Introduction to Continuous optimization
Assessment
(19th January 2024)
Durée: 3h

Exercise I: Frank-Wolfe algorithm

We consider a space X (to simplify, finite-dimensional, yet everything below is dimension independent), with
anorm | - ||, and dual X* with dual norm, for all u € X*,

el = sup {(w,2) . x : ll2 < 1}

and we recall (admit) that
Jall = sup { (w, 2) e x < e <1}

In particular, (u,z) x. x < ||lull«||z|| for any x € X, u € X*. Here, (u,x)x. x denotes the linear form u € X*

evaluated at the vector x € X.
Let C be a bounded, closed, convex set and f : C — [0,+00) a convex function, C!, such that df is

L-Lipschitz. This means that for any z,y € C:

1df () = df (y)ll« < Lljz —yl.

We want to solve

min f (z), (P)

and we assume there exists a solution z* € C.

We make the assumption that for any p € X*, it is easy to find « € argmingcc (p, ) v+ x-

1. Show that for any z,y € C,
L 2
Fl) < F@) + @)y = ) + 5 Iy =l

2. We introduce the Frank-Wolfe algorithm: given x° € C, we solve for each k > 1:

s* € argmingec f(z* 1) + (df (F1),z — xk_1>X* <
ok =2kl 4wy (P — 2k

where wy, is a given step (in practice we will use wy = 2/(k+ 1), kK > 1 and in particular, wy = 1).
We denote Ay, := f(z*) — f(z*). Show that for k > 1,

Ay, <ep = —(df (a),s" — mk>x*,x

3. Using 1. for y = 2", 2 = 2*, deduce from 2. that for all & > 0,
L
A < (1= wnsn)Ap + gyl — 2|2

4. We call D = max, yec ||z — y|| the diameter of C. We assume that wi = 2/(k + 1) for k > 1. Deduce
that A; < D% We let M := LD?/2. Show then by induction that

AM
A, < o0
=13



5. Application: we consider X = R¢ with norms either:

d
e = el = e, o= € X =K and [pl. = ph = 3 In.p € X° <
((£1,4) case) or
d
2]l = |zl = | Y a? @ € X =R and [|p|l. = [pl2,p € X* =R
i=1

((£s, £3) or Euclidean case).
Let f:R% — [0, +00) be C!, convex. We wish to solve:

o f (x)
that is, minimize f on C :={z € R : ;| <1Vi=1,...,d} = [-1,1]%
We denote Lo, the (best) Lipschitz constant of df on [—1,1]¢ in the ({1, /) duality, and Ly the (best)
Lipschitz constant in the Euclidean norms. Show first that

Ly < Ly <dLs.

(In a first step, show the inequalities comparing |- |; and | - |2, and comparing | - |« and | - |2.)

6. We want to compare the Frank-Wolfe algorithm and the Forward-Backward splitting algorithm (or pro-

jected gradient) for solving f. We recall that the FB consists here in performing one step of gradient descent

Pt = 2k — 19, f(2*), and then projecting & = (¢71)%_, on the box C' = [~1,1]¢ to obtain the new point
k+1

x

= (x" 1)L . First, describe a step of each algorithm.

7. We recall that for the FB splitting with step 7 = 1/La, the rate is

L ‘Jf* _ 1‘0|2
ky *) < 2 2
flat) - fa) < TR
What is the diameter Dy of C' = [~1,1]¢ in the | - | norm? What is the diameter D, in the |- | norm?

Write the rate of the Frank-Wolfe method for the norms (¢1, /) and for the norms (¢2,¢2) (Euclidean).

8. What algorithm seems better for this problem? (In general). How could we improve?



Exercise II - limits of convex functions

Let C C R%, d > 1, a convex set with nonempty interior and let f,,(z) : C — R be convex functions such that
for any = € C, sup,,>1 |fn(z)| < +oc.

1. Show that for any € C (the interior of C'), there exists § > 0 such that SUP,,>1 SUPye B(x,0) | fn(Y)] < +o0.
[Hint: show that for § > 0, B(z, d) is in the convex envelope of a finite set of points, and use the boundedness
of f, at each of these points, and at z.|

2. Deduce that for any compact set K with K C C (the interior of C), then

sup sup | f(2)] < +o0.
n>lxzeK

3. Let R’ > R with B(z, R') C C. Show that there exists L > 0 such that for any n > 1, f,, is L-Lipschitz
in B(x, R).

4. Deduce that there exists a subsequence f,, with f,, — f uniformly in B(z, R). Show that f is convex.
We recall the:

Theorem (Ascoli-Arzeld) Let K be compact in R, If f, : K — R are functions which are uniformly
equi-continuous, and uniformly bounded in some point, then there is a subsequence f,, which converges
locally uniformly.

Uniformly equi-continuous means that Ve > 0, 3n > 0, Vx, 2’ € K, [|[z—2'|| <n = (Vn, |fu(z)—fu(2")] <e).

5. (Difficult.) Deduce that there exists f convex and a subsequence f,, such that f,, — f uniformly on

any compact set K C C. [Hint: consider a countable family B(z;,d;) C C, i > 1, such that f, are uniformly
bounded and Lipschitz in all balls B(z;,d;) and (z;);>1 is dense in C. We choose §; = dist(z;, R? \ C)/2 so
that in particular, 5, B(w;,6;) = C']

We assume, from now on, that there exists f convex such that f,, — f uniformly on any compact K C C.

6. Show that if z € C, for any z,, — z, fulzn) — f(x).

7. Letz, =, x, € C,z € C, and let p, € Ofn(xy) for all n. Show that p,, is bounded, and that any limit
p of a subsequence is such that p € df(x). What happens if f is of class C'*?

8. Assume that f,, f are all C'. Deduce that Vf,, — Vf uniformly on compact sets K C C. [Hint: assume
this is false.]

Exercice 1II - conjugates

Find the convex (Legendre-Fenchel) conjugate f*(y) = sup,, (z,y) — f(z) in the following cases:
1. f(z) = 3(|z|)?, where z € R? and |z|oo = maxd_, |z;].

2.a. f(z)=—In(z) for x > 0 and +oo if 2 < 0.

2.b. Find a function f such that f*(y) = f(—y) for all y € R.

3 f(r)=zxzlnz—zforz >0 (and 0In0 = 0), and 400 for z < 0.



Exercice IV - perspective function

Let f be convex, proper, lower semi-continuous on a Hilbert space X, with conjugate f*. We assume, for
simplicity, that

7(0) = 0.
We define, for (z,t) € X x R,

h(z,t) = sup (x,y) + st.
s,y:s+f*(y)<0

(“The support function of the symmetric of the epigraph of f with respect to the horizontal axis.”)
1. Show that if t < 0, h(x,t) = +oo.
2. Show that if ¢ > 0, h(x,t) = tf(z/t).

3. If t =0 check that h(z,0) = sup . (y)< 4o (T, y). We want to show that this is limy o tf (/).
First, show that if 0 < ¢ < s, sf(x/sS < tf(xz/t), so that lim o tf(x/t) = sup,~q tf(x/t) exists in RU{4o00}.

4. Why do we have f* > 07 Deduce that tf(z/t) < h(z,0) for any ¢ > 0.

5. Show eventually that h(z,0) = sup . )<t (¥, y) < limgotf(z/t) and conclude. The function f*°(z) =
limy o tf(z/t) is called the “recession function of f”.

6. What can we say of the function (called the “perspective function of f”), defined on X x R:

tf (%) ift>0,
+00 ift<o0,
0 if (x,t) = (0,0),
f(x) ift=0

(x,t) —



