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Relative entropy

Definition

Let i and v be two probability measures with densities f and g with respect
to Lebesgue measure on R. The relative entropy of v with respect to p is

H(v|w) :/Rflog (2) dx

We can also write it, if h = f/g is the density of v with respect to p :

Hvlw) = | hlog(h)d

Proposition

Due to Jensen's inequality, the relative entropy is nonnegative.
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Variational formulation

Proposition

H(v|p) = sup {/ pdv — log </ ewdu) }

Proof : take a function . Consider the probability measure [i defined as

eﬁo(x) e‘P(X)g(X)

= Tean() ) = Terig(yay ™

dfi(x)
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Variational formulation

X e@()’) x
H )~ HOvl) = [ ) (Iog <f( )/ g(”dy) ~log <f<>> .

e?(¥) g(x) g(x)

:/f(x) log (WM/> dx

e‘P(X)

=~ [ e+ 1og [ egtax)

() = Hwl) + [ o) — fog ( / e‘odu>

SO

and H(v|fi) > 0 with equality if ¢ = log (é) It proves the proposition.
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Entropic inequality

An important consequence of the variational formulation of the relative
entropy is the following theorem, called "entropic inequality".

For all functions ¢ such that the quantities are well-defined, if X is a
random variable with law v, we have

Va >0, E[p(X)] < é <H(V|M) - ( / e‘wdu>)
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© Particle system
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We consider n particles moving on a line. g; is the position of the particle /
and p; is its velocity. The equations of the movement are

dq;(t) = pi(t)dt
dp;(t) = | —200(qi(t))pi(t™) Hﬂ{q, O<a(} | | 4

— ypi(t)dt + /2y TAW,

where the W' are independant Brownian motions.
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Simulation

Trajectories (y=0.5, T=1, P=1)
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[nvariant measure

We say that a measure p is an invariant measure of the system if, when the
initial configuration qo, po is distributed with this measure, then it is the
case at each time t.

Let
Bp
P J
PP H Lig<q H \/
r#k

g(p,q)

The measure i3 p such that

dpg,p = gdAr,

(where Ar, is the Lebesgue measure on ', = (R4)" x R") is the unique
invariant measure of the system.
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Generator

Let £ = A+ ~S be an operator defined on
Dy(L) = {F € C* (R} x R"),Vj € [1,n],
F(q7 PLs- -5 Pjs- -, pn)’quo = F(q7p17 s TRy pn)lqj:0}
and such that

A= 00 =P | [ {454} | %
j=1

i#j

$=3 (7% )

Proposition

S is symmetric and A antisymmetric with respect to 15 p

™ = = = Tyt
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Generator

Proposition

The operator L is the generator of the system, ie

VF € Do(L), Yt >0,

E{F(4(2): )] = BIF (a0, )] + [ "E[LF(q(s). p(s))]ds

v

Application : if the law v/ of (q(t), p(t)) is absolutely continuous with
respect to uj p with density 7,(t, -, -) for all t > 0, then f, satisfies the PDE

Befy = L7F,
(with £ = —A +~S)

Important hypothesis

In the following we admit that such a density exists.
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Relative entropy

We define

Hn(t)ZH(Vt”Iug,p)=/r fa(t, q, p) log(fa(t, g, p))duj p-

Proposition

H, is a non-increasing function.

Proof : Using the fact that 0:f, = L*f,, we have

dHn * n n
1 (t) :/r L*f, Iog(f,,)duﬁﬁp—i-/r Orfadps p
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Relative entropy

8tfndug7p = (9t/ fnd/,l,g’p = 81-1 =0
Fn Fn

[ fuog(f)ausp = [ Afudp =0
n rl'l

Then

S = [ (Sh)log() e

=7 Z T/(?ij folog(fn)dps,p — 72 / P;Op; fnlog(fn)dps,p
j=1 j=1
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Relative entropy

Finally, by an integration by part :

/pjapjf,, log(fp)dpgp=T /8 (Op; fn log(fn)) dug p

O, f)°
/<62 f, log(f, ( ”; ) )dugp

So
dH,
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For a function ¢ "regular enough", we set

ma(t, ) = Zw( i t)>

The goal is to compute the "limit" of 7, ; it is called the "hydrodynamic
limit" of the particle system.
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Conjecture

Let po : [0, Lo] — Ry be a density function. Assume that the initial
configuration v is such that
Lo
P
o Vo € CZ(Ry), ma(0,0) ——= [ po(x)ep(x)dx
0

n——+00
o Hy= HOGIL,) = O(n)
Then, for all ¢ € C1?(R, x R ) compactly supported in space,

L(t)
7rn(t7 90) — p(t,X)(,O(t,X)dX
n——4o00 0
where (p, L) is the unique weak solution of the following free boundary heat
equation.

v
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Free boundary heat equation

dp = To3p tcRy,xe0,L(t)]
U(t) = —Tpoep(t, L(t) t>0
Oxp(t,0) =0 p(t,L(t) = & p(0,x) = po(x)

Definition

(p, L) is a weak solution of this equation if
e Le C(R+,R+), p e C ({( ) (R+)2 X < L } R+)

e For all t > 0 and all test function ¢ € C12(Ry. x R, ) compactly
supported in space such that dx¢(-,0) = ¢(t,) =0

L(s)
/ / p(s,x)0ep(s, x)dxds — —/ / p(s,x)02¢(s, x)dxds

__P / Beo(s, L(s)) + /0 po(x)p(0, x)dx.

= = = — Ty
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Free boundary heat equation

The equation admits at most one weak solution.
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Sketch of the proof

Fix t > 0 and w € Q. We can remark that 7,(t,-)(w) characterizes the
probability measure on R

Ui A Z]l <q, n?t)( )>

(Indeed, mp(t, ¢) :/ ©dvn ¢ ).
Ry

Then, we can show that m,(w) defines a continuous function from R, to
M;i(R;). Denote @, the probability distribution of 7, on
C ([0, t1], M1(R4)). Qn is a sequence in My (C ([0, t1], M1(R+)))
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Sketch of the proof

There are two main steps in the proof :

@ Prove that the sequence (Qp)nen is tight on
M (€ ([0, 1], M1 (R+))).

o Identify the limit point of any convergent subsequence of (Q,), as the
weak solution of the equation.

Conclude by using the Prokhorov theorem.
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|dentify the limit

Suppose that for all functions € CM?(R, x Ry ) compactly supported in
space,
p L(t)
7rn(t7 SO) — p(t,X)QO(t,X)dX

n——+00 0

M(t, D) = WZ/ X(p( ()>dW,

By a computation, we can show :

Set
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|dentify the limit

mo(t:9) = ma0.6) = [ (5.0
= (Z 030 (0. %47
72,,, 7o (1, 21 )>>
b _Z [ pitsios (s ""’f”) ds
L[S 2

_/ X¢< Gmax( 2))ds+ \/;n Mal(t, )
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|dentify the limit

Some terms are easy to identify : by hypothesis, if ¢(t,-) =0, then

Lo
7Tn(t7 4,0) - 7Tn(0a 90) — o po(X)(p(O,X)

n—-+o0o

t t rl(s)
/ n(s, Orp)ds —— / / p(s, x)0rp(s, x)dxds
0 0 JO

n—-+o00

Using some properties of the stochastic integral, we can show that

1
WMH(L&XSO) m 0
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|dentify the limit

t
mn(t 2(0,¢) = Trksy0rp)ds

5 (S ionee (o2)
_ Z;Pi(nzt)axgo <t, CIi(fjt)))
,yl,,ziz_n;/otpf(”%)&xf@ <S’ CIi(Z2s)> ds
1 Ot ; p2(n?s)2p (s, q"(’fs)> ds
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|dentify the limit

For the term

2Zp,nt xs0< ol )>,

we will use the entropy inequality.
Let M be a constant such that |Oxp| < M. We have

2
1 « 2 qi(n’t)
pope ;21 pi(n“t)Oxep (t, p

()
i=1

M? [p?(n%)]
<= E|HE 2
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|dentify the limit

By the entropy inequality, for all a > 0 we have

2(p2t H,(n?t) 1 7
IE[p,(n )] < (n )+Iog</e°"n’3dugp>
o :

n3 Q

SO

. 2(n’t Hn(n?t e
ZE[P,(’; )]Sn (n )+"Iog</ean5dﬂgp>
— n et e ’
We know that the entropy is nonincreasing and H,(0) = O(n) so
nH,(n?t) = O(n?). Then nH,(n*t)/a —— 0 if a = n® with § > 2.
n—-+4o00 n——+o00
On the other hand,

2 2

/ap?d % ea%_gTd 1
e n3 =
Ho.p = | onT F noteo

if o = n® with 6 < 3.
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|dentify the limit

Take oo = n®®. We have finally

n 20,2 2 2
p;(n“t) Hn(n*t) 1 L/

Conclusion :

2
qi(n“t) .
= || atoae (40| o
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|dentify the limit
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|dentify the limit

We can use again the entropy inequality to show

’11/ Z p2(ns) — TYO%p < q’(225)>ds

] S
n—-+o00

L[S mweete (6 20 Yo T [Mrs.topas

L(s)
p—— 7/ / p(s, x)0%¢(s, x)dxds
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|dentify the limit

It remains a last term :

t 2
P/ Oxp <s, Gmax( 7 S)> ds
7 Jo n

It should give, in the weak formulation :

P t
= [ ots e
7 Jo

We are currently trying to show that

max (qu, . ., gn) (n%s)

n n—-+400

but we have not finished yet.
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Thank you for your attention !

All is in the title of the slide.
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