g. ¥2n = Yan-

» For the symmetric Bernoulli measure v = %51 + %5_1, consider

1
p=rvev= 2 (5(1,1) +6(1,—1) +6(—1,1) + 5(—1,—1)),

i.e. Bernoulli measure on the discrete square {—1,1} x {—1,1}. Then
T is the normalized Lebesgue measure on the circle v/2 S' C R? of
radius /2.

P Let v be the normalized Lebegue measure on [—1,1], let u = v ® v be
the norm. Lebesgue measure on [—1,1] x [—1, 1], thus with density
w(x,y) = 1/4.Then 1 is supported on the disc x> + y? < 2, with

density
e if u?+v2<1,
W(u,v) =Q arcsin —— — 7, if 1<+ v2<2,
POLITEENICO

0, if w4+ v?>2
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3 Outline

© Application with isotropic measures
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3 Disintegration of measures |13

As a special choice of 9 in our result, we take 9(t) = |t|> and we obtain

/Rn Rnlf(y)—f(><)|2d/1(><,y) < f/n/n(Vf(u),v)zdﬁ(u, v).
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3 Disintegration of measures

As a special choice of 9 in our result, we take 9(t) = |t|> and we obtain

/Rn Rnlf(y)—f(><)|2du(><,y) < f/n/nwf(u),v)?dg(u, v).

Our aim is to give conditions on u, i to simplify the RHS.
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3 Disintegration of measures

As a special choice of 9 in our result, we take 9(t) = |t|> and we obtain

/Rn Rnlf(y)—f(><)|2du(><,y) < 7;2/n/n<Vf(u),v)2cm(u, v).

Our aim is to give conditions on u, i to simplify the RHS. If v is a finite
Borel positive measure on R” x R”, let 7 is the projection of v on the first
coordinate.
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3 Disintegration of measures

As a special choice of 3 in our result, we take ¥(t) = |t|? and we obtain

/Rn Rnlf(y)—f(x)IQdu(x,y) < 7;2/n/n<Vf(u),v)2cm(u, v).

Our aim is to give conditions on u, i to simplify the RHS. If v is a finite
Borel positive measure on R” x R”, let 7 is the projection of v on the first
coordinate. By the disintegration theorem there is a (unique) family of
finite measures v, defined fo w-almost all u, such that each v, is supported

on {u} x R" and
1/:/ v, dr(u),

POLITECNICO
MILANO 1863



3 Disintegration of measures

As a special choice of 3 in our result, we take ¥(t) = |t|? and we obtain

/Rn Rnlf(y)—f(x)l%fu(x,y) < f/n/n(Vf(u),v)zdﬁ(u, v).

Our aim is to give conditions on u, i to simplify the RHS. If v is a finite
Borel positive measure on R” x R”, let 7 is the projection of v on the first
coordinate. By the disintegration theorem there is a (unique) family of
finite measures v, defined fo w-almost all u, such that each v, is supported

on {u} x R" and
1/:/ v, dr(u),

that is for each nonnegative measurable function g(u,v) on R" x R"

/n/ng(”’ v)dv(u,v) = /Rn {/ng(u, v) dl/u(v)} dr(u).
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3 Isotropic measures |14

Thus

L Lo smon=[ [ [ @ an)] o,

how to simplify this?
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3 Isotropic measures

Thus

L Lo smon=[ [ [ @ an)] o,

how to simplify this?

Definition
A finite measure v on R” x R" is isotropic along the first coordinate, if
m-almost all conditional measures v, are isotropic on R”, i.e.

/n 8, v)? dy(v) = ()l (6 € R")

with some finite o2(u), which we call the isotropic function of v along the
first coordinate.
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3

Isotropic measures |14

Thus if we assume [i isotropic along the first coordinate we have
[ @@ daw = [ | [ 9,0 amw)| an)
RAxR" n n
[ #@ v dnw),
Rn
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3 Isotropic measures

Thus if we assume [i isotropic along the first coordinate we have
[ @@ e = [ | [ 9,0 e an)
RAxR" n n
[ #@ v dnw),
Rn

therefore we have a weighted Poincaré inequality

/R"an 1f(y) = F(x)* du(x,y) < (g)2/m () [V F(u) 2 de(u).

POLITECNICO
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4 Outline |15

O Application: spherically invariant measures
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4  The case of the uniform distribution on the sphere |16

Now we will deal with spherically invariant measure u. Then we have
I = p and the main inequality becomes
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4  The case of the uniform distribution on the sphere |16

Now we will deal with spherically invariant measure u. Then we have
I = p and the main inequality becomes

/Rnxww(f(y) — £(x)) du(x,y) S/

[ (500 ) dutxn.
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4  The case of the uniform distribution on the sphere

Now we will deal with spherically invariant measure u. Then we have
I = p and the main inequality becomes

™

[ o) - reautxn < [ w(F9H.0)) dutx).

R xRn R xRN

We take 9(t) = t? and u = 05, 1 the uniform distribution on the sphere
St ={(x,y) € R" x R" : |x]* +|y[* = 1}.

We want to evaluate the conditional measures u, of 02,1 for x € By(0).
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4  The case of the uniform distribution on the sphere

Now we will deal with spherically invariant measure u. Then we have
I = p and the main inequality becomes

™

[ o) - reautxn < [ w(F9H.0)) dutx).

R xRn R xRN

We take 9(t) = t? and u = 05, 1 the uniform distribution on the sphere
St ={(x,y) € R" x R" : |x]* +|y[* = 1}.

We want to evaluate the conditional measures u, of 02,1 for x € By(0).
Each section of 52" ! is

S l=/1-|x2S™! (x€eR" |x|<1)
i.e. the sphere in R" of radius /1 — |x|?
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4  The case of the uniform distribution on the sphere

Now we will deal with spherically invariant measure u. Then we have
I = p and the main inequality becomes
s
W((y) — F()) dulxy) € | W(Z(TF(x),) ) dux,y).
R7xR" RTxR"
We take 9(t) = t? and u = 05, 1 the uniform distribution on the sphere

S = {(x,y) € R" x R : |x[2 + |y|? = 1}.

We want to evaluate the conditional measures u, of 02,1 for x € By(0).
Each section of 52" ! is

2l /T-xE S™! (x€eR", |x| <1)

i.e. the sphere in R" of radius 1/1 — |x|? thus the measure p, is the
uniform distribution on such sphere.
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4  The case of the uniform distribution on the sphere |17

Notice that for 9(t) = t> we have

2

Jor 10 = P sl ST [ ) 9P o),
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4  The case of the uniform distribution on the sphere |17

Notice that for 9(t) = t> we have
2

m
[ ) = 00 dozna(x) < 5 [ o [9F(P dn().
S2n— Bi1(0)
Since py is isotropic we can use
[ 0007 dunly) = S*(0l6P (6 € B)

to find o2(x):

1—|x|?
)= [ bPdnt) =P <
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4  The case of the uniform distribution on the sphere

Notice that for 9(t) = t> we have
2

m
[ ) = 00 dozna(x) < 5 [ o [9F(P dn().
S2n— Bi1(0)
Since py is isotropic we can use
[ 0007 dunly) = S*(0l6P (6 € B)

to find o2(x):
1 1— |x|?
2 =2 [ P = L k<
s n

n

So we have to find the marginal measure dm(x).
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4  The case of the uniform distribution on the sphere

Notice that for 9(t) = t> we have

71'2

[ ) = 00 dozna(x) < 5 [ o [9F(P dn().
s2n— B1(0)
Since py is isotropic we can use

[ 0007 dunly) = S*(0l6P (6 € B)

to find o2(x):
1 1— |x|?
2 =2 [ P = L k<
s n

n

So we have to find the marginal measure dm(x). An explicit computation
gives

[ n_
dr(x) = Mn) (1-xP) e, x| <1

2
7T r( ) POLITECNICO
MILANO 1863
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4  The case of the uniform distribution on the sphere |18

Corollary (S. G. Bobkov, B.V., 2024)

For any smooth function f on R",

Jo 1700 = P den ) < /Blm) VAP (1 = [x2) dr(x).

n

L| IC
MILANO 1863



The case of the uniform distribution on the sphere 18

Corollary (S. G. Bobkov, B.V., 2024)

For any smooth function f on R",

2

/szn_1| F(x) = f(¥)I? doan-1(x,y) < 4n/( [VF(x)12 (1 = [x]?) dm(x).

This inequality is quite similar to this Poincaré inequality

‘/|X<1/y<1 — )P dr(x) dn(y) < ;/u|<1|Vf(U)| dn(u),

which is derived for more general measures 7 in

@ S. G. Bobkov, Spectral gap and concentration for some spherically
symmetric probability measures. Geometric aspects of functional

analysis, 2003

POLITECNIC
MILANO 1863



The case of the uniform distribution on the sphere |18

Corollary (S. G. Bobkov, B.V., 2024)

For any smooth function f on R",

/s 1700 = ) doanalxy) < 30 /Blm) VF() (1 — [x]?) drr(x).

If [Vf] <1, we have

2
[ 1760 = F)P dostxiy) < 5
S2n—1 n
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4  The case of Cauchy measures

The n-dimensional probability Cauchy measure m, , on R” of order a > 7
has density

Wna(x) = — (1+[x])7%, x€R",

n,o

S C ot LG N C g )
M(a) M)

is a normalizing constant.

where
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4  The case of Cauchy measures

The n-dimensional probability Cauchy measure m, , on R” of order a > 7

has density

i) = = (14 x)™", xcR,
where

L M@= _ ,Me-3)

e () Me) -

is a normalizing constant. Observe that the image m, , through the map
x — y/ax has density

~ _n 1 1 )
Wn,a(X):(2a) /2W"’a(7x) - (1+*| | ) xR
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4  The case of Cauchy measures

The n-dimensional probability Cauchy measure m, , on R” of order a > 7
has density

Wi,o(X) = (1+ |X|2)_°‘, x € R”,

n,o

Mo — 2Yr(2
L Te-n)rE)
’ M(a) Ma)
is a normalizing constant. Observe that the image m, , through the map

x — y/ax has density

where

[NEY

~ n 1 1 .,
Wn,a(x) = (2) /2 W”’O‘(\/%X) o (1+%|X|2)a’ x € RY,
=4 o

thus
~ _ _ 2
Wno(x) = (1) 2 X/2 a5 o — oo,
Mpo — Yo aS 00— 00 :

i - 1 POLITECNICO
the class of Cauchy measures might serve as pre-Gaussian model. LITECNIC



4 Poincaré type inequalities with the Cauchy measures 120

The following inequality is well-known

/ f—/ fdm,o

where the value of the best constant ¢ = ¢(a, n) is known for any
a>n/2.

2
R c/ VA2 (1 + |x2) dpa,
Rn
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4 Poincaré type inequalities with the Cauchy measures

The following inequality is well-known

/ f—/ fdm,q

where the value of the best constant ¢ = ¢(a, n) is known for any
a > n/2.Such Poincaré inequality are fundamental in the study of the
rates of convergence for the solutions to the fast diffusion equation

2
R c/ VA2 (1 + |x2) dpa,
Rn

up=Au™, me(0,1):
one of the main connection is due to the form of the self-similar profile
1

V = (1 Z_ﬁ =
(9= (L4 )25, =

POLITECNICO
MILANO 1863



4 Poincaré type inequalities with the Cauchy measures

The following inequality is well-known

/ f—/ fdm,q

where the value of the best constant ¢ = ¢(a, n) is known for any
a > n/2.Such Poincaré inequality are fundamental in the study of the
rates of convergence for the solutions to the fast diffusion equation

2
R c/ VA2 (1 + |x2) dpa,
Rn

up=Au™, me(0,1):

one of the main connection is due to the form of the self-similar profile
1

V(x) = (1+|x)" =7, a:=
()= A+ )=, a= o —

Some references:

B

@ POLITECNICO
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4 Poincaré type inequalities with the Cauchy measures |21

We consider the 2n-dimensional Cauchy measures my, o on R” x R”,
having the densities

Wana(X,y) = (1 + |X|2 + |y|2)_a, x,y € R", (1)

n,o

where a > n. We wish to apply the inequality
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4 Poincaré type inequalities with the Cauchy measures |21

We consider the 2n-dimensional Cauchy measures my, o on R” x R”,
having the densities

Wana(X,y) = (1 + |X|2 + |y|2)_a, x,y € R", (1)

n,o
where a > n. We wish to apply the inequality

/Rnww(f(y) — £(x)) du(x,y) S/

R XR? \U(g <Vf(x),y)) du(x, y)-
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4 Poincaré type inequalities with the Cauchy measures

We consider the 2n-dimensional Cauchy measures mp,, on R” x R”,
having the densities

Wana(X,y) = (1 + |X|2 + |y|2)_a, x,y € R", (1)

n,o

where a > n. We wish to apply the inequality

/RHXRN W(F(y) — F(x)) du(x,y) < / (2 (Vi(x),) ) dutx, ).

R xR

with the choice 9(t) = |t|P namely
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4 Poincaré type inequalities with the Cauchy measures

We consider the 2n-dimensional Cauchy measures mp,, on R” x R”,
having the densities

T+ xP+1y?)"%, x,y€eR, (1)

Won, o (X; y) -
n,o

where a > n. We wish to apply the inequality

™

/Rnxmn VL) = Fl) duley) < /Rann w(2 <W(X)’y>) du(x, y)-

with the choice 9(t) = |t|P namely

/RW |F(y)—F(x)]P dimgn o (x,y) < (5) /R"XR" [(VF(x), y) P dinana(x, y).

POLITECNICO
MILANO 1863



4 Poincaré type inequalities with the Cauchy measures

We consider the 2n-dimensional Cauchy measures mp,, on R” x R”,
having the densities

Wana(X,y) = (1 + |X|2 + |y|2)_a, x,y € R", (1)

n,o
where a > n. We wish to apply the inequality
T

/Rnxmn VL) = Fl) duley) < /Rann w(2 <W(X)’y>) du(x, y)-
with the choice 9(t) = |t|P namely
/RW |F(y)—F(x)]P dimgn o (x,y) < (5) /R"XR" [(VF(x), y) P dinana(x, y).

Let us try to simplify the RHS.
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4 Poincaré type inequalities with the Cauchy measures |22

/ [{(VF(x),y)|P dmapa(x,y) = / Ip(x, Vf(x)) dx,
R"xR" n

Cn,a

N’
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4 Poincaré type inequalities with the Cauchy measures 22

/ [(V(x),y)|P dmana(x,y) = / Io(x, Vf(x)) dx,
R xR? n

where, for v € R", v = |v|,

Cn,a

) PP L
I(x, v) = dy = |v|P :
)= T e Y T T e Y

Ir(x,0)

POLITECNICO
MILANO 1863



4 Poincaré type inequalities with the Cauchy measures

/ [(V(x),y)|P dmana(x,y) = / Io(x, Vf(x)) dx,
R xR? n

where, for v € R", v = |v|,

Cn,a

) PP L
Io(x,v) = dy = |v[P
)= T e @ M T e e

Ir(x,0)

But /,(x,8) does not depend on 6§ thus
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4 Poincaré type inequalities with the Cauchy measures

/ [(VF(), y) [P dimzna(x,y) =
RrxRn"

where, for v € R", v = |v|,

/n Io(x, Vf(x)) dx,

Cn,a

) PP L
I(x, v) = dy = |v|P :
)= T e Y T T e Y

Ir(x,0)

But /,(x,8) does not depend on 6§ thus

Eol (6, ) |°
o, 6) = Eolp(,6) /R A+ <P+ P

now
Eo| (8, y) [P = 1y[PG(n, p)

for some constant G(n, p) : POLITECNICO
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4 Poincaré type inequalities with the Cauchy measures

/ [(VF(), y) [P dimzna(x,y) =
RrxRn"

where, for v € R", v = |v|,

/n Io(x, Vf(x)) dx,

Cn,a

) PP L
I(x, v) = dy = |v|P :
)= T e Y T T e Y

Ir(x,0)

But /,(x,8) does not depend on 6§ thus

Eol (6, ) |°
o, 6) = Eolp(,6) /R A+ <P+ P

now
Eo| (8, y) [P = 1y[PG(n, p)

for some constant G(n, p) :taking y = e; we have G(n, p) = Eg|6; |ProLiTECNICO
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4 Poincaré type inequalities with the Cauchy measures |23

One can show that
r(
G(n,p) =

— (NI
N—r

S| 7

+

Jo] S

~ [N+
-
SN—r

I\)|

o/
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4 Poincaré type inequalities with the Cauchy measures

One can show that

Therefore

[ {v,y)|P |yl
Ix,v:/ dy = G(n, p)|v|P dy
o) = J T+ e @ = M | R e

G P
_ (n1 p) - |V|p/ |Z| — dz -
(14 |x|?)="%" m (1+]2[%)

this last integral is finite if and only if

n+p

oz>2
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4 Poincaré type inequalities with the Cauchy measures

One can show that

Therefore

[ {v,y)|P |yl
Ix,v:/ dy = G(n, p)|v|P dy
o) = J T+ e @ = M | R e

G P
_ (n1 p) - |V|p/ |Z| — dz -
(14 |x|?)="%" m (1+]2[%)

this last integral is finite if and only if

n+p

oz>2
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4 Poincaré type inequalities with the Cauchy measures |24

An explicit computation gives
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4 Poincaré type inequalities with the Cauchy measures |24

An explicit computation gives

n+p
2 )

(x,v) = AL+ |x|*)"#|v|P, where B =a—

and
A= G(n) P)

nwp B(a_n—i—p n—l—p)
2 2 72
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4 Poincaré type inequalities with the Cauchy measures

An explicit computation gives

(x,v) = AL+ |x|*)"#|v|P, where B =a— ’Hz_p,
and nw ntp ntp
— n p—
A= G(n,p) 5 B(a BRI )
Therefore:

[ 1T P dmana(x,y) =
R7xR"

1 (B (o — 2t

2 ) Pdm .
= e [ 9o dm

in order to have m, g well defined we must impose

/ (6, (x)) o

Cn,o

n+p n
2 >2'

B=a-
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4 Poincaré type inequalities with the Cauchy measures |25

Theorem (S.G. Bobkov, B.V, 2024)

Let o> n+ % and 1 < p < 2(a— n). For any smooth function f on R”",

/Rann |f(x) = f(y)|P dmapa(x,y) < C(g)p/Rn [VF(x)|P dm, g(x),

where B = o — #,Where

o L I(Hra=-n—8)

_ﬁ Mo —n)
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4 Poincaré type inequalities with the Cauchy measures

Theorem (S.G. Bobkov, B.V, 2024)

Leta > n+ 3 and 1< p < 2(a— n). For any smooth function f on R",

[ 160 = )P dmanalx,y) < €(5)7 [ 19FCP dmnal),
R xR" Rn

where f = a — ";p,where

If we use the scaling 7(x) := f(v/ax)

~ p (T\P ~
/ |f(x) - f(y)|p dm2n,a(X1Y) < C(2a)2 (5) / |Vf|pdmn,/5 :
R xR R

letting o — oo we find
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4 Poincaré type inequalities with the Cauchy measures |25

Theorem (S.G. Bobkov, B.V, 2024)

Let o> n+ % and 1 < p < 2(a— n). For any smooth function f on R”",
L 16 = )P dmana(xy) < €(5)7 [ 19FGP dmapt),
R7xR"

where f = a — "g” where

1 F(pTH)F(a -—n—25)

C:ﬁ Mo —n)

[ [ ir-rpanane < (3) 22r(PHY) [ 19rP
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4 Isoperimetric inequalities for Cauchy measures 126
Writing the inequality for p = 1 we have for a > n+ % and f=a — %1
for any smooth function f on R”,
JrHa—n—1)

f(x)=f(y)dmopa(x,y) < /7 ——= V| dm,g.
L 10 = )l dmanany) < G =22 ] ﬁ()
2
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4

Isoperimetric inequalities for Cauchy measures

Writing the inequality for p = 1 we have for o > n+ % and f=a — %1

for any smooth function f on R”,

VAICEUEE)
Jo 1 = O il y) < 2 ZE 228 |91

(2)

Scaling and passing to the limit in (2) gives the L!-Poncaré

/"/"|f(x)—f(}/)|d’7n(x) dyaly) < ﬁ/Rn'V” i
=

7,-:_(6/4) > 2Cf1 'Yn(A)(l - 7n(A))
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4 |soperimetric inequalities for Cauchy measures |27

Let o > n+ 1, we have the following

1
f(x) = f(y)| dmana(x,y) < V7 /Vfdm,,,.
L1760 = ) dmana(x,) < VA= [ (V7]
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4 Isoperimetric inequalities for Cauchy measures

N
~

Let o > n+ 1, we have the following

/R”XR" |f(X) B f(y)| dm2">°‘(X1y) < ﬁ

1
vo—n

It is possible to see that this implies (in fact it is equivalent) to the
isoperimetric inequality

|Vf| dm,,,/g.
Rn
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4 Isoperimetric inequalities for Cauchy measures

Let o > n+ 1, we have the following

1

f(x) = f(y)] dmapa(x,y) < /7 Vi|ldm,g.
L1760 = ) dmana(x,) < VA= [ (V7]
It is possible to see that this implies (in fact it is equivalent) to the
isoperimetric inequality
20./a —
Ve n Mo o (A X A).
VT ’

mjﬁ(aA) >

valid for any closed set A in R".
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4

Isoperimetric inequalities for Cauchy measures

Let o > n+ 1, we have the following

1
f(x) = f(y)| dmana(x,y) < V7 V] dmng.
/R”XR” e Vva—n Jpn B
It is possible to see that this implies (in fact it is equivalent) to the
isoperimetric inequality
2v/a—n
————my, (A X A°).
VT ’
valid for any closed set A in R". It is possible to bound my, o by the tensor
product m, o ® M, through

mjﬁ(@A) >

Ma—3)?
M2p,o > dmn,a ® Mp,qa, d= dn,a = m
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4 |soperimetric inequalities for Cauchy measures

Let o > n+ 1, we have the following

1
f(x) = f(y)| dmana(x,y) < V7 V] dmng.
/R”XR” e Vva—n Jpn B
It is possible to see that this implies (in fact it is equivalent) to the
isoperimetric inequality
2v/a—n
————my, (A X A°).
VT ’
valid for any closed set A in R". It is possible to bound my, o by the tensor
product m, o ® M, through

mjﬁ(aA) >

Ma—3)?
M2p,o > dmn,a ® Mp,qa, d= dn,a = m

thus finally we find the isoperimetric inequality for the Cauchy measures

W00 > a i maaA) 1 ()
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4 Moderate and large deviations

Recall the Poincaré inequality
Theorem (S.G. Bobkov, B.V, 2024)
Leta > n+ 3 and 1< p < 2(a—n). For any smooth function f on R",

[ 160 = )P dmanalxy) < €(5)7 [ 19FCP dma(),
R xR" Rn

where f = o — ";p, and where the constant depends on (n, p,a) and is

given by

1 r(Era-n-%)

:ﬁ Ma—n)

C
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4 Moderate and large deviations

It follows that, for any function f on R” with Lipschitz semi-norm
Ifllip < 1,

/n . 1F(x) = F(y)|P dmana(x,y) < % (g)p M) r(e—n- g).
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4 Moderate and large deviations

It follows that, for any function f on R” with Lipschitz semi-norm
Ifllip < 1,

1
f(x) = f(y)|Pdmapa(x,y) < —= (=
|10 = P dmanatxn < —= (3
We wish to explore probabilities of moderate and large deviations of
f(x) — f(y) under the Cauchy measure my, 4.

Mo —n)

7r)p re2)r(a—n— E).
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4 Moderate and large deviations

It follows that, for any function f on R” with Lipschitz semi-norm
Ifllip < 1,

P 1 /m Pr(pTH)r(a_n_g)
L. 00 = F0P dmanaly) < 2 (5) ==

We wish to explore probabilities of moderate and large deviations of
f(x) — f(y) under the Cauchy measure my, o.Using suitable estimates
from above and below for the Gamma functions, for & > n + land
1<p<2(a—n)—1we have

Corollary

For any function f on R" with ||f||Lip < 1,

/R,, /I;n |f(x) = f(y)|P dmana(x,y) < 2( cp )p/2

a—n

with ¢ = 7r2/4.
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4 Moderate and large deviations |29
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4 Moderate and large deviations |29

Now consider
pn,a(t) = m2n,a{(X7y) ER"xR": Vo — n|f(X) - f(y)| 2 t}~

We have the following result
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4 Moderate and large deviations

Now consider
pn,a(t) = m2n,a{(X7y) ER"xR": Vo — n|f(X) - f(y)| 2 t}~
We have the following result

Corollary

If a > n+1, for any function f on R” with ||f]||Lip < 1,

2 exp { — t2/14}, 0<t<ty,
Pna(t) < 2exp{ —(tlogt)/5}, to<t<t, 3)
2 (27:0) tlr t Z ty,

where tg = v/a—n and t; = a — n.
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4 Moderate and large deviations

Now consider

Pra(t) = mona{(x,y) € R" x R": Vo —n|f(x) — f(y)| > t}.
We have the following result
Corollary

If a > n+1, for any function f on R” with ||f]||Lip < 1,

2 exp { — t2/14}, 0<t< ty,
Pna(t) < 2exp{ —(tlogt)/5}, to<t<t, 3)
2 (27:0) tlr t Z ty,

where tg = v/a—n and t; = a — n.
Analogous relations for similar regions for the product measures
My o ® My o have been explored in

B
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4 Some open problems 130

» Study more properties about the spherical cap measure & and relevant
implications.
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4 Some open problems 130

» Study more properties about the spherical cap measure & and relevant
implications.

» More explicit examples.
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4 Some open problems

» Study more properties about the spherical cap measure & and relevant
implications.

» More explicit examples.

» Generalize Pisier's approach in the discrete setting.
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Thank you for your attention!
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