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Consider particles (X1,...,Xy) € (RY)" and the mean-field energy

N N
1
Hy(x1,...,zN) :ZV(CL‘Z') | N Z Wi —z;),
i=1 i =1

where W,V : R — R.
Equilibrium statistical physics predicts convergence towards the Gibbs measure 7 € P((R%)™V)

WN(dail, . ,dCIZ‘N) — Kfl exp [ — BHN(aj)}daj

The dynamics should be chosen so that this measure is invariant. )
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The overdamped Langevin dynamics associated with Hy is

dXi(t) = —Vx Hy(X;())dt + \@ dB;(1).

where (B;);'_, are independent Brownian motions.

Denote f/¥(x1,...,zn) the law of (X1(¢),...,Xn(t)), it satisfies

N N
. 1
8tftN($1a---a$N) :Zdw%(fth%HN) | 5ZA$iftN

Stationnary measure is given by

1
Nz, aN) = 7o exp (—BHN(x1,...,2,))dx...dxy,
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Introduce the empirical measure

Z(SX c P(RY).

For a smooth test function ¢, by It formula

d(p, @) = () —(VV+VW*/L§V)°V90+6_1A¢>dt

ZVQ& ) - dB;(1),

where we denote (i, ) = | p(x)u(dx), and - is the euclidean dot product.

E Zw ) B0 = 575 2 IVe(XO)* = 5

The martingale has quadratic variation of order 1/N; therefore it disappears for large-V.
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The McKean—Vlasov limit

The law solves the nonlinear Fokker—Planck equation

6’t,ut — le(,ut(VV + VW x ,ut)) -+ 6_1A,ut.

We can define a limiting nonlinear process with the same law

_ _ _ ) _
dX; = —~VV(X)dt — VW * 1 (X3)dt + \ﬁ dB;, = L(X).
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Propagation of chaos

If the initial particles are asymptotically independent, then for fixed time 1" any finite group of
particles becomes asymptotically independent:

It goes back to Boltzmann, in order to close some equations.

Dobrushin 70". Assume that the drift is Lipschitz in

Wi ps) < Cr Wi(pg' s po)
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It is a coupling argument. To simplify notations, the write W (z — y) = b(x,y) for the drift.

Denote (Y;,..., YY) € (RY)Y defined as the McKean-Vlasov solution to
Y = b(Y/dt, i) +dBy,  L(Y:) = pi™, |
and
dX;(t) = =b(X;(t), py )dt 4+ dB; J

with Xg = Yy, and the same brownian motions. Then, a computation shows that
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We have

d

1 N
7 L0, ¥5(0) = [ pty)

We conclude by a Gronwall, and a kind of Law of large number for the last term.
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Question

In fact this PDE is a Wasserstein Gradient Flow as introduced by Jordan, Kinderlehrer,
Otto, 1996" and Otto 01

Oppry + div(pe Vi, F (1)) = 0,

where F : Po 4.(R%) — R is called a free energy

Complicated non-linear PDE <= Optimization on measures |
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Think measures as an ensemble of particles as in Hydrodynamics, then the evolution of these
particles satisfies conservation of mass i.e.

8,ut -+ diV(,utUt) — O, J

with v; a velocity field. Among all possibles curves, particles minimize kinetic energy.

Benamou—Brenier dynamic formulation

W$(po, p1) = inf / /\vt °pp(d)dt,

,Ot Ut

subject to

Orpt + div(psvg) = 0, Pt=0 = L0 Pt=1 = P1-

— Kind of Geodesic structure ? But What is the Tangent space 77
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1st Try: Since P(R?) is convex, we obtain all the Radon measures with integral 0.
2nd Try: Let select the element that minimize the Benamou Brenier action, it gives

TMPQ,QC(R‘Z) = {Vylp : R - R corr;pact support, smooth}LQ(“), J

and with Onsager metric

(Vib1, Vo) = [ (Vein, Vabo)dp

For a functional F on probability measures,

OF(ue) = [ 6F (no)div (ueve) = = [ (VOF (), vedae = (VOF (i), vi)

the Wasserstein gradient is represented by

VWQ'F(:“) = —V——.
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The McKean—Vlasov PDE is a gradient flow

Define the free energy

Fp(p) = /Vd/ﬁ%// Wiz —y)du(z)du(y) +6_1/p10gpdaf, p = pdz.

Then ST
S =V A Wpu+ 8 ogp,
O
therefore
0F3

8,5,ut — div (,utV (,ut)> — diV(,LLt(VV + VW x ,ut)) —+ ﬁ_lA,ut.

O
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Long-time behavior: the useful energy identity

Along smooth solutions,

d

Falum) =~ [ |9

5Fs, |°
dpy < 0.
5M (/’Lt) Mt > 0

If a functional inequality holds, for instance a free-energy PL inequality

/

V

5 F

O

2

dp > 2X(Fp(p) — Fp(p)),

then

Fope) — Fa(ps) < e (Falo) — Falhs)).
This inequality is called LSI for diffusions (See A. Surin for further details)
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Common noise: the new modeling choice

Now assume particles share the same environmental Brownian motion BY:
AXi(t) = b(X;(t), gy )dt + o (Xy(t), iy )ABy.

Examples where this is natural:
» mean-field games with common;
» stochastic flows in random environments:

» homogenized deep models where the same random layer acts on all tokens.

The key difference is not just technical: all particles see the same randomness, so averaging
over particles does not average out the noise.
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The empirical measure now has a stochastic limit

For a smooth test function ¢, Ito’s formula gives

1
A ) = (i) - Vit (00T ) (ol s Do, )

+ (nt o) Vip,d) BY.

There is no N1/2 in front of the last term. The limit is a measure-valued SPDE.
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The limiting nonlinear process is usually written as
dXt — b(Xt, ,ut)dt + O'(Xt, ,LLt)dB?, Ut = L(Xt ‘ BO)

Then, for all smooth o,

1

d (pue, ) = <ut, b(-, p1t) - Vo + 5(00T)(-,ut) - D, d>t

+ <,ut,c7(-,,ut)TVga,d> B;.

The law of one particle is deterministic only after averaging over the environment. The
conditional law is random.
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Connection with homogenized Transformer limits

In a deep random architecture, all tokens in a layer share the same random weights. In a
diffusion limit, this naturally produces common noise.

A schematic geometric limit on the sphere has the form

dz;(t) = Py, iy Bi(X(8))dt + ) Pp.(y00i(X(t) odW,  Pp=Id—ax .

Taking N — oo then gives a random measure dynamics, not just a deterministic transport
equation.

This is why conditional laws, stochastic flows, and SPDE methods become central. |
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Toy Model Transtormers

Define k(t) == ||+ Y7, x;(t)|%, the dynamics is given by

dr;(t) = \/m(t)Pmi(t)dBt K;t) (d—1)x;(t)dt,

where B; is a Brownian motion in R?.
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Toy Model Transtormers

T

Define k(t) == ||+ Y7, x;(t)|%, the dynamics is given by

K(T
dr;(t) = \/m(t)Pxi(t)dBt (2>(d — 1)x;(t)dt,
where B; is a Brownian motion in R?.

» Interpretation: The tokens evolve as a (shared) Brownian motion on the sphere (up to a
time change).
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Toy Model Transtormers

Define k(t) == ||+ Y7, x;(t)|%, the dynamics is given by

K(T
dr;(t) = \/m(t)Pxi(t)dBt (2>(d — 1)x;(t)dt,
where B; is a Brownian motion in R?.

» Interpretation: The tokens evolve as a (shared) Brownian motion on the sphere (up to a
time change).

» The law of X is uniform on the sphere.
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Let look at the law of (z;(¢),x;(¢)), and only at R;;(t)(x;i(t),x; (1)) )

The angles evolve as

Rg .+ R; i — 2
dR; ; (t) = d k(t) (1 — R; (2) - e 7 - )

+ \/li(t) (<P£Ui(t)dBt7 7j(t)) + (Pu;(1ydBt, xi(t»)
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Let look at the law of (x;(t),x;(t)), and only at R;;(t)(z;(t), z;(t)) )

The angles evolve as
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Let look at the law of (x;(t),x;(t)), and only at R;;(t)(z;(t), z;(t)) )

The angles evolve as

Rg .+ R; i — 2
dR; ; (t) —d Ii(t) (1 — R; (t) | ! 7 ! )

+ \/li(t) (<P:Ui(t)dBt7 7j(t)) + (Pu;(1ydBt, xi(t»)

— As d — +o0,

ARij (1) ~ dis(t)(1 = Ri (1)) + /(1) ((PryodBu 25(8)) + (PryoydBe, mi(1))

— As d — +00, the martingale part is vanishing then

dR;j(t) ~ dr(t)(1 — R; (1)) J
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Common noise can change qualitative behavior

In common-noise systems, the same randomness can instead correlate particles. A stochastic
flow may contract distances between two particles, producing synchronization by noise.

A typical phenomenon is:

one-point motion is ergodic, two-point motion contracts: d(Xy,Y;) — 0.
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Noise-induced uniqueness of equilibrium

Gess—Gvalani—-Martini 26’ study the McKean—Vlasov SPDE on T¢, d > 2,

Oip = Ap+ V- (p(VW % p)) + V2K V- (po &),

where £% is a common, white-in-time, spatially coloured, divergence-free transport noise.

Main theorem, informal If the noise is suftficiently mixing and the intensity K is large enough,
then

the only invariant probability measure is 0;.

Here 1 denotes the uniform density on T¢.

Without the common noise, the deterministic McKean—Vlasov PDE can have several steady
states because of phase transitions. The common transport noise destroys these competing
equilibria at the level of the random dynamics.
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What replaces the free-energy picture?

If the common noise is thermal If the noise is not thermal

» possible random / stochastic » no reason for Gibbs equilibrium;
gradient-tlow formulation; » invariant object may be a random
» random energy landscape for each measure;
environment, » synchronization and clustering can
» hope for pathwise energy identities. dominate.

R EEE—————I————
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