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Motivations

@ Interacting high dimensional network (for example neurons), M nodes.
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Motivations

@ Interacting high dimensional network (for example neurons), M nodes.

@ Only the activity of a small amount (s < M) of nodes (neurons) is recorded.

TH O

Find the best approximation of the full network interactions as a graph of
interactions between the s observed nodes.
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Motivations

To perform statistical estimation one needs controls on the activity of the
observed nodes.
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Motivations

To perform statistical estimation one needs controls on the activity of the
observed nodes.

@ Hawkes process, each neuron has intensity

Al —Mm+2/ ™ (t—s)dN .
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Motivations

To perform statistical estimation one needs controls on the activity of the
observed nodes.

@ Hawkes process, each neuron has intensity

t_
m’ —0o0

@ Given N, N2, N3, without knowing the rest of the graph of the interactions,
find the best v;, f/ with i,j = 1,2,3 to approximate A} by

Pi(3,v,f) _y,+Z/ s)dNJ, for i=1,2,3.
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Motivations

To perform statistical estimation one needs controls on the activity of the
observed nodes.

@ Hawkes process, each neuron has intensity

t_
m’ —0o0

@ Given N, N2, N3, without knowing the rest of the graph of the interactions,
find the best v;, f/ with i,j = 1,2,3 to approximate A} by

Vi(3,v, ) —1/,—1—2/ I(t —s)dN,  fori=1,2,3.

This statistical task requires controls on the moments of N*, N2, N3: Least Square
contrast

)
LS(v.f) = —2 /0 GG v, )N+ [ 3, v, ) oo 1)
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M-typed tree

o U =,en(IN*)" with (IN*)? = {@} the set of all possible individuals.
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M-typed tree

o U =,en(IN*)" with (IN*)? = {@} the set of all possible individuals.

@ A tree 7 is a subset of U such that
» O ET,

» Forany v e, if v# & then v=uk with ke N* and v € 7.
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M-typed tree

o U =,en(IN*)" with (IN*)? = {@} the set of all possible individuals.

@ A tree 7 is a subset of U such that
» O ET,

» Forany v e, if v# & then v=uk with ke N* and v € 7.
o A set of all possible types M = [1, M] with M € IN*.

@ A M-typed tree is an object (u,tp(u))yer where 7 is a tree and for any
u €T, tp(u) € M is the type of u.
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M-typed tree

o U =,en(IN*)" with (IN*)? = {@} the set of all possible individuals.

@ A tree 7 is a subset of U such that
» O ET,

» Forany v e, if v# & then v=uk with ke N* and v € 7.
o A set of all possible types M = [1, M] with M € IN*.

@ A M-typed tree is an object (u,tp(u))yer where 7 is a tree and for any
ue T, tp(u) € M is the type of u.

o For T = (u,tp(u))ucr a M-typed tree we define

Cardy(T) = (Card({u e |tp(u) = m}))

mEM'
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Poissonian Galton Watson processes
Let H = (H)); jem with H > 0. A Pois(H) Galton Watson tree with root of
=(

type mp € M is a random M-type tree T™ = (u,tp(u))ue, such that

@ T is a random tree with root @ and
tp(@) = mop.

@ u € 7 with type tp(u) = m reproduces (1tp(11) (31tp(31)
as follows: independently for each

m' € M, it has Pozs(H™') children of
type m'. (1te(1) (3tp(3))

(2tp(2))
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Poissonian Galton Watson processes

Given T™ = (u,tp(u))uer @ Pors(H) GW process we are interested in the
moments of

u- Cardp(T™)
for u e IR_"{'.
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Poissonian Galton Watson processes

Given T™ = (u,tp(u))uer a Pors(H) GW process we are interested in the
moments of

u- Cardm(7T™)
for u € RT.
e If u=(1,0,---,0) then we only consider the first type.

o If u=(1,2,1,---,1) then we consider all the types but type 2 counts as
double.

@ Depends on the type of the root.

e If SpR(H) > 1, in expectation T is infinite, and PP (extinction) < 1 if
SpR(H) > 1.
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Main result for Galton Watson trees

Definition
Let r, K > 0. A matrix M € Ge(r, K) if

[IM"lloo < KF", ¥n>1.

SpR(H) <1 < H € Ge(r,K) with r < 1.
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Main result for Galton Watson trees

Definition
Let r, K > 0. A matrix M € Ge(r, K) if

[IM"lloo < KF",  ¥n>1.

SpR(H) <1 < H € Ge(r,K) with r < 1.
Definition
Let u = 0, and define £ (u) € [0, 0o] by

E [e”'cardM(Tm)] = exp (em - ZL(u))

where T™ is a Pors(H) GW with root of type m.
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Theorem

The following holds
@ We have the following finiteness condition,

| L (U)o <00 <= Ix=0, x=u+ H(e"-1).

o If |£(u)|e < oo then Z(u) is the smallest solution (for <), among the

solutions non negative solutions, of this equation
L(u) = u+ HEZW - 1).
o IfH € Ge(r,K) with r <1, and if we define
14r

IOg S5
tO(raK): 1_1_(5;()
1—r

)

for all u = 0 such that |u|s < to(r, K) the following holds

.S’(u)j(ld—lg—rr

_1 K
H) Uj|u|oo(1+ 1_

(1+r)

1.

r

(1)

()

)

(4)
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Sketch of proof

xm'

Cardm(T2hy1) S em+ . > Cardm (T2, %)

meM k=1 n+1

where, )
o X' TZ ¥ form € M, k € N* are
independent,
o X" ~ Pois(HT),
@ and T<mn/’k ~ T
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Sketch of proof

xm'

Cardm(T2hy1) S em+ . > Cardm (T2, %)

meM k=1

where, )
o X' TZ ¥ form € M, k € N* are

independent,
o X' ~ Pors(HT),
o and T2 K ~ T2

If we denote &L (u), = (IogE [e“'cardM(Tgn)} ) then we have

meM
o Z(u)o = u=1,(0),
o Z(u)ns1 = fu(Z(u)n) = £771(0),
with
fu(x) =u+ H(e* - 1).
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Sketch of proof

By Monotone Convergence Theorem

Z(u)y —— Z(v).

n—oo

Thus if |Z(u)|ec < 00 we have Z(u) = £,(Z(v)).
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Sketch of proof

By Monotone Convergence Theorem
ff(u)n _)—> ff(u)
Thus if |Z(u)|ec < 00 we have Z(u) = £,(Z(v)).

Reciprocally, if 3y = 0 such that y = f,(y), since f, is increasing we have

7(0) < f)(y)=y, andthus ZL(u)=<Xy.
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Sketch of proof

In previous work it has been proved that if H € Ge (r, K) with r < 1 then we have

P(u) = L(ul1) = Juloc 1+ 2201 <log (1)1,

for any u such that |u|w < to(r, K).
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Sketch of proof

In previous work it has been proved that if H € Ge (r, K) with r < 1 then we have

ZL(u) < Z(|Jul1) < |u|oo(1+2—Kr)1<log(12tr)1, (5)

for any u such that |u|e < to(r, K). Let u has above. Then,

o0

L(u)=>_£1H0) - £2(0)

n=0
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Sketch of proof

In previous work it has been proved that if H € Ge (r, K) with r < 1 then we have

Z(u) = 2 (Jule1) = Juloo (1 + %)1 = log (12+rr)L

for any u such that |u|e < to(r, K). Let u has above. Then,

Z(u) = £770) ~ £7(0)
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Sketch of proof

In previous work it has been proved that if H € Ge (r, K) with r < 1 then we have

1+r
o,

L(0) < L(ul1) % 0l (1+ 7)1 <log

for any u such that |u|s < to(r, K). Let u has above. Then,

Z(u) = £770) ~ £7(0)

n=0
=u-+ Z H(efu"(o) — efun_l(o))
n=1
< u+ Y el®Wl=H(f7(0) - £771(0))
n=1
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Sketch of proof

In previous work it has been proved that if H € Ge (r, K) with r < 1 then we have

G e

L(0) < L(ul1) % 0l (1+ 7)1 <log

for any u such that |u|s < to(r, K). Let u has above. Then,

Z(u) = £770) ~ £7(0)

<ut Y O H(E2(0) - 124 (0))

n=1

—utl tru[i 4(0) -~ £2(0)]
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Sketch of proof

In previous work it has been proved that if H € Ge (r, K) with r < 1 then we have

G e

2K
(1) = Z(jul) = luloc(1+ 7)1 = log

for any u such that |u|s < to(r, K). Let u has above. Then,

P(u) =Y £(0) - £(0)

<ut Y W= H(£r(0) — £771(0))
n=1

_ 1+r - n+1 __fn

—ut H[z;fu (0) — £2(0)]

1+r
5 HZ (u).

:u+
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Sketch of proof

Thus we have,

1+r
(Id— e

H)Z(u) < u.
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Sketch of proof

Thus we have,

1+r
— < u.
(ld———H)Z(u) < u
But SpR(H) < r and thus
1+r
R H 1
SpR ( 5 ) <

and thus

1+r -1
Z(u) = (ld— 57 H) "u.
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Sketch of proof

Thus we have,
1+4+r

(1d— o H)Z(u) < u.
But SpR(H) < r and thus
1+r
SpR H 1
P ( 2r ) <
and thus 1+
r -1
Z(u) < (Id— H
(u) = ( 57 ) u
The last inequality comes from
1+4+r 1+4r
ICETH) e < K" =1
And thus ) (1412
+ro -1 +r
Id — H o K14+ K—Fn— .
Ii( 5 H) e <1+ (1)
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Exact solutions

Can we find "the greatest” u such that & (u) < co? In the single type case?
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Exact solutions

Can we find "the greatest” u such that & (u) < co? In the single type case?

@ Single type case: Pors(a) GW tree with o < 1.
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Exact solutions

Can we find "the greatest” u such that & (u) < co? In the single type case?
@ Single type case: Pors(a) GW tree with o < 1.

o Find the greatest u > 0 such that x = u+ «a(e* — 1) has a non negative
solution.
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Exact solutions

Can we find "the greatest” u such that & (u) < co? In the single type case?
@ Single type case: Pors(a) GW tree with o < 1.

o Find the greatest u > 0 such that x = u+ «a(e* — 1) has a non negative
solution.

Critical case when at x. such that ae* = 1 and u. such that both curves touches,
ie
ue = xc — (e —1) =log(1l/a) — (1 — o).
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Exact solutions

We proved the following.

Theorem
Let T a Pors(a) GW tree with o < 1. Then for any > 0 we have

E [e”card(ﬂ] <0 <= u<u,.

where u. = log(1/a) — (1 — «) and

Z(uc) = log (]E [e”“ Ca'd(T)} ) = log (é)

Moreover, for any x > 0 such that x — a(e* — 1) > 0 we have

x=Z(x—a(e*—1)) < ae* <1

Is there a multitype extension of this result?
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Exact solutions

Consider now Pors(H) Galton Watson trees with SpR(H) < 1.
o let E={u>0]|&(u)| < 00}
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Exact solutions

Consider now Pors(H) Galton Watson trees with SpR(H) < 1.
o let E={u>0]|&(u)| < 00}
o E is star shaped: if u € E then tue€ E forall 0 <t < 1.
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Exact solutions

Consider now Pors(H) Galton Watson trees with SpR(H) < 1.
o let E={u>0]|&(u)| < 00}
o E is star shaped: if u € E then tue€ E forall 0 <t < 1.

e E is convex (Holder inequality).

7//

/

/ //
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Exact solutions

Consider now Pors(H) Galton Watson trees with SpR(H) < 1.
o let E={u>0]|&(u)| < 00}
o E is star shaped: if u € E then tue€ E forall 0 <t < 1.
e E is convex (Holder inequality).

o E is closed. Suppose u, = £ (u,) — H(eZ(t) — 1) —— u* then L(u,)
n—oo

must be bounded.
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Exact solutions

Let us look at regularity properties.
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Exact solutions

Let us look at regularity properties.

e Zis continuous on any {v | v < u} for any u € E. (Dominated Convergence
Theorem)
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Exact solutions

Let us look at regularity properties.

e Zis continuous on any {v | v < u} for any u € E. (Dominated Convergence
Theorem)

e LisC®onE. (Theorem for swapping / and dix.)
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Exact solutions

Let us look at regularity properties.

e Zis continuous on any {v | v < u} for any u € E. (Dominated Convergence
Theorem)

e LisC®onE. (Theorem for swapping / and dix.)

A priori no continuity on JE.
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Exact solutions

Can we extend the characterisation ae* < 1 to the multitype case?

o If u € E then we can differentiate u = Z(u) — H(eZ(") — 1), thus

Id = (Id —Hdiag(e*"))) x D, &.
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Exact solutions

Can we extend the characterisation ae* < 1 to the multitype case?

o If u € E then we can differentiate u = Z(u) — H(eZ(") — 1), thus

Id = (Id —H diag(e?"))) x D,&.

Thus (Id —Hdiag(e‘c’-”(“)))i1 exists and since SpR(H) < 1, by continuity and
(weak) Perron-Frobenius Theorem we must have SpR(H diag(eZ(¥)) < 1.

@ The reciprocal also holds.
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Exact solutions

Can we extend the characterisation ae* < 1 to the multitype case?

o If u € E then we can differentiate u = Z(u) — H(eZ(") — 1), thus

Id = (Id —H diag(e?"))) x D,&.

Thus (Id —Hdiag(e‘c’-”(“)))i1 exists and since SpR(H) < 1, by continuity and
(weak) Perron-Frobenius Theorem we must have SpR(H diag(eZ(¥)) < 1.

@ The reciprocal also holds.

@ Thus, we must have

OE = {u € E|SpR (Hdiag(eg(“)) =1}
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Exact solutions

Can we extend the characterisation ae* < 1 to the multitype case?

o If u € E then we can differentiate u = Z(u) — H(eZ(") — 1), thus

Id = (Id —H diag(e?"))) x D,&.

Thus (Id —Hdiag(e‘c’-”(“)))i1 exists and since SpR(H) < 1, by continuity and
(weak) Perron-Frobenius Theorem we must have SpR(H diag(eZ(¥)) < 1.

@ The reciprocal also holds.

@ Thus, we must have

OE = {u € E|SpR (Hdiag(eg(“)) =1}

@ For any u = 0, there exists at most one solution of y = u+ H(e” — 1) such
that y = 0 and SpR (H diag(e”)) < 1.
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Exact solutions

To sum up we have the following.

2
« - QTR(HJfo«a(a “)) <4
N

\\ — SfR( HJ;ma(“ﬂ“))) -1

iy so, b b y-H(A) so,
/é_-i(g-u(i‘-i)) = QFR(HJ.-%(J‘))“ .
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Poissonian Clusters

Let h = (K)); jem where K. : Ry — R, and denote H = (||W||1); .
A Pois(h) cluster with root of type m € M and born at time t € R is a random
variable G/" = (u,tp(u), bd(v))uer such that

e bd(u) € R is the birth date of u,

o (u,tp(u))uer is a Pors(H) Galton Watson tree with root of type m.

e Given (u,tp(v))uer, for u, v with v a child of u, the random variable
bd(u) — bd(v) are independent and

htP(V)(s)
bd(u) — bd(v) ~ 22~
tp(u)
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Thinning in a Poisson random measure

ﬁ"
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Tail of clusters

" such that bd(u) > t.

transform of

Let GJ' a Pois(h) cluster. For t € R we denote by G§" N [t,00) the points u of
We are interested in the Laplace

Cardm (G2, N [t, 0)).

Théo Leblanc (CEREMADE)
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Fixed point equation

Let u > 0, t € R and define

f,(t) = (Iog [IE [e“'ca'dM(Génn[t’oo))} D

Then the following holds.

nveﬂﬂ.

Theorem
For all u € E and all t € R we have

fu(t) = Le<ou + [hx (e — 1)](t)

and for t <0,
f,(t) = £ (u).

For all u € E, for all t > 0, we have

/ Z hdiag( ‘?(”))] "(s)ds x Z(u).
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Sketch of proof

The fixed point equation comes from the branching property.

u- Cardm(G§" N [t,00)) ~ Le<otm + > u- Cardm(Geh() N [t,00)),

veEfirst gen.
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Sketch of proof

The fixed point equation comes from the branching property.

u- Cardm (G N [t,00)) ~ Li<otm + Z u- CardM(G;Z( N [t, 00)),

veEfirst gen.

and Cardm (Gt} N [t,00)) ~ Cardm (G N [t — bd(v), 00)).
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Sketch of proof

The fixed point equation comes from the branching property.

u- Cardm (G N [t,00)) ~ Li<otm + Z u- CardM(de( N [t, 00)),

veEfirst gen.

and Cardm (Gt} N [t,00)) ~ Cardm (G N [t — bd(v), 00)).

If t <O0itis clear that Cardpy(G§' N [t, 00)) = Cardm(Gf") and thus f,(t) = &L (u).
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u- Cardm (G N [t,00)) ~ Li<otm + Z u- CardM(de( N [t, 00)),

veEfirst gen.

and Cardm (Gt} N [t,00)) ~ Cardm (G N [t — bd(v), 00)).

If t <O0itis clear that Cardpy(G§' N [t, 00)) = Cardm(Gf") and thus f,(t) = &L (u).
Let u € E, denote h, = hdiag(eZ() and g,(t) = L;50f,(t). If t > 0 then

Théo Leblanc (CEREMADE) Exponential Estimates for Multi Type Poissonian Bran YRD 3/06/2025 23/27



Sketch of proof

The fixed point equation comes from the branching property.

u- Cardm (G N [t,00)) ~ Li<otm + Z u- CardM(de( N [t, 00)),

veEfirst gen.

and Cardm (Gt} N [t,00)) ~ Cardm (G N [t — bd(v), 00)).

If t <O0itis clear that Cardpy(G§' N [t, 00)) = Cardm(Gf") and thus f,(t) = &L (u).
Let u € E, denote h, = hdiag(eZ() and g,(t) = L;50f,(t). If t > 0 then

gu(t) = /t h(s)(efu(tfs) —1)ds + /OO h(s)ds x (e:Z’(u) -1)
0 t
= /t hy(s)f,(t — s)ds + /oo h,(s)ds x & (u)
0 t
— {hu *gu] (t) + /too h,(s)ds x Z(u).
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Sketch of proof

Remark that for any 1 : R — Mp(R) we have

¥)e = / T (s)ds = (i * ldw e )(1).

We proved that
gu = hy*x g, + R(h,) x &(u).

Thus by iterating the previous inequality,

< (Zh*k)*R ) % L(u) + h:" % g,

Since u € E, we have SpR(||hy||1) < 1 and thus h*" x g, — 0. Finally, we have
n—oo
(S0t) < i) = #(3o02).
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Decay of a convolution series

S f*”

To have a complete result we need to understand the decay of Wy := """,

given the decay of f where ||f|l; <1 and f > 0.
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Decay of a convolution series

To have a complete result we need to understand the decay of Ws:=3 "2 f*"
given the decay of f where ||f|l; <1 and f > 0.

o If f decays exponentially fast: R(f); < e . Then R(Ws), < e €'t
(exponential passes through the convolution)
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Decay of a convolution series

To have a complete result we need to understand the decay of Ws:=3 "2 f*"
given the decay of f where ||f|l; <1 and f > 0.

o If f decays exponentially fast: R(f); < e . Then R(Ws), < e €'t
(exponential passes through the convolution)

o If f decays according to a power law: R(f): < (1+t)~7. Then we have
R(We) <5 (1+1t)"707%) for any 0 < § < 1.
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Decay of a convolution series

To have a complete result we need to understand the decay of Ws:=3 "2 f*"
given the decay of f where ||f|l; <1 and f > 0.

o If f decays exponentially fast: R(f); < e~f. Then R(W¢); < e L.
(exponential passes through the convolution)

o If f decays according to a power law: R(f): < (1+t)~7. Then we have
R(We)e <5 (1+t)"7179) forany 0 < § < 1.

How to prove it? For a, b non negative functions, we have

R(axb)e < [|aliR(b)a—pye + R(a)pellbll1, tER, 0<p<1.
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Decay of a convolution series

To have a complete result we need to understand the decay of Ws:=3 "2 f*"
given the decay of f where ||f|l; <1 and f > 0.

o If f decays exponentially fast: R(f); < e~f. Then R(W¢); < e L.
(exponential passes through the convolution)

o If f decays according to a power law: R(f): < (1+t)~7. Then we have
R(We)e <5 (1+t)"7179) forany 0 < § < 1.

How to prove it? For a, b non negative functions, we have
R(axb): < |laliR(b)1—p)e + R(a)pellbll, t€R, 0<p <1
Choose the right p (depends on ¢) and iterate this bound to

V() = (W(f)+48°).

Théo Leblanc (CEREMADE) Exponential Estimates for Multi Type Poissonian Bran YRD 3/06/2025 25/27



Théo Leblanc (CEREMADE)

Thank you for your attention!

m]

Exponential Estimates for Multi Type Poissonian Bran¢

=



References

[1] Krishna B. Athreya and Peter E. Ney. Branching Processes. Berlin, Heidelberg: Springer,
1972. 1SBN: 978-3-642-65373-5 978-3-642-65371-1. DOI: 10.1007/978-3-642-65371-1.

[2] Ousmane Boly, Felix Cheysson, and Thi Hien Nguyen. Mixing properties for multivariate
Hawkes processes. 2023. DOI: 10.48550/arXiv.2311.11730. URL:
http://arxiv.org/abs/2311.11730.

[3] Carl Graham. “Regenerative properties of the linear Hawkes process with unbounded
memory”. In: The Annals of Applied Probability 31 (Dec. 2021). DOI:
10.1214/21-AAP1664.

[4] Theodore Edward Harris. The Theory of Branching Processes. Springer, 1963. URL:
https://link.springer.com/book/9783642518683.

[5] Alan G. Hawkes and David Oakes. “A Cluster Process Representation of a Self-Exciting
Process”. In: Journal of Applied Probability 11.3 (1974), pp. 493-503. 1sSN: 0021-9002.
DOT: 10.2307/3212693.

[6] Théo Leblanc. “"Exponential moments for Hawkes processes under minimal assumptions”.
In: Electronic Communications in Probability 29 (2024), pp. 1 —11. DOTI:
10.1214/24-ECP625.

[7] Patricia Reynaud-Bouret and Emmanuel Roy. “Some non asymptotic tail estimates for
Hawkes processes”. In: Bulletin of the Belgian Mathematical Society - Simon Stevin 13.5
(2007), pp. 883-896. 1ssN: 1370-1444. por: 10.36045/bbms/1170347811.

[8] Hua Ming Wang. “On total progeny of multitype Galton-Watson process and the first
passage time of random walk on lattice". In: Acta Mathematica Sinica, English Series
30.12 (2014), pp. 2161-2172. 1SsN: 1439-7617. DOI: 10.1007/s10114-014-3650-1.

Théo Leblanc (CEREMADE) Exponential Estimates for Multi Type Poissonian Bran YRD 3/06/2025 27 /27


https://doi.org/10.1007/978-3-642-65371-1
https://doi.org/10.48550/arXiv.2311.11730
http://arxiv.org/abs/2311.11730
https://doi.org/10.1214/21-AAP1664
https://link.springer.com/book/9783642518683
https://doi.org/10.2307/3212693
https://doi.org/10.1214/24-ECP625
https://doi.org/10.36045/bbms/1170347811
https://doi.org/10.1007/s10114-014-3650-1

	References

