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The single particle case

States of a 1 -particle system given by Ψ ∈ H = L2(R3;C). The
energy of the system is given by the Hamiltonian operator
H := −∆+ V :

E(Ψ) := ⟨Ψ,HΨ⟩ =
ˆ
Rd

p2|Ψ̂(p)|2 dp +

ˆ
Rd

V (x)|Ψ(x)|2 dx .

Physical interpretation of E(Ψ):
• The term −⟨Ψ,∆Ψ⟩ is the kinetic energy of the system.
• The map V is an external potential, which defines the

potential part of the energy.
If V belongs to some suitable Lp spaces, the operator −∆+ V is
self-adjoint over H1(Rd).
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Links with the Spectral Theory

Steady states of the system =⇒ need to find the stationary states
of the energy E(Ψ).

Recall: The wavefunction Ψ should live over the unit sphere,
gradient of E(Ψ) collinear with Ψ:

∇E(Ψ) = 2HΨ = λΨ, λ ∈ R.

So Ψ must be an eigenvalue of H, i.e the operator (λ1 − H) is
invertible. Two possibilities:

• λ is in the point spectrum λ ∈ σp(H).
• λ lies in the approximate point spectrum, so there exists a

sequence xn such that ∥(H − λ)xn∥ → +∞.
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Spectrum of self-adjoint operators

Problem:How can we compute the spectrum of the Hamiltonian
H? Depending on the domain, we know the spectrum of −∆.

Definition (Discrete and essential spectrum)
We call discrete spectrum σdisc(H) the set of all ∈ σ(H) isolated
element of the point spectrum σp(H) with finite multiplicity. The
set σ(H) \ σdisc(H) is the essential spectrum σess(H).

The essential spectrum is "stable" for small perturbations (the
term (A− i)−1B must be compact) =⇒ under suitable condition
over the potential V , we get information over the structure of
σ(H).
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Essential spectrum of the Schroedinger operator

Proposition

Assume that V ∈ Lp(Rd) + L∞ε (Rd), with p given by:
p = 1 if d = 1
p > 1 if d = 2
p = d/2 if d > 2.

(1)

Then, we have:
σess(−∆+ V ) = [0,+∞).

If V fulfills the conditions over the exponent p, then the term

v ∈ H1(Rd) →
ˆ
Rd

V (x)|v |2 dx

is weakly continuous with respect to the norm given by H1(Rd).
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Discrete spectrum of the Schroedinger operator

It remains to know what is the structure of the discrete spectrum
of H = −∆+ V . We define Σ(−∆+ V ) := minσess(−∆+ V ),
and µk(−∆+ V ) is the k-th eigenvalue of H.

Proposition
Assume that there holds the bound

V ≤ −c|x |α, 0 < α < 2.

Then, the Schroedinger operator −∆+ V is such that:

µk(−∆+ V ) < Σ(−∆+ V ) = 0, ∀k ≥ 1.

Therefore, the Hamiltonian operator has an infinite set sequence of
negative eigenvalues, which converges to 0 as k → +∞.

Francesco Cocco Young Researchers Days-Domaine de la Tour

The quantum atomic model and the ionization conjecture 8 / 19



Quantum systems: an introduction The N− body problem in the atomic case The ionization conjecture

1 Quantum systems: an introduction

2 The N− body problem in the atomic case

3 The ionization conjecture

Francesco Cocco Young Researchers Days-Domaine de la Tour

The quantum atomic model and the ionization conjecture 9 / 19



Quantum systems: an introduction The N− body problem in the atomic case The ionization conjecture

First approach

Set of N electrons around 1 atomic nucleus in R3 =⇒ behavior of
the system given by the Hamiltonian:

HN
at := −

N∑
j=1

∆xj −
N∑
j=1

z

|xj |
+

∑
1≤j<k≤N

1
|xj − xk |

• States of the system given again by the eigenvectors of HN
at .

• Solution to the equation HN
atΨN = λΨN is such that

Ψ(x1, ..., xN) = ε(σ)Ψ(xσ(1), ..., xσ(N)) ∀σ ∈ σN , (2)

system of N interacting fermions.
Spectrum of HN

at still splits in σess(H
N
at), σdisc(H

N
at), but now the

situation is more involved.
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Spectrum of the atomic Hamiltonian (1)

Denote:

EN
a := minσ(HN

at), ΣN
a := minσess(H

N
at).

Theorem (HVZ for atoms)

For the atomic Hamiltonian HN
at , EN

a = 0 and moreover:

ΣN
a = EN−1

a , ∀N ≥ 1.

• In the system with N fermions, the free state with the lowest
energy is the N − 1 bounded ground state.

• Proof relies on the tensorized product structure:

(HN
at−ΣN

a )Ψ → 0 =⇒ Ψ(x1, ..., xN) = Ψ′(x1, ..., xN−1)φ(xN).

Francesco Cocco Young Researchers Days-Domaine de la Tour

The quantum atomic model and the ionization conjecture 11 / 19



Quantum systems: an introduction The N− body problem in the atomic case The ionization conjecture

Spectrum of the atomic Hamiltonian (2)

Theorem (Discrete spectrum for HN
at)

In d = 3 and with z > 0, HN
at is such that:

• If N < z + 1, HN
at has an infinite set of eigenvalues under the

essential spectrum:

µk(H
N
at) < ΣN

a , ∀k ∈ N

• If N ≥ z + 1, HN
at has a finite number of eigenvalues under the

essential spectrum, hence for k large enough:

µk(H
N
at) = ΣN

a .

• There exists a number Na such that for every N > Na there
holds:

EN
a = EN−1

a = ΣN
a .
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Comments

• Graphically the situation is the following:

• Similar result holds for molecules. In this case the relevant
constant is

Z :=
M∑

m=1

zm,

where M is the total number of atomic nuclei.
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Estimating Na

We know that if N > Na =⇒ the atom is "ionized"

Question
Can we give an estimate for the value of Na?

In nature the maximum negative charge for ions is not too high, so
we expect to have a bound of the following type:

Na < Z + C ,

where Z is the total charge of the nucleus, and C is a constant.

Theorem (Lieb,’84)
We have:

Na < 2Z + 1.

Lieb’s estimate shows ionization conjecture up to a factor 2.

Francesco Cocco Young Researchers Days-Domaine de la Tour

The quantum atomic model and the ionization conjecture 15 / 19



Quantum systems: an introduction The N− body problem in the atomic case The ionization conjecture

Estimating Na

We know that if N > Na =⇒ the atom is "ionized"

Question
Can we give an estimate for the value of Na?

In nature the maximum negative charge for ions is not too high, so
we expect to have a bound of the following type:

Na < Z + C ,

where Z is the total charge of the nucleus, and C is a constant.

Theorem (Lieb,’84)
We have:

Na < 2Z + 1.

Lieb’s estimate shows ionization conjecture up to a factor 2.
Francesco Cocco Young Researchers Days-Domaine de la Tour

The quantum atomic model and the ionization conjecture 15 / 19



Quantum systems: an introduction The N− body problem in the atomic case The ionization conjecture

Proof of Lieb’s bound (1)

Proof:Starting from the equation (HN
at − EN

a )ΨN = 0, multiply by
xNΨ̄N and integrate, getting:

⟨|xN |ΨN , (H
N
at − EN

a )ΨN⟩ = 0 (3)

We can rewrite this as:

(3) = ⟨|xN |ΨN , (H
N−1
at − EN

a )ΨN⟩+
1
2
⟨|xN |ΨN ,−∆NΨN⟩

+

〈
ΨN ,

[
−Z +

N−1∑
i=1

|xN |
|xi − xN |

]
ΨN

〉
.

The first term is non negative, because of the definition of EN
a and

EN−1
a . For the second one:

Re(⟨|x |f ,−∆f ⟩) ≥ 0, ∀f ∈ H1(R3).

Hence, the third term must be negative.
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Proof of Lieb’s bound (2)

Now, denote with SN−1 =
∑N−1

i=1
|xN |

|xi−xN | and use the symmetry
property of fermionic wavefunctions:

⟨ΨN , (−Z + SN−1)ΨN⟩ =

〈
ΨN ,

−Z +
1
N

∑
1≤j≤i≤N

|xi |+ |xj |
|xi − xj |

ΨN

〉
≤ 0.

From the triangle inequality, we have that:

1
N(N − 1)

∑
1≤j≤i≤N

|xi |+ |xj |
|xi − xj |

≥ 1
N(N − 1)

N∑
i=1

i =
1
2
.

And so, this tells us that −ZN + N(N−1)
2 < 0, and this gives us the

claim.
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Thanks for the attention!
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